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ABSTRACT

There is a paradoxical phenomenon in earlier
studies such as Dalrymple et al. (1991), when
the incoming water wave is parallel to a porous
breakwater, the water wave permeates
completely without regarding to how large the
porosity of the porous breakwater is. For
solving the problem of water waves obliquely
impact on thin porous wall, a new boundary
condition on the thin porous wall which can
remedy the above mentioned paradoxical
phenomenon is proposed based on the concept
that the incident angle remains unchanged
when the water wave permeates into the wall.
According to this new boundary condition, an
analytic solution of an oblique water wave
impacting on a thin porous wall of any
permeability is obtained. It is found that the
above paradoxical phenomenon as the water
wave is parallel to a thin porous wall
disappears. And as the incident angle changes
from 0° to 90°, the reflection coefficient and
the transmission coefficient change smoothly
with no discontinuities when the water wave is
parallel to the thin porous wall while those in
the earlier investigations do not.

Keywords: oblique water wave, thin porous
wall, new boundary condition
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ANEW BOUNDARY CONDITION OF OBLIQUE WATER WAVES ACTING ON THIN
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ABSTRACT

There is a paradoxical phenomenon in earlier
studies such as Dalrymple et al. (1991), when
the incoming water wave is parallel to a porous
breakwater, the water wave permeates
completely without regarding to how large the
porosity of the porous breakwater is. For
solving the problem of water waves obliquely
impact on thin porous wall, a new boundary
condition on the thin porous wall which can
remedy the above mentioned paradoxical
phenomenon is proposed based on the concept
that the incident angle remains unchanged
when the water wave permeates into the wall.
According to this new boundary condition, an
analytic solution of an oblique water wave
impacting on a thin porous wall of any
permeability is obtained. It is found that the
above paradoxical phenomenon as the water
wave 1is parallel to a thin porous wall
disappears. And as the incident angle changes
from 0° to 90°, the reflection coefficient and
the transmission coefficient change smoothly
with no discontinuities when the water wave is
parallel to the thin porous wall while those in
the earlier investigations do not.

Keywords: obliqgue water wave, thin porous
wall, new boundary condition

1. INTRODUCTION

The problem of water wave impacting on a
porous wall has been studied by many
investigators.  Sollitt and Cross (1972)
formulated and solved the problem of water
wave passing through a porous medium, but
due to the complex wave numbers inside the
porous medium, the orthogonality of their
infinite series solution is questionable. Madsen
(1974) applied the method similar to Sollitt and

Cross (1972) to analyze reflected and
transmitted waves, but the same defect arises.
Chwang (1983) used Taylor’s (1956) concept
of water flows through a porous screen to
investigate  the  zero-thickness  porous
wavemaker problem. Later, Chwang and Li
(1983), Chwang and Dong (1984), and Tyvand
(1986) applied the same method in the analysis
of piston-type porous wavemaker and of the
problem about water wave permeating through
a porous screen. Note that in Chwang (1983),
the inertial reactance of flow is neglected and
the porous wall is assumed zero-thickness.

Simplifying the theory of poroelasticity (see
Biot (1962)) by letting the skeleton of porous
medium be rigid and the fluid be
incompressible, Huang (1991) obtained the
governing equation of porous medium flow,
similar to the one in Sollitt and Cross (1972).
Chwang’s (1983) study thus was extended to a
finite-thickness porous medium with inertial
reactance of the flow being preserved. Later,
clarifying the boundary conditions for a thin
porous wall with both flow inertial reactance
and viscous damping, Huang et al. (1993)
analyzed the wave field of a thin porous
wavemaker by a simplified analytical approach.

As for an oblique water wave impacting on a
porous structure, Dalrymple et al. (1991)
adopted an assumption that neglects the
evanescent modes of the water wave near the
interfaces of the porous wall to simplify their
problem. It is found that when the incoming
water wave is parallel to a porous breakwater,
no matter how large the porosity of the porous
wall is, the water wave permeates through
completely. This is indeed questionable.
Actually, to the authors’ knowledge, this
paradoxical phenomenon can be found in all
the other earlier studies of oblique wave acting
on porous structures.

For the purpose of eliminating the above



mentioned paradoxical phenomenon, we
attempt to derive a new boundary condition for
the thin porous wall impacted by an oblique
wave based on the concept that the wave
direction remains unchanged as it permeates
into a thin porous wall in the present study.
According to this new boundary condition, an
analytic solution of an oblique water wave
impacting on a thin porous wall of any
permeability is obtained. It is found that the
above paradoxical phenomenon as the water
wave 1s parallel to a thin porous wall
disappears. And as the incident angle changes
from 0° to 90°, the reflection coefficient and
the transmission coefficient change smoothly
with no discontinuities when the water wave is
parallel to the thin porous wall while those in
the earlier researches do not.

2. FORMULATION OF OBLIQUE WAVE
FIELD

2.1 Governing Equations

Homogeneous water wave is assumed to be
inviscid, irrotational, and incompressible; and
the fluid domains of the present study are
shown in Figure 1.

