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The electrostatic interaction between two ion-penetrable, charged
spheroidal particles is examined theoretically. These particles can
assume different sizes and an arbitrary spatial orientation. The
electrical potential distribution is derived analytically under the
Debye—Huckle condition. The results for two interaction spheres,
one spheroidal particle and a planar surface, and rigid particles
covered by an ion-penetrable membrane can be recovered as the
special cases of the present general problem. We show that, for a
fixed center-to-center distance between two particles, regardless of
their relative sizes, the interaction free energy is the greatest if their
major axes lie on the same line (head-to-head), and the smallest if
their major axes are perpendicular to each other but not on the
same plane (perpendicular). © 1997 Academic Press

Key Words: electrostatic interaction, free energy; particles, sphe-
roidal, ion-penetrable; electrical potential distribution, analytical
expression.

INTRODUCTION

A dispersed system is characterized by the entity—entity
and entity—medium interactions. Among these interactions
the electrostatic interaction between the dispersed entitiesis
of fundamental significance. It is prerequisite to the determi-
nation of the essential properties of the system. The classic
DLVO theory, for example, is based on the electrical and
the van der Waals interactions between two charged entities
(1). Thefirst step to evaluate the former is to determine the
corresponding electrical potential distribution. At equilib-
rium, this distribution is governed by the Poisson—Boltz-
mann equation (1). Solving this equation for a system con-
taining two or more charged entities can be nontrivial, in
general, even under the Debye—Huckle condition (low elec-
trical potential). The major problems needed to be resolved
are the selection of aglobal coordinate system and the deter-
mination of the linear combination coefficientsin the genera
solution of the governing Poisson—Boltzmann equation on
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the basis of the boundary conditions specified. For an arbi-
trary geometry and boundary conditions, this is not an easy
task. Reported results for two interacting charged entities in
an electrolyte solution are limited in the literature. Ohshima
and Kondo (2) considered the electrical interactions between
two charged, ion-penetrable spheres. They showed that if
the fixed charges in the spheres are distributed homoge-
neously, both the electrical potential distribution and the
interaction energy can be derived anaytically. The analysis
was aso extended to the case of an ion-penetrable sphere
and a rigid surface (3). An image method was adopted
which applies the result for the case of two ion-penetrable
spheres. Some other results for two spherical particles in-
clude Ohshima (4-8), Ohshimaand Kondo (9), Krozel and
Saville (10), and Sengupta and Papadopoulos (11). Allain
and Cloitre (12) examined the interaction between two par-
alel cylinders. The electrical interaction between two two-
dimensional inclined platy particles was discussed by Anan-
dargjah and Chen (13).

Particles having a nonrigid surface are not uncommon in
practice. Biocolloids, e.g., microorganisms, can be simulated
by a particle covered by an ion-penetrable membrane of
finite thickness. The latter usually bears fixed charges, which
arise from the dissociation of the functional groupsit carries
(14, 15). In other words, instead of spreading over a surface,
the fixed charges are distributed over a finite volume in
space. Another typical example is the dispersed entities in
polymer-induced flocculation. In this case the polymer mole-
cules attached to the surfaces of the dispersed entities form
an adsorbed layer (16). Depending upon the types of the
polymer used, this layer can carry positive, negative, or no
charge.

In practice, dispersed entities may assume various shapes.
Sphalerite particle, for example, is spherical, cadmium car-
bonate is roughly cubic, hematite is spheroidal, kaolin is
planar, and alunite is polyhedral (1). Biocolloids also have
several possible shapes, such as rodlike and near spherical
(17). Apparently, extending the classic treatmentsfor ssmple
geometriesto amore general case is necessary to the descrip-
tion of the behaviors of these particles. In the present study
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FIG. 1. A schematic representation of the problem under consideration.
The particles immersed in an electrolyte solution are ion-penetrable and
bear fixed charges.

the electrostatic interaction between two ion-penetrable
charged entitiesis analyzed. We consider afamily of geome-
tries representative by spheroidal coordinates. Thissimulates
a wide class of inorganic and biocolloids in practice, and
includes most of the cases discussed in the literature.

