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Transfer-matrix approach based on modal analysis
for modeling corrugated long-period fiber gratings

Gia-Wei Chern, Lon A. Wang, and Chunn-Yenn Lin

A transfer-matrix method is developed for modeling a corrugated long-period fiber grating. Cladding-
mode resonance in such a corrugated structure can be controlled by the applied tensile stress based on
the photoelastic effect. A first-order vectorial perturbation expansion is used to derive the mode fields
of the two basic regions under the strain-induced index perturbation. Because the etched cladding
radius is much smaller than the unetched radius, the effect of the corrugated structure on cladding modes
cannot be treated as a small perturbation. Thus the conventional coupled-mode theory is inadequate for
the modeling of such a structure. Based on a self-consistent mode-matching technique, mode coupling
within the corrugated structure can be described by a set of transfer matrices. We apply the formulation
to the calculation of the transmission spectra of a corrugated long-period grating and compare the
calculated with the experimental results. The transfer-matrix approach is found to account well for the
features of the transmission spectra of the corrugated long-period gratings. © 2001 Optical Society of
America

OCIS codes: 050.2770, 060.2280, 060.2340.
1. Introduction

The long-period fiber grating ~LPFG! has become an
important component of optical filters,1 gain equaliz-
ers,2 polarizers,3 and sensors.4,5 Under phase-
matching conditions a LPFG can couple light from
the fundamental core mode to a specific cladding
mode and thus contribute to a loss dip in the trans-
mission spectrum. Conventional LPFG’s fabricated
by exposure of photosensitive fibers to ultraviolet
light have little tunability on the peak losses and
resonant wavelengths. It has been reported that
high tuning efficiency of the resonant wavelength can
be realized by electrical heating of a metal-coated
air-clad LPFG.6 Based on the acousto-optic effect, a
oss-tunable LPFG can also be made by application of
n acoustical wave.7 Lin and Wang8 proposed a

novel corrugated structure for forming a loss-tunable
LPFG based on the photoelastic effect. The peak
loss of the corrugated LPFG can be adjusted by an
applied tensile force, and the resonant wavelength is
insensitive to tensile stress. The corrugated struc-
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ture is shown schematically in Fig. 1. It consists of
two basic regions, unetched and etched. Inasmuch
as the strains induced within the etched and the
unetched regions are inversely proportional to the
corresponding cross-sectional areas under mechani-
cal equilibrium, a long-periodic index modulation is
produced as a result of the photoelastic effect and the
periodic strain distribution.

Conventionally, the couplings among core and clad-
ding modes caused by LPFGs can be described well by
the coupled-mode theory.9 In such a formulation
the grating is treated as a perturbation of the original
fiber waveguide, and couplings among the modes are
described by a set of ordinary differential equations.
Because the cladding mode is guided by the cladding–
air interface, for the corrugated LPFG the cladding
modes of the two basic regions cannot be treated
perturbatively because there is a large difference in
their cladding radii. The coupled-mode theory is
then inapplicable in our case. In this paper we pro-
pose an approach based on a mode-matching tech-
nique and a transfer-matrix method to describe the
interactions of core and cladding modes within the
corrugated LPFG. The transfer-matrix formulation
is similar to that proposed in Ref. 10 for a photoin-
duced binary LPFG. In the case of a corrugated
LPFG the mode fields of the two basic waveguides are
solved independently by the finite-difference method.
These mode fields are regarded as unperturbed with
respect to strain-induced index perturbation, and we
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use first-order vectorial perturbations10 to obtain the
mode fields and the corresponding propagation con-
stants under applied tensile stress. At the inter-
faces of the two regions, the mode-matching
technique is then used to yield coupling of mode am-
plitudes as a result of discontinuities of the guiding
structure. Basically, we expand the electric and
magnetic fields of the two guides by using the corre-
sponding complete set of mode fields and by imposing
the continuity conditions on the interface. With ap-
propriate approximations, we can use a forward
transfer-matrix method to describe the couplings of
the heterointerfaces.

The remainder of this paper is organized as follows:
In Section 2 we apply first-order perturbation expan-
sions to the mode fields of the two basic regions under
strain-induced index perturbation. We then intro-
duce a self-consistent mode-matching technique in
Section 3 with which we derive the scattering coeffi-
cients of the junctions formed by the etched and un-
etched regions. The contributions from the
backward-propagating mode amplitudes are found to
be much smaller than those from the transmitted
amplitudes. Thus, by neglecting these backward-
propagating modes, in Section 4 we derive a set of
forward transfer matrices to describe the evolution of
mode amplitudes. To illustrate the features of the
method, we consider only couplings from the funda-
mental core mode to the first cladding mode. The
numerical calculation of a specific example of a LPFG
is described in Section 5. The results are compared
with the measured spectra, and an overall agreement
is obtained. We present our conclusions in Section
6.

