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Abstract

Transient stratification in estuaries reflects competition between the stratifying influences of the vertical gravita-
tional circulation and longitudinal density gradient by vertical shear, set against the mixing influence of, principally,
tidally generated turbulence. A vertical (laterally averaged) two-dimensional model of an estuary, using seven dif-
ferent parameterizations of vertical mass and momentum mixing coefficients from the literature, is used to make
general predictions about the nature of the time-dependent stratification, velocity field and salinity in an estuary.
The downstream boundary, at the river mouth, is anM2 tide with amplitude being half of the mean tidal range to
force the model runs for numerical experiments. The results show the Mellor and Yamada scheme products larger
stratification, density gradients and have less vertical mixing. Model calibration and verification is performed to
use parameterization of mixing coefficients against observational data of salinity. The root-mean-square (RMS)
errors and mean absolute errors are used as qualitative and quantitative criteria. The results show Park and Kuo
scheme performs best. Mellor and Yamada scheme over-predict the amplitude of the stratification signal. The other
schemes, such as Thompson, Lehfeldt and Bloss, Pacanowski and Philander, and Munk and Anderson, over-predict
the maximum salinity. © 2002 IMACS. Published by Elsevier Science B.V. All rights reserved.

Keywords:Turbulence closure; Stratified flow; Hydrodynamic and salinity model; Estuarine stratification; Calibration and
verification

1. Introduction

Tidal estuaries comprise the lowest reaches of the rivers where they enter the sea. Mixing in estuaries
results from a combination of various effects such as tide, wind, the earth’s rotation and inflow from
rivers. The interaction between dense saline waters entering from the sea and the fresh water derived
from the upland discharge gives rise to a wide spectrum of circulation pattern and estuarine mixing.

∗ Corresponding author.
E-mail address:wcliu@hy.ntu.edu.tw (W.-C. Liu).

0378-4754/02/$ – see front matter © 2002 IMACS. Published by Elsevier Science B.V. All rights reserved.
PII: S0378-4754(01)00427-X



438 W.-C. Liu et al. / Mathematics and Computers in Simulation 59 (2002) 437–451

The flow and transport processes depend essentially on the tidal forcing, fresh water discharge and
morphology. Stratified flow patterns with vertical circulatory motion, whose spatial and temporal extent
depend on the tidal range, result form the mixing of fresh and salt water and may be modified by the
surface wind shear. For well or partially mixed estuaries, stratified flow occurs only at slack tide in the
region of the strongest longitudinal salinity gradient, while for stratified estuaries it may extend over
the whole estuary throughout the tidal cycle. Turbulent transport in an estuary, and hence the distribu-
tion of temperature or concentration, is strongly affected by stratification in two ways. Vertical turbulent
transport of momentum (eddy viscosity) determined the vertical distribution of horizontal velocity com-
ponents. It, thus, governs horizontal advective transport, which in turn is balanced by the vertical turbulent
transport of heat or solutes (eddy diffusivity). The mixing efficiency of these eddy fluxes depends on the
hydrostatic stability of the actual system [8].

The application of two-dimensional models with different types of closure models to determine the tidal
circulation in estuaries has been done in many part of the world. The multi-level breath averaged models
developed for this purpose involve the parameterization of Reynold’s stresses. Parameterization of eddy
diffusivity has been carried out either by using simply the first order closure schemes [1,4], a one equation
model using algebraic mixing length [6,7], or by higher order turbulence closure schemes using prognostic
equations for mixing length and turbulence energy for the three-dimensional models [2,13]. Studies on the
inter-comparison of a range of turbulence models have been done for shelf regions [3,19]. Recently, Luyten
et al. [9] presented a family of turbulence closure models for stratified shallow water flows with application
to the Rhine outflow region. They deal with vertical one-dimensional modes of the stratification processes.

The aim of the present study is to simulate the salinity field and tidal currents by using different
turbulence closure models. A number of different parameterizations for mixing coefficients that have
appeared in the literature were adopted and tested. These include the simplest step function proposed by
Thompson [18], through linear and nonlinear functions of gradient Richardson number, e.g. the Munk and
Anderson [12] scheme, to the mores complex formulation, based on the equations for turbulent kinetic
energy, of the Mellor and Yamada [10,11] level 2 scheme. Hence, laterally averaged multilevel model
is developed and applied to the Tanshui River estuarine system in northern Taiwan. Turbulence closures
schemes highlight a number of issues relating to their implementation, but they also provide an insight
into the processes which are evident in estuarine observations.

2. Model formulation

A laterally integrated two-dimensional, real-time of hydrodynamics and water quality was developed
for application to the tidal portion of the Tanshui River estuarine system. The model is based on the
principles of conservation of volume, momentum and mass.

