
Jen-San Chen 
Department of Mechanical Engineering, 

National Taiwan University, 
Taipei, Taiwan 107 

D. B. Bogy 
Computer Mechanics Laboratory, 

Department of Mechanical Engineering, 
University of California, 

Berkeley, CA 94720 

Natural Frequencies and Stability 
of a Flexible Spinning Disk-
Stationary Load System With 
Rigid-Body Tilting 
The effects of rigid-body tilting on the natural frequencies and stability of the head-
disk interface of a flexible spinning disk are studied both by analysis and numerical 
computation. Another problem of a stationary flexible disk with rigid body tilting 
subject to a rotating load system is also studied. In the conventional case without 
rigid-body tilting, these two problems are mathematically identical except for the 
additional membrane stress terms arising from the centrifugal force. When the rigid-
body tilting is included, however, these two problems differ not only by the cen­
trifugal effect, but also by additional terms which arise from the gyrodynamic effect. 
After properly defining the inner product between two state vectors, the set of 
equations of motion is proven to fall into the category of gyrosopic systems. Then 
the derivatives of the eigenvalues of the coupled system are obtained to provide a 
better understanding of the numerical results. 

Introduction 
Interest in the dynamics of a spinning disk in contact with 

a stationary load system arises from its applications in such 
fields as computer disk drives and circular saws. Convention­
ally, the circular disk is free at the outer radius and clamped 
at the inner radius by a central clamp, usually assumed to be 
rigid. The stationary load system, which may contain mass, 
damping, and stiffness elements, both linear and rotary, rep­
resents the head suspension in the computer disk drive, or the 
saw guide in the circular saw, respectively. Various techniques 
have been used to predict the natural frequencies and the sta­
bility properties of such a coupled system, for example, the 
classical eigenfunction expansion (Iwan and Moeller, 1976; 
Shen and Mote, 1991) and the finite element method (Ono et 
al., 1991). In all these analyses the disk, together with the rigid 
central clamp, rotate about a fixed axis of symmetry of the 
disk. 

In a recent experiment with hard disk drives, Jeong and 
Bogy (1991) reported that the disk may undergo a small rigid-
body displacement as well as deformation when the read-write 
system is loaded onto the spinning disk. It has also been known 
in the wood cutting industry that allowing the central clamping 
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collar to slide transversely along the axis of rotation can im­
prove the stability of the cutting process. In order to understand 
the effects of the rigid-body motion on the natural frequencies 
and stability of the spinning flexible disk, it is necessary to 
generalize the conventional model to include the rigid-body 
motion of the clamp or collar. 

The dynamic response of the head-disk interface of a spin­
ning flexible disk with axial spindle translation has been thor­
oughly studied (Mote, 1977; Price, 1987; Chen and Bogy, 
1992c). However, the effects of rigid-body tilting on the natural 
frequencies and stability of the system are still not well under­
stood. Arnold and Maunder (1961) derived the equations of 
motion and described the gyrodynamic behavior of an elas-
tically supported spinning rigid disk. Stahl and Iwan (1973a) 
investigated the dynamic response of an elastically supported 
stationary rigid disk subject to a rotating load system. It was 
shown that the response behavior of the rigid disk is directly 
analogous to that of a stationary elastic disk without rigid-
body tilting and subject to a circumferentially moving load 
system. Yang (1988) formulated the equations of motion for 
a general system with coupled rigid and flexible body motion, 

' and applied it to the stability analysis of a spinning flexible 
disk with rigid body translation and tilting. However, his nu­
merical results showed the combined effects of rigid-body 
translation and tilting, from which it is difficult to obtain 
physical insight into the gyrodynamic effects of rigid-body 
tilting alone. 

In the present paper we consider a spinning flexible disk 
clamped at the inner radius and subject to a stationary load 
system. The clamp is considered as rigid and allowed to tilt 
about a fixed point in space, but resisted by a torsional spring 
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(b) 
Fig. 1 (a) Global picture of a spinning disk with rigid-body tilting and 
the stationary load system; (/>) parameters in the load system 

and a torsional damper. In the special case when the stiffness 
of the clamp spring and the value of the clamp damping are 
zero, we show by numerical simulation, as well as by an an­
alytical method, that the natural frequencies of all the one-
nodal diameter modes (as seen by an observer moving with 
the tilting clamp) increase, as could be expected due to the 
inertial effect. Another problem of a stationary flexible disk 
with rigid-body tilting and subject to a rotating load system 
is also studied. It is found that these two types of problems 
differ not only by the stress terms arising from the centrifugal 
force, but also by additional terms arising from the gyrody-
namic effects. After properly defining the inner product be­
tween two state vectors, we show that the set of equations fall 
into the category of gyroscopic systems. Then the derivatives 
of the eigenvalues of the system with respect to various load 
parameters in the load system are derived to explain several 
phenomena discovered in the numerical simulation when the 
load parameters are introduced. 

