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Abstract— Improved blind equalization techniques
based on a modified constant modulus algorithm (C-
MA) is proposed in this paper. This algorithm can
not only accomplish blind equalization and carrier
phase recovery simultaneously, but choose a nonlin-
ear gain with a least-squares algorithm to avoid the
gradient noise amplification problem and achieve
improved stability and robustness without increas-
ing the computation complexity. It can be switched
over to a decision-directed equalization scheme once
the error level is reasonably low to obtain higher
convergence speed and lower residual intersymbol
interference as well. Extensive computer simulation
results have verified the analysis and indicated very
attractive behavior of the proposed algorithm.

I. INTRODUCTION

Multipath fading is a major problem with wireless
communications. Conventionally, an adaptive equaliz-
er with the aid of a training sequence known to both
the transmitting and receiving ends is employed to
overcome the effects of multipath fading.” However,
it has been well known that using such a training se-
quence to equalize the channel multipath effects is not
effective in many applications [1]. As a result, blind
equalization techniques have been attracting more and
more attention recently. The major advantage of such
techniques is that no training sequence is needed to
start-up, or restart the system whenever the commu-
nication breaks down unpredictably. The technique
introduced by Godard [1] has been referenced for such
purposes with QAM systems. Many improved tech-
niques have also appeared in the literature [2,3]. A
modified CMA blind equalization algorithm leading to
simultaneous phase recovery and equalization was also
proposed by Oh and Chin [3,4]. In this paper, a further
modified CMA algorithm is proposed, which not only
leads to simultaneous equalization and phase recovery,
but takes the advantage of a least-squares algorithm
to achieve better stability, minimal disturbance and
improved robustness with noise.

II. TeE CONSTANT MoDULUS ALGORITEM (CMA)
FOR EQUALIZATION

Consider the baseband model of a digital transmis-
sion channel characterized by a finite impulse response
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(FIR) filter and an additive white noise. The received
signal can be modeled as

L-1
z(k) = " h(3)a(k — 5)e?*) 4 n(k) (1)
=0
where h(¢), %=0,1,---,L—1, are the complex chan-

nel tap weights, L is the length of the channel re-
sponse, a(k) are the complex data symbols, &k is the
time index, e7*(*) is a carrier phase error given by
#(k) = 2rkAf/R introduced by the carrier frequen-
cy offset Af/R where R is the symbol rate, and n(k)
is the complex white noise. In order to remove the
channel distortion, an equalizer with a coefficient vec-
tor, W(k) = [wo(k), wi(k), -, wn-1(k)]T can be em-
ployed. The equalizer output is thus

y(k) = W H (k)X (k) (2)

where X (k) = [z(k),z(k~ 1),---,z(k — N + 1)]T is
the equalizer input vector. The cost function for con-
ventional CMA to adapt the equalizer tap weights is
of the form [1-4]

J(k) = El(ly(k)|* - R2)?] (3)

where E[] indicates the statistical expectation, Rq is
a constant depending on the input data symbol a(k),

_ E{ja(k)[*)
B{la(k)?}

Using a stochastic gradient algorithm to define the up-
date rule, the coeficient vector is adapted by [1,2]

R, (4)

= W(k) - n (k)
— W(k)— - e*(k) - X (k)

Wik +1) (5)

where p is the step-size parameter, and the error signal
is e(k) = y(k)(ly(k)|? - Ro) [1-4].

An important problem for the above conventional C-
MA, however, is that it is phase-blind, because the cost
function can only deal with the modulus of the equal-
izer output. As a result, the equalizer output signal
constellation suffers from an arbitrary phase rotation
at a rate equal to the carrier frequency offset rate. In



order to achieve simultaneous blind equalization and
carrier phase recovery, the cost function can be rewrit-

ten as the following form [3,4]:
J(k) = Jr(k) + Ji(k) (6)

where Jr(k) and Jr(k) are the cost functions for real

and imaginary parts of the equalizer output (y(k) =

yr(k) + jy1(k)),

Jr(k) = E[(vi(k) — Ra2,r)?]

Ji(k) = Bl(y}(k) - Rar)?] (7)

Assuming the input data symbols, a(k) = agr(k) +
jar(k), are i.i.d. random variables, Ry g and Ry can
be determined by the real and imaginary parts of the

input data symbols respectively,

)
' E{a,%(k‘)} (8)
p, - e}
’ E{a}(k)}

In this way, both the modulus and phase of the signal
can be handled simultaneously with a two-dimensional
decomposition scheme.

