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Abstract

A firm, which has a privileged right to undertake an irreversible investment project, simultaneously
determines whether to exercise this project and also how many bonds to issue in the presence
demand uncertainty. The firm will not exercise the project until its net value from investing imme-
diately equals its option value from delaying investment. The firm’s choice of debt levels balances th
tax advantage of debt against a cost associated with the event of bankruptcy. The effects
uncertainty, asset specificity, and the costs to purchase capital later on a firm’s entry, financing, ar
bankruptcy decisions are examined and compared with those in the literature. © 2001 Bureau
Economic and Business Research, University of lllinois. All rights reserved.
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1. Introduction

A central topic in financial economics is to examine how the limited liability of equity
affects a firm’s investment and financing decisions. This topic is first addressed by Myer:
(1977) who suggests that a firm’s existing debt load causes it to underinvest. Consequent|
debt financing imposes an agency cost resulting from the conflict of interest between equit
and debt holders over the timing of the investment. This agency cost, together with th
benefit of debt (for example, the tax advantage), determines the firm’s choice of debt level:
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Subsequently, Brander and Lewis (1986) set up a two-period model where debt financin
involves a tradeoff between the agency cost considered by Myers and the strategic bene
arising from interactions between firms in a duopolistic market. Recently this topic has
continuously drawn attention to several articles that apply the real options approach (fo
example, Fries et al., 1997; Mauer and Ott, 2000; Mello et al., 1995). However, these article
set up rather complicated models, and therefore, yield results mainly through numerice
examples. In this article, while still applying the real options approach, | will build a
simplified model to gain insights on the relationship between capital asset characteristics at
the optimal level of debt.

This article differs from previous works in four respettgirst, the previous works
typically assume that the investment costs are irreversible. In contrast, this article assum
that the investment costs are partially reversible. Accordingly, this article is able to examing
how changes in the magnitude of partial capital reversibility affect a firm’s choice of debt
levels. Second, the previous works typically assume that upon bankruptcy, a firm’s deb
holders receive a value equal to the value of the firm unlevered. In contrast, this articl
assumes that a firm’s debtholders receive the salvage value of the firm upon bankruptcy, th
greatly simplifying analysis. Third, the previous works typically assume that debt has beel
issued before the investment option is exercised. This leads to two kinds of costs: (i) th
agency cost arising from the conflict of interest between equity and debt holders over th
timing of exercising the investment option as considered by Myers (1977); and (ii) the cos
associated with the event of bankruptcy. In contrast, this article abstracts from the first kin
of cost by assuming that debt is issued upon exercising the investment option. This not onl
simplifies analysis but may be more realistic for a firm with a higher percentage of growth
options? Finally, the previous works typically assume that the investment costs are constar
over time. However, the investment costs may rise over time because of limited land
reserves of natural resources, or the need for a permit that is in short supply (Abel et al
1996). This article allows for this by assuming that the investment costs follow a determin-
istic exponentially growing process, thus being able to link the costs from purchasing capite
later with a firm’s choice of debt levels.

This article assumes that a firm owns a privileged right to undertake an investment projec
and can simultaneously finance this project by issuing bonds without a stated maturity. Afte
exercising the investment project, at each instant the firm receives one unit of output, it incut
operating costs, and must pay coupons to debtholders that are tax deductible. The outy
price is stochastic over time. If the output price falls short of the sum of the operating cost:
and coupon payments, then equityholders can cover this shortfall by injecting funds. How
ever, they may cease to inject funds, and instead choose an output price on behalf |
themselves to declare bankruptcy. This imposes a cost on debtholders, but equityholde
should bear this cost because debtholders will rationally anticipate equityholders’ future
behavior. As a result, the firm will choose a debt level that equates the tax advantage of de
to this cost® In addition, the firm will exercise the investment project at an output price that
equates its net value from investing immediately to its option value from delaying invest-
ment.

Previous works provide predictions on the impacts of asset characteristics on a firm’
investment decisions and/or its financing decision(s). These include: first, both Abel et al
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(1996) and Dixit and Pindyck (1998) suggest that a firm that does not issue bonds will hav
a higher incentive to invest if in the future the firm either purchases capital or resells installe
capital at a higher price. Second, Dixit (1989), McDonald and Siegel (1986) and Pindyck
(1988) suggest that a firm that does not issue bonds will have a lower incentive to invest |
it faces greater uncertainty. Third, Williamson (1988) suggests that a firm will take on less
debt if it incurs higher sunk costs of investment resulting from higher asset specificity.
Fourth, Myers (1977) suggests that a firm will take on less debt if it incurs lower costs from
delaying investments that result in higher growth option values. Finally, Mauer and Ott
(2000) suggest that a firm which faces greater uncertainty will expand debt capacity b
waiting for a better state to exercise the investment option. This article yields several resul
that differ from these previous works because the underlying assumptions of this articls
differ from those of them.