2. First-Order Expansion of Mode Fields under
Strain-Induced Index Perturbation

The corrugated LPFG is composed of two basic con-
catenating waveguides, to which we refer to as guide
~u! and guide ~e!, which correspond to unetched and
etched regions, respectively, as shown in Fig. 1. We
fabricated the corrugated structure by periodically
etching the cladding radius of an optical fiber, thus
forming a section with periodic variation of cross-
sectional areas within the fiber. The lengths of the
unetched and etched regions within a single period

Fig. 1. Schematic diagram of a corrugated LPFG.
1

are L~u! and L~e!, respectively; thus the periodicity of
the corrugated structure is L 5 L~u! 1 L~e!. The
following convention is used throughout this paper:
Quantities that correspond to the unetched region
are represented by symbols with superscripts ~u!;
those of the etched region, with a superscripts ~e!.
The cladding radii of the unetched and etched regions
are acl

~u! and acl
~e!, and the radial index profiles are

n0
~u!~r! and n0

~e!~r!, respectively. The z axis is taken
along the fiber axis, and a tensile force F is applied
along the fiber as shown in Fig. 2. The corrugated
section lies within the central region of a fiber of total
length L; one end of the fiber is fixed, while the other
end is stretched along the fiber axis to produce a
tensile strain by applied force F. The longitudinal
displacement of the stretching point is DL; thus the
induced tensile strain of the fiber is sz 5 DLyL.

In the following discussion we neglect the effect of
stress concentration at the discontinuities of the two
regions by assuming that the sharp discontinuity is a
fairly narrow smooth transition region. As mechan-
ical equilibrium is established, the longitudinal
forces become increasingly similar for the etched and
unetched regions, and both are equal to applied force
F. The etched and unetched regions will thus expe-
rience different tensile strains, which are inversely
proportional to the cross-sectional areas of the corre-
sponding regions.11 The induced tensile strains sz

~u!

and sz
~e! in the two regions are

sz
~u! 5

F
YAcl

~u! >
DL
L

5 sz, (1a)

sz
~e! 5

F
YAcl

~e! 5 Facl
~u!

acl
~e!G2

sz, (1b)

where Y is Young’s modulus of the fiber and Acl
~u! and

Acl
~e! are areas of cladding of the unetched and etched

regions, respectively. In Eq. ~1a! we have approxi-
mated the tensile strain of unetched region sz by the
overall measured strain DLyL. Doing so is valid be-
cause the length of the corrugated section is negligi-
ble compared with the total length of fiber that is
subject to force F: i.e., NL ,, L, where N is the
number of periods. This condition is usually satis-
fied in our experiments. From Eq. ~1! we can see
that, when a tensile force is applied, a periodic strain
distribution is induced within the corrugated section.

Fig. 2. Experimental setup for applying tensile force and mea-
suring the transmission spectra of a corrugated LPFG: ELED,
electroluminescent ~light-emitting! diode; OSA, optical spectrum
nalyzer.
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And, from Eq. ~1b!, the strain difference increases as
the ratio of the cladding radii increases. The trans-
verse strain is related to the tensile strain by Pois-
son’s ratio n as st 5 2vsz, and, through the
photoelastic effect, the strain-induced index pertur-
bations of the two regions are12 ~r 5 u or r 5 e!

Dnt
~r! 5 21y2~ p12 2 np11 2 np12!@n0

~r!#3sz
~r!

5 21y2pt@n0
~r!#3sz

~r!, (2)

Dnz
~r! 5 21y2~ p11 2 2np12!@n0

~r!#3sz
~r!

5 21y2pz@n0
~r!#3sz

~r!, (3)

where p11 and p12 are the photoelastic constants12

and, for simplicity, we have introduced two effective
photoelastic coefficients, pt and pz. Note that the
waveguides under tensile strain become slightly
anisotropic with uniaxial symmetry. These index
variations will introduce perturbations to the field
distribution and the propagation constant of the
waveguide modes.

We use a vectorial perturbation expansion to find
the corrections of these modes to first order in strain.
The vectorial perturbation of mode fields is based
mainly on the reciprocity formulas13 that connect the
unperturbed mode fields and the perturbed fields.
In Appendix A we derive the reciprocity formulas for
anisotropic waveguides.

Using the notation of Appendix A, let the primed
fields be the unperturbed mode fields and the
unprimed fields be the mode fields under strain-
induced index perturbation. By iterative substitu-
tion for the reciprocity formulas @Eqs. ~A9! and ~A12!
below#, one can derive an expansion of the mode fields
with respect to the small perturbation parameter, sz.
In what follows, we use symbols with overbars to
represent unperturbed mode fields in the two regions.
Thus the unperturbed fields of mode k of guide r are
denoted @e#k

~r!, h# k
~r!#. The corresponding mode fields

under strain perturbation are @ek
~r!, hk

~r!#. All these
mode fields are orthogonal and normalized to carry
unity power; i.e.,

1y2 *
A`

@ek
~r! 3 hj

~r!*# z zdA 5 dkj, (4)

here dkj is the Kronecker delta symbol.
Similar expressions hold for the unperturbed mode

fields. Because the fiber used in our experiment is
weakly guiding, the z component of the mode fields is
negligible compared with that of the transverse
fields, so the mode fields can be regarded as linearly
polarized fields. Thus, in what follows, we neglect
the contributions from the z component. For clarity,
the superscripts ~u! and ~e! will not be shown in the
following discussion, because the formalism can be
applied to both guides.
478 APPLIED OPTICS y Vol. 40, No. 25 y 1 September 2001
First we expand the perturbed mode fields by using
the complete set of unperturbed fields as follows:

etj 5 (
k

~ajk 1 bjk!e# tk,

htj 5 (
k

~ajk 2 bjk!h# tk. (5)

he expansion coefficients are given by the reciproc-
ty formula @Eqs. ~A12! below#. For a first-order per-
urbation, when we approximate the perturbed
uantities by the corresponding unperturbed quanti-
ies and neglect contributions from z components of
he mode fields, the following results are obtained
j Þ k!:

ajk 5
k0

4~b# j 2 b# k!

