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ABSTRACT

An integral constitutive equation is proposed for thermal-elastic-plastic materials with
the yield condition of the form f(J;, &",8) = 0, where stress is completely characterized
by strain and temperature histories and which is applicable to mixed, isotropic, and
kinematic hardening. When the von Mises type yield condition J, — k*(8) = 0 is
specified and a constant strain rate within a time step is assumed, an exact constitutive
solution can be obtained therefrom. For illustration a numerical experiment to simulate
the tensile test of a uniaxial coupon is conducted.

INTRODUCTION

The constitutive descriptions for thermal-elastic-plastic materials are often conclusively
characterized by a rate-form constitutive equation [1,2] and therefrom considerable
numerical integration algorithm has been developed. The aim of this paper is to
derive an integral representation of the conventional rate constitutive descriptions for
thermal-elastic-plastic materials with the yield condition of the form f(J;,e",0) =0
, where the arguments are the second invariant of the deviatoric stress ¢;;, effective
plastic strain, and temperature change respectively and based on this frame to propose
a new integration algorithm. The motivation is that for a body deformed with memory,
the stress may be expressed as a functional of deformation and temperature [3]. It is
seen that the proposed stress expression is exactly represented by an integral which
is a function of the hlstory of the flow variables, strain and temperature. An exact
constitutive solution is obtained when the von Mlses-type yield condition J; — k%(0) =

0 is specified and a constant rate within a time step is assumed. Also, under any
non-linear strain hardening, the algorithm is applicable without any dlﬂiculty For

illustration a numerical experiment to simulate the uniaxial tensile test of a axial-
symmetric specimen is examined.

FORMULATIONS

At all stages of the loading history, the total deformation rate tensor is considered to



549

be decomposed into a reversible part, diY, and an inelastic (plastic) part, df;:
dij = df + &, (1)

and the rate of stress tensor d;; is expressed as (van der Lugt & Huetink [1])
6i; = Eijud + Li; 0 (2)

where Ejjx = 2(11«:7”) (8ikbjt + Gabjn + 12%5-6i56u), Lij = —B6ij, B = {22, and 6 = T — Ty,
with E as Young’s modulus, v Poisson’s ratio, § the thermal modulus, « the coefficient
of thermal expansion, 7" the absolute temperature, and T, the initial temperature. The
elastic moduli £ and v are assumed to be insensitive to small temperature change 4

2]. If the von Mises-type yield condition is applied,

1 1
f(.]g, Ep, 0) = 5&];&1- — —énz(é", 9) =0 3 where 5,'3' = 8§ — Qy (3)

in which s;; is the stress deviator, «;; deviatoric kinematic hardening tensor (back
stress), and k yield stress function of material depending on the effective plastic strain

&(= Jp (2/3d%,(r) df;(7))*/? dr) and 0. The associative flow rule and kinematic harden-
ing law are respectively

3eP :
EE. 3§ = f = 2
& =4 2 & M f=Ff=0 .4 a;; = é-h,gp (€, 0)d; (Prager-Ziegler type) (4)
0 otherwise

where h,z», abbreviation for dh/de?, depends on & and 6.

Based on eqns (1) through (4), and after performing appropriate manipulations,
eqn (2) can be decomposed into a volumetric and a deviatoric part [4]:

¢ for the volumetric part:

¢
%trace(ﬂ) = K[ trace(d(r)) dr — 560 (5)
0
¢ for the deviatoric part:
¢
E"f(t) = e ) (61'1'(0) +2G/(; e@(f)d:j('r) d’f) (6)

where d}; is the deviator of d;; and the plastic parameter 9,

Q)(t):]; (3G+:(,;:,(Z;’ 9))er . (7)

is a monotonically increasing function of the amount of plastic flow.
For purpose of numerical implementation we rewrite eqn (6) in the tensor form

t
= if(fn v i ZG/t A(f)d'('r] dr), t >t,, where A(t) = o 2(H)-2(tn) (8)

where (-), denotes the converged solutions (-) at time ¢ = t,. To enforce the con-

sistency condition at the end of each time step, we substitute eqn (8) into (3) and
obtain
KA

2 t t t
(R—) =1+we,,:[ Addr 4y Ad'dr:/ Ad' dr (9)
n th tn tn
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where w = 6G/k% and n = 6G?/k2. This equation closely relates the effective plastic
strain € with the strain rate deviator d’' and temperature 6.

For Constant Strain Rate . .
Under the consideration of constant strain rate, eqns (8) and (9) can be respectively
expressed as

£ = %(€n+2GRd') (10)
and A
':— = F(R)'?, where F(R) =1+ @R + iR? (11)

where R = ft: A(r)dr, 0o =wé,:d',and j=nd': d'

Exact Solution )
Consider that k and h,» are independent on &, i.e., K = Y (0) and h,;» = D(0). The
exact solution of eqn (11) is

R(t) = %sinh(\/r:;Z(t)) + -f—ﬁ(cosh(\/ﬁZ(t)) 1, mhere Z(f}= dr (12)

Y(ﬂ(f))

and whereupon

Alt) = R(t) = (6) (cosh(\/-Z(t))-i- \/_smh(\/-Z ) (13)

¢ can be found from eqn (10). The & and therefore a can be easily obtained with the
help of eqns (4), (7), and (10).

Non-linear hardening laws

In case that x and h are arbitrary functions of € and 0, the present constitutive model
problem is equivalently reduced to the initial value problems given by

s o Kn @+27R K0
= t P — _ eF n) =
It & R) = g (2F(R)1/2 Kon )  Eltn) =2, (14
R=§(t & R) = %F(R)I/’, R(t,) =0 (15)

in which the dependence on time t of functions f and § results from the dependence
on temperature variation 6(t) of £ and h.

ILLUSTRATION

We use the present integration algorithm to calculate the temperature variation of an
axial-symmetric specimen which is tensioned by a constant velocity 0.01mm/sec, see
Figure 1. Consider the energy equation governed by

pCyb — A\V?0 = o : d° — Btrace(d"™)(To + 0) (16)

where p is the density, C, specific heat at constant strain, and A coefficient of heat

conductivity. Both terms on the r.h.s. of eqn (16) represent the heat generation due
to the mechanical work. The results are shown in figures 2 and 3.
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¢ E = 2.08 x 10° MPa
v=0.3
[ Y, = 400 MPa
Ty = 300 K
po="T950 Kg- M3
S o =1.1089 x 10~% K1
S

\ A=148W -M"1. K1
ot . -1, -1
output C,=440J -Kg~ ' K

h]p_-p:U'

point 2
x = Q(0.000146 + &°)" (1 - (s%) ) MPa
k= 4mm =
Figure I. Tenslle specimen and Its materlal properties
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Figure 2. The predicted stress of the

unmiaxial test Figure 3. The predicted temperature

change of the uniaxial test

CONCLUSION

A new stress representation for the thermal-elastic-plastic materials is proposed. In
contrast to the use of a stress rate, the stress is expressed as a functional of deformation
and temperature through the existence of a kernel function exp(®(7)—®(t)) with 7 < .
This is meaningful in both theoretical and experimental approach and deserving of

further research.
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