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|. Introduction

the role that a boundary can play in electrophoresis is an interesting but nontrivial
problem. Compared with the electrophoresis of an isolated entity, that when a
physical boundary is present is of complicated nature in that the entity-boundary
interaction needs to be considered which can lead to unintuitive result. In a study of
the electrophoresis of a spherical particle in a spherical cavity, for example, Hsu et a.,*
concluded that while the closer the particle-cavity distance the smaller the
electrophoretic mobility of the sphere, the reverse can be true when that distance is
shorter than a critical value. The latter was elaborated by that if both particle and
cavity are maintained at constant electrical potential, charge reversal might occur on
the latter. Keh and Chen? considered the electrophoresis of a sphere paralel to a
plane under the conditions of thin double layer. They showed that, for moderate to
large separations between particle and plane, the presence of the plane has the effect of
reducing the electrophoretic mobility of the particle, but the reverse is true if a particle
is sufficiently close to a plane. Similar behavior was also observed by Keh et a.® in
an analysis of the electrophoresis of an infinite cylinder parallel to a plane, where they
showed that the closer the cylinder to the plane, the larger its electrophoretic mobility.
These observations can be explained by that the presence of the plane affects the
electrical force and the viscous force acting on a particle in opposite direction, and the
observed phenomenon is the net result of two competing effects. In a study of the
electrophoresis of a sphere in spherical cavity, Zydney* concluded that the boundary
effect for the case of thick double-layer is much more significant than that for the case
of thin double layer. Also, the charge on a cavity could alter the direction of particle
movement through inducing charge on its surface and through generating an

electroosmotic recirculation flow. Other relevant analyses include, for instance, those



reported by Ennis and Anderson® and Shugai and Carnie® for the cases of a sphere
parallel to a plane, normal to a plane, and along the axis of a cylindrical pore. In fact,
when a boundary is present the electrophoretic behavior of an entity is influenced by
several key factors such as the increase in the viscous drag, the enhancement of the
local electric field on particle surface, and the effect of possible electroosmotic flow,
which can be significant if the boundary is charged.

Similar to the effect arising from the presence of a boundary, the existence of
nearby entities can also have an important influence on the electrophoretic behavior of
an entity. The latter occurs, for instance, when electrophoresis is conducted on a
concentrated dispersion where the interaction between neighboring entities needs to be
considered. Several efforts have been made to interpret the electrophoretic behavior
of a particle under the influence of other particles, such as two spheres in an infinite

114 These studies concluded

medium’™*° and multiple spheres in an infinite medium.
that for thin double layers, particle-particle interaction has a relatively weak effect on
the electrophoretic mobility of a particle, but if double-layer polarization is important,
it can be significant. Shugai et a.™ considered the electrophoresis of two spheres,
which can have different charged conditions and sizes, in an infinite medium for the
case of thick double layers. They concluded that the effect of particle-particle
interaction on the electrophoretic mobility of a particle can be significant when the
thickness of the double layer surrounding it is comparableto its radius.

The electrophoretic behavior of a particle also depends largely on the distribution of
charge over its surface. It is not uncommon in practice that the charged condition on
the surface of particle is of non-uniform nature. The charge on the basal plane of a

kaolin particle, for example, can have a different sign from that on its facia plane.

Apparently, an analysis, which is capable of taking this effect into consideration, is



desirable from practical point of view. In astudy of the electrophoresis of a charged
circular disk of zero thickness in an infinite medium, Sherwood and Stone™® found that
if the double layer surrounding the particle is thin, the contribution of its edge charge to
its electrophoretic velocity is more important that that of its surface charge.

In this study, the effects of particle-particle interaction and particle-boundary
interaction on the electrophoretic behavior of a particle are examined simultaneously
by considering the electrophoresis of two cylindrical particles with a moderate thick
electrical double layer along the axis of an uncharged cylindrical pore under the
conditions of low electrical potential and weak applied electric field. The influences
of the key parameters of the system under consideration on the electrophoretic mobility
of a particle are investigated through numerical smulation. These include the
thickness of double layer surrounding a particle, the aspect ratio of a particle, the
distance between two particles, and the ratio (particle radiug/pore radius). The effect

of the charged conditions on a particle is also discussed.