1
Z0 *

A`

2n0Dnte# tj z e# tk*dA,

bjk 5
k0

4~b# j 1 b# k!

1
Z0 *

A`

2n0Dnte# tj z e# tk*dA. (6)

In the above expressions we have used the approxima-
tion nt

2 2 n0
2 > 2n0Dnt, with Dnt given by Eq. ~2!. For

he corrections of the propagation constants we use Eq.
A9! below, and for first-order perturbation we have

bj 2 b# j 5
k0

4Z0 *
A`

2n0Dntetj z e# tj*dA. (7)

Because in our case the optical power is coupled
from the core mode to the nearly phase-matched clad-
ding mode, the propagation constants of these modes
are extremely similar. And, inspecting Eqs. ~6! in

hich the propagation constants are subtracted from
he denominator of ajk while they are added to it in

bjk, we expect that ajk .. bjk for the coupled modes
and neglect the contributions of bjk in what follows.
By renormalizing the derived perturbed mode fields10

we obtain the following results:

ej > ~1 2 djsz
2!e# j 2 sz (

kÞj

kjk

~b# j 2 b# k!
e# k,

hj > ~1 2 djsz
2!h# j 2 sz (

kÞj

kjk

~b# j 2 b# k!
h# k, (8)

where, from Eqs. ~6! and ~8!, kjk, given by

kjk 5
ptvε0

4 *
A`

@n0~r!#4e# tj z e# tk*dA, (9)

is the intrinsic cross-coupling constant between mode
j and mode k as a result of the photoelastic effect; dj
is introduced here to ensure that the perturbed mode
fields are also normalized to carry unity power.10

The modified propagation constant can be found from
Eq. ~7! as

bj 5 b# j 1 szDbj

5 b# j 2 szkjj, (10)
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where kjj is the self-coupling constant given by Eq. ~9!
ith j 5 k:

kjj 5
ptvε0

4 *
A`

@n0~r!#4ue# tju2dA. (11)

3. Scattering Coefficients for Hetero-Interfaces of the
Corrugated Structure

Conventionally, coupled-mode theory is used to de-
scribe the interactions between waveguide modes
when there is a longitudinal perturbation within the
guide. However, in the case of a corrugated LPFG the
etching depth is so large that we cannot regard the
corrugated structure as a perturbation. A rigorous
analysis for mode coupling within the corrugated
LPFG cannot be based on coupled-mode theory, and
treating such discontinuities will require other ap-
proaches.

Because we want to know how the optical power is
transferred between waveguide modes, methods based
on modal analysis are more efficient in this respect.14,15

In these approaches the number of modes is truncated
to a prescribed integer, and we can use the continuity
conditions of the electromagnetic fields to obtain a set
of linear equations for solving the scattering coeffi-
cients of the discontinuous interfaces.

In this section we use a self-consistent mode-
matching technique to find the scattering coefficients
of the heterointerfaces between the unetched and the
etched regions. The approach described below is
based mainly on the arguments of Ref. 16, in which
the reflected amplitudes are assumed to be negligible
compared with the transmitted amplitudes, and ap-
proximate formulas are derived for these scattering
coefficients. The results are self-consistent in the
sense that the derived reflection coefficients are in-
deed much smaller than the transmission coeffi-
cients. In addition, from the experiment viewpoint
the measured reflected power is indeed negligible.

Now consider the situation depicted in Fig. 3~a!,
here a wave field of mode k in the unetched region

s incident upon the heterojunction. This wave field
ill partially transmit with coefficient tkk and par-

tially reflect with coefficient rkk. In addition, it will
also excite other forward- and backward-traveling
modes with cross-transmission and -reflection coeffi-
cients tkj and rkj, respectively, for mode j. These
scattering coefficients are also shown schematically
in the figure. The corresponding primed coeffi-
cients, t9kj and r9kj, refer to the scattering coefficients
or wave fields incident from the etched region to the
netched region, as shown in Fig. 3~b!. Let the am-

plitude of the incident mode be A; then the continuity
conditions of the electric and magnetic fields require
that

~ A 1 Arkk!etk
~u! 1 (

jÞk
Arkjetj

~u! 5 (
j

Atkjetj
~e!, (12)

~ A 2 Arkk!htk
~u! 2 (

jÞk
Arkjhtj

~u! 5 (
j

Atkjhtj
~e!. (13)
1

Before we introduce the self-consistent approxima-
tion, for simplicity we define the following overlap-
ping integrals:

Ikj 5 ~1y2! *
A`

@ek
~u! 3 hj

~e!*# z zdA,

Jkj 5 ~1y2! *
A`

@ej
~e!* 3 hk

~u!# z zdA. (14)

hese overlapping integrals can be transformed into
learer forms by use of the reciprocity theorem dis-
ussed in Appendix A. Here we let the unprimed

