
Jen-San Chen 
Associate Professor. 

Jhi-Lu Jhu 
Graduate Student. 

Department of Mechanical Engineering, 
National Taiwan University 

Taipei, Taiwan 107, 
Republic of China 

In-Plane Stress and 
Displacement Distributions in a 

Spinning Annular Disk Under 
Stationary Edge Loads 
It is well known that the in-plane stress and displacement distributions in a stationary 
annular disk under stationary edge tractions can be obtained through the use of Airy 
stress function in the classical theory of linear elasticity. By using Lame's potentials, 
this paper extends these solutions to the case of a spinning disk under stationary 
edge tractions. It is also demonstrated that the problem of  stationary disk-spinning 
load differs from the problem of spinning disk-stationary load not only by the centrifu- 
gal effect, but also by additional terms arising from the Coriolis effect. Numerical 
simulations show that the amplitudes of the stress and displacement fields grow 
unboundedly as the rotational speed of the disk approaches the critical speeds'. As 
the rotational speed approaches zero, on the other hand, the in-plane stresses and 
displacements are shown, both numerically and analytically, to recover the classical 
solutions derived thtvugh the Airy stress function. 

Introduction 
Designers of spur gears, grinding wheels, and circular saw 

blades are often interested in the dynamic stresses induced in 
a rotating disk under space-fixed in-plane edge loads. In gear- 
boxes and grinding wheels, the in-plane vibration is transmitted 
through the bearing to the machine casing, where it may produce 
unwanted noise. In the wood cutting industry, it is well known 
that the bending vibration and stability of the spinning disk are 
significantly affected by the in-plane stress distribution induced 
by the cutting forces on the outer rim (Chen, 1994; Shen and 
Song, 1996). In these analyses, the in-plane stress distribution is 
obtained, in additional to the components due to the centrifugal 
effect, by assuming that both the disk and the edge load are 
fixed in space. This assumption is acceptable when the rotation 
speed of the disk is relatively low. In the very high speed range, 
on the other hand, it is not certain whether it is appropriate to 
ignore the effect of relative motion between the spinning disk 
and the space-fixed edge load on the in-plane stress distribution. 

It is well known that the natural frequencies of the in-plane 
radial and torsional vibrations of a spinning disk depend on 
the rotation speed. Bhuta and Jones (1963) investigated the 
axisymmetric planar vibration of a rotating full disk and found 
that the effect of rotation is generally to lower the natural fre- 
quencies. The same problem was studied by Doby (1969) with 
different formulation. Burdess et al. (1987) generalized the 
analysis to asymmetric in-plane vibration, and discussed the 
properties of both the forward and backward traveling circum- 
ferential waves. In most of these works, the disk is assumed to 
be full. Chen and Jhu (1996) studied the in-plane vibration of 
spinning annular disks and investigated the effects of clamping 
ratio on the natural frequencies and stability of the disks. All 
these analyses demonstrate the existence of certain critical rota- 
tion speed at which one of the natural frequencies vanishes. 
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The in-plane stress distribution in a stationary annular disk 
under stationary edge tractions can be readily calculated by 
using the Airy stress function (Coker and Filon, 1957). On the 
other hand, the problem of a spinning disk under stationary 
edge loads has never been studied before. This problem is much 
more complex than the classical one with a nonrotating disk as 
a result of the Coriolis terms associated with the relative motion 
between the spinning disk and the stationary edge loads. In 
order to avoid the difficulties imposed by the Coriolis terms 
and the in-plane stresses due to centrifugal effect, Srinivasan 
and Ramamurti (1980) investigated a relevant problem of a 
stationary disk under a rotating concentrated edge load. Leung 
and Pinnington (1987) conducted experiments to measure the 
in-plane response of a stationary disk under rotating edge loads. 

In the present paper we derive the analytical solutions for 
the in-plane stress and displacement distributions in a spinning 
disk under stationary edge tractions. The equations of in-plane 
vibration of the spinning disk with respect to the inertial frame 
are first derived. Lame's potentials are used to simplify the 
highly coupled equations. Numerical examples of stress and 
displacement distributions for a typical radius ratio are demon- 
strated. As the rotational speed of the disk approaches zero, the 
in-plane stresses and displacements are shown analytically to 
recover the solutions derived through the Airy stress function 
in the classical theory of linear elasticity. 

Equations of Motion 

Figure 1 shows an elastic annular disk spinning at constant 
speed fL The material of the disk is assumed to be homogeneous 
and isotropic with mass density p,. Young's modulus E, and 
Poisson ratio u. The spinning disk is clamped at inner radius r 
= a, and is subject to nonrotafing edge tractions &.,. and #,.~ at 
the outer radius r = b. (r ,  ~) are the polar coordinates of a 
point on the spinning disk with respect to an inertial frame. If 
the disk is thin, plane stress conditions can be assumed and the 
equilibrium equations in the radial and tangential directions in 
terms of in-plane displacements u,. and Uo can be written with 
respect to the body-fixed coordinate system (r ,  0) (Burdess et 
al., 1987), 
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Fig, 1 A spinning annular disk under stationary edge load 

E 
p(] -- v ~) (LHur + L~uo) = l~ r - 2f~ao - ~22(u~ + r) 