Il. Theory

Let us consider the problem illustrated in Figure 1, where two identical, rigid,
non-conducting, cylindrical particles of radius a and length 2d are located on the
axis of a cylindrical pore of radius b. The surface-to-surface distance between
particles is 2h. A uniform electric field E with strength E in the zdirection is
applied, and the particles move along the axis of the cylindrical pore with the same

velocity. The cylindrical coordinates (r,0 ,2) with its origin located at the center
between two particles are chosen. Because the present system is symmetric about 0

only the (r,z) domain needs to be considered.



The electrophoretic behavior of the particles is described by the electrokinetic
equations, which include the equation for the conservation of ions, that for the
electrical field, and that for the flow field. At steady state, the conservation of the

ions leads to

&z n,

V. {ni u-D, [Vni + kB—TV‘Pﬂ =0 (1)

In this expression, V is the gradient operator, n;, D;, and z are respectively the
number concentration, the diffusivity, and the valence of ionic species i, e is the
elementary charge, W is the electric potential, kg is the Boltzmann constant, T is the
absolute temperature, and u is the fluid velocity. It can be shown that on the basis of

Gauss law, the electrical field can be described by the Poisson equation
viy=-£ )

where ¢ is the permittivity of the liquid phase, and p=Z zen, is the charge

density of mobile ions. For the case of incompressible fluid with constant physical

properties at alow Reynolds number, the flow field can be described by
nV?u-Vp= pvV¥ (3)

V-u=0 (4)



where 7 isthefluid viscosity, and p is the pressure.

Suppose that the applied electric field is weak and the surface potential of particleis
low. In this case the effect of double layer polarization is negligible, the
electrophoretic motility of a particle is independent of the drag coefficients of ionic
species, and the equations governing the electric field and the flow field can be
decoupled.  Following the treatment of Henry,'” ¥ is decomposed into the electrical
potential in the absence of the applied electric field, that is, the equilibrium potential

arising from the presence of particles, V,, and that outside particles arising from the
applied electric field, ¥,. In the absence of the applied electric field n; can be

obtained by letting u=0 in eq 1 and solving the resultant expression to obtain

n, =n,exp(—ez ¥, /kgT), no being the bulk number density of ionic species i.
Under the conditions of low surface potential, ¥, can be described approximately by

the linearized Poisson-Boltzmann equation
V¥, =k?¥, (5)

where « =(e°> z°n /ekyT)"” is the reciproca Debye length. Similarly, the

electrical potential associated with the applied electric field ¥, can be described by

the Laplace equation

V¥, =0 (6)



If both the basal and the lateral surfaces of a particle are uniformly charged with

densities o, and o, respectively, then the boundary conditions associated with egs 5

and 6 can be expressed as

v =% and 92 _¢ [4=h, |[4=h+2d, 0<r<a 7)
£ 0z

n-V‘I’lz_G2 and aWZ:O, r=a, h<|g<h+2d (8)
£ or

n-v¥, =0 and 6;1:2:0, r=>b 9

¥, =0 and V¥ =-E, |45, r<b (10)

In these expressions n is the unit normal vector directed into the liquid phase.
Suppose that both the surface of particle and that of pore are no-dlip. Thenif U is

the magnitude of particle velocity in the z-direction, the boundary conditions associated

with egs 3 and 4 can be expressed as
u=Ui, on particle surface (11)
u=0, r=b and |4 >, r<b (12)

where i, isthe unit vector in the z-direction.



In the present case, the forces acting on a particle include the hydrodynamic force
and the electric force. The axisymmetric nature of the present problem suggests that

only the forces in the z-direction need to be considered. The electric force acting on a
particlein the z-direction, FZ, can be calculated by
o

Fé = [|oE7dS=[o(-" )ds (13)

S S

where S denotes particle surface.  The hydrodynamic force acting on a particle in the
z-direction, FZ, comprises the viscous force and that arising from the hydrodynamic

pressure. We have'®
z _ 6(U-t)
Fo =] Sj =g —tdS+ J’Sj— pn,dS (14)

where t and n are respectively the unit tangential and unit normal vectors on particle
surface, n is the magnitude of n, and t, and n, are the z-component of t and that of n

respectively. At steady state, the net force acting on a particle vanishes, that is,
FZ+Ff =0 (15)

The electrophoretic mobility of a particle can be evaluated through a trial-and-error

procedure based on this expression. For a set of specified E, o,, 0,, xa, h/a,
a/d and a/b, ¥, and ¥, are evaluated by solving egs 5 and 6, and the results

obtained used to calculate F7 by eq 13. An arbitrary U is guessed which is used



to determine the flow field through solving eqs 3 and 4, and FZ iscalculated by eq 14.