2.1. Basic equations

In a right-handed Cartesian coordinate system, with thex-axis directed seaward and thez-axis directed
upward, the equation for the hydrodynamic portion of the model is as follows:

Laterally integrated continuity equation:

∂(uB)

∂x
+ ∂(wB)

∂z
= qp (1)
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Laterally integrated momentum equation:

∂ (uB)

∂t
+ ∂ (uBu)

∂x
+ ∂ (uBw)

∂z
= −B

ρ

∂p

∂x
+ ∂

∂x

(
AxB

∂u

∂x

)
+ ∂

∂z

(
AzB

∂u

∂z

)
(2)

Hydrostatic equation:

∂p

∂z
= ρg

∂η

∂x
+ g

∫ n

z

∂p

∂x
dz (3)

Sectionaly integrated continuity equation:

∂

∂t
(Bηη)+ ∂

∂x

∫ η

−H
(uB) dz = q (4)

Laterally integrated mass balance equation for salt:

∂(sB)

∂t
+ ∂(sBu)

∂x
+ ∂(sBw)

∂z
= ∂

∂x

(
KxB

∂s

∂x

)
+ ∂

∂z

(
KzB

∂s

∂z

)
+ S0 (5)

Equation of state:

ρ = ρ0(1 + ks) (6)

Here x is the seaward distance along the river axis,z the upward distance in vertical direction,t the
time,qp the lateral inflow per unit lateral area,qp the lateral inflow per unit river length,η the position
of the free surface above the mean sea level,s the laterally averaged salinity,u andw are the laterally
averaged velocities in thexandzdirections, respectively,B the river width,Bη the width at the free surface
including side storage area,H the total depth below the mean sea level,p the pressure, g the gravitational
acceleration,Az andKz are turbulent viscosity and diffusivity, respectively, inz-direction,Ax andKx are
dispersion coefficients for momentum and mass, respectively, in thex-direction,ρ andρ0 are the water
density and freshwater density, respectively,k the constant relating density to salinity (=7.5 × 10−4), S0

the source and sink of salt due to exchange with the side storage area.
Eqs. (1), (2) and (5) are integrated over a layer of finite thickness and then solved with Eqs. (3), (4)

and (6) by a two-time level, finite difference scheme with spatially staggered grid. The implicit treatment
of the vertical diffusion terms results in a tri-diagonal matrix in the vertical direction. To improve the
numerical stability, the pressure gradient term in Eq. (3) is evaluated usingη at a new time step. The
method of solution is detailed in Park and Kuo [15,16] and Hsu et al. [5].

2.2. Parameterizations of mixing coefficients

It has long been held that the vertical mixing of mass and momentum are, in some sense, formally
linked with water column stability through a quantity such as the gradient Richardson number. Based on,
either theoretical arguments or empirical deductions, a number of functional relationships between the
vertical eddy coefficients of mass,Kz, and momentum,Az have been proposed. For flow with two parallel
plane boundaries in a wide channel of depthh, Rossby and Montgomery [17] proposed the mixing length
form

Az = φm l2
∣∣∣∣∂u∂z

∣∣∣∣ = αZ2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣φm (7)
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Kz = φs l
2

∣∣∣∣∂u∂z
∣∣∣∣ = αZ2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣φs (8)

whereZ is distance from the surface,α a constant to be determined empirically,|∂u/∂z| the local value
of vertical shear,l the mixing length,φ variables are stability functions or damping functions which are
parameterized in terms of gradient Richardson number. The mixing schemes to be considered are defined
in the following equations:

Constant viscosity:

Az = Kz = 0.06 (9)

Thompson [18]:

Az = Kz = 0.06, forRi < 0.25, Az = Kz = 0, forRi ≥ 0.25 (10)

Munk and Anderson [12]:

Az = 0.06(1 + 10Ri)
−1/2 (11)

Kz = 0.06(1 + 3.33Ri)
−3/2 (12)

Pacanowski and Philander [14]:

Az = 10−2(1 + 5Ri)
−2 + 10−4 (13)

Kz = Az(1 + 5Ri)
−1 + 10−5 (14)

Lehfeldt and Bloss [8]:

φm = (1 + 3Ri)
−1 (15)

φs = (1 + 3Ri)
−3 (16)

Park and Kuo [15]:

Az = αZ2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣ (1 + βRi)

−1/2 (17)

Kz = αZ2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣ (1 + βRi)

−3/2 (18)

where the constants (α andβ) are determined through model calibration. The gradient Richardson number
(Ri), a number of stability, is defined as,

Ri = −g

ρ

(
∂ρ

∂z

) (
∂u

∂z

)−2

(19)

Mellor and Yamada level 2 turbulence model [10,11]:

Az = α′Z2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣
[
(1 − 5.24Rf )(1 − 4.27Rf )

(1 − Rf )2/3(1 − 4.48Rf )

]3/2

(20)
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Kz = α′

0.8
Z2

(
1 − Z

h

)2 ∣∣∣∣∂u∂z
∣∣∣∣
[
(1 − 5.24Rf )

3(1 − 4.27Rf )

(1 − Rf )2(1 − 4.48Rf )

]1/2

(21)

where

Rf = 0.656(Ri + 0.178−
√
R2
i − 0.323Ri + 0.0318)

whereα′ is determined through model calibration.