For region (1) and region (2), we have

v, =V, j=12, (1)
where ¥ and @, are velocity vectors and

velocity potentials of fluid, respectively; and
the subscript ; denotes the flow regions (see
Figure 1). And the continuity equation and
linear momentum equation are

V-V, =0, J=12, ()

p a_zj =-Vp, +pg, j=12. (3)
By substituting (1) into (2), (2) becomes

Vi, =0, j=12. (4)

Then by substituting (1) into (3) and integrating
(3) with respect to y, (3) becomes
oD,

= —p—t_ pe(y—h),
Py =P pg(y—h)

when it is not on the surface of seepage (e.g.
see Muskat (1946)); and
p; =0, J =12, (5b)

when it is on the surface of seepage, where p,

j=12, Sa)

i1s the pressure of the fluid and p is the

density of the fluid.
For region (3) that is within the porous wall,

we have
K} = Vq)37 (6)
where JV, and @, are velocity vector and

velocity potential of fluid inside the porous
wall, respectively (see Figure 1). And, referring
to Huang (1991), the continuity equation and
linear momentum equation are

V-¥;,=0, (7)
v, Hi,
=3 =y - v 8
P, ps+pg-—=V;, €]

where , is dynamic viscosity of fluid; n,
and k are porosity and specific permeability
of the porous wall, respectively. By substituting
(6) into (7), (7) becomes

Vi, =0. )
Then by substituting (6) into (8) and integrating
(8) with respect to  y, (8) becomes

0, Hn,
=— - -h) -0, 10a
D P o pg(y ) % 3 ( )
when it is not on the surface of seepage; and
p; =0, (106)

when it is on the surface of seepage.

2.2 Boundary Conditions
On the bottom (i.e. y=0), the normal

velocity equals to zero, i.e., we get
oo
%
On the free surface of fluid, y=#4 and
—w<x<-d/2 for region (1) and d/2<x<w
for region (2), we have the conventional
kinematic and dynamic boundary conditions as

L=0, j=123. (11)

od. On,
J - U.l , j= 1’2’ (12)
y o
ob .
—Legn, =0, j=12 (13)

where p, is the vertical deviation of water

surface from the mean free surface. By
combining (12) with (13), we get
2
0% i o2 (14)
ot oy
On the free surface of fluid inside the porous
wall, y=h and -d/2<x<d/2, the kinematic

and dynamic boundary conditions are

od, -, 6723, (15)
oy ot

Cace} + 200, 1+ gn, =0. (16)
ot pk



By combining (15) with (16), we get
52C12)3 L H oD, +_g_6CD} -0, (17)
ot pk ot n, Oy
At the far field, 0<y<# and x— o, the
radiation boundary condition is
lim @, — outgoing or 0, ;=12 (18)

On the interfaces of the porous wall and the
fluid, 0<y<h and x=+d/2, the continuities
of mass flux and pressure are considered. From
(1) and (6), we have
oD,
and according to (5) and (10) with surface of
seepage effect being ignored for convenience, it
is obtained that

ad)j — a(DJ + HI, (D3,
ot ot o4

j=12. (20)

2.3 Boundary Value Problem
Since the present study focuses on the
problem of periodic linear water wave, we may
introduce a time factor e into the
time-dependent variables, where @ 1is the
angular frequency of water wave. And
according to Snell’s law, in order to satisfy the
matching conditions at each vertical interface,
we can write
@, (x,,2,1) = Relg, (x, y)eten&| j =123 (21)
so that the z-variation of the solution in each
region must be the same. In addition, a
flow-efficiency parameter is defined as
_ reactance force _ pwk (22)
resistance force un,’
which represents the capability for fluid to flow

through the porous medium (see Huang (1991)).

After getting rid of e™*“, the time-independent
boundary value problem can be constructed by
governing equations (4) and (9) with boundary
conditions (11), (14), (17), (18), (19), and (20).

3. SOLUTION

3.1 Boundary Condition on Thin Porous
Wall

When the porous wall is extremely thin (i.e.,
d in Figure 1 is small), only the flow fields of
region (1) and region (2) need to be considered,
1.e. we don’t need to solve governing equation
(9) with boundary conditions (11) for ;=3,

(17), (19), and (20). Therefore, the original
boundary conditions (19) and (20) on the
interfaces (x=+d/2) should be rectified and

combined to obtain a new boundary condition
that fits the thin porous wall and is independent
of ¢,.

We will use Sahoo et al. (2000) as an
example to introduce how the conventional
way 1s dealing with the problem of oblique
waves impact on a thin porous wall. Like other
earlier studies, the boundary condition on the
thin porous wall given in Sahoo et al. (2000) is
obtained under the assumption that, regardless
of the incident angles, the wave always
permeates into the porous wall in normal
direction (see Figure 2). For this inference,
even if the incoming water wave in region (1)
is parallel to the porous wall (i.e.8 = 90"), there
still exists a normal wave inside the porous
wall and which then permeates completely into
region (2). This phenomenon is indeed
paradoxical and is obviously against our
physical expectation when the viscous effect of
water wave is so little and hence negligible.
However, as the present authors know, this
paradoxical result of #=90" happens in all
the earlier studies of relative problems; e.g.
Darymple et al. (1991), Sahoo et al. (2000), etc.

After many thoughts, we find that since the
wavelength is much longer than the thickness
of the porous wall, there should be no
diffraction existing. And because the water
that transports the wave inside the porous wall
is still the same as those in regions (1) and (2),
no refraction occurs either. Hence, a new
boundary condition on the thin porous wall
which can remedy the above mentioned
paradoxical phenomenon as #=90" is
proposed based on the concept that the incident
angle 6 remains unchanged when the water
wave permeates into region (3) as shown in
Figure 3.

Before the new boundary condition 1is
derived, we may see from Figure 3 that because
the flow in region (3) follows Darcy’s law of
porous media flow (i.e. the velocity vector is
linearly proportional to the pressure gradient
inside the porous wall), when the incoming
water wave 1s parallel to the thin porous wall
(t.e. #=90"), as long as the viscous effect of
fluid on the wall is negligible, there will be no
water wave penetrating through the porous wall



and appearing in region (2) anymore.