Equations of Motion and Numerical Results 
Figure 1 shows a flexible spinning disk with rigid body tilting. 

The spinning disk is clamped at the inner radius r = a by a 
rigid clamp, and is free at the outer radius r = b. The rigid 
clamp is allowed to tilt, but it is supported by a torsional spring 
ke and a torsional damper ce. The center of the clamp is fixed 
at a point O in space. The motion of a spinning flexible disk 
can be described in two coordinate frames, as shown in Fig. 
1. The frame o-xyz, together with the rigid clamp, tilts relative 
to the inertial frame O-XYZ. The orientation of O-xyz with 
respect to O-XYZ is obtained by rotation 9X about OX to O-
xtfiZi and then rotation 9̂ , about Oyy to O-xyz. The elastic 
transverse displacement w of the disk is measured with respect 
to the local noninertial O-xyz frame. The disk rotates about 
the Oz-axis and is in contact with a stationary load system 
containing transverse inertia mz, spring kz, dashpot cz, and the 
analogous pitching elements 7̂ ,, k$, and c^. By using D'Alem-
bert's principle and by assuming that tilting angles 9X and 9̂ , 
are infinitesimal, the equation of motion of the disk in terms 
of vc and with respect to the local coordinate system (/, 6) can 
be written as 

ph(w„ + 2Qwig + Q wee)+DV w — - (arrwr)r 

r ' ' 

hoe w,ee + rph(Qx sin 0-9,, cos 6) 

1 
+ 2tirph(Bx cos 6 + 9„ sin d) = - 8(r - %)b{0)Fz 

-pSir-MMtfiWh (1) 

where 
Fz=-mz(wM-£Qy)-cz(w,,-£9y)-kz(w-£Qy) 

M4,= ~-[I4,( wiM + £9*) + c0 ( w ,„ + &) + k^w + &x)] 

and 

D = -
Eh3 

12(1 A 
The standard subscript notation for partial derivatives is used 
here, and the superposed dot means material time derivative. 
The parameters fi, p, h, E, v, and D are the rotation speed, 
density, thickness, Young's modulus, Poisson's ratio, and flex-
ural rigidity of the disk. 5(:) is the Dirac delta function. The 
coupling position between the load system and disk is assumed 
to be r = J and 8 = 0. The generalized plane stress components 
ar and ae are due to the centrifugal effect. 

We next consider a particle on the flexible spinning disk 
with coordinates (r cos 0, r sin 6, w) with respect to the local 
O-xyz frame. The coordinates of the position vector p with 
respect to the inertial frame O-XYZ can be calculated by the 
following transformation 

cos Qy 0 sin Qy 

• sin 9_y 0 cos Qy 

1 0 0 
0 cos Qx - sin 9^ 
0 sin 9v cos Qx 

where Q is the product matrix of the two rotation matrices. 
The absolute velocity of this particle is 

(r cos d) (-rQsindl 
p = Q ] r sin d j + Q < rfl cos 

The total angular momentum H of the disk, with respect to 
the origin O, is 

H = p/j I
2TT nb 

o K 
p x prdrdd. 

The material derivative of H is 

{
2ir nb 

\ p x prdrdd. 
o K 

By considering the balance between H and the resultant mo­
ment of the forces exerted by the stationary load system, the 
clamp spring ke, and the clamp damper ce, and by linearizing 
the equations in Qx, Qy, and w, one can obtain two additional 
equations of motion, 

{
2X nb 

ph sin d(wilt + 2Qwyte)r
2drd6 

o J« 

= MMr-SWO)-keex-ceex (2) 
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(/+/c)(e^-2fie 
!