III. Tue Prorosep MoDIFIED CMA ALGORITHM

If the decomposed cost functions in Eq. (7) are ex-
ploited, the error signal can be rewritten as
én(k) = yr(k)(yk(k) - Ra,R)

{ ér(k) = yr(k)(yi(k) - Ra,1).

Therefore, the modified constant modulus algorithm
proposed in this paper can be derived based on the
principle of minimal disturbance. It can be considered
as the solution to a constrained optimization problem
as follows: Given the tap-input vector X (k), determine
the next tap-weight vector W(k+1), so as to minimize
the squared Euclidean norm of the change in the tap-
weight vector

(9)

l6wW(k + 1)|1* = [W(k+1)-w(k)[|*  (10)

, subject to the following constraints

{

To solve this constrained optimization problem, La-
grange multipliers can be used. After some manipula-

Re{WE(k 4+ 1)X(k)}2 - Ryr =0

Im{WH(k + DX(E)}? - Brg=0. D)
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tion, one can have

W(k+1) - W(k)
__X(®) [ ér(k) +7 ér(k *
IX (R)Ii2 ' yr(k)lvr(k)£+/Ra,r] yr(k)yr(k)t+/R2 1]

(12)
where ér(k) and é;(k) are defined in Eq. (9).
From a different viewpoint, this problem can also be
considered as an underdetermined least-squares esti-
mation problem. Consider the error equation

(k) = {+\/Rar £ 5\/Ras} — WH(k +1)X (k) (13)

where {++/Ryr + j\/R21} is the desired average of
the equalizer outputs. The problem is then to find the
tap-weight vector W(k + 1) such that the change in
the tap-weight vector given by

6wk +1)[1? = |W(k+1)-w(E)| > (14)
is minimized, subject to the constraint
e(k) = 0. (15)

In this case we can reformulate the error (k) as e(k) =
(k) — W H(k + 1)X(k), where (k) = {+/For *
ivRar} - w H(k)X (k). Thus, by complex conjugat-
ing the both sides of the above equation, we note that
the constraint of Eq. (15) is equivalent to
X E(k)sW(k + 1) = &*(k). (16)

In this way, we may restate our underdetermined least-
squares estimation problem as finding the minimum-
norm solution for the tap-weight vector change §W (k+
1) which satisfies Eq. (16). It can be shown
that the minimum-norm solution, §W(k + 1)
X (k)(X H(k)X (k) ~1&*(k), to this underdetermined
least-squares estimation problem is exactly the same
as that obtained using the method of Lagrange multi-
pliers in Eq. (12). What this means is that given the
new input data (at time k) represented by the input
vector X (k), the modified CMA algorithm proposed
here updates the tap-weight vector in such a way that
the value W(k+ 1) exhibits a minimum change (in the
Euclidean norm sense) with respect to the known value
Usually, due to stability considerations, the step-size
parameter which can be used in the blind equalization
algorithms are much smaller than the corresponding
values used in the LMS algorithms. Since the step-
size parameter determines the convergence speed, this



leads to the fact that blind equalizers in general ex-
hibit very slow convergence speed. In order to speed
up the convergence process, it has been proposed that
the CMA equalization algorithm can be switched to
a decision-directed equalization scheme once the error
level is reasonably low to form a ”dual mode” opera-
tion [4]. This approach is also adopted in the modified
CMA proposed here. To do this, when we rewrite the
update procedure in Eq. (12) as follows,

H P e *
(17)

, the error signal, [ér(k) + jér(k)], could thus be ap-
proximated as

Wk+1)- W(k) =

énlk)
éR(k) — { Iylzk)lza yR(k) ¢ CR
yr(k) — 9r(k), yr(k)€ Cr (18)
er(k) yr(k) ¢ Cr

ér(k) =9 ly(k)*’

{ yr(k) — 91(k), yi1(k) € Cr

where Cg and Cf are the confidence zones of real and
imaginary parts respectively [4]; 9r(k) and §r(k) are
the real and imaginary parts of the decision result of
the equalizer output. Initially, the equalization begins
when the error is large, the modified CMA proposed
above thus operates in the blind mode as described by