We now start to derive our new boundary
condition on the thin porous wall. For the
oblique incoming wave as shown in Figure 3,
the flow is in the direction of x' axis and

d d
passes through xl(—E’y’zl) and xz(?y’zzj

on the wall. Therefore, it is necessary to take
velocity vectors at x=x, and x=x,. And
according to Huang et al. (1993), it is quite
acceptable that the velocities are identical from
the entrance to the exit alone a streamline
inside the thin porous wall. Then, referring to
Huang et al. (1993), we get

L (AR [
ox' (-i-y.:.) T ox (g,sz I[M(;“ZJ ¢3'[_?y”‘J}
Substituting % __! 9 and ;__9_ into
ox'  cosf ox cos@
(23), it is obtained that
0¢, A 1 . 2
E[_ﬁwl) T ox [iwz) = d(¢3l(%""=J ¢3|(_%’y'h)jcos 6.
2 2

(24)

On the other hand, referring to the

continuous mass flux condition and continuous

pressure condition on the interfaces (i.e. at
x=x, and x=x,), (19)can be rewritten as

94, 20 (25)
Ox (—%.y.zlj ° ox (_ayz ]’

94, s (26)
x (gy) ° ox (2 )

and (20) can be expressed as
iR, ’(-g y’z‘j = (iR - 1)¢3|[_%%z]j’ (27)
llR¢2](f’2.,y.z:) = (iR - 1)¢3l(.‘21_y,2:)' (28)

(28) minus (27) gives
I.R(¢zl[ ) ¢1’(__y 2 j = ’R 1{¢3 ¢3|(_._y ,,)J
(29)

Now, substituting (25), (26), and (29) into
(24) and getting rid of ¢,, the final form of
boundary conditions on the interfaces are
obtained as
94, _ 9%,

Ox (-g.»:.) ox 4,
(30)
(30) is the boundary condition suitable for the

thin porous wall impacted by the oblique water
wave. It is obviously observed from (30) and

ny, IR

(L) Td1-RR zR[¢*|(§ J"¢zl(%“1)]cosze.

(25), (26) that when 6 =90", there will be no
normal velocity on each side of the porous wall,
which satisfies Darcy’s law and indeed agrees
to our physical expectation.

From Figure 3, we find

~ 4 tan6 =z, + Lang - Hence Equation (30)

can be written as
n, IR

¢, _9¢, =l i Y=t cos’
oxla,. axle,. 4 1-m(¢"( 4] M[?”Jj ’
(30a)

as a good approximation when 4 is extremely
small. Equation (30a) is the boundary condition
that we are going to use. The boundary
condition on the thin porous wall which is used
in Sahoo et al. (2000) is similar to (30a) but

without cos?6.

3.2 Analytical Solution

By applying (21) and (22) into the governing
equation (4) and boundary conditions (11), (14),
(18), and (30a), the analytical solution is easily
obtained as

8,(x,y,2)= ¢0I:ei§(n%) + Aoe_lﬁ:(“iqcosh(koy)eig, (31)

¢z(x,y,z)=¢o[eg(rﬂ-Aoe"(rﬂ“°sh(koy)ef¢, (32)

with
____ feg (33)
% w cosh(koh) ’
4 = ;d(l —iR) _ (34)
&d(1-iR)+2n,Rcos* 6
where &=k cos60 , (=k,sind and &k,

satisfies the dispersion relation

w® - gk, tanh(k,h) = 0. (35)
It is clearly found that when 6 =90,

8,(x,y,2) = 2¢, cosh(k,y)e*", (36)

8,(x,y,2)=0. (37)

(37), again, indicates that when the incoming
water wave is parallel to the porous wall,
region (2) remains quiescent and the wave field
does not appear. Hence the paradox which
occurs when the parallel water wave acting on
the thin porous wall is eliminated.

3.3 Physical Properties

Since the z -variation of analytical solutions
are the same, we may study all the physical
properties in the condition that z=0 for
representation.



By (1), the nondimensional normal velocities
on the interfaces (x = +d/2) are obtained as

Y, = Ay, coswt+ B, sinwt =D, cos(HU - a)t), (38)
—awj,_ 4 l I l
where
Ay, = ﬁf Im(¢o Xl - Re(Ao )]COSh(kOy)’ (3 9)
By =~ £, eos, ) (40
a
Dy =B, @D
6,, = tan ‘I[EU—'} (42)
Y, = Ay, cosaxt + B, sinot =Dy, 005(9u - “”)’ (43)
-aw| _d 2
where
0, == 21, - Rela, Jeosh() 44
a
B, = - £ 1m(g,Jim( 4, )eosh(k, ), (43)
aw
R e 4o
6, =tan -l[i} (47)
2 AUI

Similarly, by (1), the nondimensional tangential
velocities on the interfaces ( x=+d/2) are

obtained as

N = A, coswt + B, sinat =D, cos(t’;’,,I —a)tl (48)
—aw|,_
where
4, =k, Im(g, )Im(4, )sinh(k, ), (49)
aw
B, =-—k, Im(g, fi + Re(d, Jsinh(k, ), (50)
aw
D, =\4,"+B,", (51)
6, - tan-n[ﬁ} (52)
| AVI
Vs = A, cosawt+ B, sinot =D, cos(¢9‘,2 - a)t), (53)
—aw| _¢
where
4y, = ===k, Tm{g, )1m(4y )sinh (&, ) (54)
aw
B, = ———k, Im(g, )1 - Re(4, )]sinh(k, ) (55)
aw
D, =4, +B,°, (56)
8, = tan"[&} (7
2 Ayz