2TT nb 

0 Ja 
ph cos 0(w,„ + 2QwiW)r drdd 

= V&r-MP)-kQBy-cQB„ (3) 
where / = irph(b2-a*)/4 is the moment of inertia of the 
circular plate and Ic is the moment of inertia of the rigid clamp. 
These additional equations of motion account for the fact that 
there are two additional degrees-of-freedom, i.e., Qx and 6 ,̂, 
of the present system. For the conventional freely spinning 
disk with Are = °°,cQ = Q,FZ = 0, andAL, = 0, the eigenvalues 

T * 
Xm„ are all purely imaginary, i.e., A" i<JL„, where 

wmn is real. The corresponding eigenfunctions are, in general, 
complex and assume the form 

w°mn = Rl„{r)e±ine, n= 1 , 2 , 3 , . . . (4) 

in which R°mn is a_real-valued function of r. The eigenfunction 
corresponding to \°m„ is w°nm, where the overbar means complex 
conjugate. If we consider only the positive w%„, then w°m„ in 
Eq. (4) with + inO is a backward travelling wave with n nodal 
diameters and m nodal circles, which is also denoted by (m, 
n)b. Similarly, w°mn with -ind is a forward travelling wave 
(m, n)/. The critical speed Qc for the mode (m, n) is defined 
as the rotation speed at which <jPmn of the backward travelling 
wave (m, n)/, is zero. For Q greater than Qc, this mode is a 
forward travelling wave, and is called a "reflected wave," 
denoted by (m, n)r. 

In the case of a freely spinning disk with the clamp allowed 
to tilt freely, i.e., kQ = 0 and ce = 0, one can multiply Eqs. 
(2) and (3) by sin 6 and cos 9, respectively, and substitute the 
results into Eq. (1) to obtain 

ph(w,t + 2Qw,e + tfwee) + DV*w— (<vwr)r r wee 
r • .• r 

» 2 T P 6 

- P [cos 01 \ r2 cos 6 (wM + 2Qwite)drdd 
(I + Ic) J0 J„ 

r2 sin 0 (w „ + 2Qw,,fl)cfrtf0] = 0. (5) 
0 ^a 

The only difference between Eq. (5) and that of a conventional 
freely spinning disk with a nontilting clamp is the additional 
integral terms at the end of Eq. (5), which account for the 
inertial coupling between the elastic modes and the rigid-body 
tilting. It has been shown by Chen and Bogy (1992a,b) that 
the eigenfunctions w°mn are orthogonal and form a complete 
system of functions in r and 6 in the domain 0 < 8 < 2TT, a 
< r < b. We therefore can express the solution w of Eq. (5) 
as the following infinite series: 

>= 2 2 CmnW°mn(r, 6). 

From Eqs. (5) and (6) it is obvious that due to the integration 
only the one-nodal diameter modes will be affected by the 
inertial force associated with the rigid-body tilting. Using a 
technique presented in Chen and Bogy (1992a), the natural 
frequency change for mode (m, 1) due to the rigid-body tilting 
can be estimated as 

iirp2h2<Js
ml(iJ

>
mi±2Q) 

AX,„,=-
J/7 

(r)rdr 
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Fig. 2 Natural frequency versus rotation speed for a freely spinning 
flexible disk 

be an (w + 1, 1) mode. Therefore, AXml in Eq. (7) can be 
reinterpretated by using the mode label system with respect to 
the inertial frame as the change of natural frequency from an 
(m, 1) mode of the spinning disk without rigid body tilting to 
an (m + 1, 1) mode of the spinning disk with rigid-body tilting. 
The advantage of using the model label with respect to the 
inertial frame is that as the clamp torsional spring ke varies 
from zero to infinity, the natural frequency of the (m, 1) mode 
with rigid-body tilting converges to that of the (m, 1) mode 
without rigid-body tilting. Although the mode label with re­
spect to the tilting frame is more convenient for analysis and 
understanding in the context of our system of equations, the 
mode label with respect to the inertial frame gives a more 
standard notation. Therefore we will adopt the latter mode 
label with respect to the inertial frame in the following dis­
cussions and all the figures, unless stated otherwise explicitly. 
However, the switch between these two slightly different no­
tations can be easily made. 