E 
p(1 - v ~) (L~ur + Lz2uo) = U'o + 2~2a~ - ~2b/0 (2) 

where the differential operators are defined as 

0 a 1 0 1 1 -  v 02 
Li~ = Or ~ + + r Or r a 2r 2 002 

l + v l  02 3 - v l  0 
LI2 2 r OrO0 - 2 r ~ 0-'0 (4) 

1 
(1 - v 2) (L*~u* + L~zu~) 

\ S V r  + m*  + 

- 2f~*1 0u~/* + ft* Ouo|*\ _ gt .Z(u~ + r*) (10) 
\ Or* 07 / 

(1 - v 2) 
- - ( L 2 1 u ~  + L22un) 

\ Ot .z  + 2~* + ~ . 2  
0 t "  0 7  0 7 2  ] 

2a.{ (11) 
+ \ Or* + 07 ] 

The differential operators L*i, L*2, L*i, and L*2 are similar to 
(1) those in Eqs. ( 3 ) - ( 6 )  with r and 0 being replaced by r* and 

7, respectively. The dimensionless boundary conditions with 
respect to the inertial frame are 

u* = u* = 0 a t r *  = ~ (12a, b) 

1 [ O u f  v { u ~  + 1 O u ~ ] ]  : ~ ( 7 )  

1 - v  2 [Or*  + \ 7  r*  07 ] 
(3) at r* = 1. 

2(1 + u) \ ~  07 + Or* r * ]  
~;.*,(7) 

l + v l  02 3 - v l  0 
L21 = 2 r OrO0 + 2 r 2 O0 (5) 

Lz2 l - v (  02 1 0  1 )  1 02 
= 2 ~ 7+ +--~ r Or r 2 r 2 002 " 

Equations (1) and (2) can be rewritten with respect to the 
inertial frame (r,  7) by using the transformations 

0Ur(r ,  7)  OUr( r,  7 )  
a r ( r ,  O) = - -  + ~ - -  

Ot 07 

ao( r , O) = Ou,( r , 7) + f~ Ou~( r , rl ) 
Ot 0~ 7 

7 = O + f~t. 

where 

(13a, b) 

In the following discussion we drop all the asterisks for brevity. 
It is noted that both the differential Eqs. (10) and ( 11 ), and 

(6) the boundary conditions (12) and (13) are inhomogeneous. The 
superposition principle (Stakgold, 1979) permits us to decom- 
pose the problem into two simpler parts; one with inhomoge- 
neous equations and homogeneous boundary conditions, and 
the other with homogeneous equations and inhomogeneous 
boundary conditions. The solution of the original problem can 
be obtained by reassembling these solutions of the simpler prob- 

(7) lems. For the first part, the forcing term rf~ 2 in the inhomoge- 
neous Eq. (10) is due to the centrifugal effect. When the steady- 
state solutions are concerned, this term is dominant compared 

(8) to other contribution from the term u,.f~ z. Therefore, the solution 
of the first problem is the same as the classical problem of a 
freely spinning disk, and is well documented in the literature 
(Ono et al., 1991 ). On the other hand, the second problem has 

(9) never been solved in the literature, and will be the subject of 
the following discussion. 

It is convenient at this stage to introduce some dimensionless 
variables (denoted with an asterisk), 

r* : r a Ur U, 

O'rr O'rr 1 ~ ~ = - ~  , ~ ~% = y , ~ *,~ = ~ ~---~" 
E 

The equations of motion in terms of the dimensionless variables 
defined above with respect to the inertial frame can be written 
as follows: 

L a m e ' s  P o t e n t i a l s  

The homogeneous parts of Eqs. (10) and ( 11 ) canbe simpli- 
fied if Lame's potentials ~b and ~b are introduced (Eringen and 
Suhubi, 1975) : 

0~ 1 0~b 
ur = 7 r  + -r --0n (14) 

1 04, &0 
u~ = (15) 

r 07 Or 

As a consequence, the stress components can also be repre- 
sented as 
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cr,.,. = 1 - l.] 2 V2l~b  ~C ~ ~ Or 2 r 2 Or 1 r O r & l /  

O'r~ = - -  
2(1 + u )  \ r  OrO~ r ~ O~ Or ~ 

1 0O 1 0 2 ~  + - - - +  
, ' O r  7 ~ 0 - ~ )  

u 1 (~0q~ 102~b 
cr,~,~ = 1 - u 2 V24~ + 1 +----7 ~ r  + r -5 Or/---7 

1 0q, 1 02~/, 

+ r ~ Or 1 7 0 r O r l J  " 

(16) where A,,, B., A,',, and B', are undetermined constants. Equa- 
tions (21) and (22) are two inhomogeneous equations for ~b 
and ~0. Since the corresponding solutions must be periodic in 
rT, the solutions for ¢ and 0 can be expressed in Fourier series 
as 

¢ ( r ,  r/) = ~0c + ~ ~,,,,(r) cos n r / +  ~,,,(r) sin nr~ (27) 
(17) ,, l 

~0(r, r/) = g'o~ + Y~ ~I%(r) cos nrl + ~,, .(r)  sin nr/. (28) 
n=l  

Since the Fourier components are orthogonal, the solutions can 
be treated separately for different Fourier component. 