By (13), the wave profile which takes off the
incoming wave p, in region (1) and wave
profile in region (2) are obtained as

h

al = Re(Ao)co{zf(x + %J + a)tj +Im(4, )sm[g(x + %) + ax],
) (58)

. = cos(é(x - %J - a)t] - Re(4, )cos[g(x _ %) _ wt)
+ Im(A0 )sin(g( x— i;_) _ wtj
(59)

The reflection coefficient and transmission
coefficient of the wave field are defined as

7,
a

€= liﬂ = Re(4, )’ +Im(4, ), (60)
C =l’7;l =[1-Re(4, )] + Im(4, )" (61)
4. RESULTS

In the present study, the so-called “thin”
porous wall indicates that the thickness of the
porous wall, compared to the wavelength, is
extremely short. Hence, due to the property of
the thin porous wall, the local phenomenon of
surface of seepage (see (5), (10) and refer to
Muskat (1946)) is neglected.

In the following analysis, we only apply the
porosity n, = 0.3, the porous Reynolds number
R=1 and the nondimensional wall thickness
d/2h =0.05 for demonstration.

Figure 4 indicates vertical distributions of
normal velocity amplitudes D, and D, of

homogeneous fluid on the thin porous wall
(x=+d/2). D, and D, are given by (41)
and (46). It is found from Figure 5 (b) that as
the incident angle increases, D, decreases

monotonically. It can be seen that when the
incoming water wave is parallel to the porous
wall (i.e. §=90"), D, , certainly disappears.
Note that because of the mass flux continuity

condition from the property of the thin porous
wall, figures of D, are identical to those of

D, .

The wvertical distributions of tangential
velocity —amplitudes D, and D, of
homogeneous fluid are illustrated in Figure 5.
D, and D, are given by (51) and (56). Beside

same trend as Figure 4, again, it is found that
there is no tangential water wave penetrating
into the original quiescent water field (region
(2)) when the incoming water wave is parallel



to the thin porous wall.

Figure 6 presents the wave profiles in region
(1) and region (2). n,/a and n,/a are given
by (58) and (59). By analogy with above
discussions, with the increase of the incident
angle, 7,/a decreases monotonically. And

when the incoming water wave is parallel to the
porous wall (ie. €=90"), n,/a vanishes.
This, again, confirms our physical expectation
that when one side of a thin porous wall is
affected by a parallel water wave, there is no
water wave penetrating into the other side
(provided that the viscous effect of water is
negligible).

The reflection
coefficient C,  are

coeffictent C and

transmission most

important in the analysis of the wave field. C,
and C, are defined by (60) and (61). The
values of C,, C,, and C,+C, with respect to

the incident angle 6 are presented in Figure 7.
It is observed that with the increase of the
incident angle, C  smoothly approaches to 1,

while C, approaches to 0 simultaneously.
Different from earlier studies, both C, and C,

display gradual and reasonable trend of curves
approaching to 1 and 0 without discontinuous
jumps at 8 =90°. This result really reveals the
advantage of the present study compared to
earlier ones.

5. CONCLUSIONS

Based on the concept that the wave direction
remains unchanged as it permeates into the thin
porous medium, the present study thus derives
a new boundary condition on the interfaces of
the porous wall. According to this new
boundary condition an analytical solution of
oblique water waves impacting on thin porous
walls is obtained. The result eliminates the
paradoxical phenomenon that the water wave
permeates completely into the original
quiescent water field when its incoming
direction is parallel to the porous wall as earlier
studies. And as the incident angle changes from
0° to 90°, the reflection coefficient and the
transmission coefficient reasonably vary with
no discontinuities when the water wave is
parallel to the thin porous wall while those in
the earlier studies do not.

Since the thickness of porous structures are
extremely small compared to the actual
wavelength, a more reasonable wave trapping
analysis of harbor or coastal structure with
wave direction being taken into account can be
expected by applying the concept of this study.
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Figure 1 Schematic diagram of water wave impacting on a porous wall:
(a) side view (b) top view

Figure 2 Schematic diagram of oblique water wave impacting on a
thin porous wall in Sahoo et al. (2000)
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Figure 3 Schematic diagram of oblique water wave impacting
on a thin porous wall in the present study
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ABSTRACT

There is a paradoxical phenomenon in earlier studies such as Dalrymple et al.
(1991), when the incoming water wave is parallel to a porous breakwater, the water
wave permeates completely without regarding to how large the porosity of the porous
breakwater is. For solving the problem of water waves obliquely impact on thin
porous wall, a new boundary condition on the thin porous wall which can remedy the
above mentioned paradoxical phenomenon is proposed based on the concept that the
incident angle remains unchanged when the water wave permeates into the wall.
According to this new boundary condition, an analytic solution of an oblique water
wave impacting on a thin porous wall of any permeability is obtained. It is found
that the above paradoxical phenomenon as the water wave is parallel to a thin porous

wall disappears. And as the incident angle changes from 0° to 90°, the reflection

coefficient and the transmission coefficient change smoothly with no discontinuities



when the water wave is parallel to the thin porous wall while those in the earlier

investigations do not.