MODELING

By referring to Fig. 1, we consider two spheroidal particles
immersed in an electrolyte solution. These particles are ion-
penetrable and bear fixed charges, which may due to, for
exampl e, the dissociation of the functional groups. The coor-
dinates adopted for the problem under consideration are
shown in Fig. 2, where{ X, Y, Z} and { X, Y;, Z},1 =1,
2, denote the global and the local Cartesian coordinates,
respectively; 6; and ¢; arethe polar and the azimuthal angles,
respectively; and h; is the distance between the center of
particle i to the global origin O. Suppose that the electrical
potential of the system is sufficiently low, and the electrical
potential distribution, ¢/, can be described approximately by
the linearized Poisson—Boltzmann equations

V?2y = k2y, in solution [1

[2]
[3]

V2% = k?y — k%7, inside particle 1

V2y = k?y — k?p3, inside particle 2,

where
y = eglksT [4a]
k? = 8me®l/eksT [4b]
p¥ =pil2el, i=12 [4c]

In these expressions, p; isthefixed charge distribution inside
particlei, V denotes the Laplace operator, i is the electrical
potential,  isthe dielectric constant, x and kg are the recipro-
cal Debye length and the Boltzmann constant, respectively,
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T is the absolute temperature, and e and | are, respectively,
the elementary charge and the ionic strength.

The coordinates { X, Y, Z} and { X;, VY;, Z} are related
by (18)

X+q‘hi
Y
V4
cos #,cos ¢; —sin6; —cos 6ising; | |X;
= | sinfcos¢d; cosf —sinbisin; ||Y;
sin ¢, 0 CoS ¢; Z
Xi
=[A] | Y|, 1=12 [5]
Z

where q = 1 for particle 1 (i = 1) and —1 for particle 2 (i
= 2). Since [A;] is an orthogonal matrix, we have (19)

Xi X+ q‘hi
Y, | =[A]7 Y : [6]
Z z

where the superscript T denotes matrix transpose. The local
Cartesian coordinates { X, Y;, Z} can be transformed to
the local spheroidal coordinates{¢&;, i, ®;}, shown in Fig.
3, through the relations (20)

Xi = ani& [7a]
Y, = a[(1 - nf)(&F — j)1Y%cos @, [7b]
Z =a[(1—nd)(& —()]1Y%sin & [7c]

hs

FIG. 2. The coordinate system adopted. { X, Y, Z} and { X, Y;, Z, i
=1, 2}, denote the global and thelocal Cartesian coordinates, respectively;
# and ¢ are the polar and the azimuthal angles, respectively; and h; is the
distance between the center of particle i to the global origin O.
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FIG. 3. Theloca spheroida coordinates adopted for particlei. (a) Prolate spheroid; (b) Oblate spheroid.

and
X ? Y 2 Z?

Loy L4 L =1 8a
a2et e —)) e [8a]

X? v? zz
2t wl-nh) @a-n ) 1o
tan<I>|=é. [8c]

Yi

In these relations, j = 1 for a prolate spheroid, j = —1 for
an oblate spheroid, and & is the distance between the focus
and the center of particlei; &, n;, and ®; denote, respec-
tively, the radia, the angle, and the rotation coordinates. In
the case where the electrical potential is independent of @,
Egs. [8a] —[8c] can be simplified as

9 =\/W+ [W2—4j<£>2/ [9a]
a 2
0 =t\/ - /Wz_4j<ﬁ>z/ . [9b]
a)/
where
3 ﬁ 2 i 2
W_<a> +<a> i [Se]

For simplicity, we assume that both the electrical potential
and its derivative are continuous over the particle—liquid
interface, and ¢ is constant. In this case, the boundary condi-
tions associated with Egs. [1] —[3] are
i=12