(18) Case n = 0: This case corresponds to the spinning disk 
under uniform traction. 'I'0c and ~0~ can be solved as 

It is assumed that the edge traction is applied for a long time 
and the steady state prevails as seen by an observer in the inertial 
frame. Substituting Eqs. (14) and (15) into homogeneous parts 
of Eqs. (10) and (11) and neglecting all the temporal deriva- 
tives result in the following equations: 

where 

OG 1 OH 
- - + - - - = 0  
Or r &7 

1 0 G  OH 
0 

r &7 Or 

1 
~o~ = CoJo(/3o=r) + eoYo(/3mr) + Ao~-~  (29) 

1 
~10~. = - d ; J o ( / 3 0 2 r )  - f ;Yo( /302r)  + A ;  ~-~ ( 3 0 )  

where J and Y are Bessel functions of the first and the second 
19) kinds, respectively./3m and/3o2 are defined as 

f~ f~ 
(20) /30= = h--7 and /302 = h~" (31) 

G = h~V2~b - ~2 02~ b + f~zq5 _ 2~2 0._~ (21) 
&72 &7 

K2V2.1 ' _ f22 02~0 + f~2t p + 2~22 &b (22) 
H = 2 v 0 ~  2 0 N "  

X~ and M are two constants depending on the Poisson ratio, 

1 1 
X~ k~ - - -  (23a, b)  

1 - u 2 '  2 (1  + u)  

It is noted that for the problem of a fixed disk described by 
an observer rotating with speed ~2, Eqs. (21) and (22) should 
read (Srinivasan and Ramamurti, 1980) 

G = kl2V2~b - f22 02~b 
0r/2 ' 

H = X~V2~0 - f~2 026 
0r/2 . (24a. b)  

As a consequence, the problem of a stationary disk under rotat- 
ing edge loads differs from the problem of a rotating disk under 
stationary edge loads not only by the centrifugal effect, but also 
by additional terms arising from Coriolis effect. It is noted that 
for the problem of a stationary disk under rotating edge loads, 
the equilibrium equations are decoupled into equations for 'b 
and ¢,, respectively, and have been investigated by Srinivasan 
and Ramamurti (1980). 

The general solutions for G and H in Eqs. (19) and (20) can 
be expressed in the form 

G =  Ao + ~ [(A, ,r" + B , , r -" )  cos n~7 
n= I 

+ ( a ' r "  + B ' r - " )  sin nrl] (25) 

H = a[~ + ~ .  [ ( A ' r "  - B ' r - " )  cos nr/ 
n=l  

+ ( - A , , r "  + B . r - " )  sin nr/] (26) 

Constants A0 and A~ do not affect the displacement and the 
stress fields in the spinning disk and can be ignored. 

Case n -> 2: The general solutions for this case are 

"b,,c = c,,J,,(/3,,=r) + d,,s,,=J,,(/3,,2r) + e ,Y , , ( /3 ,1r)  

+ f , s , , iY . ( /3 , ,2r)  + A . r "  + B, ,r -"  (32) 
(1 + n)2~  2 (1 - n)2~ 2 

~9.s = c,,s,,zJ,,(/3,,,r) + d, ,J~(/3.2r) + e,,s,,2Y,,(/3,,lr) 

A, ,r  n B, ,r -"  
+ f , Y , , ( / 3 . z r )  (1 + n)2~  2 + (1 - n)2~ 2 (33) 

t , q),,,. = c,',J,,(/3,,=r) + d,,s,,=J,,(/3,,2r) + e, ' ,g,(/3, , lr)  

+ f,]s,,=Y,,(/3,,2r) + A[ ,r"  + B~,r " (34) 
(1 + n)2~  2 ( 1 - n)2~ 2 

~,,¢ = -c,]s, ,2J,,(13,, ,r) - d],J, ,( /3,2r) - e , ' , s ,aY,(15, ,r )  

A,t,r " B,',r " 
-- f ' Y n ( / 3 . 2 r )  + (35) 

(1 + n)2f22 (1 - -  n ) 2 ~ - ~  2 '  

J•n I 
equation: 

h~2h~/34 - (h~ + h~)(l + n2)f~2/32 + (1 - n2)2f~ 4 = 0. (36) 

s,, ~ and s,a are defined as 

2n~22 
s,,i = and 

( l  + n 2 ) ~  2 - x~/3~2 

2n~22 
s,,2 = (1 + nZ)f~ 2 2 2 • (37a, b)  

- X 2 f l , , ,  

It is noted that constants s.= and s,2 are independent of f~ be- 
cause/3,,= and/3,,2 are proportional to fL Again, the terms associ- 
ated with constants A,,, A,~, B,, B,~ will not affect the stress and 
displacement fields of the loaded disk and can be ignored. 

and fl,,2 are positive real roots of the following quartic 
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Case n = 1: The solution for this case can not be general- 
ized from the case n ~ 2, because one of the two fl 's vanishes. 
The general solution for this case can be found as 

~ l c  = d l s u J l ( f 1 1 2 r )  + f ~ S u Y l ( f l l 2 r )  

r r ln..____.___~_. 1 
+ A, ~ + B, k~ + X~ + X~r + X~-r (38) 

~1~. = diJl(/312r) + f~Y~(/3~zr) 

( 1 M -  h~'~_ + 1 
+ B ,  k~ + k------~ r l n r +  2rf~ 2 / x ~ r + X 2 - r  (39) 

~1.~ = d[sl~Jl(fl~2r) 