Thecaculated FY and FZ are substituted into eq 15 to seeiif it is satisfied.  If it is

satisfied, the previously guessed value of U is correct. Otherwise, a new U is
guessed, and the whole procedure is repeated.

FlexPDE™, a differential equation solver based on a finite element method is
adopted for the resolution of the governing equations and the associated boundary

conditions. This software was found to be efficient and accurate for the electrokinetic

phenomena of the present type.®® For convenience, we define the scaled mobility
as u =Unl¢ €, where ¢, =k,T /e is areference potential. The applicability

of the numerical scheme adopted isjustified by Figure 2, where the variation of 4 as

afunction of 4 (=a/b) at various scaled separation distance between two particles h/a
isillustrated. This figure shows that the result for the case when only one cylinder is
present in pore?® can be recovered as a limiting case of the present analysis as h/a is

large.

Il. Results and Discussions

For the present problem, if both o, and o, are known, the mobility is afunction
of xa, h/a, a/d and a/b. Figure 3 shows the variation of the scaled electrophoretic
mobility x asafunction of the scaled separation distance between two particles, h/a,
at various combinations of 4 and xa for the case of uniformly charged particles.
The corresponding results for the case of non-uniformly charged particles are
illustrated in Figure 4. Figure 3 indicates that, if ha is sufficiently large,

approaches a constant value, which is the result for the case when only a particle is

present in the pore. Similar to the result for the case of a pair of identical spheresin



an unbound fluid,™®> the influence of the interaction between the double layers

surrounding the particles is inappreciable if xa is large, but becomes significant if
xa is smal. For example, if A=0.1, the maximum differences of 4 from that

for the case of an isolated sphere in a pore are 12, 15, and 25 for xa=4, 1, and 0.5

respectively. The dependence of x  on h/a is more sensitive to that for the case of
two identical spheres in an unbound fluid.™®> This dependence becomes insignificant,
however, if A islarge, because the viscous drag arising from the wall dominates. It
can be inferred that the dependence of 4~ on h/a for the case of two cylinders in an
unbound fluid is much more sensitive to that for the case of two spheres because the
interaction between the double layers surrounding two particles is more significant in
theformer. Figure 3 also indicates that the smaller the xa (thicker double layer), the
smaller the 4 , and the larger the h/a needed to reach aconstant value. The former is
because the thicker the double layer, the greater the hydrodynamic retardation force
arising from the access ions and the boundary, and the latter is because a larger
separation distance between two particles is required to avoid double layer interaction.
Note that because the double layers surrounding the particles begin to overlap when
xh reaches unity, double layer interaction is significant when xh<1. In generd,
1 decreases with the increase in 1, which is expected because the larger the A, the
more significant is the viscous drag arising from the presence of cylindrical pore. Itis
interesting to note that while 4 decreases with the increase in h/a, in general, alocal
maximum may occur if xa is sufficiently large and A4 is sufficiently small. This
phenomenon was also observed for the case of two spheres in an unbounded fluid.™
The occurrence of the local maximum is the consequence of the competition between

two opposing effects: (1) the strength of local electric field on the surface of a particle