This article is organized as follows. Section 2 constructs the basic model to examine
firm’s entry, financing, and bankruptcy decisions. Section 3 makes the results in Section
more vivid through numerical examples. The last section makes conclusions and als
suggestions for future research.

2. The model

This section builds a model which extends the model commonly used in real option:s
literature (for example, Fries et al., 1997; Mauer and Ott, 2000; and Mello et al., 1995)
Consider a firm that has a privileged right to undertake an investment project. The firm incur
an initial investment cost, denoted Byt), which is expected to grow at an exponential rate
a, that is,

dK(t) = aK(t)dt. (1)

The terma may be positive, zero, or negative, where a positiveplies that the firm incurs
higher costs to invest later. The firm can finance the investment project by issuing bond
without a stated maturity and will not adjust its leverage until the moment of bankruptcy.
After exercising this project, at each instant, the firm receives one unit of output, it incurs &
fixed amount of operating costs, denotedvipyand must pay a fixed amount of coupons to
debtholders, denoted by Suppose thaP(t) denotes the output price, then net earnings to
equityholders are given by

(1= 7Pt —w—bh), 2

wherer is the corporate income tax rate. Eq. (2) indicates that losses are fully offset, whick
is an approximation of the current U.S. tax system that allows for a partial loss offset througl
both carry-back and carry-forward provisions. Eq. (2) also indicates that coupon payment
are tax-deductible, thus creating a tax advantage to leverage. The outpuP(p)it@lows

a geometric Brownian motion given by

dP(t) = P(t)udt + P(t)adQ(t), 3)
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for constantgw ando and a standard Wiener Procé3g). The salvage value of the installed
capital stock is assumed to be equalkt), where 0= A < 1. The firm’s assets are assumed
to transfer from equityholders to debtholders upon bankruptcy. Consequently, the residu:
value of the firm after bankruptcy is equal to the salvage value of the installed capitaf stock.
Both this residual value and the initial investment d6dj are assumed to be free of taxation.
For simplicity, depreciation of capital is also neglected. The firm is also assumed to be unabl
to temporarily suspend its operation, thus precluding the “moth-balling” of productive
activities such as that considered by Brennan and Schwartz (1984) and Mello and Parso
(1992). Finally, the firm’s equityholders are assumed to have access to unlimited extern:
resources.

Let us start front = 0, and denote bothR asP(t) andK asK(t) evaluated at = 0. Suppose
thatp denotes the firm’s (risk-adjusted) discount rate and Igqtand 3, denote the positive
and negative roots in the quadratic equation

2
$(B) =~ S BB -1~ Blp—a) +p-a=0, @
Eg. (4) can be rewritten as

(p—a)(B1— B)(B2—B)
B1B2 '

Applying 1td's Lemma and using the risk-adjusted valuation method (for example, Dixit
1989) yields the firm’s value to equityholde(P,b), and that to debtholders(P,b), as
respectively given by (see the Appendix)

() = (4)

(1-7P (1-7nw+b)
(p— ) p

VE(P,b) = + a,PPIKIP1 4 g PPK LR (5)

b
V4(P,b) = p + ¢,PPIKI P 4 ¢, PPKI P (6)

where alla,;, a,, c;, andc, are constants to be determined. In what follows, | will also assume
thatp > u andp > «. The former assures th&t(P,b) in (5) is convergent while the latter
assures that the user cost of capital;{ @)K, is positive. Combining these two assumptions
implies thatB; > 1 andB, < 0. Egs. (5) and (6) have the following meanings. The first term
net of the second term on the right-hand side of (5) is the after-tax expected present value
the firm’s value to equityholders assuming that the firm never goes bankrupt. The sum of th
last two terms on the right-hand side of (5) is the equityholders’ value of the option to declare
bankruptcy later. The first term on the right-hand side of (6) is the expected present value
coupon payment of debt assuming that the firm never goes bankrupt. The sum of the last tv
terms on the right-hand side of (6) is the potential loss of debt value resulting from the
possibility of insolvency in the future.
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2.1. Bankruptcy decisions

Following Leland (1998) and Mauer and Ott (2000), | will assume that it is prohibitively
costly to write and enforce contracts that ensure a firm’s manager to maximize total firn
value after the firm issues bonds. Accordingly, the firm’s manager may maximize leverec
equity value upon bankruptcy because equity has limited liability (see, for example, Brande
and Lewis, 1986; Jensen and Meckling, 1976; Myers, 1977). If the output price falls shor
of the sum of the operating costs and coupon payments, then net earnings given by (2) will &
negative. Equityholders can then inject funds to cover this shortfall. However, they may cease
inject funds and instead choose an output price on behalf of themselves, denotetblueBlare
bankruptcy (Black and Cox, 1976; Fries et al., 1997; Leland, 1994).