+ A  

+ f~ sHY1 (/3~2r) 

r r l n r  1 
[ ~ i  + B; ~K~ + h~ 2 + x I r  + X;-r  (40) 

• ,,. = - d [ J t  (fl~2r) - f lY1  (/31~r) 

( 1 M - k ~  , 1 
- B[ h} + k-------~ r l n r  + 2rf22 ] - x ~ r -  X~-r (41) 

/3~a from Eq. (36) and su from Eq. (37a) are found to be 

x / 3 - v  1 - u  
f l l ~ = - - ~  and s~ 

Unlike the cases for n ~ 1, the terms associated with constants 
A1, Bt, A I, and B~ contribute to the stress and displacement 
fields of the spinning disk. On the other hand, the homogeneous 
solutions associated with constants X~, Xz, X [, and X ~' are irrele- 
vant to the stress and displacement fields, and can be ignored. 

S t r e s s  a n d  D i s p l a c e m e n t  F i e l d s  

After obtaining the solutions for 4, and 4' we can write the 
general expressions of the in-plane stress and displacement 
fields for a spinning disk under stationary edge loads. It is 
assumed that the edge load on the outer boundary can be ex- 
panded in the following Fourier series: 

6-re(r/) = ~ p,  cos nr/ + p" sin nr/ (42) 
n = 0  

&,07)  = L q', cos n~ + q,, sin nr/. (43) 
~ = 0  

The above traction boundary conditions can be divided into two 
parts. The first part involves only symmetric &,.,(r/) and anti- 
symmetric ~,,(rl) (i.e., p" = q" = 0 in Eqs. (42),  (43)) ,  and 
the second part involves only antisymmetric 6",.,(r/) and sym- 
metric O'r,(r/). The complete solution may be obtained by reas- 
sembling these two solutions. For the first problem with p" = 
q[, = 0, the stress and displacement fields of the loaded disk 
a r e  

(1 - lJZ)O'rr(r ,  f]) --~ Bt(2#Lr -I - ~ 2 r  - 3 )  c o s  T] 

+ L COS n ' q { c . , [ ( K n l r  -2 -- f l , ] t ) J . ( f l . l r )  
n = 0  

+ Kn2r-'J, ,+,(fl . lr)] + d,,[(t%3r -~ - s~,fl~2)Y~(t3.~r) 

+ ~.4r-~J.,+~(fl.2r)] + e . [(xnlr  -~ - /3,~,)Y.,(/3,,~r) 

+ K n 2 r - l y n + l ( l ~ , , l r ) ]  + f n [ ( K n 3 r  -2 --  s,,tflz~)Y~(fl,,~r) 

+ tc,ar-~Y,,+~(fl,,ar)] } (44) 

(1 - vz)a~,(r ,  r/) = - B l ( # o # ~ r  -~ + #~r --3) sin r/ 

1 2 + Y~ sin nrl[c,, { (~l-toS,,2fl,,l - K, l r -Z)J , ( f ln lr )  
n = 0  

- K,,sr-'J,,+l(fl,, ,r)} + dn[(l#of•2 - Kn3r-2)J,,(t~nar) 

-- K.,6r-lL+l([3.2r)] + e .{  (½#oS,,2fl]l -- K. .r-2)Y. , ( f l .  lr) 

1 2 
- K,,sfl . f-lY,,+l (/3. lr) } + f,[(~i#ofl,,2 - Kn3r-2)Y.,(,On2 r) 

- K.6r-tE,+l(fi.2r)] } (45) 

(1 - u2)rr , . (r ,  r?) = B t ( 2 u # i r  -I + #ar -3) cos ~/ 

+ ~ cos n r l { c n [ ( - K . l r  2 - -  / / } / ~ l ) J n ( f l n l r )  

n = 0  

- K.,2r-'J.+,(,/3.,r)] + d,,[(-~,,3r -2 - us.l/3.]2)Z,(fl,,2r) 

-- Kn4r- lZ,+,( ,13, ,ar)]  + en[(-K, , , r  2 _ u f l ~ l ) E , ( / 3 . 1 r )  

- K,,2r-lY,,+,(/3,,,r)]} + . f , [ ( -K.Br  2 _ us,,lfl]2)I'~(fl,,ar) 

- K,,4r-lY,,+l(fl,,2r)]} (46) 

ur(r , r?)  = cos t  7 +B~ #1(1 + 2 1 n r ) + ~ #  ° 

+ 2 cos nrl{cn[t~, ,sr- lL(f ln,r)  - fl.,J,,+l(/3,,lr)] 
n=o  

+ dn[K,17r- IJn( /~n2r)  - Snl l~n2Jn+l(f l , ,2r)]  

+ e,,[K,8r-lY,,(fl, lr) -- fl ,  lY,,+l(/3,1r)] 

+ f ,  Dc,7r-~Y,,(fl,2r) - S,,lP,,2Y,+~(13,2r)]} (47) 

- - - - F  2 u~(r,~7) = - s i n r /  + B 1  /.z~(1 + 2 1 n r ) -  2 # o  

+ L sin n~?{c,,[s~afl.,1L+l(13.,lr) - K,,sr-lL(/3.,lr)l 
n = 0  

+ d.[fl.aJ.,+l(fl,,2r) - Knvr |J~,(fln2r)] 

+ e,,[s.2/3.,Y,,+l(13.lr) - .:, ,sr-lY.(/3.1r)] 