Keywords: oblique water wave, thin porous wall, new boundary condition

1. INTRODUCTION

The problem of water wave impacting on a porous wall has been studied by many
investigators. Sollitt and Cross (1972) formulated and solved the problem of water
wave passing through a porous medium, but due to the complex wave numbers inside
the porous medium, the orthogonality of their infinite series solution is questionable.
Madsen (1974) applied the method similar to Sollitt and Cross (1972) to analyze
reflected and transmitted waves, but the same defect arises. Chwang (1983) used
Taylor’s (1956) concept of water flows through a porous screen to investigate the
zero-thickness porous wavemaker problem. Later, Chwang and Li (1983), Chwang
and Dong (1984), and Tyvand (1986) applied the same method in the analysis of
piston-type porous wavemaker and of the problem about water wave permeating
through a porous screen. Note that in Chwang (1983), the inertial reactance of flow is
neglected and the porous wall is assumed zero-thickness.

Simplifying the theory of poroelasticity (see Biot (1962)) by letting the skeleton of



porous medium be rigid and the fluid be incompressible, Huang (1991) obtained the
governing equation of porous medium flow, similar to the one in Sollitt and Cross
(1972). Chwang’s (1983) study thus was extended to a finite-thickness porous
medium  with inertial reactance of the flow being preserved. Later, clarifying the
boundary conditions for a thin porous wall with both flow inertial reactance and
viscous damping, Huang et al. (1993) analyzed the wave field of a thin porous
wavemaker by a simplified analytical approach.

As for an oblique water wave impacting on a porous structure, Dalrymple et al.
(1991) adopted an assumption that neglects the evanescent modes of the water wave
near the interfaces of the porous wall to simplify their problem. It is found that when
the incoming wafer wave is parallel to a porous breakwater, no matter how large the
porosity of the porous wall is, the water wave permeates through completely. This is
indeed questionable. Actually, to the authors’ knowledge, this paradoxical
phenomenon can be found in all the other earlier studies of oblique wave acting on
porous structures.

For the purpose of eliminating the above mentioned paradoxical phenomenon, we
attempt to derive a new boundary condition for the thin porous wall impacted by an
oblique wave based on the concept that the wave direction remains unchanged as it
permeates into a thin porous wall in the present study. According to this new boundary

condition, an analytic solution of an oblique water wave impacting on a thin porous
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wall of any permeability is obtained. It is found that the above paradoxical
phenomenon as the water wave is parallel to a thin porous wall disappears. And as the
incident angle changes from 0° to 90°, the reflection coefficient and the
transmission coefficient change smoothly with no discontinuities when the water wave

1s parallel to the thin porous wall while those in the earlier researches do not.

2. FORMULATION OF OBLIQUE WAVE FIELD

2.1 Governing Equations
Homogeneous water wave 1is assumed to be inviscid, irrotational, and
incompressible; and the fluid domains of the present study are shown in Figure 1.

For region (1) and region (2), we have

V.=V, j=12, (1)

J J

where ¥, and @, are velocity vectors and velocity potentials of fluid, respectively;
and the subscript j denotes the flow regions (see Figure 1). And the continuity

equation and linear momentum equation are

V.V =0, =12, 2)

—J

p—-=-Vp,+re; j=12. 3)

By substituting (1) into (2), (2) becomes



VO, =0, j=12. (4)

Then by substituting (1) into (3) and integrating (3) with respect to y, (3) becomes

oD,

J

ot

p;=—p—=-pgly-h) j=12, (5a)

when it is not on the surface of seepage (e.g. see Muskat (1946)); and

p; =0, J=12, (5b)
when it is on the surface of seepage, where p; is the pressure of the fluid and p is
the density of the fluid.

For region (3) that is within the porous wall, we have

Vy=V;, (6)
where V', and @, are velocity vector and velocity potential of fluid inside the
porous wall, respectively (see Figure 1). And, referring to Huang (1991), the

continuity equation and linear momentum equation are

vV-¥,=0, (7)
oV, Hn,

== _Vp, +pg -2V, 8
P pstpg=—=V; 8)

where u is dynamic viscosity of fluid; n, and % are porosity and specific
permeability of the porous wall, respectively. By substituting (6) into (7), (7) becomes
Vid, = 0. 9)

Then by substituting (6) into (8) and integrating (8) with respectto y, (8) becomes



3

Ot

- pgly-h)-22o,, (10a)

Py =—p X

when it is not on the surface of seepage; and
py =0, (10b)

when it is on the surface of seepage.

2.2 Boundary Conditions

On the bottom (i.e. y =0), the normal velocity equals to zero, i.e., we get

L =0, j=123. (11)

On the free surface of fluid, y=h and - <x<-d/2 for region (1) and

d/2<x <o for region (2), we have the conventional kinematic and dynamic

boundary conditions as

o0 on.
" ; j=12, (12)
oD, |

Py +gn; =0, j=12, (13)

where 7, is the vertical deviation of water surface from the mean free surface. By

combining (12) with (13), we get
T =12 (14)
+ =0, =1,2.
o T8 J

On the free surface of fluid inside the porous wall, y=h and —-d/2<x<d/2,

the kinematic and dynamic boundary conditions are



oo, on,
=n
. (13)

’

(16)

oy
od
3 4 Ho O, +gn, =0.

ot Pk

By combining (15) with (16), we get
o' oD
Bl B +£89% (17
ot pk ot  n, oy
At the far field, 0 <y <A and x — *wo, the radiation boundary condition is

lim @ ; — outgoing or 0 j=12 (18)

Xx—>to0

On the interfaces of the porous wall and the fluid, 0 <y <h and x=+d/2, the

continuities of mass flux and pressure are considered. From (1) and (6), we have

oD
J oD, =12, (19)

- ’

Ox ° ox
and according to (5) and (10) with surface of seepage effect being ignored for

convenience, it is obtained that
(20)

D) 80y, Mg, j=12.
ot o pk ’

2.3 Boundary Value Problem

Since the present study focuses on the problem of periodic linear water wave, we
may introduce a time factor e into the time-dependent variables, where @ is the
angular frequency of water wave. And according to Snell’s law, in order to satisfy the
matching conditions at each vertical interface, we can write
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D, (x,y,2,1) = Relg, (x, y)eiton ) | j=123, @1)

so that the z -variation of the solution in each region must be the same. In addition, a

flow-efficiency parameter is defined as

reactance force _ pwk (22)

. b
resistance force un,

which represents the capability for fluid to flow through the porous medium (see
Huang (1991)). After getting rid of e™*, the time-independent boundary value
problem can be constructed by governing equations (4) and (9) with boundary

conditions (11), (14), (17), (18), (19), and (20).