W(k+ 1) — W(k)

T IxENlE)? + a

X (k)€ r(k) + jér(k)”
(19)

where a is a small positive number included to avoid
any possible divergence caused by || X (k)| ?|y(k)|? = 0.
Whenever the output error is low enough, the decision-
directed algorithm with normalized LMS adaptation
then takes place in the tracking mode. The update
equation is then given by

7

Wkt 1)= W (k) = -~ sy X

(k)ly(k) —g(k)]*

(20)
where b is a small positive value again and §(k) is the
decision result of the equalizer output at time k. These
two modes can be switched over automatically and s-
moothly according to the magnitude of the equalizer
output error without any specific detection mechanis-
m.

In addition, if we define the step-size parameter as

0= P
AT X @y + a (21)
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we may view the modified CMA algorithm proposed
above as a CMA algorithm with a time-varying step-
size parameter, /. This time-varying step-size parame-
ter can overcome the gradient noise amplification prob-
lem usually occurring with ordinary CMA or LMS
algorithms whenever the input vector X (k) increas-
es suddenly. Obviously, & is actually identical to the
Kalman filter gain with a fixed positive-definite error
covariance matrix to guarantee local stability in the
blind-mode of the proposed CMA algorithm. Further-
more, if we replace y(k) in Eq. (21) by g(k), i.e., the
decision result §j(k) of the equalizer output is employed
as the desired signal in the decision-directed equal-
ization mode, and if |§(k)|? may also be replaced by
E{|3(k)|?} = 1, we can obtain the step-size parameter
for the decision-directed mode of the proposed mod-
ified CMA algorithm. Therefore, the equalization of
the proposed modified CMA both in the blind mod-
e and in the decision-directed mode operates with the
same stability as the Kalman filter with a random walk
state model.

IV. SIMULATION RESULTS

Computer simulation results illustrating the perfor-
mance of the blind equalization algorithm proposed in
this paper are presented in this section. All simulation
experiments described in this section employ a com-
plex equalizer of transversal filter structure with 9 tap
weights, unless otherwise mentioned, and the equaliz-
ers were initialized with the central tap weight set to 1
and others set to zero. The signal to noise ratio (SNR)
at the input of the equalizer is defined as
Ella(k) * h(k)|?]

2
On

where o2 is the variance of additive white noise, and
* denotes convolution operation. A channel response
taken from previous work [3] was used. Shown in
Figs. 1(a)-(d) are the signal constellations obtained
after an equalizer with conventional CMA, with the
modified CMA (MCMA) previously proposed [4], plus
dual-mode (MCMA/DM) [4], and the modified C-
MA proposed here in this paper, respectively, in the
case of a carrier frequency offset Af/R = 10~* and
SNR = 30dB. We can see in Fig. 1(a) that the e-
qualizer output signal constellation even spins to form
several rings due to lack of carrier frequency lock. On
the other hand, Figs. 1(b)-(d) show that the modified
CMA proposed in this paper (Fig. 1(d)) can track the
offset and cluster the output signal constellation at the



right position as well as the previous proposed modified
CMA with dual mode (MCMA /DM, Fig. 1(c)) better
than those without the dual mode (MCMA, Fig. 1(b)).
This verified that the modified CMA proposed here
can recover both the arbitrary phase rotation caused
by the channel characteristics and the spinning phase
error due to the carrier frequency offset simultaneous-
ly, because it simultaneously performs the envelope e-
qualization and phase error estimation using the two-
dimensional cost functions, Jr(k) and Jr(k).

The superiority of normalized LMS (NLMS) over
LMS in terms of convergence rate has been illustrat-
ed previously [5]. The modified CMA proposed here
is derived from a least-squares algorithm, and thus a
similar superiority can certainly be achieved as well.
This can be demonstrated with the simulation of the
convergence behavior and residual ISI as presented be-
low. The residual ISI at the output of the equalizer is
defined as follows [6]:

 SllA(k) * w(R)[2] — [h(K) * w*(K)
I5T= (k) % w7 (k) e

where |h(k)*w*(k)|mas is the maximum absolute value
among all values of h(k) x w*(k). Fig. 2 shows the
ensemble average residual ISI obtained from 100 Monte
Carlo runs. The results for a channel with additive
white Gaussian noise without carrier frequency offset
are shown on Fig. 2-(a), while Fig. 2-(b) is for the
case with a carrier frequency offset Af/R = 10~%. The
same four algorithms were simulated as in Figs. 1 &
2, i.e., the conventional CMA, MCMA, MCMA /DM,
and the modified CMA proposed here. We can see in
Figs. 3(a) & (b) that the modified CMA proposed here
achieves slightly better convergence speed and residual
ISI than the best of the prior arts (MCMA/DM), and
the improvement in residual ISI is more significant (up
to roughly 2 dB) when the carrier frequency offset is
present.