"t'- f n [ f l n s Y n + l ( f l n 2  F )  - -  K.7r-lY.,(13,,2r)] } (48) 

where the constants/.z's and K'S are defined as follows: 

#0 = 1 - u, #, = (kl + h2) - ' ,  U2 = # 0 # 1 ( ~ - I  2 - -  ~ 2 ) ~ - 2  

K,, = #0(1 + s ,2) (n  2 -- n) ,  K,,2 = #0(1 -- ns,,2)/3,,,, 

Kn3 = ~ 0 ( 1  + S n l ) ( n  2 -- n ) ,  Kn4 = - - # o ( n  -- Sn l ) f ln2 ,  

Kn5 = - - # o ( n  - -  S n 2 ) t ~ n l ,  Kn6 = /[ .~0(l  - -  n S n l ) f l n 2  , 

K,v = n(1 + s,1), K,,8 = n(1 + s,,2). 

The terms containing constants do, f0. e~, and el, which have 
not been defined before, in Eqs. (44) - (48) should be ignored. 
Their presence in Eqs. ( 4 4 ) -  (48) is solely to make the equa- 
tions more compact. Equations ( 4 4 ) -  (48) are in analogy with 
the classical solutions derived through the Airy stress function 
for a stationary annular disk under stationary edge loads (Coker 
and Filon, 1957). From boundary conditions (42) and (43),  
together with the zero displacement conditions (12) on the inner 
radius, one can determine the constants in Eqs. ( 4 4 ) - ( 4 8 )  
uniquely. 

When the traction boundary conditions involve only antisym- 
metric ~%r(r/) and symmetric 6-,.,(q), i.e., p, = q,, = 0, the 
equations for stress and displacement can be obtained from Eqs. 
( 4 4 ) - ( 4 8 )  by replacing c,, e,, d,, f , ,  A,, and B~ with their 
primed counterparts, bearing in mind that the terms containing 
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, .o o-; N . . . .  o:o. ,  ,.o 
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l] 

Fig. 2 Natural frequencies of in-plane vibration for a freely spinning d isk  
with radius ratio 0,3 

constants c6, e~, c I, and e[ should be ignored. In the meantime 
cos n77 in Eqs. (44), (46), (47) should be replaced by sin 
n77, while sin nr? in Eqs. (45), (48)should be replaced by 
- - c o s  nr / .  

Numerical Examples 
Before presenting the stress and displacement distributions, 

we first examine the natural frequencies of the in-plane vibration 
of the freely spinning disk (Chen and Jhu, 1996). Figure 2 
shows the relation between dimensionless natural frequency w,,,, 
and dimensionless rotational speed ~ for radius ratio { = 0.3. 
For simplicity, only the modes with less than four nodal diame- 
ters are shown in Fig. 2. The definition of ~,,,, is the same as 
that of ~, i.e., multiplying the physical natural frequency by 
b~[p/E. The Poisson ratio is assumed to be 0.3. The mode label 
(m, n)f represents the forward traveling modes with m nodal 
circles and n nodal diameters. Similarly, the subscript " b "  
represents a backward traveling wave. The critical speed ~, ,  is 
defined as the rotational speed at which the natural frequency 
of the mode (0, n)b vanishes. The first critical speed in Fig. 2 
is f~0 = 0.591 corresponding to the mode (0, 0). Beyond 
this critical speed the natural frequency ~o0 becomes purely 
imaginary, and divergence instability is induced. The critical 
speeds corresponding to the modes with n = 1, 2, 3 are 0.998, 
0.995, and 0.836, respectively. It is noted that mode (0, 0) is 
a torsional mode which involves displacement u~ only, while 
mode (1, 0) (beyond the range of Fig. 2) is a radial mode 

1.6 I ~ i i i i --  8 0  

- -  ~=0, I 
",, f)=O.3 70 

1.5 (,, . . . . . .  ~=0.5 

" 60 
1.4 - ~ ' ,  

"~ 1.3 40 

30 
, ~  " ' / . .  " , 2 [ .  .... 

1.1 ~ ~ . . , ~ . ~ = 1 0  a '°  " ' " "  " . . ' ' " - .  20 

1.0 0 
0.3 0.4 0.5 0.6 0.7 0,8 0.9 1.0 

r 

Fig. 3 The curves denoted ~rrr represent normal stress distribution a long  
the radius for a d isk  under uniform normal edge traction O',r = P0. The 
curves denoted cr .  represent shear stress distribution for a d isk  under 
shear edge traction ~rr, = q~. 

b 

Fig. 4 The curves denoted ¢~ represent normal stress distribution for 
a d isk  under  no rma l  edge traction #rr = Pl  COS ~,/. The curves denoted 
err, represent shear stress distribution for a d isk  under  shear edge trac- 
tion ~rr~ = ql' COS ~. 

which involves displacement ur only (Chen and Jhu, 1996). 
All the modes with nodal diameters involve both torsional and 
radial vibrations at the same time. 