Fig. 3. ~a! Schematic diagram of scattering of mode k as a result
of the heterojunction from the unetched region to the etched re-
gion. Also shown is the definition of the corresponding scattering
coefficients. ~b! Same as ~a!, except for mode incidence from the
etched region to the unetched region.
September 2001 y Vol. 40, No. 25 y APPLIED OPTICS 4479
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notation represent the waveguide modes of the un-
etched region and the primed notation belong to the
etched region. Using Eqs. ~A10! and ~A12! and the
orthogonality conditions for modes of etched regions,
we have

Ikj 5 akj 1 bkj,

Jkj 5 akj 2 bkj, (15)

with the following expressions for akj and bkj:

akj 5
k0

4@bk
~u! 2 bj

~e!#

1
Z0 *

A`

$@nt
~u!#2 2 @nt

~e!#2%etk
~u! z etj

~e!*dA,

bkj 5
k0

4@bk
~u! 1 bj

~e!#

1
Z0 *

A`

$@nt
~u!#2 2 @nt

~e!#2%etk
~u! z etj

~e!*dA.

(16)

The contributions from the longitudinal component
re again neglected here. We now rewrite continu-
ty equations ~12! and ~13! as follows:

~1 1 rkk!etk
~u! 5 tkketk

~e! 1 (
kÞj

~tkj 2 rkj!etj
~e! 1 dek, (17)

~1 2 rkk!htk
~u! 5 tkkhtk

~e! 1 (
jÞk

~tkj 1 rkj!htj
~e! 1 dhk, (18)

where

dek 5 (
jÞk

rkj@etj
~e! 2 etj

~u!#,

dhk 5 (
jÞk

rkj@htj
~u! 2 htj

~e!#. (19)

In what follows, we neglect these two parts of the
transverse fields. This approximation is plausible
either because of the small reflection coefficients or as
a result of the similarity of mode fields of the two
waveguides.

Using the orthogonality conditions for mode fields
of the etched region, we obtain the following results:
First, for mode k we have

tkk 5 Ikk~1 1 rkk! 5 Jkk~1 2 rkk!. (20)

e can use this identity to solve the self-reflection
oefficient rkk:

rkk 5
Jkk 2 Ikk

Jkk 1 Ikk
5 2

bkk

akk
, (21)

where Eqs. ~15! have been used for the last identity.
f the contributions of the z component to coefficients
kk and bkk can be neglected, as in Eqs. ~16!, the
elf-reflection coefficient can further be simplified to

rkk 5
bk

~e! 2 bk
~u!

bk
~e! 1 bk

~u! , (22)

which is similar to the familiar Fresnel formula for
normal incidence on a heterointerface of homoge-
neous media.

As is shown in Section 5 below, the propagation
480 APPLIED OPTICS y Vol. 40, No. 25 y 1 September 2001
constants of the fundamental core mode and the first
few cladding modes in the unetched and etched regions
are similar. Thus the self-reflection coefficients are
small, confirming our initial approximation. Then we
apply the orthogonality conditions for mode j in Eqs.
17! and ~18! to get

~1 1 rkk!Ikj 5 tkj 2 rkj,

~1 2 rkk!Jkj 5 tkj 1 rkj. (23)

The cross-scattering coefficients can thus be solved as

tkj 5 ~1y2!@~ Jkj 1 Ikj! 2 rkk~ Jkj 2 Ikj!# 5 akj 1 rkkbkj,

rkj 5 ~1y2!@~ Jkj 2 Ikj! 2 rkk~ Jkj 1 Ikj!#

5 2bkj 2 rkkakj. (24)

If the propagation constants of the mutually coupled
modes are similar, i.e., bj > bk, the coefficients bkj ,,

kj, and thus the reflection coefficients rkj, are much
smaller than the transmission coefficients. This re-
sult confirms that our approach is self-consistent.
We can use similar approaches to derive the scatter-
ing coefficients for incidence from the etched to the
unetched region, i.e., t9kk, r9kk, t9kj, and r9kj.

4. Forward-Transfer Matrices for a Corrugated
Long-Period Fiber Grating

The transfer-matrix method is a powerful tool for
describing the propagation of wave fields in a bina-
rylike periodic structure. For example, based on
local-mode matching, one can use a set of transfer
matrices to model grating-assisted codirectional cou-
plers.17 Recently we also utilized the transfer-
matrix method and perturbation expansions to model
a photoinduced binary LPFG.10 In these two appli-
cations of the transfer-matrix method, backward re-
flection is assumed to be negligible, and in Ref. 10 it
was shown that such is indeed the case for photoin-
duced long-period gratings. As we discussed in Sec-
tion 3, the reflection coefficients rkk and rkj are much
maller than the corresponding transmission coeffi-
ients tkk and tkj. Thus we may neglect the reflected

amplitudes and use a set of forward-transfer matrices
to describe the evolution of mode amplitudes through
the corrugated LPFG.

For the corrugated structure shown in Fig. 1, two
coupling mechanisms are in effect. First, the corru-
gated cladding structure introduces periodic
waveguide discontinuities along the fiber, and cou-
plings between modes occur as a result of these dis-
continuities. Second, when the corrugated LPFG is
under external tensile stress, a periodic strain distri-
bution is induced within the corrugated structure, as
discussed in Section 2. And, because of the pho-
toelastic effect, this differential strain will further
introduce a periodic index modulation along the fiber,
which also contributes to mode coupling. However,
the effect of the first mechanism is relatively negli-
gible compared with that of the second. The reason
for this is as follows: The coupled modes of our main
concern are the fundamental core mode and the
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phase-matched cladding modes, which are of the first
few mode orders. The fields of these modes are dis-
tributed mainly within regions near the fiber core.
Thus, changes in the outer cladding radius have little
effect on these centrally confined modes. And this is
also shown by our experimental result that the trans-
mission loss is almost negligible when the corrugated
LPFG is free from any tensile strain. Mathemati-
cally, we may assume that these modes, although
they belong to different waveguide structures, are
quasi-orthogonal, as we discuss below.