In the next simulation experiment, the Gaussian
noise is replaced by a double-sided heavy-tailed expo-
2, = 0.01 to model the
noise caused by a large delay of echoes [7]. Similar
simulation results for convergence speed and residual
IST exactly the same as those in Fig. 2 for the four dif-
ferent algorithms are plotted in Fig. 3. From this fig-
ure, we can see that in this situation that the proposed
modified CMA performs significantly better than the
previous algorithms regardless of whether a carrier fre-
quency offset Af/R = 10~* exists or not with at least
2-4 dB better in residual IST than the best of the pri-

2

nential noise with variance o
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or arts compared here. It is believed that this is be-
cause the proposed modified CMA can efficiently avoid
the gradient noise amplification due to the heavy-tailed
noise.

A further experiment simulating a more realistic
pulse jammed multipath fading channel was also per-
formed. In this test a jamming noise ns(k) is also
present in addition to the AWGN previously used [8].
The jamming noise waveform, n y(k), is modeled as a
complex zero-mean AWGN, with E[|ns(k)|?] = Ns/p
for a fraction p of the time, and E[|ns(k)|?] = 0 for
the remaining fraction (1 — p) of the time, where N
is the average one-side jammer power spectral density
[8]. In the simulation, the AWGN is assumed to have
a variance 02 = 0.001, N;j = 0.01 and p = 0.1, while
the transmitted signal power is normalized to unity.
Similar plots for the residual ISI with the different al-
gorithms compared when the carrier frequency offset
being absent and present, just as Figs. 2 & 3, for this
channel is shown in Fig. 4. Here significant improve-
ments can be easily found (up to roughly 2-5 dB) than
the best of the prior arts compared. In particular, in
Fig. 4(b) when the carrier frequency offset is present,
many serious fluctuations or jumps caused by the im-
pulsive noise and gradient noise amplification effects
can be observed for the previous algorithms, while for
the modified CMA proposed here such effect is almost
negligible. This is because the time-varying step-size
parameter can effectively overcome the gradient noise
amplification problem. It is therefore concluded that,
with Figs. 3 & 4, the proposed modified CMA achieves
much better robustness and performance stability with
respect to various noise characteristics as compared to
the previous algorithms, in addition to the higher con-
vergence speed and lower residual ISI.

V. CONCLUSION

A modified CMA technique is proposed in this pa-
per. It has been shown that the proposed modified
CMA technique can accomplish blind equalization and
carrier phase recovery simultaneously. Taking advan-
tage of the least-squares algorithm, the proposed mod-
ified CMA exploits a time-varying step-size parameter
to handle the non-stability problem and the gradien-
t noise amplification problem. The simulation results
show that this technique can certainly achieve higher
convergence speed, lower residual intersymbol interfer-
ence, improved stability and robustness, blind equal-
ization and carrier phase recovery simultaneously es-
pecially with heavy-tailed noise, impulsive noise.
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1. The signal constellation after equalization
with (a)conventional CMA, (b)modified CMA (MCMA)
[4], (<)MCMA plus dual-mode (MCMA/DM) [4], and
(d)modified CMA algorithm proposed in this paper,
with a carrier frequency offset Af/R = 10~%.
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Fig. 2. The residual ISI (a) with no carrier frequency offset,

(b) with a carrier frequency offset Af/R = 10~* for the
four algorithms compared.
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Fig. 3. The residual ISI (a) with no carrier frequency offset,
(b) with a carrier frequency offset Af/R = 107*, for

additive white exponential noise with variance o2, =
0.01.
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Fig. 4. The residual ISI (a)with no carrier frequency offset,

(b)with a carrier frequency offset Af/R = 107%, for
additive white Gaussian noise with pulse jams.
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