The constantg, anda,, in (5), and botrc, andc, in (6), and the ternf. should be solved
simultaneously. First, two boundary conditions are given by:

lim V&(P,b) = (1—7)

P—o

p— K p

P w+b
[ (7)

i b
lim VYP,b) = —. (8)
P—o0 P

Condition (7) holds because default becomes irrelevant as the output price is extremely hig
thus yieldinga, = 0 in (5). Condition (8) indicates that as the output price is extremely high, the
firm’s debtholders will almost surely receive coupon paymbraseach instant, thus yieldirgg

= 0in (6). Second, in the absence of arbitrage, the following two conditions must be satisfiec

V&P, ,b) = 0, 9
VI(P, ,b) = AK. (10)
Conditions (9) and (10) respectively indicate that at the output price that triggers bankruptcy

the firm’s value to equityholders is equal to zero and that to debtholders is equal to th
salvage value of the installed capital stock. Solving Eq. (9) yields

P
+b *
ay= (1— | WD T (11)
Solving Eqg. (10) yields
B 5 o1
C,= AK—;P* 2K P21 (12)

Finally, the following smooth-pasting condition must be satisfied (see, for example, Fries e
al., 1997; Mauer and Ott, 2000):
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VP, ,b) _
9P

Condition (13) is the first-order condition that requires the default price be chosen tc
maximize levered equity value.

Substituting botha, = 0 anda, in (11) into (13) yields the results stated in Proposition
1.

0. (13)

Proposition 1: Suppose that a firm’s claims to equityholders are maximized upon
bankruptcy. The critical level of the output price that triggers bankruptcy immediately, P
will then be given by

P, =m-(w+b), (24)
where
S Bz(P - M)
(B2— Dp '

Corollary 1 follows from Proposition 1.

Corollary 1: P. will be lower as eitherx or o is higher.
Proof. See the Appendix.

Proposition 1 indicates that the exit trigger pri€e, will be equal to a factorsr in (14),
multiplied by the Marshallian full cost of disinvesting,+ b. Corollary 1 indicates that both
a higher purchase price of capital in the future (a highlesind greater uncertainty (a higher
o) are associated with a lower level of the exit trigger price, and thus a lower incentive tc
exit the market. This is because both raise the firm’s value to equityholders given by (5) sinc
() the equityholders’ value of the option to declare bankruptcy later (that is, the sum of the
last two terms on the right-hand side of (5)) is higher, and (ii) the equityholders’ value
assuming that the firm never goes bankrupt (that is, the first term net of the second term c
the right-hand side of (5)) remains unchanged.

If the firm never went bankrupt, then the firm’s debtholders would receive the expectec
present value of coupon payment equabtp, the first term on the right-hand side of (6).
However, when the firm’'s equityholders choose a price equdP.ton (14) to declare
bankruptcy, then the firm’s debtholders will only receive the residual value of the Xm,
Consequently, upon bankruptcy, the firm’s debtholders will lose a value eqb&l to AK.

Debt financing thus involves a cost associated with the event of bankruptcy. This bankruptc
cost has two components (Fries et al., 1997; Mauer and Ott, 2000): (i) the loss of the intere
tax shield of debt in bankruptcy; and (ii) the dead-weight loss of firm value in bankruptcy
because the investment costs are not fully recoverable since the\ tersmaller than one.
This bankruptcy cost, together with the tax shield benefit, determines the firm’s choice o
debt levels.
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2.2. Investment and financing decisions

In what follows, | will assume that a firm simultaneously makes investment and financing
decisions. Accordingly, the firm will maximize total firm value by choosing both an investment
option exercise strategy and a debt level. Suppos&/{Ralb) denotes total firm value, that is, the
sum of bothvé(P,b) in Eq. (5) andv(P,b) in Eq. (6). Substituting both, = 0 anda, in (11) into
(5), and botfe, = 0 andc, in (12) into (6), and then summing W5(P,b) andV4(P,b) yields total
firm value as given by

P
V(P,b)={(1—7)(( P (w+ b))+<(w+ b)
(p— ) P p (p— 1)

P )" +b b AK P\ (15)
P p \p Pl '
where the terms inside brackets are the value of equity while the remaining terms are tr
value of debt.
As suggested by real options literature (Dixit and Pindyck, 1994), the interaction of
uncertainty and irreversibility indicates that the firm has an option value to invest later,

denoted byF(P,b). Applying the risk-adjusted valuation method and usingsltoemma
yields F(P,b) as given by (see the Appendix)

F(P,b) = g,PPK P + g,PPKI P2, (16)
The constang, is equal to zero because the following boundary condition must be satisfied:

lim F(P,b) = 0. (17)

P—0
Condition (17) indicates that the firm’s option value to invest later will become worthless as
the output price is extremely low. The other consntogether with the entry trigger price,
denoted byP*, and the choice of coupon payments, denotedobymust be determined
simultaneously. First, given the firm’s choice of coupon payments, two optimal conditions,
the value-matching and smooth-pasting conditions, must be satisfled=aP*. They are
respectively given by

F(P*,b*) = V(P*,b*) — K, (18)

IF(P*,b*)  aV(P*,b*)
P oP

. (19)