The dependence of the transmission coefficients on
the applied tensile strain is now investigated as fol-
lows: We introduce another important assumption,
i.e., that the mode fields of the two regions are quasi-
orthogonal. This is so because, for the first few con-
fined modes, the fields of the same mode order are
quite similar; e.g., there are the similar mode profiles,
nearby node points, etc. Thus the overlapping inte-
grals I#kj and J# kj of the unperturbed mode fields of the
wo regions have the following properties: The over-
aps of different modes are relatively smaller than the
elf-overlaps; e.g., I#kj ,, I#kk, I#jj. And clearly this

holds only for those modes that are confined near the
core region. For higher-order cladding modes, this
assumption will not be valid. However, because the
corrugated LPFG is designed mainly to permit reso-
nance coupling between the core mode and the first
few centrally confined cladding modes, we may as-
sume that this property is valid as far as those modes
are concerned.

In Section 5 we shall show numerically that such is
indeed the case for the dispersion-shifted fiber used
in our experiment. Thus, for simplicity, we may ex-
press this property mathematically as

I#kj > J# kj > dkjtk, (25)

where tk is defined as the overlapping integral of
the unperturbed fields of the two basic regions for
mode k. Substituting expressions for the per-
urbed mode fields @expressions ~8!# into Eqs. ~20!
nd ~24! for transmission coefficients and using
uasi-orthogonality assumption ~25!, we have

tkj > dkj~1 2 ak sz
2!tk 1 szskj. (26)

Here we keep terms up to the second order in strain
sz in the diagonal term for consistency and define the
following parameters:

ak 5 dk
~u! 1 dk9

~e!Facl
~u!

acl
~e!G4

, (27)

skj 5 5Facl
~u!

acl
~e!G2 kkj

~e!tk

@b# k
~e!2b# j

~e!#
2

kkj
~u!tj

@b# k
~u!2b# j

~e!#
~kÞj!

0 ~k5j!
. (28)

In deriving Eq. ~28! we used kjk 5 kkj. We also
define sjk9 [ 2sjk, which will be used below and has
the property that skjsjk9 . 0 for any pair j and k.
nasmuch as the mode fields involved are similar, as
iscussed above, we have kkj

~u! > kkj
~e!, and the self-
1

transmission coefficients are all close to unity; other-
wise the loss would be appreciable. Thus we see
that, when acl

~u! > acl
~e!, the parameters skj will be

small, and the cross couplings will be negligible, as
confirmed from the experiment. In Fig. 4 we show
the dependence of cross-transmission coefficients skj
on the ratio of the cladding radii, acl

~e!yacl
~u!. In the

gure we have defined s [ sco–cl and s9 [ scl–co9 for
the fundamental core mode and the first cladding
mode. The fiber parameters are described in Sec-
tion 5, and we take acl

~u! 5 62.5 mm here. Note that
he cross-transmission coefficients grow superlin-
arly as the ratio decreases below 1, where these
oefficients vanish. Therefore, for efficient cross
oupling, the cladding radius contrast must be large.
rom relation ~26! we can see that when there is no
pplied tensile stress, sz 5 0; under the assumption of

quasi-orthogonality, the cross transmission is almost
zero, which is consistent with the experimental ob-
servation. As the applied strain increases, the cross
couplings also grow linearly, where the proportional
constant is skj. Besides, self-transmission also de-
creases as a result of coupling to other modes, which
is of second order in sz.

We now apply the above results to the case of al-
ost resonant coupling between the core mode and a

hase-matched cladding mode. As a result of the
hase-matching condition, the power is distributed
ainly between these two modes, and we may neglect

ouplings to the other modes. If the resonance
avelengths are sufficiently separated from one an-
ther, the effect of the other modes can be regarded as
dissipative loss to these two nearly phase-matched
odes.
Let the mode amplitudes in region r be represented

y a column vector, A~r! 5 @Aco
~r!, Acl

~r!#T, where r 5 u
and r 5 e for unetched and etched regions, respec-
ively. Then the propagation of the wave field can be
escribed by the following transfer matrices: For
rossing the interface from the unetched region to the
tched region, the mode amplitudes are connected by

Fig. 4. Dependence of cross-transmission coefficients s [ sco–cl

and s9 [ scl–co9 on the ratio of the cladding radii acl
~e!yacl

~u!.
September 2001 y Vol. 40, No. 25 y APPLIED OPTICS 4481
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the matrix equation A 5 F ~sz! z A , where 2 3
matrix F~euu! is given by

F~euu!~sz! 5 F~1 2 acosz
2tco! ssz

2s9sz ~1 2 aclsz
2!tcl

G , (29)

here s and s9 are the corresponding cross-coupling
oefficients between these two modes as defined in
q. ~28! and Fig. 4. Similarly, for incidence from the
tched region to the unetched region the mode am-
litude changes according to A~u! 5 F~uue!~sz! z A~e!

with the following interface matrix:

F~uue!~sz! 5 F~1 2 acosz
2!tco 2s9sz

ssz ~1 2 aclsz
2!tcl

G . (30)

Within the two regions there is no coupling be-
tween the modes, and the amplitudes acquire only
phase changes. This can be described by use of the
phase matrices as A~r!@L~r!# 5 P~r! z A~r!~0! for region r,
and the phase matrices are given by ~r 5 u or r 5 e!