Ye=es = Ye=cd» [10a]

ay oy .
— == , 1=1,2, 10b
( 9¢ >s§s- ( 9¢ >s£§ | 1]

where g denotesthe ith particle—liquid interface. Note that
these expressions imply that the electrical potential distribu-
tion can be expressed as a linear combination of the unper-
turbed electrical potential distributions of each individua
particle. If the distribution of fixed charge inside a particle
is uniform, the unperturbed electrical potential distribution
for particle i is governed by

0 YR I Y]
a—m[u—mam]% [@. n%]

—cf(& —inf)y =0, [114]
where

C = Kq;. [11b]
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The solution to Eq. [11a] subject to Egs. [10a] and [10b]
can be expressed as a linear combination of the spheroidal
wave functions (Appendix) as

z AZm(CI)R(Z)(CI 1§I)&m(cl 177|) £S| sfi [12a]

Yi = pt + > Ban(G)

I(l)
X Sm(Ci,mi), 1<¢& <&, [12b]

R{A(ci, fs)‘( RS(Ci, &s) —

det Ci =

,(2)(CI!€S) _< ’(1)(CI!§ )

Therefore the general solution to Egs. [1] —[3] can be ex-
pressed as

y= P’I + Z Bom(C1)
m=0
’(1 (Clv 1)

(1)
. ( m(e &) R e 1)

R (c1, &1) ) Sm(C1, M1)

%

Z Aom(C2) R (C2, £2) Sim(C2y m2), 1< &1 <

s, [134]

=3 Bom(C1) REA(C1, €1) Som(Cr, 71)
m=0

%

z 2m(C2)R(2)(CQu EZ)SZm(CZI 772)!

§1= &s1, &1 = Ear,  [13D]
y = z Bam(C1)RSA(C1, €1) Sim(Cr, m1) + 3
< Ry (C2, 1)

Z 2m(02)< RE(Ca, &2) —

R%z(c,g))
Ry (1)

Sm(C2y m2), 1 < & < €. [13(]

The relation between { &1, 01, ®1} and { &, 12, $,} can be
found by applying Egs. [5] —[9].
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where

A2m<q)=—D2m-( RED (G, €a)

_ R, 1) o Ry (c,, fg)>/det G, [12c]
Ry (c, 1)
Bom(Ci) = — Do RAD (G, &g)/det G, [12d]
_ P Aomo
Dam = S50 [(Aomaw) 2/ AW + 1] [12e]
Ren’(C, 1) e
e 1) P 6] o
,(1 (CI! 1) I 2
W (i, §s)>

The dimensionless electrostatic interaction energy, V (h;
+ h,), is calculated by

V(hy + hy) = f(hy + hy) — f()

1 1
=2 ptvavi+ L[ piviave, 1)
1 Va

2Jv

where V; is the volume of particlei, and f(h, + h,) is the
Helmholtz free energy when the center-to-center distance
between two particlesis (h, + h,). The value of fis calcu-
lated by employing the method suggested by Verwey and
Overbeek (21).

RESULTS AND DISCUSSION

Figures 4 and 5 show the simulated dimensionless electri-
cal potential distribution, defined as (y/c2p7), for two val-
ues of k. A comparison between Figs. 4 and 5 reveals that,
for a fixed particle size, the greater the « (the greater the
ionic strength or the thinner the electrical double layer), the
lower the electrical potential inside aparticle. Thisisbecause
that the greater the ion strength, the greater the shielding
effect (2). On the other hand, for a fixed «, the larger the
particle, the higher the electrical potential.