It is obvious that AXml in Eq. (7) is nonnegative for a back­
ward travelling wave. However, for a forward travelling wave 
the term u°m\ - 2Q casts some uncertainties on whether AXmi 
is positive or negative. Figure 2 shows the relation between the 
natural frequencies of the spinning disk and the rotation speed. 
This result is obtained by a finite element computation which 
is similar to the one presented in Ono et al. (1991). The material 
properties of the disk used in the calculation are p = 1.3 x 

(6) 103kg/m3, Ic = 0, E = 4.9 X 109N/m2 0.3, h = 0.078 
mm, a = 30.0 mm, b = 65.0 mm, and %/b = 0.9. For sim­
plicity, only the first few modes with less than three nodal 
diameters are presented here. The dashed lines and the solid 
lines are the results for the spinning disk without and with 
rigid-body tilting, respectively. It is noted that for the system 
with rigid-body tilting, the mode label system with respect to 

2 ( /+ / c ) ( a&,±Q) J IRli (r)\ rdr 

+ for backward wave 
- for forward wave. (7) 

It is emphasized here that the displacement w in Eqs. (1)-
(6) is measured relative to the noninertial tilting frame. So, 
the (m, 1) mode of a spinning disk with a tilting clamp in Eq. 
(7) is a mode with m nodal circles and one nodal diameter as 
seen by an observer moving with the tilting frame. To an 
observer in the inertial frame, however, this mode appears to 

the inertial frame has been adopted. The (0, 1)/ mode (the 
diagonal line) and the (0, l)b mode (the horizontal line with 
zero natural frequency) for the system with rigid-body tilting 
are the rigid displacement modes, i.e., w = 0. This can be 
easily checked by showing that the mode shapes w = 0, Qx = 
1, and 9V = ± / with natural frequencies w = 2fi and 0 satisfy 
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Fig. 3 Effects of clamp damping c„ = 10~5 Nms/rad 

Eqs. (l)-(3). Because the ratio of the vertical and horizontal 
scales in Fig. 2 is 2, the slope of the diagonal line is actually 
2. Now, in order for the term oi°n,i - 20 in Eq. (7) to be negative, 
the dashed curve corresponding to the forward travelling wave 
would have to intersect the diagonal line. As we can see from 
Fig. 2, the dashed curve starts with unit slope at 0 = 0, and 
increases its slope to more than 2 due to the effect of the 
centrifugal force. Consequently, the dashed line does not meet 
the diagonal line and the term u°mX - 20 is always positive. 
This explains why the natural frequencies of both the forward 
and backward travelling waves (as seen by an observer moving 
with the tilting frame) increase for fixed 0 when the clamp is 
allowed to tilt freely. The modeshape of each one-nodal di­
ameter mode (except for the rigid displacement modes (0, 1)/ 
and (0, \)b) involves rigid body tiltings Qx and G_,, with am­
plitudes 

•wph " 

~T Qyml —' 
J/7 

i(r) ±iBx 
+ for backward wave 
- for forward wave 

where Rm\{r) corresponds to the new modeshape of the disk 
with rigid-body tilting. 

We now consider the effects of changing the value of clamp 
damping CQ from 0 to 10~5 Nms/rad on the eigenvalues of the 
freely spinning disk with rigid-body tilting. It is found that the 
natural frequency-rotation speed diagram is not affected by 
the change of c e and remains the same as the solid lines in 
Fig. 2. However, the real parts corresponding to the one-nodal 
diameter modes become negative for all the rotation speeds, 
as shown in Fig. 3. The real parts of all other modes are not 
affected by the change of c e . 

It is interesting to investigate the role that the centrifugal 
force plays in the dynamic behavior of this system. Figure 4 
is the calculation result similar to that plotted in Fig. 2, except 
that the membrane stresses ar and as in Eq. (1) are set to zero. 
Now the slope of the dashed frequency locus corresponding 
to the forward travelling wave with one nodal diameter is 
exactly one and it meets the diagonal line at rotation speed 
QA, at which bPml - 20,4 is equal to zero. To an observer moving 
with the tilting frame, as can be predicted by Eq. (7), the natural 
frequency of the forward travelling wave increases (from dashed 
line (0, l)/to solid line (1, l)/in Fig. 4) due to rigid body tilting 
when 0 < Q,4, and decreases when 0 > QA. The natural fre­
quency of the backward travelling wave increases for all 0 
except at the critical speed, at which the natural frequency 
remains zero. As 0 exceeds QA, the forward travelling wave 
decreases and eventually merges with the reflected wave at 
point B, and instability is induced. Of course no physical phe­
nomenon corresponding to Fig. 4 will occur because the cen­
trifugal force always exists when the disk is spinning. However, 
this discussion shows that the centrifugal force plays a very 
important role in stabilizing the present system with rigid body 
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Fig. 4 The same as in Fig. 2 except that the membrane stresses are 
neglected in the calculation 

tilting. In the conventional case without rigid-body tilting, on 
the other hand, neglecting the centrifugal force in the calcu­
lation will not induce any instability (Chen and Bogy, 1992a). 