P~r! 5 Fexp@iuco
~r!# 0

0 exp@iucl
~r!#G , (31)

where the phase shifts are

uco
~r! 5 @b# co

~r! 2 sz
~r!kco– co

~r! #L~r!@1 1 sz
~r!#,

ucl
~r! 5 @b# cl

~r! 2 sz
~r!kcl– cl

~r! #L~r!@1 1 sz
~r!#. (32)

The couplings through the propagation of a unit pe-
riod can thus be described by use of the cascaded
matrix F~sz! 5 P~u! z F~uue! z P~e! z F~euu!. As discussed
in Ref. 10, the phase-matching condition can be ex-
pressed as follows:

@uco
~u! 2 ucl

~u!# 1 @uco
~e! 2 ucl

~e!# 5 2p. (33)

As can be seen from the following numerical exam-
le, the quantities of the unetched region are fairly
lose to those of the etched region for core and clad-
ing modes of the few first orders. For such an ap-
roximation and when L~u! 5 L~e! 5 Ly2, phase-

matching condition ~33! can be written as

b# co 2 b# cl 2 s# z~kco– co 2 kcl– cl! 5 ~1 2 s# z!
2p

L
, (34)

where ε# 5 ~ε 1 ε9!y2 is the averaged strain of the
corrugated structure. The resonance wavelength
can be approximated as

l0 5 L~n# co 2 n# cl!F1 1 s# zS1 2
DksL

2p DG , (35)

here n# co and n# cl are the effective indices of the un-
perturbed core and the averaged cladding modes, re-
spectively, and Dks 5 kco–co 2 kcl–cl is the difference of
he self-coupling coefficients. As is shown below,
sually Dks . 0. From Eq. ~35!, the applied strain

has two effects on the resonance wavelength. One is
the geometric elongation of the corrugated period ε#L,
and the other is the contribution from strain-induced
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self-couplings of mode fields. These effects are dis-
cussed in Section 5.

5. Simulation Results and Comparison

In this section we apply the formulation of Section 4
to the analysis of a specific corrugated LPFG and
compare the results with the measured spectra.
Figure 2 is a schematic diagram of the experimental
setup for measuring the transmission spectrum of a
corrugated LPFG. A dispersion-shifted fiber of
length L is fixed at one end, and the other end is
stretched by applied tensile force F to make a DL
elongation. A corrugated section with length NL
lies in the middle of the fiber. As discussed above,
when NL ,, L, the longitudinal strain of the un-
etched regions is equal to the measured strain; i.e. ε
> DLyL. The period of the corrugated structure is
L 5 350 mm. And for simplicity the lengths of
etched and unetched regions are chosen to be equal,
L~u! 5 L~e! 5 Ly2. The etching process is described
in Ref. 8, and the etched cladding radius is acl

~e! > 27
m, whereas the original unetched radius is acl

~u! 5
2.5 mm.
Figure 5 shows the measured transmission spec-

rum of the corrugated LPFG with applied strain ε 5
30 mstrain. There are two resonant loss dips in the
avelength range shown in Fig. 5; one is at 1.206 mm
nd the other is at 1.313 mm. The two dips are
ttributed to couplings from the fundamental core
ode to two different cladding modes. The fiber
sed in our experiments has a normalized index dif-
erence D > 0.0077 and thus can be regarded as a
eakly guiding structure. The fundamental core
ode is designated LP01

~co!, which is the linearly po-
larized approximation of the exact HE11 mode.
From the above discussion, the off-diagonal transmis-
sion coefficients s and s9 are proportional to the
cross-coupling constants kco–cl

~u! and kco–cl
~e! . As the

strain-induced index perturbation is uniform over the
cross section of the etched or unetched region, the
coupled cladding modes should have the same axial

Fig. 5. Transmission spectrum of a corrugated LPFG under ap-
plied strain sz 5 530 mstrain.
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symmetry as the fundamental core mode; otherwise
the integrals for kco–cl @Eq. ~9!# would vanish. Thus
the cladding modes can be designated in the linear
polarized approximation as LP0n

~cl !, corresponding to
he exact HE1n modes for n 5 2, 3, . . . .