The curves denoted crrr in Figs. 3 to 5 represent the normal 
stress distributions along the radius from inner to outer bound- 
ary for a disk under normal edge tractions ~-,,.(r/) = p,, cos nr/, 
where n = 0, 1, and 2, respectively, for three rotational speeds 
(f~ = 0.1, 0.3, 0.5). On the other hand, the curves denoted Crr,~ 
in Figs. 3 to 5 represent the shear stress distributions for a disk 
under tangential edge tractions 6,.,(rl) = q;, cos nr 1. The scales 
for or,., and ~7,.~ are different, as shown in these figures. In gen- 
eral, the amplitude of the stress field increases significantly as 
~2 increases. However, Figs. 3 and 4 show that the stress field 
is much more susceptible to tangential edge traction than to 
normal edge traction in the cases of n = 0 and 1. 

It is noted that numerical difficulties arise in solving the 
constants in Eqs. (44) - (48) as the rotational speed approaches 
zero. More specifically, the constants c,,, d, approach infinite 
and e,, f ,  approach zero as f~ approaches zero. In order to 
compare the above results with the case of a nonrotating disk, 
we obtain the solutions for ~ = 0 separately through the use 
of the Airy stress function in the classical theory of linear elas- 
ticity. We find that the curves for f~ = 0 are indistinguishable 
from the curves for ~2 = 0.1 in Figs. 3 through 5. 

b 
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Fig. 5 The curves denoted ~r~ represent normal stress distribution for 
a d isk  under  no rma l  edge traction &,r = P2 cos  2q. The curves denoted 
~ , ,  represent shear stress distribution for a d isk  under shear edge trac- 
tion &,~ = q~ cos 2~ b 
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Fig. 6 Effect of rotational speed ~ on the displacement at the outer 
radius for a spinning disk under normal edge traction 6-~ = p .  c o s  n r /  

Figure 6 shows the displacement ratio uflu~(a=o) at point ( r  
= 1, ~7 = 0) as function of f~ when the spinning disk is under 
normal edge traction # .07 )  = P. cos n~7. Similarly, Fig. 7 
shows the relation between uJu.<a=o) and fl when the disk is 
under tangential edge traction 8~(~)  = q" cos n~7. For the case 
when the disk is under uniform normal edge traction (n = 0). 
the steady-state displacement is rather small even when the disk 
is spinning beyond the critical speed, as shown in Fig. 6. On 
the other hand, when the disk is under uniform tangential trac- 
tion, the displacement grows unboundedly as f~ approaches f~o. 
Steady-state response does not exist when the disk is spinning 
beyond the critical speed and under uniform tangential traction. 
This phenomenon reflects the fact that mode (0, 0) is of tor- 
sional nature. For the case when n >- 1, on the other hand, 
either normal or tangential edge load tends to induce unbounded 
displacement as long as ~2 is close to f~.. It is noted in Fig. 6 
that while Ur jumps to ± ~  as f~ approaches f~1, the radial 
displacement is rather insentive to the rotation speed when f~ 
is away from ~2.1. 

Specia l  Case  as f~ A p p r o a c h e s  Z e r o  

From the above numerical calculations, we observe that the 
stress and displacement distributions for a spinning disk under 
stationary edge loads recover the classical solutions of a station- 
ary disk under stationary edge loads as f~ approaches zero. In 
this section we show in an analytical manner that formulae 
( 4 4 ) - ( 4 8 )  can indeed recover the classical formulae derived 
through the Airy stress function. Since numerical experience 
shows that constants Cn and dn approach infinite, while en and 
f i  approach zero as ~ approaches zero, additional analyses are 
needed in this limit case. 

Case n = 0: When the rotational speed f~ approaches zero, 
Bessel functions Jo(x)  and Yo(x)  can be approximated by 1 - 
x2 /4  and 2 In x/Tr, respectively. Consequently, the nontrivial 
solutions for ffPo~ and ~o~ can be reduced to 

ggoc = Cor 2 + eo In r (49) 

~o~ = d ; r  2 + f ~  in r (50) 

where 

~ 2  2 f~2 
do = -4k---~Co, d o = - - e o ,  d;  = - - d ; ,  f~ = - 2 f ~ .  

7r 4X~ 7r 

The stress and displacement fields deduced from Eqs. (49) and 
(50) recover the classical solutions deduced from the Airy stress 
function. 

Case n -> 2: In this case Bessel functions J, , (x)  and Y,,(x) 
can be approximated as 

X n X n+2 
J.(x) ~ (51) 

2"n! 2"+2(n + 1)! 

2"(n - 1)! 2" -Z (n  - 2)! 
Y . ( x )  ~ + (52) 

__ 7~X n - -  7TX n -  2 

For the problem with p,', = q,', = 0, the matrix equation for 
determining constants c., d.,  e., f ,  can be reduced to 

g 2 2 h 2 11 + [3 . lhn  g12 + /3,,2 12 g13 + /3nlh13 
2 h 2 z h I g2, + /3.1 21 g22 + /3.2hz2 g23 + /3.l  23 
2 2 Ig31 + /3.1h3! g n  + /3.2h32 
2 2 h Lg41 + /3nlh41 g42 "~- /3n2 42 

g14 -'1- /3~2h14" 
g24 + /~2h24 

g33 -I- /3n21h33 g34 -I- /3~2h34 
g43 + /3~1h43 g44 + /3,]2h44 

X g~ = 

:o . 

where O., d,,, 0n, f .  are defined as 

(53) 

= " _ " d 2"n !e .  2 " n ! f ,  
e °  /3 . ,  c___ ,_, d .  / 3 .2  ,, a .  = - -  L = - -  

2"n ! ' 2"n ! ' 7r/3;;1 ' 7r/3,~,2 

The constants g0 and hij are given in Appendix. Since/3.1 and 
/3.2 are proportional to f~, the terms containing constants h o are 
relatively unimportant in comparing with the terms containing 
constants go. However, the terms containing h u should not be 
left out of matrix Eq. (53) entirely because the determinant of 
matrix g0 vanishes. If we subtract the first row of Eq, (53) by 
the second row, and subtract the third row by the fourth row, 
we obtain two equations 

[ 2 g l l r " - '  + O(/3.zl)]E. + [2g12r "-3 

2 ^ + o(3~.,)]d. + o(3L)~. + o(3.,)L = 0 (54) 

[2g31r "-l + O(/3~1)]C. + [2g32r "-1 + O(/3,2,1)]d. 