Condition (18) indicates that the firm will not exercise the investment project unless its ne
value from investing immediately/(P*,b*) — K, equals its option value to invest later,
F(P*,b%). In addition, condition (19) is required to rule out the possibility of any arbitrage
profits. Second, given the firm’s investment option exercise strategy, the firm’s choice o
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coupon payment$y*, is obtained by setting the derivative of total firm vald¢P* ,b*) in Eq.
(15), with respect td equal to zero, that is,

aV(P*, b*)
ab

Substituting (15) into (18) and (19), multiplying (19) ®#/( —3,), adding the result into
(18), and then rearranging yields

P* aV(P*,b*)
B, 0P

Eg. (21) suggests that the ten{(P*,b*) is equal to the firm’s option value to later invest
minus its net value from investing immediately. The explicit form of (21) is given by

w. o Twtb*) B\ (PH\P(A-n(wHb¥) b
[ K +[<1 Bl)(P*)( b= p AK)]

N {P*(l— T><1—Bl>] Y

=0. (20)

W(P* b*) = — V(P*,b*) + K = 0. (21)

p

(21)
(p— 1B

The terms inside the first pair of brackets are the after-tax costs of investment, and therefor

are positive. The terms inside the second pair of brackets arise because the firm’'s equit

holders have the option to declare bankruptcy later, that is, becausejiatls) andc, in

(6) are nonzero. These terms will be positive\i= w = 0.

Eq. (21) implicitly defines the dependenceRsfon b*, as suggested by Proposition 2.

Proposition 2: A firm will be more hesitant to exercise the investment project (that is, the
entry trigger price P* will be higher) as the firm takes on more debt.

Proof. Totally differentiatingM(P*,b*) = 0 in (21) with respect td* and then rearranging
yields

daP* Ay,

db* ~ — Ay’ (22)
where
_OW(P*,b*)  — 1B,
12= b = 0By >0, (22)
_ OW(P*,b*) 1-17 1w _T(W—i— b*) )
S 2[(p—a) P*<p+K p ” (22)

In deriving the expression fak,, in (22') | have used the relationshif1) = (p — «)(B;

— 1)(B, — D/(B,B,) = p — w defined in Eq. (4. For P* to be an interior solution of Eq.
(21), itis required that,, in (22") be negative, or equivalently, the terms inside brackets in
(22") be larger than zero, that is,
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b, b, b b

2 0

Fig. 1. Arise in the irreversibility of investment (a fall ix).

B T(w + b*)) (227

W
(l—T)P*>(p—a)(5+K

Condition (22') indicates that the critical level of the after-tax price that triggers entry should
be higher than the flow-equivalent after-tax costs of investment. | will assume this holds ir
what follows. Given that\,; < 0 andA;, > 0, as shown by (22, the sign ofdP*/db* in
(22) is thus positive. This completes the proof.

In Fig. 1 line XX depicts the positive relationship between the entry trigger piceand
the firm’s choice of coupon payments, stated in Proposition 2. The intuition behind this
positive relationship is as follows. As a firm takes on more debt, its net value by investing
immediately, the right-hand side of (18), is reduced by more than is its option value to late
invest, the left-hand side of (18). Accordingly, the firm’s incentive to enter the market will
be lower because the entry trigger price is higher.

Now consider the first-order condition for the firm’s choice of debt levels defined in (20),
which has the explicit form given by

sl T )

The terms inside the first pair of brackets in (Rfre positive and represent the (probability-
weighted) marginal tax benefit. The terms inside the second pair of brackets’)na(20
positive both becaus®, is negative and also because the face value of ¢k, is greater
than the salvage value of the installed capital stodk, These terms represent the net

B>

o = 0. (20)
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marginal bankruptcy cost arising from the bankruptcy point chosen by the equityholders. Ec
(20') suggests that, a firm’s choice of debt levels balances the marginal tax benefit again
this marginal bankruptcy co8fThis equation also implicitly defines the dependende*ain

P*, as suggested by Proposition 3.

Proposition 3: A firm will issue more bonds as the firm is more hesitant to exercise the
investment project (that is, as the entry trigger price P* is higher).

Proof. Totally differentiatinggV(P*,b*)/ob = 0 in (20) with respect té>* yields

db* _ Ayy - 0 23
dPr — — A, ’ (23)
where
GZV(P*,b*) _ 7732 p* B2 _TBZ pP* B2 _TBZ
2= pab |t Py | TP TR pP* =0, (23)
aZV(P*,b*)
22=T

__ B (PO L (W > K

“wro |p) [ T e (b P

< 0. (23)
The sign ofdb*/dP* in (23) is positive both becaus#&,, > 0, as suggested by (23 and
because\,, < 0, as suggested by (93 This completes the proof.

In Fig. 1 line YY depicts the positive relationship between the firm’s choice of coupon
paymentsp*, and the entry trigger price?*, stated in Proposition 3. The intuition behind
this positive relationship is as follows. The signs of the terms inside the first and second pail
of brackets in (23 are both positive. Both respectively indicate that a firm waiting for a
higher output price to exercise the investment project will enjoy a larger marginal tax benefi
and bear a lower marginal bankruptcy cost. Consequently, a firm that waits for a highe
output price to exercise the investment project will issue more bonds.