3. SOLUTION

3.1 Boundary Condition on Thin Porous Wall

When the porous wall is extremely thin (i.e., d in Figure 1 is small), only the flow
fields of region (1) and region (2) need to be considered, i.e. we don’t need to solve
governing equation (9) with boundary conditions (11) for j =3, (17), (19), and (20).
Therefore, the original boundary conditions (19) and (20) on the interfaces (x = +d/2)
should be rectified and combined to obtain a new boundary condition that fits the thin
porous wall and is independent of ¢, .

We will use Sahoo et al. (2000) as an example to introduce how the conventional



way is dealing with the problem of oblique waves impact on a thin porous wall. Like
other earlier studies, the boundary condition on the thin porous wall given in Sahoo et
al. (2000) is obtained under the assumption that, regardless of the incident angles, the
wave always permeates into the porous wall in normal direction (see Figure 2). For
this inference, even if the incoming water wave in region (1) is parallel to the porous
wall (i.e. € =90"), there still exists a normal wave inside the porous wall and which
then permeates completely into region (2). This phenomenon is indeed paradoxical
and is obviously against our physical expectation when the viscous effect of water
wave is so little and hence negligible. However, as the present authors know, this
paradoxical result of 8 =90° happens in all the earlier studies of relative problems;
e.g. Darymple et al. (1991), Sahoo et al. (2000), etc.

After many thoughts, we find that since the wavelength is much longer than the
thickness of the porous wall, there should be no diffraction existing. And because
the water that transports the wave inside the porous wall is still the same as those in
regions (1) and (2), no refraction occurs either. Hence, a new boundary condition on
the thin porous wall which can remedy the above mentioned paradoxical phenomenon
as 0 =90" is proposed based on the concept that the incident angle & remains
unchanged when the water wave permeates into region (3) as shown in Figure 3.

Before the new boundary condition is derived, we may see from Figure 3 that

because the flow in region (3) follows Darcy’s law of porous media flow (i.e. the
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velocity vector is linearly proportional to the pressure gradient inside the porous wall),
when the incoming water wave is parallel to the thin porous wall (i.e. 8 =90°), as
long as the viscous effect of fluid on the wall is negligible, there will be no water
wave penetrating through the porous wall and appearing in region (2) anymore.

We now start to derive our new boundary condition on the thin porous wall. For the

oblique incoming wave as shown in Figure 3, the flow is in the direction of x’' axis
d d .
and passes through x, -5 Y2, | and X, 2 ¥,z, | on the wall. Therefore, 1t is

necessary to take velocity vectors at x =x, and x=x, And according to Huang et
al. (1993), it is quite acceptable that the velocities are identical from the entrance to
the exit alone a streamline inside the thin porous wall. Then, referring to Huang et al.

(1993), we get

99, _% _1 _
o 100) ol {#e)#l 20 *
Substituting %, = L %, and /= into (23), it is obtained that
ox'  cosf ox cos@
o¢ _ 9_@5_ _ l _ 2
g) Tl (e Hl g o o

On the other hand, referring to the continuous mass flux condition and continuous
pressure condition on the interfaces (i.e. at x=x, and x =x,), (19) can be rewritten

as
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o, _ (3’¢3

o () Ty (g) =

¢, 5¢3

ox [ y,zz] 0 ( 2)’ (26)
and (20) can be expressed as

iR¢1|[_ ) =(iR _1)¢3|(-—sz (27)

iR¢zl(§,y_, J = (lR 1)¢3l[ yzZJ (28)

(28) minus (27) gives
ZR(¢2’( oz j ¢1|(__ ) = zR 1{¢3 ¢3|(__MJ) (29)
Now, substituting (25), (26), and (29) into (24) and getting rid of ¢,, the final form

of boundary conditions on the interfaces are obtained as

94
Ox

_9¢,
(—%mz.) ox

o !
(g;_,y)zz) d1l-

(30) is the boundary condition suitable for the thin porous wall impacted by the

((ﬁx |(__y " J ¢zl(§’y’zzjjcosz 0. (30)

oblique water wave. It is obviously observed from (30) and (25), (26) that when
6 =90°, there will be no normal velocity on each side of the porous wall, which

satisfies Darcy’s law and indeed agrees to our physical expectation.

From Figure 3, we find z =z, —%tan@ =z,+ %tané? . Hence Equation (30) can be
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written as

99,
Ox

84,

() 2

o IR 2
($2) ) % 1 iiR [‘1’1 !(-g.y,z] - ¢z|(§’y'zJJcos 6 (302)

as a good approximation when d is éxtremely small. Equation (30a) is the
boundary condition that we are going to use. The boundary condition on the thin

porous wall which is used in Sahoo et al. (2000) is similar to (30a) but without

cos’ 6.