+ O(/3,z,1)~. + ( f l . , ) f .  p.  q,,. (55) 

0 ( 3 ~ )  represents the terms proportional to fl~,, and are rela- 
tively small as f~ approaches zero. Therefore, as f~ approaches 
zero the terms containing 0. and f .  can be neglected in Eqs. 

(54) and (55). Since determinant I glj g12 = 0, the ratio 
I g31 gn 

between 0. and d.  approaches a constant value, i.e., 
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Fig, 7 Effect of rotational speed R on the displacement at the outer 
radius for a spinning disk under tangential edge traction &, .  = 
q~ cos  n,r/ 
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d,, g,: = (1 - u - 2s,~)fl]2 (56) 
d, gll (2 - s,,2 + us,2)/3~ 

while the constants ~, and d,  approach infinite as f~ approaches 
zero. It is noted that while the values of g,, and d,, depend on 
the boundary conditions p,  and q,, the ratio in Eq. (56) is 
independent of the boundary conditions. This fact has also been 
verified numerically. By a similar procedure, with adding rows 
instead of subtracting, we conclude that the ratio between ~,, 
and f~ approaches a constant value, 

en - -  gin = ( - - I  + U -- 2 S n l ) ~ 2  (57) 
f ,  g,3 (2 + s,2 - us,2)/3]l " 

With the observations from Eqs. (56), (57), and the approxi- 
mations (5 l ), (52), the classical solutions for a stationary annu- 
lar disk under stationary in-plane edge load can be recovered 
from solutions ( 4 4 ) -  (48). 

Case n = 1: In this case Bessel function J~(x) can be 
obtained from Eq. (51), while Yl(X) can be approximated as 

x l n x  ( I n 2 -  y )x  2 x 
Y~ (x) ~ ~ - 

7r 7r 7rx 27r 

where y denotes Euler's constant defined by 

y=lim(l~__~o + 12 + 13 + . . . +  In I n n )  =0.5772 . . . .  

As ~~ approaches zero, the matrix equation for determining 
constants d~,f~, A~, and B~ can be reduced to 

/~w~, t~ + ~,~w~ 
~122W41 t42 + ~12W4~ 

1 it4 -~ ~'~2w14q 
-- 1 t24 + ~2W241 
0 /34 -~- ~ 2W341 
0 &4 + ~2W44J 

× ~li = Pl 
B1 ql 

where all,f1, Al, and/~1 are defined as 

(58) 

/~12 2 1 1 

t U and w~ are defined in the Appendix. After adding the first 
two rows, and adding the last two rows of Eq. (58), one obtains 

2 ^ 0(13~2)d~ + [2fi2 + O(/3~2)]f~ 

+ [2t14 + O(f~z)]/~l = 0 (59) 

o(~,~)d,  + [2t~ + o ( ~ ) ] ~  

+ [2t34 + O(f~2)]/~l = Pl + q~ (60) 

By following the similar argument as that used in the preyious 
case for n ~- 2, we can conclude that the ratio between f~ and 
/~ approaches a constant value 

= t14 2(1 + u)2~ 2 
(61) 

/~1 t12 (3 - u)fl~2 " 

With the observation from Eq. (61), the classical solutions 
for a stationary annular disk under stationary in-plane edge load 
can be recovered from Eqs. ( 4 4 ) - ( 4 8 ) .  

Conclusions and Discussions 
The steady-state in-plane response of a spinning annular disk 

under stationary edge traction is investigated analytically. The 
results of this study can be summarized as follows. 

1 The problem of a spinning disk-stationary load differs 
from the problem of a stationary disk-spinning load not only 
by the centrifugal effect, but also by the terms arising from the 
Coriolis effect. 

2 While the equilibrium equations for the stationary disk- 
spinning load system can be decoupled by using Lame's poten- 
tials, the equations for the spinning disk-stationary load system 
cannot be completely decoupled. This renders the problem of 
a spinning disk-stationary load much more complicated. 

3 The general solutions for the steady-state stress and dis- 
placement distributions are derived explicitly in the series form. 
These formulae are in analogy with the solutions for a stationary 
disk under stationary edge load, which are derived through the 
use of the Airy stress function in the classical theory of linear 
elasticity. 

4 When the spinning disk is under uniform normal edge 
traction, the displacement response is rather small even when 
the rotational speed ~2 is beyond the critical speed f~c0. When 
the disk is under uniform tangential edge traction, on the other 
hand, the displacement grows unboundedly as f2 approaches 
~2c0. This observation reflects the fact that the mode (0, 0) is 
of torsional nature. 