Fig. 1. Curves showing the behaviors of (a) the damping function or coefficient for momentum diffusion,φm or normalized
Az, and (b) the damping function or coefficient for mass diffusion,φs or normalized for each of the mixing parameterizations
described in the text.
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In the Park and Kuo schemes,α = 0.0115 andβ = 0.75 are adopted. In the Mellor and Yamada level 2
turbulence model,α′ = 2.0 is used. Fig. 1(a) shows the behavior ofφm as a function of Richardson number,
together with the behavior of all other momentum mixing coefficients outlined above. Similarly, Fig. 1(b)
shows the behavior of all the mass mixing coefficients used here. There are seven parameterizations of
mixing coefficients that are to be used and tested.

3. Numerical experiment

The model described in Section 2 has been applied to the tidal Tanshui River estuarine system. The
Tanshui River is the largest tidal river in Taiwan. The entire river system has a drainage area of 2726 km2,
and a total channel length of 327.6 km. It consists of three major tributaries: the Tahan Stream, Hsintien
Stream and Keelung River (Fig. 2). The downstream reaches of all the three tributaries are affected by
the tide. Semidiurnal rides are the principal tidal constituents, with a mean tidal range of 2.22 m and a
spring tidal range of 3.1 m. The average river discharges at the tidal limits of the three major tributaries
are 62.1, 72.7 and 26.1 m3/s for the Tahan Stream, Hsintien Stream and Keelung River, respectively.

In applying to the Tanshui River system, the model treats the Tanshui River and Tahan Stream as
the main stem and Hsintien Stream and Keelung River as tributaries. The model is supplied with data
describing the geometry of the Tanshui River system. The geometry in the vertical two-dimensional
model is represented by width at each layer at the center of each grid well. A field survey in 1994
made by Taiwan Water Conservancy Agency collected the cross-sectional profiles at about 0.5 km in-
terval along the tidal portion of the river. These profiles were used to schematize the river system. The

Fig. 2. Map of the Tanshui River estuarine system.
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three branches are divided into 33, 14, and 37 segments, respectively, with a uniform segment length
of 1 km. The vertical layer thickness is 1 m for all the layers, except the surface layer which is vari-
able, with 2 m at mean sea level. The maximum number of layers are 10 at the deepest section of the
river.

Fig. 3. Water surface elevation and stratification predicted by the seven mixing parameterizations (a) water surface elevation (b)
stratification plotted on the same vertical scale for comparison of amplitudes.
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Numerical experiment was conducted with constant river discharge. The downstream boundary con-
dition is anM2 tide with amplitude being half of the mean tidal range, 111 cm, calculated from 365-day
data measured at the Tanshui River mouth in 1994 and observed mean surface elevation of 10.7 cm.
For the low flow case, the model was run with theQ75 freshwater discharges (a flow with an ex-
ceedance probability of 0.75) of 20.2, 8.15 and 3.61 m3/s at the upstream boundaries of the Tahan
Stream, Hsintien Stream and Keelung River, respectively. The 25 ppt at the Tanshui River mouth was
used for boundary condition. The model was run for 30 tidal cycles to reach a dynamic equilibrium.

Fig. 4. Vertical profiles of (a) velocity (b) salinity at Ku-Du station.
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Fig. 3(a) presents the water surface elevation using different turbulence closure schemes at Kuan-Du
station and shows that there is little discrepancy in water surface elevation. Results from the var-
ious mixing schemes are compared in Fig. 3(b) and shows the modeled stratification on the same
vertical scale relative amplitudes. Clearly, the largest amplitude response occurs with the Mellor and
Yamada scheme, as a result of the considerable reduction of mixing coefficients in the present of

Fig. 5. Concurrent time series of (a) surface layer velocity and (b) bottom layer velocity.
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stratification. This allows large accelerations to develop which act to built vertical density structure very
rapidly.

Fig. 4 presents velocity and salinity profiles obtained from all the seven mixing schemes at Kuan-Du
station under the same forcing conditions. It shows the surface layer flow to seaward and bottom layer
transport to upward except using constant viscosity. The largest velocity gradient and salinity gradient
occurs with Mellor and Yamada scheme. Fig. 5 presents concurrent time series of surface and bottom
currents using constant viscosity, Park and Kuo and Mellor Yamada schemes. There is smaller amplitude
at the surface layer and larger amplitude at bottom layer using constant viscosity. There is an obvious
distortion of the tidal currents that occur at the surface. This distortion arises because of the frictional
decoupling between the upper and lower levels as the stratification develops. Its effect is to shorten the
flood and lengthen the ebb phases, in keeping with the kind of distortion which is often observed in
estuarine system.