Stationary Disk With Rotating Load System 
It is interesting to compare the results obtained in the pre­

vious section to the case of a stationary flexible disk with rigid-
body tilting and subject to a rotating load system. To derive 
the equations of motion for this system, we first neglect Fz 

and M^ and set fi to zero in Eqs. (1), (2), and (3) to get the 
equations of motion of a stationary disk with respect to the 
O-XYZ frame. Suppose the O-xyz frame is rotating with the 
load system about the OZ-axis with rotation speed -U. The 
terms (W)XYZ, (QX)XYZ, and {Qy)XYz observed in the O-XYZ 
frame are related to the corresponding terms observed in the 
O-xyz frame through the equations 

(W)XYZ = (w.tDxyz + 2Q(wtie)xyz + Sl\wfie)xyz 

{QX)XYZ = {Qx)xyz + 2Q(.Qy)xyz - &(ex)xyz 

{Qy)xYZ = (Qy)Xyz ~ 2 0 ( 6 X ) ^ , Z — Q (Qy)XyZ. 

Equation (8) shows the relation between the Lagrangian and 
Eulerian descriptions of the function w. Equations (9) and (10) 
are the component forms of the well-known transformation 
equation of a single vector observed in two different frames 
(Meriam, 1980), 

(Q)XYZ = (Q)XyZ + 20 x (9 )xyz + 0 x 0 x 0 

where vector 9 is in the XY-plane with components (Qx, Qy, 
0), and vector 0 is in the OZ-direction with amplitude 0. As 
a consequence, the equations of motion for a stationary flexible 
disk with a rotating load system are, (relative to the rotating 
coordinate system) 

(8) 

(9) 

(10) 
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ph (wM + 2Qw:,e + Q wit 

— ( 0 J J — 2QQX -

,) + DV4w + phr[Qx + 2UQy-Q
2ex)sm 6 

fi2G_,,)cos d]=-8(r-£)5(6)Fz 

-̂ 2 «(r-f)[J^6(A)],, (11) 

f.27T 

(/+/c)(0x+2ne. 1 ph sin 0(wi„ + 2Ow,,fl 
0 ^a 

+ QfwM)r drdO = M^b (r 
»2ir 

(/+/c)(9J,-2ne: 

-/reex-ceex (12) 

-n2e„)- \ p/? cos 9(w/( + 2fiw,,e 

After setting ke = 0, c e = 0, F, 

- 1 ) 5 ( 5 ) - A r e e „ - c e e , . (13) 

0, M0 = 0, and substituting 
Eqs. (12) and (13) into Eq. (11), we obtain for the freely tilting 
disk in the absence of the load system 

ph(wtll + 2Qwtie + Q wi$g)+DV w 

rp2h2
 r r2T f» 

-Ji777)[cosd{ { 
r cos 6(wjlt + 2Qwiie + Q, w:ee)drdd 

+ sin !

1-K nb 

0 J 0 

r1 sin 8(wt„ + 2fiw,,fl + fl2w,^)rf/-rfe] = 0 (14) 

It is important to note that neglecting the membrane stresses 
ar and CT9 in Eq. (5) does not result in Eq. (14) exactly, which 
contains the additional w<ee terms in the integrals. The natural 
frequency change for mode (m, 1) (with respect to the tilting 
frame) due to rigid-body tilting can now be estimated as 

,b 1 2 

iirp2h\u>°nl±Q) 

A\„ 

Rlx(r)rdr 

body tilting, respectively. The dashed lines in Fig. 5 are the 
same as those in Fig. 4, as explained in (Chen and Bogy, 1992a). 
The solid lines for the (1,1) modes are parallel to the dashed 
lines for the (0, 1) modes with a constant shifting upward. No 
instability is induced due to the addition of the rigid-body 
tilting. 