Thevariationsin the dimensionlessinteraction free energy
between two particles as afunction of the relative orientation
between them are summarized in Tables 1 and 2. Since
spheroids are axisymmetric, only the domain defined by 0
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FIG. 4. Simulated dimensionless electrical potential distribution for the
cae ci=c3=280,p1=p2, & =@, h=2h, =15 ¢ =15 and &
= 1.1

S s=p,0sfisp/l2,0<sqg,<p/2,andf, =0is
examined. Table 1 reveals that the interaction free energy is
the greatest if the mgjor axes of two particles lie on the same
line (head-to-head, g, = 0, f, = 0, ¢, = 0, and f, = 0), and
the smallest if their major axes are perpendicular to each
other but not on the same plane (perpendicular, g; = 0, f;
=p/2,q, = p/2,and f, = 0). Asshown in Table 2, thisis
aso true if the sizes of two particles are different. As indi-
cated by Eq. [14], the interaction energy between two parti-
cles depends on the separation distance between the volume
element of a particle and that of the other particle (y; is a
function of separation distance). In other words, the mean
separation distance between two particles plays a significant
role in the determination of their interaction energy. For a
fixed center-to-center distance, two particles have the mini-
mum of the minimal surface-to-surface distance if they are
head-to-head. However, they also have the maximum of the
maximal surface-to-surface distance. The net effect is that
the interaction energy between two particles is the greatest
if they are at a head-to-head position. On the other hand,
the mean distance between two particles is the shortest if
they are perpendicular to each other, which leads to the
smallest interaction energy.

Special Cases

Severa results reported in the literature can be recovered
as the special cases of the general problem considered in the
present study.
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Particles covered by an ion-penetrable membrane. It is
known that if a membrane containing fixed charges in an
electrolyte solution is sufficiently thick, the electrical poten-
tial deep inside will reach a constant value, the Donnan
potential (2). For the present case, if a particle is large
enough, or the concentration of electrolyte is sufficiently
high, the dimensionless Donnan potential for particle i,

Yipon,s IS

47Tepi % .
o = P k=1, 2.
Yi.oon ek Tk ? P

[15]
This can aso be obtained by resorting to Egs. [2] and [3].
Since the net charges must vanish deep inside a particle,
both the first and the second derivatives of the electrical
potential with respect to position variable vanish. This im-
plies that the present analysis is applicable to the case a
particle composed of a rigid, uncharged core and an ion-
penetrable membrane bearing fixed charges, as long as the
latter is sufficiently thick compared to the double layer. In
the case of Fig. 4, the left particle is large enough so that
the electrical potential reaches its Donnan potential for —2.9
< X,;/a; = —1.1. The particle on the right is too small to
reach its Donnan potential. Similarly, in the case of Fig. 5,
the value of « istoo small for both particles to reach their
Donnan potentials.

Two ion-penetrable spheres.
Egs. [7a] —[7c] yield

If & is sufficiently large,

FIG.5. Simulated dimensionless electrical potential distribution for the
case described in the legend to Fig. 4, except that ¢ = ¢ = 2.
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TABLE 1
Variation in the Dimensionless Interaction Free Energy between Two Spheroidal Particles, V/p*, as a Function of the Relative

Orientation between Them for the Case ¢, =0, h; = h, = 1.2, ¢2 =¢3 = 05, pff = p5 = pX,and &, = & = 1.1
0, 0 0 0 w4 w2
0, 0 0 0 0 w4 w2  3w/2 0O w4 w2 3x/2 0O 0 w4 w2 0 w4 w2 0
o 0 w4 w2 0 0 0 0 w4 7wld w4 w4 w2 O 0 0 w4 w4 w4 w2
Vip*

X100 4.594 3.894 3419 3894 3306 3.001 3469 3.312 3.130

2990 3196 2975 3419 2998 2666 2974 2804 2.654 2.640

[16]

This means that a particle can be treated as a sphere. In this
case, Egs. [13a] —[13c] lead to the solution for spherical
particles.