(0¥, /0z),_,, and therefore, the electric force acting on it, decreases with the decrease

in h/a, and (2) the hydrodynamic retardation arising from the presence of the other
particle decreases with the decrease in h/a, which is also observed in sedimentation. It
should be pointed out that as two particles approach each other under the conditions of
constant surface charge, the surface potential might violate the low surface potential
assumption. For example, if h/a=0.0625 and xa =1, the scaled surface potential has

a maximum value of 2.23~3.36 for 41=0.1~0.8. As can be seen in Figure 4, the
qualitative behaviorsof 4~ for non-uniformly charged particles are similar to those of
uniformly charged particles. A comparison between Figures 3 and 4 revealsthat if A
is small, the rate of decrease of 4 as h/a increases for non-uniformly charged
particles is faster than that for uniformly charged particles. For example, if 4=0.1,
the maximum differences of 4 from that for the case of an isolated sphere in a pore

are 15, 26, and 29% for xa=4, 1, and 0.5 respectively; these differences are larger
than that for the case of uniformly charged particles. Thisimplies that the interaction
between two particles for the case of non-uniformly charged particles is stronger than

that for the case of uniformly charged particles. If A islarge, because the boundary
effect of pore dominates, the influence between particleson 4 becomes unimportant.
A comparison between Figures 3(a) and 4(a) indicatesthat at xa=0.5,if A issmall
(0.1-0.2), x for non-uniformly charged particles is larger than that for uniformly

charged particles; but the reverseistrueif A islarge (0.4-0.7). Thisimpliesthat the
boundary effect for the case of non-uniformly charged particles is more significant than

that for the case of uniformly charged particles. Thiswill be discussed later.
The variations of the scaled electrophoretic mobility x* as a function of A for

various combinations of a/d and xa are presented in Figure 5 for the case of



uniformly charged particles. This figure reveals that while 4 decreases with the

increase in A, in general, x may have a local maximum as A varies if a/d is
sufficiently large.  This phenomenon was also observed in the case of the
electrophoresis of asingle cylinder in acylindrical pore.®® For the present case, it can
be explained by the behaviors of the forces acting on a particle illustrated in Figure 6.
As can be seen in Figure 6(a), for uniformly charged particles, the electric force acting
on a particle increases monotonically with 4, and the hydrodynamic force acting on it
may have a local minimum as A varies. The former is mainly because that if a
particle is close to pore, the squeeze of the applied electric field near particle surface
leads to an increase in the electric force. The latter arises from the complicated effects
of the combination of the space charged density and the strength of local electric field
between particles and boundary on the hydrodynamic force as A varies. For the
case of non-uniformly charged particles, the hydrodynamic force acting on a particle
does not have a local minimum, as shown in Figure 6(b), which implies that
decreases monotonically with the increase in A, which is justified in Figure 7. A
comparison between Figures 5 and 7 indicates that the variation of 4 as A varies
for the case of non-uniformly charged particles is more drastic than that for the case of
uniformly charged particles. This is consistent with previous observation, that is, the
boundary effect on x for the case of non-uniformly charged particles is more
significant than that for the case of uniformly charged particles.

Figure 8 shows the variation of the scaled electrophoretic mobility x as a
function of A for the case of Figure 5. This figure suggests that the larger the a/d
the smaller the 4 . For afixed a, alarge a/d implies a small lateral surface of a

particle, and therefore, a small amount of surface charge. The former leads to a small



hydrodynamic retardation by shear force, and the latter yields a small electric force.

In the present case, because the decrease in the electric force is larger than that in the

hydrodynamic retardation as a/d increases, u decreases accordingly. Figure 9

shows the variation of the scaled electrophoretic mobility « as afunction of A for
the case of non-uniformly charged particles. This figure reveals that, if the double
layer is sufficiently thick (xa= 0.5 and 1), the dependence of 4 ona/dis similar to
that for the case of uniformly charged particlesillustrated in Figure 8. However, for a
sufficiently thin double layer (xa=4), the behavior of 4 as a/d varies shows a
different result from that described above when 4 issmall. That is, if A issmall
(boundary effect unimportant), z may have alocal maximum as a/d varies, and it is

expected to decreasing to that of uniformly charged particles as a/d—0. The former
is a net result of the competing effects between electric force and hydrodynamic
retardation described in the discussion on Figure 8 as a/d varies, and the later is due to
the fact that the contribution of the charge on the basal surface of a particle can be

ignored when its length approaches infinite.