For P* and b* to be interior solutions of both Egs. (20) and (21), it is also required that

A=A1A% — AppAy > 0. (24)

Condition (24) requires that in Fig. 1 line YY be steeper than line XX. In what follows, | will
assume this holds.

2.3. Comparative static results

In the following, | will examine how the firm’s investment, financing, and bankruptcy
decisions are affected by changes in the sunk costs of investietit€ costs to invest later
(@), or the size of uncertaintyoj. One main result is stated in Proposition 4.
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Proposition 4: As a firm incurs a higher sunk cost to exercise the investment projast (
lower), its incentive to enter the market will be lower, while both its incentives to issue bond:
and exit the market may be higher, lower, or unchanged.

Proof. See the Appendix.

The intuition behind Proposition 4 is as follows. Let us start from an initial equilibrium
point A, the intersection of lines XX and YY in Fig. 1, which has an entry trigger pAige
and a choice of coupon paymerg. As suggested by (A9), given a firm’s choice of debt
levels, as the firm incurs a higher sunk cost to exercise the investment projedbiver),
its net value by investing immediately is lower while its option value to invest later is higher.
Accordingly, the firm will have a lower incentive to invest because the entry trigger price
becomes higher. In Fig. 1 line XX which shifts upward to line X’X’ captures this effect. The
intersection of lines X’X" and YY is at point A where the entry trigger pride,* > P,* and
the choice of coupon paymertig® > by*. In addition, as suggested by (A11), given a firm’'s
investment option exercise strategy, as the firm incurs a higher sunk cost to exercise tt
investment project, its marginal tax benefit is unchanged, while its marginal bankruptcy cos
is higher. Accordingly, line YY will shift to the left, but this shift will never make the new
entry trigger price lower than the initial onBy*, as suggested by (A12). Nevertheless, the
new choice of coupon payments may be either higher than, equal to, or lower than the initic
one,by* (In Fig. 1 line YY shifting to line Y'Y’ depicts the case for the last possibility).
Finally, after the firm issues bonds, equity holders are not concerned with debt holders
Accordingly, given the firm’s choice of coupon payments, a change in the sunk costs o
investment {) will not affect the firm’s bankruptcy decision, as suggested bin#14) that
is independent ofA. However, as suggested by (A16), a change in the sunk costs of
investment will exhibit an ambiguous effect on both the firm’s choice of debt levels, and
therefore, its bankruptcy decision.

Abel et al. (1996) indicate that a firm that does not issue bonds will have a lower incentive
to invest if the firm incurs higher sunk costs of investment by reselling installed capital at &
lower price. With debt financing, an induced effect will arise: the firm’s choice of coupon
payments will be ambiguously affected, and therefore, its incentive to invest will be alsc
ambiguously affected. Nevertheless, this induced effect is always dominated by the forme
one. The result in Proposition 4 thus resembles the result in Abel et al. (1996).

Williamson (1988) argues that firm-specific assets are more likely to require discretionan
investment. Due to the limited liability of equity, debt financing prevents firms from making
the appropriate investment to realize the full-value of these assets. Consequently, a high
sunk cost of investment resulting from higher asset specificity will lead to less®debt.
However, in my analysis, as a firm incurs a higher sunk cost of investment, its incentive tc
issue bonds may be higher, lower, or unchanged. The reason for this difference is as follow
In my framework, a higher sunk cost of investment (a lowgwill affect a firm’s incentive
to issue bonds through two channels. First, the entry trigger piceill be higher. As
suggested by (23 a higher entry trigger price, in turn, will lead to both a lower marginal
bankruptcy cost and a higher marginal tax benefit. Second, given the firm’s choice of entr
trigger priceP*, the marginal bankruptcy cost, those terms inside the second pair of bracket:
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in (20"), will be higher. Putting these two effects together may yield a result that differs from
that of Williamson.

Consider the impacts of changes in both the cost to purchase capitablpgerd also the
size of uncertainty €) on a firm’s entry and financing decisions. All comparative static
results are ambiguous, as suggested by the Appendix.

Dixit and Pindyck (1998) indicate that a firm that does not issue bonds will have a lower
incentive to invest if the firm purchases capital at a lower price in the future. However, with
debt financing this result no longer holds. The reason is as follows. In my analysis, a lowe
purchase price of capital in the future will affect a firm’s incentive to invest through three
channels. First, assuming that the firm never goes bankrupt, the firm’s value from investin
immediately will remain unchanged while its option value from delaying investment will be
higher, thus lowering its incentive to invest. This effect, which is captured by the negative
terms inside the last pair of brackets in (A17), resembles the effect considered by Dixit an
Pindyck. Second, allowing the firm to have the option to later declare bankruptcy, the firm’s
incentive to invest will be ambiguously affected. The sum of the terms inside the first three
pairs of brackets in (A17), which can be positive, negative, or zero captures this effect
Finally, as suggested by (AD8 the firm’s choice of coupon payments, and therefore, its
induced effect on the firm’s incentive to invest are both ambiguously affected. My result
differs from that of Dixit and Pindyck because the last two effects introduced by debt
financing may either offset or reinforce the first one.