An ion-penetrable spheroid and a rigid plate. By refer-
ring to Fig. 6, we consider the interaction between an ion-
penetrable spheroid and arigid, charged plate located on the
Y —Z plane. In this case the method of images (3) can be
applied. Let the original particle be particle 1, and its image
against the Y —Z plane be particle 2. We have 8, = —0,, ¢,
= —¢,, and g = €. If therigid plate remains at constant
potential, we choose p5 = —p7 . In this case the solution
to Eq. [1] is

y= P’f + Z Bam(C1)

m=0
, (l (Cll 1)

X ( R&m(Cy, &1) — RL)(c,, 1)

R (Cy, fl))

X Sm(C1, M) — Y Aorn(CL)REA (€1, £2) Som(Cr, m2)

where y, is the dimensionless surface potential of the plate.
On the other hand, if the plate remains at constant surface
charge, then we choose p3 = p7. The solution to Eq. [1]
becomes

y=pi+ Y Bum(C)

m=0
,(1)(C1, 1)

(1)
8 < m(G &) = Ry®(cy, 1)

R (c, fl))

X Sm(C1, M) + Z A2m(C1)R(2$n)(C1, &) Sm(Cy, m2)

m=0
+ o’'exp(kx), 1 < & < &g, [18a]
y= > Aon(C1) [REA(C1, £1) Som(C1y m1)
m=0
R (C1y £2) Som(C1y m2)]
+ o'exp(kX), & = g1, X < 0, [18b]

where ¢’ is the dimensionless surface charge density of the

m=0
late defined b
T+ ypexp(rx), 1 < & < &a, [17a) PEeAEINEaDY
y= ZZO Aon(C1) [RER (€1, 1) Sm(Ca,y 1) o = 4reo , [18c]

m ekkg T

- RA(c1, £2)Sm(Cr, m2)]

+ YpeXp(kX), &1 = €o1, X < O, [17b] o being the surface charge density.

TABLE 2

Variation in the Dimensionless Interaction Free Energy between Two Spheroidal Particles, V/p*, as a Function of the Relative

Orientation between Them for the Case ¢, = 0, hy = 1.2, h, = 1.35, ¢Z = ¢ = 0.5, p¥ = p¥ = p*, & =

1.1,and & = 1.25

0, 0 0 0 wl4 2

6, 0 0 0 0 14 w2 3r/2 0 14 2 3r/2 0 0 14 2 0 w4 w2 0

b1 0 w4 w2 0 0 0 0 w4 wl4d w4 w4 w2 O 0 0 w4 w4 w4 w2
V/p*

X100 6.691 5.817 5.193 5634 4.881 4.487 5102 4.958 4.653 4.471 4745 4.448 4.886 4.355 3.927 4.325 4.104 3.909 3.888
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FIG. 6. A schematic representation for the case of an ion-penetrable
spheroid and arigid plate.

If we denote S, as the area of the plate, the dimensionless
interaction free energy is

1
Vih) =3 [ ot (v + wewn)av,

1
+ = O'"(y1+y2)ds,

2J [19]

where the negative sign is for the case of constant potential
and the positive sign for constant charge density.

APPENDIX

Under the Debye—Huckle condition, the Poisson—Boltz-
mann equation for spheroidal surfaces can be approximated

by

0 oL O OY
an[(l ")an}+af[(§ ‘af]

£ —in* 9%
Tz 2 2

(& -NA-n%) o2
=0, (1+j)[2<s€f<swo, -1<snpn=<],
0< P < 2n,

c*(&* — in®)y

[Al]

where (&, n, ®) denotes the spheroidal coordinates, j is an
index parameter (j = 1 for prolate spheroid, j = —1 for
oblate spheroid), and ¢ = ka, a being the distance between
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the focus and the center of a spheroid. The solution to this
eguation can be expressed as

Y=Y Rm(&)Sm(n)exp(imd), [A2]

where S, and R,,, are the angle and the radial functions
(22), respectively. Sy, is defined by