V. Conclusion

In summary, the boundary effect, the presence of other particle, and the charged
conditions on a particle on its el ectrophoretic behavior are examined simultaneously by
considering the electrophoresis of two identical cylindrical particles aong the axis of
an uncharged cylindrical pore. The results of numerical simulation revea the
followings: (a) The dependence of the mobility of a particle on the separation distance
between two particles is more sensitive to that for the case of two identical spheresin

an unbound fluid. This dependence becomes insignificant, however, if the boundary



effect issignificant. (b) The effect of particle-particle interaction on the mobility of a
particle becomes significant when the thickness of the double layer surrounding a
particle is comparable to half the separation distance between two particles, but this
effect is less significant than the boundary effect, which is closely related to the
charged conditions on a particle. The boundary effect for the case of non-uniformly
charged particles is more significant than that for the case of uniformly charged
particles. (c) While the mobility of a particle decreases with the increase in the
separation distance between two particles, in general, a local maximum may occur if
the double layer is sufficiently thin and the boundary effect is relatively unimportant.
(d) If the boundary effect is relatively unimportant, the rate of decrease in the mobility
of a particle as the separation distance between two particles increases for
non-uniformly charged particlesis faster than that for uniformly charged particles. (e)
For uniformly charged particles, while the more significant the boundary effect the
smaller the mobility, in general, the mobility may have alocal maximum if the particle
aspect ratio is sufficiently large.  The mobility of a particle increases with the increase
in its aspect ratio. (f) For non-uniformly charged particles, if the double layer is
sufficiently thick, the dependence of the mobility on the particle aspect ratio is similar
to that for the case of uniformly charged particles. However, if the double layer is
sufficiently thin and the boundary effect is relatively unimportant, the mobility may

have alocal maximum as the particle aspect ratio varies.
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Figure 1. Schematic representation of the problem considered. Two charged cylindrical
particles with a separation distance 2h are placed on the axis of an infinite cylindrical pore
of radiusb. Anelectric field E paralel to the axis of the poreis applied. The cylindrical
coordinates (r,0 ,2) are adopted with its origin located at the center two particles. 2a and

2d are respectively the axes of the particlein the r- and in the z-directions.
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Figure 2. Variation of scaled mobility x as a function of A at various scaled
separation distance between two particles h/a for the case when xa=1, and a/d=1. (a)
o,=0,=05(xk;T/e), (b) —o1=09=05exkgT/e). Discrete symbols are the
results for the case when only one cylinder is present in acylindrical pore.
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Figure 3. Variation of scaled mobility x~ asafunction of h/a at various 4 and xa
for the case when a/d=1, and o, =0, =05(exk;T/e). (a) xa=05, (b) xa=1, (c)
xa=4.
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Figure 4. Variation of scaled 4 as afunction of h/a for the case of Figure 3 except that
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Figure 5. Variation of scaled mobility 4 asafunction of A at various combinations of
a/dand xa for the casewhen h/a=1, and o, = o, = 0.5(exk;T/€). (a) a/d=4, (b) a/d=1,
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Figure 6. Variation of scaled hydrodynamic force FZ* (=F,”/ngk,T) and scaled
electric force FZ* (= F.2/nyk,T ) acting on aparticle at various "~ asafunction of 1

for thecasewhen xa=4, h/a=1,anda/d=4. (a) o, =0, =0.5(exk;T/€), curvesl, 2,
and 3 correspond respectively to x4 =020, 0.17, and 0.15. (b)
-0, =0, =0.5(exk,T/€), curves 1, 2, and 3 correspond respectively to x =0.4, 0.2, and
0.1.



Figure 7. Variation of scaled mobility x as afunction of A for the case of Figure 5
exceptthat — o, = 0, = 0.5(exk;T/€). (a) a/d=4, (b) a/d=1, (c) a/d=0.5.
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Figure 8. Variation of scaled mobility x asafunction of A at various combinations of
a/d and xa for the case when h/a=1 and o, =0, =0.5(exk;T/€e). (a) xa=0.5, (b)
xa=1, (c) xa=4.



Figure 9. Variation of scaled mobility x as a function of A for the case of Figure 8
exceptthat — o, = o, = 0.5(exk;T/€). (a) xa=0.5, (b) xa=1, (c) xa=4.