Because the resonance wavelength ranges of the
two cladding modes are sufficiently separated, we
consider mainly coupling to the first cladding mode,
i.e., LP01

~co! 7 LP02
~cl! in the following discussion. The

ndex profile of the dispersion-shifted fiber used in
ur calculation for best fit has a core region that can
e approximated by a Gaussian envelope with peak
ore index 1.473 and a radius of >2.45 mm, an

exponential-tailed transition region of width >7 mm,
ollowed by a cladding region with index 1.4617.
igure 6 shows the calculated electric field Ey for the
ore mode ~LP01! and the first cladding mode ~LP02! of

the unetched region. The calculation is based on the
basic finite-difference method for solving waveguide
modes.18 The core mode is confined principally in
the core and has a full width at half-maximum of
approximately 5 mm. From our calculation, the core
mode is almost independent of cladding radius acl in
hat the etched radius is not too close to the core
egion. In our case the etched region has a cladding
adius acl

~e! > 27 mm, which has little effect on the core
ode. Thus the core modes of the two regions are

aken to be the same in what follows.
The first cladding mode has a node at r 5 2.7 mm,

nd the amplitude starts to decay after the turning
oint at approximately r 5 8 mm. The mode field is
hown to be more closely confined to the core than
hat of the step-index fiber.9 In Fig. 7 we show the

electric fields Ey of the cladding modes in the un-
etched and the etched regions. It can be seen that,
as the cladding radius decreases, the mode field of
the first cladding mode is pushed inward and the
amplitude almost vanishes for r . acl. However,
the overlap of these two fields is still large. Be-
cause the mode fields are still quite well matched,
as discussed in Section 4, we may neglect reflections

Fig. 6. Electric fields of the core mode and the first cladding mode
in the unetched region.
1

at the heterointerfaces of the unetched and etched
regions.

The dispersion curves of effective indices of the core
mode and the cladding modes ~for both etched and
unetched regions! are shown in Fig. 8. It is found
that the effective indices of the cladding modes are
fairly close for etched and unetched regions.

Figure 9 shows the dispersion curves of overlap-
ping integrals tco and tcl defined in relation ~25! for
he fundamental core mode and the first cladding
ode. The overlap of core modes is almost unity,
hereas the overlap of cladding modes decreases for

arger wavelengths. The nonunity feature of the
ladding-mode overlap accounts for losses of coupling
o higher-order modes and radiation modes as a re-
ult of waveguide discontinuity, which cannot be
aken into consideration in coupled-mode theory.

Figure 10 shows the dispersion of self-coupling con-
tants kco–co, kcl–cl

~u! , and kcl–cl
~e! defined in Eqs. ~9! and

~11!. As can be seen, the self-coupling constants are

Fig. 7. Comparison of the electric fields of cladding modes in
unetched and etched regions.

Fig. 8. Dispersion curves of effective indices for core and cladding
modes in unetched and etched regions.
September 2001 y Vol. 40, No. 25 y APPLIED OPTICS 4483
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almost the same for cladding modes of the unetched
and the etched regions; i.e., kcl–cl

~u! > kcl–cl
~e! . And the

self-coupling constant of the core mode is larger than
that of cladding modes. These coupling coefficients
will influence the phase-matching condition, as
shown in Eqs. ~34! and ~35!. The difference Dks is
found from Fig. 10 to be approximately 0.019 mm21

for photoelastic constant pe 5 0.193. For L 5 350
m, the contribution of self-coupling to the wave-

ength shift is DksLy2p ' 1. Thus, from Eq. ~35!, the
overall strain-induced wavelength shift is quite
small.

The dispersion curves of the cross-coupling con-
stants, kco–cl

~u! and kco–cl
~e! , for unetched and etched re-

gions are shown in Fig. 11. Both curves decrease
with increasing wavelength. The cross-coupling co-
efficient of the etched region is larger than that of the
unetched region because the cladding-mode field is

Fig. 9. Dispersions of overlapping integrals tco for the core mode
and tcl for the cladding mode.

Fig. 10. Dispersions of self-coupling constants kco–co for the core
ode and kcl–cl

~u! and kcl–cl
~e! for the cladding modes in unetched and

tched regions.
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Fig. 11. Dispersions of cross-coupling constants kco–cl
~u! and kco–

l
~e! in unetched ~u! and etched ~e! regions.
Fig. 12. ~a! Measured transmission spectra of the corrugated
LPFG under various applied strains. ~b! The corresponding cal-
ulated transmission spectra.
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more closely confined to the core region as the clad-
ding radius decreases, as confirmed from Fig. 7.

Figure 12~a! shows the measured transmission
spectrum of the corrugated LPFG for coupling to the
first cladding mode under applied strains sz 5 290,
390, 530 mstrain. The transmission spectra have
two notable features. First, the transmission loss
increases as the applied strain, and this makes the
corrugated LPFG a tunable loss filter. Second, the
resonance dip wavelength is almost independent of
the applied tensile strain. These properties are dif-
ferent from those of the conventional photoinduced
LPFG, in which the resonance wavelength shifts to
longer wavelengths as the index modulation is in-
creased.19 In Fig. 12~b! we show the calculated
transmission spectra that result from the transfer-
matrix approach described in Sections 2–4. As can
be seen, the calculated spectra agree quite well with
the measured ones. The spectrum has no complete
node, as would be predicted from coupled-mode the-
ory, and this is attributed to the nonunity of the
cladding-mode overlapping integral. The indepen-
dence of resonance wavelength on strain is explained
above: Because the self-coupling coefficients are
similar for core and cladding modes, the strain-
induced corrections to the propagation constants of
the core mode are compensated for by those of the
cladding mode and by the geometrical elongation of
the grating period.