4. Model calibration and verification

In most estuaries with a significant freshwater discharge, salinity may serve as an ideal natural tracer
for calibrating of mixing processes. Salinity distribution in an estuary is affected by the tidal current,
freshwater discharge, density circulation, as well as turbulent mixing processes. Therefore, the salinity
distribution reflects the combined results of all the processes, and in turn it controls the density circulation
and modified mixing process.

4.1. Model calibration with different turbulence closure models

The turbulent diffusion coefficients in turbulent closure models were calibrated with a simulation of
salinity distributions from 15 March to June 1994. Three time-varying boundary conditions—freshwater

Fig. 6. Time series of salinity, as observed on 24 June 1994, and as predicted by Park and Kuo turbulence closure model.
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inflows through the upstream boundaries of the three branches, and the tide and salinity at river mouth—
were specified for the model run. The upstream boundary conditions were specified with daily freshwater
discharges at Cheng-Ling Bridge (Tahan Stream), Hsui-Lang Bridge (Hsintien Stream), Wu-Tu station
(Keelung River). Hourly tidal elevation measured at the river mouth was used for the downstream boundary
condition. The maximum salinity measured at the mouth on each survey data were linearly interpolated
in time and used for the boundary condition, which specified the high tide salinity at each tidal cycle.
An intensive survey was conducted by the Taiwan Water Conservancy Agency on 24 June 1994. Fig. 6
only shows a comparison of the time series salinity distributions in different layers at the Kuan-Du
station using Park and Kuo turbulence closure model. The results show constant viscosity and Munk and
Anderson schemes product well mixing conditions. The Mellor and Yamada scheme predicts the salinity
in over-stratification comparison with the observation data. Table 1 lists the mean absolute errors and
root-mean-square (RMS) errors that measure the differences between the computed and hourly measured
data at various stations using different turbulence closure models. The overall comparison shows that the
Park and Kuo scheme is best for model calibration.

Both the field data and model simulation indicate that the vertical salinity difference varies with the
tidal phase from nearly 0 to as much as 6 ppt at Kuan-Du. Hsu et al. [5] also showed that the spatial
distribution of the tidal average salinity has a vertical difference of 1–2 ppt. Therefore, the Tanshui River
estuary may be classified as a partially mixed estuary.

5. Model verification with different turbulence closure models

The model was verified with another set of field observation data. This was achieved with a model
simulation of the prototype condition from 15 March to 30 April 1995. The data sources and procedure
used to specify the boundary is similar to those of calibration simulation. Fig. 7 presents an example of

Fig. 7. Time series of salinity, as observed on 14 April 1995, and as predicted by Park and Kuo turbulence closure model.
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comparison of the time series salinity distributions in different layers at the Pa-Ling Bridge using Park
and Kuo turbulence closure model. The results show comparisons between the observed and modeled
salinity is quite well predicted by the Park and Kuo scheme. The mean absolute errors and RMS errors
of the differences between the computed and measured data are presented in Table 2. They range from
4.0 to 28.0% of the maximum salinity at corresponding station using Park and Kuo scheme.

6. Conclusions

In the present work, a breadth averaged multilevel numerical model is presented for the Tanshui River
estuarine system. This paper uses a number of turbulent closure hypotheses, parameterizing mixing
coefficients as functions of the gradient Richardson number, to make equivalent predictions about the
time-dependent nature of estuarine stratification.

A single M2 tide was used as a forcing function at the Tanshui River mouth andQ75 freshwater
discharges at the upstream boundaries, was conducted for the numerical experiments. The results show
that the Mellor and Yamada scheme products larger stratification, density gradients and have less vertical
mixing. Comparison between model and observations is judged against a set of qualitative and quantitative
criteria and the results clearly show mixing scheme perform better than others. The Park and Kuo scheme
produces the closest qualitative and quantitative fit to the observations. Mellor and Yamada scheme
over-predict the amplitude of stratification signal. The other schemes, such as Thompson, Lehfeldt and
Bloss, Pacanowski and Philander, and Munk and Anderson, over-predict the maximum salinity. Both, the
field data and model simulation results indicate that the Tanshui River estuarine system may be classified
as a partially mixed estuary.

As almost all the other investigators have notices, it is the turbulence closure model that limits the
predictive capability of the hydrodynamic model and thus its applicability to other system. More under-
standing and better mathematical representation of the turbulent mixing processes are essential to improve
the model capability. Nevertheless, the present model is a first step and it is useful for understanding many
of estuarine processes. Further work is aimed at using higher order closure schemes and the development
of three-dimensional model for the estuary.
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