5 As the rotational speed approaches zero, the solutions 
for the spinning disk-stationary load system are shown, both 
numerically and analytically, to recover the classical solutions 
derived through the Airy stress function for the stationary disk- 
stationary load system. 

It is interesting to compare the physical in-plane critical speed 
f~, to the physical out-of-plane critical speed ~]o,t of a spinning 
disk. It is noted that f~i, is independent of the thickness h of 
the disk, 

Qi. = b ~ p '  

where f~n is the lowest dimensionless in-plane critical speed. 
On the other hand, [2out is dependent upon the thickness (Chen, 
1997), 

f~o,,t = b2 ~ 1 2 p ( l  - u2) ' 

where f~u, is the lowest dimensionless out-of-plane critical 
speed. The ratio of these two physical critical speeds are 

f2in _ f2~,b X/12(1 - u2). 
f2o.t f~,~th 

For a typical saw blade, we assume b = 200 mm, h = 1 mm, 
u = 0.27, and clamping ratio 0.5. The dimensionless critical 
speeds are f2~, = 0.6 and f~o~,~ = 8, respectively (Chen and Jhu, 
1996; Chen, 1997). A rough estimate based on these parameters 
gives us the critical speed ratio 50. In other words, in saw blade 
application, the out-of-plane vibration is dominant. On the other 
hand, in the design Of spur gears and grinding wheels, the outer 
radius decreases while the thickness increases, say b = 40 mm 
and h = 10 ram. Consequently, the critical speed ratio is in the 
order of one. Apparently, both the in-plane and out-of-plane 
vibrations ought to be taken into account in these applications. 

While the formulations and numerical examples presented in 
this paper are for a plane-stress problem, the same approach 
works equally well in solving a plane-strain problem with appro- 
priate substitution in elastic constants. The corresponding plane- 
strain problem represents a spinning long cylinder, constrained 
on both ends, subject to edge loads on the outer surface with 
force direction perpendicular to the spinning axis and load varia- 
tion independent of the axial coordinate. 
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A P P E N D I X  
For the case of n -> 2 

gl1 = - g 2 1  = K,,8~ n-t ,  gt2 = --gz2 = K,,7~ "-1, 

g13 = g23 = (1 - s,,2)~ -"-1,  g14 = g24 = (Sol --  1 ) ~  - n - l ,  

Knl Kn3 
g31 = - g 4 1  = 1 - u 2 '  g3z = - g 4 2  = 1 - u 2 '  

(n  + 1)(1 - s.2) 
g33 = g43 = - -  

l + u  

(n  + 1 ) ( 1  - s . l )  
g34 = g44 = 

l + u  

h l l  - ~  _ 

( n  + 2 + n s . z ) ~  "+l 

4 ( n  + 1) 

h12 ~ - 
[n  + ( 2  + n ) s . l ] ~  "+1 

4 ( n  + 1) 

hi3 -~- 
( n  - 2 - n s . 2 ) ~  - ' + ~  

4 n ( n -  1) 

hi4  ~-- 
[ ( n  - 2)s,,1 - n i t  -"+1 

4 n ( n -  1) 

h21 = 

h23 = 

[ n  + (2  + n ) s . 2 ] ~  "+l (n  + 2 + n s . , l ) ~  "+L 
h22 = 

4 ( n  + 1)  ' 4 ( n  + 1) 

( n  + 2 s . z  - n s . z ) ~  . . . .  i , h24 = ( n  - 2 - n s . l ) ~  . . . .  i 

4 n ( n -  1) 4 n ( n -  1) 

- n ( 1  - v ) s . 2 +  ( n -  2 ) u -  n -  2 
h3~ = 

4 ( 1  - v 2) 

( - n v + 2 v + n + 2 ) s . ~  + n ( 1 -  u )  
h32 = - 

4(1  - u 2) 

n ( l  - v ) S . z + ( n + 2 ) v - n + 2  
h33 = 

4 n ( l  - u 2) 

( n v  + 2u  - n + 2)s,,1 + n (1  - v )  
h34 = 

4 n ( l  - u 2) 

h41 = Kn8 h42 = Kn7 
4 ( 1  + u ) '  4 ( 1 +  u ) '  

1 - s.2 1 -- s,,l 
h43 - -  h44 = - -  

4 ( 1  + u )  ' 4 ( 1  + u )  " 

For the case of n = 1 

l + v  3 - v  
/ I t  = --t21 = , t12 = t22 = --  - - ,  

2 242 

l + u  
t14 = t24 --  

2 ( 3  -- U)~ z 

3 - u - 1  
t32 ----- t42 = - -  , t34 = t44 = - -  

l + u  3 - u  

(1 + v)  l n ~  
Wi2 = 

4 

(1 - 3u )~  2 
Wll ~ 

16 

2(1  + u)( ln/~12 - In 2 + y )  - (3  - u )  + 

2(1  - u2)(1  + 2 In {) (5 + u ) ~  2 
W14 "~- W24 ~ ~ W21 

3 - u  16 

- ( 1  + u)  l n ~  
W22 -~- 

4 

2(1  + v ) ( l n  312 - In 2 + 3') + (3 - v)  

8 

l (1 - u) 2 
W31 -~ W41 --~ ~ W32 ~ W42 

4(1  - u2) ' 

4 - 2 ( 1  + u)  
W34 ~ ~ W44 

3 - v '  3 - u  
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