A Special Case: Elastically Supported Rigid Disk 
The equations of motion in the inertial frame of a spinning 

rigid disk with tilting supported by a torsional spring ke are 
obtained from Eqs. (2) and (3) by setting w = 0, 

/ ( 9 x + 20e,) + A:eex+c eex = M^( r -€ )5 ( f? ) (16) 

I(Qy- 2QQX) + keBy + ce9y = £Fzb(r - £)5(0). (17) 

On the other hand, the equations of motion in the rotating 
frame for a stationary rigid-disk subjected to a rotating load 
system are derived from Eqs. (12) and (13), 

I(ex + 2Qey-n
2) + keex + ceQx = Mli,5(r-Z)8(d) (18) 

I(,ey-2Qex-n
2) + keQy + ceey = ZFz8(r-Z)8(d). (19) 

It is noted that Stahl and Iwan (1973a,b) used different Euler 
angles in writing the equations of motion for a stationary disk 
with rotating load system. As a result their equations are more 
complicated than Eqs. (18) and (19), although they are essen­
tially the same. We find here that the problem of a spinning 
rigid disk with a stationary load system is not exactly equivalent 
to the problem of a stationary rigid disk with rotating load 
system when rigid-body tilting is included. The differences 
between Eqs. (16), (17) and Eqs. (18), (19) are the terms con-

2 ( / + / c ) [S°mi (r)frdr 

for backward wave 
for forward and reflected waves. (15) 

It is noted that R%i(r) in Eq. (15) is independent of rotation 
speed H because no centrifugal force is involved. Furthermore, 
the term oi°mi ± 0 is a constant and is equal to the natural 
frequency when fi = 0 (Chen and Bogy, 1992a). Consequently, 
AXml is a constant and independent of the rotation speed. 
Figure 5 shows the relation between the natural frequency of 
the stationary flexible disk as observed from a rotating frame 
and the rotation speed of the frame. The dashed lines and the 
solid lines are the results for the cases without and with rigid-

taining fi2. In the case without rigid-body tilting, the equations 
of these two problems are exactly the same. The dashed straight 
lines in Fig. 6 are the natural frequencies of the stationary 
rigid disk with rotating observer. The stiffness of the clamp 
spring kQ is 0.01 Nm/rad and the value of the clamp damping 
Ce is 0. The slopes of the forward and backward waves are 1 
and - 1, respectively. There is a critical speed, beyond which 
the backward wave becomes a reflected wave. The solid lines 
are the natural frequencies of a spinning rigid disk observed 
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quencies and stability of a flexible disk 
5 N/m on the natural fre- Fig. 8 Effects of transverse stiffness kz 

quencies and stability of a rigid disk 
5 N/m on the natural fre-

by a stationary observer. The forward and backward frequency 
loci start with slope 1 and - 1, respectively, at Q = 0. However, 
the slope of the forward wave approaches 2 as fi increases. On 
the other hand, the natural frequency of the backward wave 
approaches zero asymptotically so there is no critical speed, 
and the backward wave will never become a reflected wave. 
These behaviors of the solid lines have been explained ana­
lytically by Arnold and Maunder (1961). The importance of 
this comparison between these two types of problems lies in 
the fact that instability will be induced when the rotating load 
system is loaded onto the stationary disk, as discussed by Stahl 
and Iwan (1973a,b). However, no instability will be induced 
when the stationary load system is loaded onto the spinning 
disk. An example will be given in the next section. 

Effects of Load Parameters 
We next consider the effects of the stationary load system 

spring with constant kz on the natural frequencies and stability 
of the spinning flexible disk with rigid-body tilting. The clamp 
spring ICQ and clamp damper ce are set to 0. The dashed and 
the solid lines in Fig. 7 are the results for kz = 0 and kz = 5 
N/m, respectively. By comparing the dashed lines and the solid 
lines, we can see that veering occurs whenever a forward or 
backward wave meets either another zero-nodal diameter mode, 
a forward or a backward wave. At the intersection point of 
any two curves for kz = 0 at least one eigenvalue remains 
unchanged when kz is introduced. When the eigenvalue of 
interest is well separated from the others the addition of kz 
increases the natural frequency of a zero-nodal diameter mode, 
a forward or backward wave, but it decreases the natural 
frequency of a reflected wave. Furthermore, kz causes a sta­

tionary-type instability (Ono et al., 1991) in a finite rotational 
speed range just beyond the critical speed. These properties 
are qualitatively the same as the effects of kz in a conventional 
disk without rigid-body tilting (Chen and Bogy, 1992a,b). Un­
like the case of a spinning flexible disk with axial translation 
(Chen and Bogy, 1992c), the additional rigid-body tilting mode 
does not eliminate the stationary-type instability induced by a 
load system transverse spring kz. 