3.2 Analytical Solution
By applying (21) and (22) into the governing equation (4) and boundary conditions

(11), (14), (18), and (30a), the analytical solution is easily obtained as

1 d —i x+§—
8, (x,y,2)=¢0{e‘§(x 2 * e y ZJJCOSh(koy)e“’, €y
#,(x, »,2)= ¢, {e‘f(*‘;] - AWM[XT) J cosh(k,y)e', (32)
with
_ lag
b = a)cosh(koh)’ (33)
&d(1-iR)

(34)

° &(1-iR)+2n,Rcos* 6’

where &=k, cosf, { =k,sinf and k, satisfies the dispersion relation

-12-



w* - gk, tanh(k,h) = 0. (35)

It is clearly found that when & =90°,
8, (x, y,2) = 24, cosh(k, y )", (36)
#,(x,y,2)=0. (37)

(37), again, indicates that when the incoming water wave is parallel to the porous wall,
region (2) remains quiescent and the wave field does not appear. Hence the paradox
which occurs when the parallel water wave acting on the thin porous wall is

eliminated.

3.3 Physical Properties
Since the z -variation of analytical solutions are the same, we may study all the
physical properties in the condition that z =0 for representation.

By (5), the nondimensional perturbed pressures on the interfaces (x =+d/2) are

obtained as

paf;ah . = A, cosawt + B, sinwt =D, cos(é?m -—a)t), (38)

2

where

1
A, =-——1Im(g, f1 + Re(4, )Jcosh(k, ), (39)

wah

1
B, =———Im(g, )Im(4, )cosh(k, ), (40)

wah
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D =.4°+B?, (41)

P P 14
4 B,
o (2] .
p )
pa)zzah » =4, cosawt+B, sinat=D, cos(sz —a)t), (43)
2
where
1
Apz = __Im( o )[1 - Re(Ao )]COSh(kOY)’ (44)
wah
1
B, =——Im(g,)Im(4, )cosh(k,y), (45)
wah
DPz = APz i + BPz ’ 4 (46)
4| By,
6, =tan ](A—:z]’ 47)

where Re and Im indicate real and imaginary parts, respectively.

By (1), the nondimensional normal velocities on the interfaces (x =+d/2) are

obtained as

U .
- a]a) . = Ay coswt+ B, sinat =D, cos(@ul —cot), (48)
where
1
AU, = E ¢ Im(¢o )[1 - Re(Ao )]COSh(ko Yy )’ (49)

14



By, = ==& Tm(g, )Im(4, Jeosh &, ), (50)

Dy =4, +B,", D
B
0, =tan™| =2 |
U, [AUIJ (52)
U, 3 )
ol o Ay, cosat + B, sinwt =Dy, cos(BU2 —a)t), (53)
=
where
1
Ay, = ;55 Im(g, N1 — Re(4, )]cosh(k, ), (54)
1
BU2 = _Eélm( o)Im(Ao )COSh(koy)’ (55)
Dy, =44, +B,", (56)
B
g, =tan”|—2| 57
U, (AUZ J ( )

Similarly, by (1), the nondimensional tangential velocities on the interfaces

(x =+d/2) are obtained as

v,
—-aw

=4, cosot + B, sinat =D, cos(B,,] —cot), (58)

d
x=——
2

where

4

4, = _w k, Im(¢o )hn(Ao )Sinh(kOY)’ (59)
a
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B, =-——k, m(g, i + Re(4, )lsinh(k, »),

k aw

D, =\4,° +B,7,

£ = A, cosowt+ B, sinwt =D, cos(@,, - a)t),
—aw| _d 2 2
2
where

1 .

A4, =——1k, Im( o)Im(Ao )Smh(ko)’)’
aw

1 .

B, = _Eko Im(¢o )[1 - Re(Ao )]Smh(koy)’

D, =4, +B,°,

B
0, =tan"( L J
2 AVZ

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

By (13), the wave profile which takes off the incoming wave 7, in region (1) and

wave profile in region (2) are obtained as

_"711_ . = Re(4, )cos(.f[x + %j + a)tj +Im(4, )sin(.g(x + 52{) + cot}
T B

y=

+ Im(4, )sin[g(x - g) - a)t).

(68)

(69)

The reflection coefficient and transmission coefficient of the wave field are defined
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as

C, = % = Re(Ao )2 + Im(Ao )2 ) (70)
2
C = % = [1 - Re(4, )]2 +1Im(4,)’. (71)
4. RESULTS

In the present study, the so-called “thin” porous wall indicates that the thickness of
the porous wall, compared to the wavelength, is extremely short. Hence, due to the
property of the thin porous wall, the local phenomenon of surface of seepage (see (5),
(10) and refer to Muskat (1946)) is neglected.

In the following analysis, we only apply the porosity n, =0.3 and the
nondimensional wall thickness d/2A =0.05 for demonstration.

Figure 4 reveals vertical distributions of perturbed pressure amplitudes D, and
D, of homogeneous fluid on the interfaces of the thin porous wall (x =+d/2). D ”
and D, are given by (41) and (46). Since it will be easier for the water wave to
pass from region (1) to region (2) as the porous Reynolds number R grows, it is
observed that D, increases gradually when R becomes larger. And as we expect,

as the incident angle increases, D, decreases monotonically; when the incoming
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water wave is parallel to the porous wall (i.e.6 =90°), D ,, vanishes (i.e. when one

side of a thin porous wall is affected by a parallel water wave, there is no water wave
penetrating into the other side). This result agrees with our physical expectation when

viscous effect of fluid on the wall is negligible.