Sm(n) = z AmnsPris(n),

s=0,1

[A3]

where sis even if (n — m) is even, and odd if (n — m) is
odd, Py isthe associated Legendre function of the first kind
of order m with degree n. The coefficient Ap,s in Eq. [A3]
satisfies the recursive relation

jcz'a(s)'Amn,erZ + [_(m + S)(m + s+ 1) + )\mn(jcz)

+ j02°,8(S)] : Amn,s + jCZ' ’)/(S) : Amn,sfz =0, [A4a]
where
_ (s+2m+ 2)(s+2m+ 1)
A9 = osrom+5)2stom+ 3 NP
2’ +4sm+ 2s+2m— 1
A = st am-1)2s+ 2m+3) A%
¥(s) = sts— 1) [Add]

C(2s+2m-3)(2s+2m—1)

To determine the coefficient A5 in [A4a], the eigenvalue
\m Needs to be estimated first. This can be done through a
trial-and-error procedure based on the condition that
(Amsi2/ Ams) Must vanish as s approaches infinity. Thisis
tedious and time consuming, in general, and another ap-
proach is suggested. If ¢ is sufficiently small, Ams and Ay,
can be expanded as

Ams = Y @mrs(jc?)’ [A5a]
Am = Y am(jc?)". [A5b]
r=0

A, @nd a, s can be calculated on the basis of the recursive
relations

)\mn,r = _[a(n - m) Amnr—1n-m+2

+ ﬂ(n - m)arm,rfl,nfm + 7(” - m)amn,rfl,nfmfz [A6a]
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a, _ 1 R(Z)(C €)
" s+ m)(s+ M+ 1) — Amo 2 "2 (om 4 gl
- 3 A B e, AT
s=0,1 g s
a(S)amr-1s+2 t B(S) Amr—1s + Y(S) Bmr—15-2
r—1
X + > Nmp® 8mr—ps where |, s and K., s are, respectively, the modified spherical
p=1 Bessel functions of the first and the third kinds of order (m
s+n [Aeb] *S). Wehave
amrs =0, s=n. [A6C] .
Ih = 2_ in-+—1/2 [A7C]
The radial functions of the first and the second kinds can <X
be expressed, respectively, as (23, 24)
0= 4o Ksare [AT7d]
Ri(c, &)
j€2 — 1\™?(2m + s)! where i, 1/, and k, .1/, are the modified Bessel functions of
Z Amns< ¢? ) sl Imes(c€)  [ATa] the first and the second kinds, respectively. Note that if c&
s=ot is small, K, diverges, so does R2. In this case, R needs
to be replaced by another expression. Aoi (25) suggested
and using

m(m+25)(c §) = (f mlz Z Waq m+q[

q=0

0

j )m/2 z u}ZquleJqurl
q=0

Rgnz()m+25+1)(cv f) = 5(52 -

where

a q
=(@2m+2q+ 1) x Y 5 (-1)vta-naz

|26 V=D | X o] B e -

2mEH(2m + g + t)!1(2m + 2s)!1(2t)!(t + m + s)!

5+J§7—)]-m+q[ (€ - ﬁ)}

[A8a]

Ve —J)] . [A8D]

q q
=(@2m+29+3)x Y Y (-1)f@-Dazl

s=0 t=s

s=0 t=s t(m+ 0I(d - O1(29)1(t— 8)1(2t +2m+ 25+ 1)1 ™
[A8c]
2mestzm 4+ g+ t+ 2)12m+ 2s+ D)2t + D)!I(t+ m+ s+ 1)! Avmmer. [AS]

tfim+t+ 1)1 (g—-t)!1(2s+ D)!I(t — s)!(2t + 2m + 2s + 3)!

For an axisymmetric problem, Egs. [A3], [A7a], [A7b],
[A8a], and [A8b] with m = 0 should be employed, and
Sm, R®¥, and R reduceto S,, R{", and R{?, respectively.
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