Figure 8 shows the effects of kz = 5 N/m on the elastically 
supported rigid disk, with the clamp spring ke = 0.01 Nm/ 
rad. Similar to those in Fig. 6, the dashed lines are the results 
for a stationary disk with rotating load system, and the solid 
lines are the results for a spinning disk with stationary load 
system. By comparing with Fig. 6 we can see that for a sta­
tionary rigid disk kz induces a stationary-type instability, as 
reported by Stahl and Iwan (1973a,b). On the other hand, for 
a spinning rigid disk kz simply increases the natural frequencies 
of both the forward and backward waves, and induces no 
instability. 

Figure 9 shows the effects of the load system mass mz on 
the eigenvalues of a disk with rigid-body tilting. The dashed 
lines are the results for a freely spinning disk, and the solid 
lines are the results for mz = 1 g. By comparing these results 
with those presented in Chen and Bogy (1992a,b) for the con­
ventional case, we observe that the effects of mz are qualita­
tively the same for both the cases, with and without rigid-body 
tilting. Additional calculations for the parameters cz, k$, c^, 
and 7̂ , also show that the effects of these parameters are qual­
itatively the same for both the cases, with and without tilting. 
In particular, none of the pitching parameters have an effect 
on the zero nodal diameter modes. The dashed lines in Fig. 
10 are for the freely spinning disk with rigid-body tilting and 
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the solid lines are for k$ = 0.005 Nm/rad. It is noted that 
rigid-body tilting does not eliminate the stationary-type insta­
bility induced by the pitching stiffness k$. 

Derivatives of the Eigenvalues 

In Chen and Bogy (1992a), we showed that for a freely 
spinning disk without rigid-body tilting, the eigenfunctions are 
orthogonal to each other. Also it was shown that expressions 
for the derivatives of the eigenvalues with respect to the various 
parameters in the stationary load system can be derived and 
used to predict the change of eigenvalues for small values of 
the parameters. In Chen and Bogy (1992c), we extended this 
analysis to the case when the axial translation is included, and 
showed that the equations of motion fall into the category of 
gyroscopic systems. In this section we further extend the anal­
ysis to the case when the rigid-body tilting is included. 

By following the same procedure as in Chen and Bogy 
(1992c), we can rewrite Eqs. (1), (2), and (3) in the matrix form 

(M + M)u „ + (G + G)u,, + (K + K)u = 0 

where the vector u is defined as 

(20) 

The matrix operators M, G, and K are associated with the 
freely spinning disk, while M, G, and K are associated with 
the stationary load system. It is noted that Qx and G, are 
functions of time only while w is also a function of r and 6. 
The inner product between two vectors u, and u2 is defined as 

wi w2rdrdd + Qxl Qx2 + Gyl Oy2. 

In the case of a freely spinning disk, Eq. (20) reduces to 

Mu„ + Gu, + Ku = 0. (21) 

It can be shown that the matrix operators M and K are sym­
metric and G is skew, i.e., 

<Mui, u2> = <U!, Mu2> 

<Ku1; u2> = <ui, Ku2> 

<Gui, u 2 )= - < u i , Gu2> 

Equation (20) can also be written in the first order form 

(A + A ) x , - ( B + B)x = 0 (22) 

by defining the state vector 

and the matrix operators 

A s 
M 0 
0 K 

, B ^ - G - K 
K 0 » 