Capital assets that are less costly to purchase later will have a higher growth option valu
(Abel et al., 1996). However, a higher growth option value exhibits an ambiguous relation:
ship with the choice of debt levefsThe reason is as follows. As a firm purchases capital at
a lower price in the future, its incentive to issue bonds will be affected through two channels
First, the entry trigger pric®* may be higher, lower, or unchanged. Correspondingly, the
firm’s incentive to issue bond will be higher, lower, or unchanged, respectively, as suggeste
by (23). Second, the firm will be less likely to fall into bankruptcyP(/oa > 0), and the
term B, will be lower (03,/da > 0). Accordingly, the firm’s incentive to issue bonds can be
higher, lower, or unchanged, as suggested by (A18). Combining these two effects thus yiel
an indefinite impact on the firm’s incentive to issue bonds.

In real options literature such as Dixit (1989), McDonald and Siegel (1986) and Pindyck
(1988), a firm that does not issue bonds will be more hesitant to invest if uncertainty is
greater. However, with debt financing this result no longer holds. The reason is as follows
In my analysis, an increase in uncertainty will affect a firm’s incentive to invest through three
channels. First, assuming that the firm never goes bankrupt, its incentive to invest will b
lower, as suggested by the positive terms inside the last pair of brackets in (A17). Thi
resembles the effect considered by those studies. Second, allowing the firm to have the opti
to declare bankruptcy later, the firm’s incentive to invest will be ambiguously affected, as
suggested by the sum of the terms inside the first three pairs of brackets in (A17). Finally
as suggested by (A18), the firm's incentive to issue bonds, and therefore, its induced effe
on the firm’s incentive to invest will both be ambiguously affected. My result differs from
the result of those studies because the last two effects introduced by debt financing may n
be in line with the first one.

Finally, in my analysis, an increase in uncertainty affects a firm’s incentive to issue bond:
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Fig. 2. The entry trigger priceP¢) versus the size of uncertainty).

through two channels. First, as suggested by (Al17), the firm’s incentive to invest may b
higher, lower, or unchanged. As a result, its debt capacity will be contracted, expanded, c
unchanged, respectively, as suggested by)(Zecond, given the firm’s investment option
exercise strategy, the firm's debt capacity will be ambiguously affected, as suggested &
(A18). Putting these two effects together suggests that an increase in uncertainty genera
an indefinite effect on the firm’s incentive to issue bonds. This contrasts with that of Mauel
and Ott (2000); they assume that a firm may finance with debt to expand its scale c
operations and find that debt capacity is generally increasing in uncertainty.

3. Numerical examples

I make the results in the last section more vivid through numerical analysis. The base-ca:
parameter values | choose are as follows. The investmenKcest, the operating cost =
0, the size of irreversibility (= A) = 1, the (risk-adjusted) discount rgée= 5% per year,
the expected return from investing = 0, the corporate tax rate = 25%, the expected
growth rate of the purchase price of capital= 0, 1%, or 2% per year, and the size of
uncertaintyo varies from 0 to 30% per year. In other words, | consider one polar case where
both the operating cost is negligible and the installed capital stock has no resale value.
Given these base-case parameters, Figs. 2, 3, and 4 respectively show the effects
changes in the size of uncertainty)(on the entry trigger priceR*), the exit trigger price
(P.), and the face value of debb*{p). Five main conclusions are as follows. First, greater
uncertainty induces a firm to be more cautious in both entering and exiting the market bot
becausd>* is higher, as shown by Fig. 2, and also becaBsés lower, as shown by Fig. 3.
This resembles the “hysterisis” effect emphasized by real options literature that ignores del
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financing (see, for example, Dixit and Pindyck, 1994). Second, as shown by Fig. 4, dek
capacity is generally increasing in uncertainty, thus resembling that in Mauer and Ott (2000
The only exception appears in the case where both the purchase price of capital is conste
over time ¢ = 0) and uncertainty is very small @ o < 8% per year), but this case seems

to be economically unreasonable. Third, as shown by Fig. 3, a firm that purchases capital
a higher price in the futurexis higher) tends to be more reluctant to exit the market because

The face value of debt

0.5

0.4
0 0.05 0.1 0.15 0.2 0.25 0.3

The size of uncertainty

Fig. 4. The face value of debb¥/p) versus the size of uncertainty)(
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the exit trigger price is lower. Fourth, as suggested by Fig. 2, a firm that purchases capit:
at a higher price in the futures tends to invest earlier when uncertainty is large enough (whe
o > 6.5% per year). This conclusion resembles that in Abel et al. (1996) which ignores deb
financing. Finally, a firm that purchases capital at a higher price in the future tends to issu
fewer bonds, as shown by Fig. 4.