6. Conclusion

A transfer-matrix method based on the mode-
matching technique has been applied to modeling of
a corrugated LPFG. The operation of the corrugated
LPFG is based on the photoelastic effect and on the
strain difference between the unetched and the
etched regions when a tensile force is applied to the
corrugated structure. Because of the inverse pro-
portionality of the strain to the cross-sectional areas,
a periodic strain distribution, and equivalently an
index modulation, is induced in the corrugated struc-
ture. As the etched cladding radius is much smaller
than the unetched radius, the effect of the corrugated
structure on cladding modes cannot be treated as a
small perturbation. We have presented a modal
analysis to describe the coupling of mode amplitudes
through the heterointerfaces of unetched and etched
regions. The mode fields are solved by the finite-
difference method for the unetched and the etched
regions independently, and the mode fields obtained
are regarded as unperturbed fields with respect to the
strain-induced index perturbation. The perturbed
mode fields of these two basic regions are derived
from the unperturbed fields by use of the first-order
~linear in strain! vectorical perturbation expansion.

y neglecting backreflection, we have presented a
orward transfer-matrix method to model the mode
ouplings within the corrugated structure. Two in-
erface matrices were introduced for mode couplings.
he off-diagonal elements of these interface matrices
ccount for the strain-induced coupling between the
ore and cladding modes and are found to be linearly
1

proportional to strain. Propagation through the un-
etched and the etched regions is described by two
phase matrices, which have only diagonal elements to
account for the propagation phase difference. The
calculated spectra based on the transfer-matrix
method have been compared with the experimental
results and are in fairly good agreement. The trans-
mission loss grows with increasing strain, whereas
the resonance peak wavelength is almost fixed. All
these features are explained well by our model.

Appendix A. Reciprocity Theorem for Uniaxially
Anisotropic Waveguides

The reciprocity theorem is used to connect two dis-
tinct waveguide problems and can serve as a basis for
perturbation expansions of the mode fields. A de-
tailed discussion of the reciprocity theorem for isotro-
pic waveguides can be found in Ref. 13. Inasmuch
as the index tensor of waveguides under tensile
strain will be slightly uniaxial anisotropic, here we
give reciprocity formulas for uniaxial waveguides
with the optical axis parallel to the guiding z axis.
For an anisotropic medium the displacement vector is
related to the electric field as

D 5 ε0n2 ? E, (A1)

where n2 is a tensor with nine components and for a
uniaxial waveguide has the following form:

n2 5 Fnt
2 0 0

0 nt
2 0

0 0 nz
2G . (A2)

Consider two waveguide electromagnetic fields
characterized by index tensors n2 and n*2. In what
follows, we use index tensor n2 to denote the guiding
structure of mode fields without a prime and n*2 to
denote that of primed fields. The electric and mag-
netic fields the correspond to these two situations are

E 5 ej exp~ibjz!,

H 5 hj exp~ibjz!, (A3)

hich is mode j of the n2 waveguide, and

E* 5 ek9 exp~ibk9z!,

H* 5 hk9 exp~ibk9z!, (A4)

hich is mode k of the n*2 waveguide. These mode
fields are assumed to be orthogonal and normalized
to carry unity power. We define a vector function Fc
by

Fc 5 E 3 H** 1 E** 3 H. (A5)

The conjugated form of the reciprocal theorem is
given by

]

] z *
A`

Fc z zdA 5 *
A`

¹ z FcdA. (A6)
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Substituting Eqs. ~A3!–~A5! into the above identity,
and using the following Maxwell equations for E and
H:

¹ 3 E 5 iZ0 k0H,

¹ 3 H 5 2ik0yZ0n2 ? E, (A7)

and the conjugated form for E** and H**:

¹ 3 E** 5 2iZ0 k0H**,

¹ 3 H** 5 ik0yZ0n*2 ? E**, (A8)

where k0 5 2pyl is the free-space wave number and
Z0 5 =m0yε0 5 377 V is the electromagnetic imped-
ance in vacuum, we obtain the following reciprocal
formula for propagation constants:

bj 5 b9k 1
k0

Z0

*
A`

ej z ~n2 2 n*2! z e9k*dA

*
A`

~ej 3 h9k* 1 e9k* 3 hj! z zdA

5 b9k 1
k0

Z0

*
A`

~dnt
2etj z e9tk* 1 dnz

2ezje9zk*!dA

*
A`

~ej 3 h9k* 1 e*k* 3 hj! z zdA

. (A9)

ere we define dnt
2 5 nt

2 2 nt9
2 and dnz

2 5 nz
2 2 nz9

2.
With the aid of the reciprocal formula we can expand
the transverse mode fields ~etj, htj! in terms of the

rimed ones:

etj 5 (
k

~ajk 1 bjk!e9tk,

htj 5 (
k

~ajk 2 bjk!h*tk. (A10)

We can find the expansion of the longitudinal fields
by substituting Eqs. ~A10! into Maxwell’s equations
~A7! and ~A8!:

ezj 5
n9z

2

nz
2 (

k
~ajk 2 bjk!e9zk,

hzj 5 (
k

~ajk 1 bjk!h9zk. (A11)

Substituting Eqs. ~A10! into reciprocal formula ~A9!
and using the orthogonality condition, we find the
following expansion coefficients ajk and bjk:

ajk 5
k0

4~bj 2 b9k!

1
Z0 *

A`

~dnt
2etj z etk9* 1 dnz

2ezje9zk*!dA,

bjk 5
k0

4~bj 1 b9k!

1
Z0 *

A`

~dnt
2etj z etk9* 2 dnz

2ezje9zk*!dA.

(A12)
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