Figure 5 indicates vertical distributions of normal velocity amplitudes D, and
D, of homogeneous fluid on the thin porous wall (x =1d/2). D, and D, are
given by (51) and (56). It is found from Figure 5 (b) that D, shows similar trend as

D, does in Figure 4 (b) as R and € vary. It can be seen that when the incoming
water wave is parallel to the porous wall (i.e. € =90"), D, , certainly disappears.

Note that because of the mass flux continuity condition from the property of the thin
porous wall, figures of D, are identical to those of Dy, .

The vertical distributions of tangential velocity amplitudes D, and D, of
homogeneous fluid are illustrated in Figure 6. D, and D, are given by (61) and
(66). Beside same trend as Figure 5, again, it is found that there is no tangential water
wave penetrating into the original quiescent water field (region (2)) when the
incoming water wave is parallel to the thin porous wall.

Figure 7 presents the wave profiles in region (1) and region (2). 7,/a and 7,/a
are given by (68) and (69). By analogy with above discussions, because it is easier for

the water wave to pass from region (1) to region (2) as the porous Reynolds number
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R grows, it is found that 7,/a increases gradually when R becomes larger.
Besides, with the increase of the incident angle, 7,/a decreases monotonically.
And when the incoming water wave is parallel to the porous wall (i.e.0 =90°), n,/a
vanishes. This, again, confirms our physical expectation that when one side of a thin
porous wall is affected by a parallel water wave, there is no water wave penetrating
into the other side (provided that the viscous effect of water is negligible).

The reflection coefficient C, and transmission coefficient C, are most important
in the analysis of the wave field. C, and C, are defined by (70) and (71). Figure 8
shows C,, C,, and their combination C,+C, with respect to the variations of R.
Note that there is a minimum value of C,+C, when R is closed to 1 and & is
small. Also notice that in general C,+C, is less than 1 due to the damping effect of
the porous wall except when there is no wave passing through the porous wall (i.e.
8 =90"). Based on the definition of C,+C,, Figure 8 indeed demonstrates the fact
that the wave energy (excluding the incoming wave) plus the damping loss due to the
thin porous wall is conserved at any incident angle.

The values of C,, C,, and C,+C, with respect to the incident angle 6 are
presented in Figure 9. Comparing to Figure 8, Figure 9 can be seen more distinctly
how C, and C, change owing to the variations of 6. It is observed that with the
increase of the incident angle, C, smoothly approaches to 1, while C, approaches

to 0 simultaneously. Different from earlier studies, both C, and C, display gradual
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and reasonable trend of curves approaching to 1 and 0 without discontinuous jumps at

6 =90°. This result really reveals the advantage of the present study compared to

earlier ones.

S. CONCLUSIONS

Based on the concept that the wave direction remains unchanged as it permeates
into the thin porous medium, the present study thus derives a new boundary condition
on the interfaces of the porous wall. According to this new boundary condition an
analytical solution of oblique water waves impacting on thin porous walls is obtained.
The result eliminates the paradoxical phenomenon that the water wave permeates
completely into the original quiescent water field when its incoming direction is
parallel to the porous wall as earlier studies. And as the incident angle changes from
0° to 90°, the reflection coefficient and the transmission coefficient reasonably vary
with no discontinuities when the water wave is parallel to the thin porous wall while
those in the earlier studies do not.

Since the thickness of porous structures are extremely small compared to the actual
wavelength, a more reasonable wave trapping analysis of harbor or coastal structure
with wave direction being taken into account can be expected by applying the concept

of this study.
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NOTATION

C. :reflection coefficient

C, :transmission coefficient

D, : nondimensional amplitude of perturbed pressure inregion j; j=1,2
D,, : nondimensional amplitude of normal velocity inregion j; j=1,2
D, : nondimensional amplitude of tangential velocity in region j; j=12

d  :thickness of porous wall

g : gravitational acceleration

h  :undisturbed water depth

k  : specific permeability of porous medium
k, :wave number of propagating wave

n, :porosity of porous medium



o

™

7,

: perturbed pressure inregion j; j =123

: porous Reynolds number

: normal velocity in region j; j=12

: tangential velocity inregion j; j=12

: velocity potential of flow inregion j; j=1273

: velocity potential of flow inregion j; j=123

(Dj (x,y,2,t) = Rel¢j (x,y)ei(kosmez_w,)j

: wave profile of incoming wave

: wave profile in region (1) with incoming wave being excluded
: wave profile in region (2)

: dynamic viscosity of fluid
: angle of incidence

: density of fluid

: ahgular frequency of water wave
: modified wave number of propagating wave; & =k, cosé

: modified wave number of propagating wave; ¢ =k, siné
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Figure 1 Schematic diagram of water wave impacting
on a porous wall: (a) side view (b) top view
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Figure 2 Schematic diagram of oblique water wave impacting
on a thin porous wall in Sahoo et al. (2000)
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Figure 3 Schematic diagram of oblique water wave impacting

%
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on a thin porous wall in the present study
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Figure 4 Distributions of perturbed pressure amplitudes for thin porous wall

at x=+d/2:()D, (b)D,
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Figure 5 Distributions of normal velocity amplitudes for thin porous wall

at x=xd/2:(2)D, (b)D,,
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Figure 6 Distributions of tangential velocity amplitudes for thin porous wall

at x=xd/2: (D, (b)D,
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Figure 7 Water wave profiles for thin porous wall: (a)n,/a (b)7,/a
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Figure 8 Variations of reflection coefficients, transmission coefficients, and

their combinations with respect to porous Reynolds number R :
(aC, (b)C, (c)C.+C,
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Figure 9 Variations of reflection coefficients, transmission coefficients, and

their combinations with respect to incident angle &
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