4. Conclusions

This article adopts the real options approach to investigate interactions of investment ar
financing decisions. This article assumes that debt financing creates a tax advantage but le:
to a cost associated with the event of bankruptcy. The effects of uncertainty, asset specificit
and the costs from purchasing capital later on a firm's entry, financing, and bankruptc
decisions are examined and compared with those in the literature.

Several extensions can be made in future research. First, one may examine whether t
results of this article still hold for an oligopolistic industry (for example, Baldursson, 1998).
Second, this article considers that debt financing involves a tradeoff between the tax bene
and the bankruptcy cost resulting from the limited liability of equity. Several other consid-
erations are possible. For example, bonds may convey private information to capital market
mitigate adverse selection effects, or affect the outcome of corporate control contests (ft
example, Harris and Raviv, 1991), and agency costs may result from the “asset substitutiol
problem (for example, Jensen and Meckling, 1976; Leland, 1994 and 1998). Third, one ma
consider several ways to resolve the agency problem of limited liability of equity (see, for
example, Mauer and Ott, 2000). These include (i) shortening debt maturity (Myers, 1977)
and (ii) offering strategic debt service by equityholders (Mella-Barral and Perraudin, 1997)
Finally, one may allow a firm to continuously adjust both its capacity and leverage by
incorporating debt financing into the study by either Bertola and Caballero (1994) or Dixit
and Pindyck (1998).

Notes

1. This article also focuses on issues differing from those of the previous works. Fol
example, Fries et al. (1997) focus on the relationship between debt value in competitiv
equilibrium and the elasticity of demand for the total output. Mauer and Ott (2000)
measure the size of the agency costs due to limited liability and discuss how this
measurement is related to both credit spreads on risky debt and optimal capite
structure. Mello et al. (1995) show that a firm can use forward contracts to hedge
exchange rate exposure so as to reduce the agency cost due to limited liability.
The author thanks one anonymous referee for pointing out this.
This resembles the standard literature on financial structure (for example, Kraus an
Litzenberger, 1973).
4. All Black and Cox (1976), Leland (1994) and Merton (1974) assume that this value
follows a geometric Brownian motion, while Mello and Parsons (1992) assume that

wn
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this value follows a geometric Brownian motion plus the option value associated with
liquidation possibilities. Fries et al. (1997) encompass these assumptions by assumir
that this value is a non-negative function of the output price.

. Fries et al. (1997) consider both this case and the case where the firm’s equityholde

have access to limited external resources.

. Eg. (20) can be used to compare the choice of debt levels for a monopolized firm with

that chosen by a competitive firm. It has been noted by Fries et al. (1997) that
competitive pressure will induce competitive firms entering the industry to reduce
leverage until the point at which the face value of débtp, equals the salvage value

of the installed capital stockK. However, Eq. (20 suggests thdi*/p > AK for a firm

that has a monopolized right to undertake an irreversible investment project. This
yields the following result: a firm having a privileged right to undertake an irreversible
investment project will issue more bonds than those issued by a competitive firm ir
equilibrium.

. The resale price of capital is a fixed ratio of its purchase price, and thus has the san

evolution as that of its purchase price. This contrasts with Dixit and Pindyck (1998) in
which the evolution of the resale price of capital may differ from that of its purchase
price.

. Dasgupta and Sengupta (1993) allow bilateral bargaining between a firm and it

workers, and demonstrate that Williamson’s conjecture may not be valid in general.

. This result cannot be directly compared with that of Myers (1977), which states that

firm’s leverage is inversely related to its growth option value. This is because | abstrac
from the agency cost arising from the conflict of interest between equity and debt
holders over the optimal timing of exercising the investment option.
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Appendix

<Derivation of V¥(P,b), V€(P,b) and FP,b)>
Treating V’(P,b) as an asset value, and using both (1) and (2), and according’'$o Ito

Lemma vyields its expected capital gain as given by

dvi(P,b) 1 9>Ve(P,b IVE(P,b aVe(P,b
(Pb) 1 ,,0VAPD) — ViAPD)  9VIPD)

dt 27 9P? LY 9K

(A1)
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This expected capital gain plus the dividend-{17)(P — w — b) should be equal to the
normal returnpVE(P,b) to prevent any arbitrage profits from arising. This yields the differ-
ential equation

1, ,9VP,b) 9Ve(P,b) IVE(P,b)
T T s
+(1—-1(P—w-—Db) — pV¥(P,b) = 0. (A2)

A particular solution to Eq. (A2) is given by

P w+Db
). (A3)

VEP,b) = (1 — 7)( -
p— 1 p
The complementary solution to Eq. (A2) involves terms in the foftid'P#, for 8 a solution
to the characteristic equation defined in Eq. (4). The general solution to equation (A2), whicl
is composed of both the particular and complementary parts, is shown by (5).
Similarly, the solution fonvd(P,b), the value of debt, satisfies the differential equation

1 02VYP,b aVY(P,b aVIY(P,b
2p2 ()+P()+aK()+

= _ d _
i P2 n P oK b — pV%P,b) = 0. (A4)
A particular solution to Eq. (A4) is given by
d b
VY(P,b) = ;. (A5)

The general solution to Eq. (A4) is thus given by (6). Following similar procedures as above
and noting that the dividend for a waiting firm is zero yields the solutior-{&Y,b) as given
by (16).