„ 

A s 
M 0 
0 K 

„ 
, B = 

- G - K 
K 0 

Now, the inner product between vectors X[ and x2 is defined 
as 

»2ir 

\ (wh,W2,,+ wiw2)rdrdd 
0 Ja 

+ ©*1©X2 + 9xl©;t2 + ©vl©y2 + ©yl© Jyl^yl 

Again, it can be shown that A is symmetric and B is skew. 
After establishing the above definitions and following the 

same procedure as that presented in Chen and Bogy (1992a), 
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we can readily show that the eigenfunctions x,„„ and xM of a 
freely spinning disk with rigid-body tilting are orthogonal with 
respect to the operator A, and that the derivative of eigenvalues 
with respect to a load parameter pk is 

m"'k~ ~ <i Ax~~> { ' 
where 

i i(j>mnwmn\ 

W 

wmn I 
A 1 
f\ j 
^ymn J 

By taking into account the fact that Qxmn and Qymn are zero 
unless n = 1, a simple calculation (Chen and Bogy, 1992a) 
leads to 

For n 7^ ± 1, the term <x„,„, Ax,„„> is positive for both forward 
and backward travelling waves, and is negative for the reflected 
wave, as explained in Chen and Bogy (1992a). At the critical 
speed, however, the term <x„,„, Axm„> vanishes because o>mn 
becomes zero. For n = ± 1 the term <x,„„, Ax,„„> can be shown 
to be non-negative by using the Schwartz inequality 

( n2ir nb \ 2 «2ir nb /»2T nb 

\ 1 WiW2rdrd6 < 1 W\W{rdrdd \ \ w1w2rdrdd 
Jo K J Jo K Jo Ja 

where we choose wt = Rm\(r)e'6 and w2 = re'e. 
With Eq. (23) we now can calculate the derivative of the 

eigenvalue with respect to the transverse stiffness parameter 
kz. We first derive dA/dkz and dB/dkz, and substitute the results 
into Eq. (23) to obtain 

d\nn JUmnJRmn (£ ) ~ £®ynm] , ~ « \ 

okz pn<xm„, Axra„) 
Since Qxm„ = 0, Qymn = 0, and Rmn(r) = Ra

mn(r) for n * 1, 
this expression is the same as that for the conventional disk 
without rigid-body tilting presented in Chen and Bogy (1992a) 
for the modes with other than one nodal diameter. This means 
that for n ^ 1 the effects of kz on the eigenvalues are the same 
for both cases, with and without rigid-body tilting. For the 
one-nodal diameter modes, on the other hand, kz increases the 
natural frequencies but by different amounts for the cases with 
and without rigid-body tilting. 

By following similar procedures, we obtain the derivatives 
of the eigenvalues with respect to cz and mz by replacing iwmn 
in Eq. (25) by -«m„ and -iw„„, respectively, and similar 
conclusions follow accordingly. The derivatives with respect 
to the pitching parameters are the same as those of their trans­
verse counterparts, except that there is a multiplicative factor 
n2/£2 in the numerators. This confirms the numerical results, 
which showed that pitching parameters have no effect on the 
zero-nodal diameter modes because n = 0. 

Conclusions 
The effects of rigid-body tilting on the dynamics of a flexible 

spinning disk in contact with a stationary load system are 
examined both numerically and analytically. The results of 
these analyses can be summarized as follows: 

(1) To an observer moving with the tilting frame, the natural 
frequencies of one-nodal diameter modes increase due to the 
inertial coupling between the rigid-body tilting and the elastic 

deformation, while the natural frequencies of the modes with 
other than one-nodal diameter are not affected. 

(2) In the conventional case without rigid-body tilting, ne­
glecting the centrifugal force in the calculation will not affect 
the stability property of the freely spinning disk. However, in 
the present case with rigid-body tilting, the centrifugal force 
is very important in stabilizing the system. 

(3) Another type of problem in which a stationary flexible 
disk is subject to a rotating load system is also considered. In 
the conventional case without rigid-body tilting, these two 
types of problems are mathematically identical except for the 
additional stress terms arising from the centrifugal force. In 
the case with rigid-body tilting, however, these two types of 
problem differ not only by the centrifugal effect, but also by 
the terms arising from the gyrodynamic effect. 

(4) The rigid-body tilting does not eliminate any instability 
induced by any parameter in the stationary load system. It 

may be futile trying to improve the stability property of a 
spinning disk by allowing it to tilt. 

(5) The system of equations of motion is again proven to 
be gyroscopic in the presence of rigid-body tilting. As a result, 
the techniques developed in previous papers (Chen and Bogy, 
1992a,b,c) are extended to the current case to obtain the de­
rivatives of eigenvalues with respect to various load system 
parameters. These derivatives provide a theoretical under­
standing for the numerical results obtained. 
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