<Proof of Corollary >

Py, _ —(p—w(w+b)aB,
do p(B, — 1)? Ja
B2 99(Br)loa
since —

R FYFRYFT R
wheredd(B,)/oa = B, — 1 < 0, andadp(B,)/ap > 0.

<0, (A6)

P, _ —(p—ww+b)ap,
b0 pBa-DZ 00 (A7)
sincea—BZ— 96(Bloo >0,

do = ad(B)IIB
wheredd(B,)/do = —aB,(B, — 1) < 0, andadp(B,)/dB, > 0.
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<Proof of Proposition #
Totally differentiatingW(P*,b*) = 0 in (21) with respect toa yields

IJW(P*, b*) dP*  aW(P*,b*) db*  9W(P*,b*)

P dr T b a o aa % (A8)
IW(P*,b*) B\ [P*\ P
where Py = K(l 5.\ P, <0. (A9)

Totally differentiatingoV(P*,b*)/ob = 0 in (20) with respect to yields
d2V(P*, b*) dP* N d2V(P*,b*) db* N d2V(P*, b*)

abaP  dA obz  dA abar O (A10)
9?V(P*,b*)  BK P\ P2
where SbIN =W+ b E > 0. (Al1)
Solving both Egs. (A8) and (A10) simultaneously yields
P A A12
db* A, o
an ~a =<0 (A1)

because condition (24) implies that> 0,

_ WP b¥) 2PV(P*,b¥) | aW(P*, b) a%V(P*,b*)

! IN ab? b dbar (AL4)
_ BK (PP Ba\ (P¥\P2 1w T
~ w4 b P*) (1 Bl) (P*) ) p+M< +p < 0, (A14)
_ OW(P*,b*) a2V(P*,b*) . 92V(P*,b*) aW(P*,b*)

20 9P abax aPab I
_ T BK P* )\ B2 -1-7_, W T B2\ =
T (P) Wb | - o TR T )| =

(A15)
Differentiating P. in (14) with respect to\ yields
dP, _ (p— wBodb* -
A P(B,—1) dr = (AL6)

This completes the proof.

<Proof of the impacts o& or o on bothW(P*, b*) and oV(P*,b*)/ ob>
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Let z representx or ¢. Differentiating\W(P*,b*) in (21) with respect ta yields

WP DY) [ 1 B, aBy\(PY\E((l— Dw+bY) bt
| R
(o B (PP (P 0 b g,
+_(1 &)(&) '”(P*)( oB-D o )‘K) az] (AL7)
([, _B\(P\* 1 bt \0Ba|  [[ =P Q-7 0B =
" (1 B1)<P*) (Bz_l)(P AK) 82]+[< /312(P_M«) (A <

wheredp,/oz > 0, 0B,/d0a > 0, andadp,/do < O.

The sum of the terms inside the first three pairs of brackets is derived by differentiating
the terms inside the second pair of brackets inY®dth respect to z, and thus denotes the
impact of a rise in z oW(P*,b*) that results from the equityholders’ option value to later
declare bankruptcy. The terms inside the last pair of brackets are derived by differentiatin
the terms inside the last pair of brackets in’j2dith respect to z, and therefore, denote the
impact of a rise ire on W(P*,b*), as captured by the study on real options that ignores debt
financing. Ifz = «, then the terms inside the first, third, and last pairs of brackets are all
negative while the terms inside the second pair of brackets are positives lfrzthen the
terms inside the second and last pairs of brackets are both positive, the terms inside the th
pair of brackets are negative, while the terms inside the first pair of brackets can be positive
negative or zero.

Differentiating aV(P*,b*)/ ob given by the left-hand side of (2Dwith respect ta yields

62V(P*,b*)_ _I ile i_i_ 1 a_BZ
obo z _{ p(P*) (nP* (32—1)) az]

B, [b* P\B Px 1\ 9B,

[ 1 b* P*\P2 9B,
+ | ——|— = AK|[=|] —
(w+b*) | p P, 0z
whered,/dz > 0. The terms inside the first pair of brackets are the effect of a change in z
on the marginal tax benefit, while the sum of the terms inside the last two pairs of bracket
is the effect of a change imon the marginal bankruptcy cost. The terms inside the last pair

of brackets are positive, while the terms inside either the first or second pair of brackets cs
be positive, negative, or zero. Eq. (A18) can also be rewritten as

2 5 . % *\ B2
03V(P*,b¥) { 1Pt (1_(P_) )]a_ﬁzgo. (A18)

Z 0,

baz  p|dL—By) " P. (-B) P, ||z
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