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Abstract

In this paper, a systematic methodology for the dynamic analysis of tendon-driven robotic mechanisms

with compliant tendons is presented. The compliance of tendons and inertias of the intermediate links in the

mechanism are taken into account. Representing the tendon force by use of a rectifying operator, the

unidirectional force transmission characteristic of tendons can be preserved. The dynamic equations can

then be systematically established in a recursive manner using the Newton–Euler equations. The joint

reaction forces and the tension in each segment of tendon can be also obtained. The methodology can be

applied to both endless and open-ended tendon-driven robotic mechanisms.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

For decades, the robotic manipulators using tendon transmission have attracted researchers for
applications in many areas such as the design of dexterous mechanical hands [1,2], parallel cable-
suspended manipulators [3,4], teleoperating robots, etc. A unique characteristic associated with
the robotic manipulator using tendon transmission lies in that tendons can only exert tension, i.e.,
force is only transmitted in a unidirectional sense. As a result, it increases the complexity in the
control of such mechanical systems. The problem can be further complicated by friction and
compliance embedded in the tendons and/or inertia of the extra components used in the systems.
*
Corresponding author. Tel.: +886-2-2364-8501; fax: +886-2-2363-1755.

E-mail address: jjlee@ccms.ntu.edu.tw (J.-J. Lee).

0094-114X/$ - see front matter � 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/S0094-114X(03)00096-X

mail to: jjlee@ccms.ntu.edu.tw


Nomenclature

ci;j damping ratio of the tendon connecting link i and j
iF�i inertia force of link i with respect to frame i
if i;i�1 force acting on link i by link i� 1 at joint i
ki;j stiffness of the tendon connecting link i and j
iN�

i inertia moment of link i with respect to frame i
ini;i�1 moment acting on link i by link i� 1 at joint i
Oi origin of the ith coordinate system
ipi;i�1 position vector defined from Oi�1 to Oi
ipic position vector defined from mass center of link i to joint i
iRi�1 rotation matrix, which transforms (i� 1)th coordinate system to ith coordinate sys-

tem
iric position vector defined from Oi to the mass center of link i
iric;iþ1 position vector defined from the mass center of link i to joint iþ 1
iric;j position vector defined from the mass center of link i to joint j
iri;k position vector defined from joint i to the mesh point of the tendon
iti;k the kth tendon-force acting on link i with respect to frame i
t0;i;m pretension of mth tendon acting on link i
ivi velocity of the origin Oi
ivic velocity of the center of mass of link i
bj;k wrapping angle of link j mounted on pulley-pair (j; k)
hi;i�1 angular displacement between link i and link i� 1
ixi angular velocity of link i
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Therefore, it would be useful to research on the development of an analytical model that can
account for a number of their realistic properties, such as tendon compliance, link inertia, and/or
joint friction in order to produce predictions that are important for design. Also, it can provide
the means for the engineer to realize the performance of such mechanical systems for future
extent.

A number of analytic modeling methods for tendon-driven systems have been proposed and
studied. The kinematics and statics of articulated tendon-driven robotic mechanisms have been
investigated by Morecki et al. [5], Salisbury [1] and Tsai and Lee [6]. Ideal tendons with no
compliance were used in their studies. Hollars and Cannon [7] experimented on the control of a
two-link manipulator with flexible tendons. They concluded that the flexibility in drive trains has
a significant influence on the fine position control of the tendon-driven system. Chang [8] used the
stiffness constant to represent the stiffness of tendons and studied the compliance of tendon-driven
robotic mechanisms. Prisco and Bergamasco [9] derived the dynamics of a type (2N) of multi-
degree-of-freedom (multi-DOF) tendon-driven manipulators, which the structure Utah–MIT
hand [2] belongs to. On the other hand, there is also some literature investigating on the per-
formance of single-DOF tendon devices [10,11] of which the kinematic structure is less coupled
than that of the multi-DOF system.
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In this paper, a systematic methodology for generating the dynamic model of robotic mecha-
nisms with compliant tendons is presented. A model is first developed for representing the uni-
directional force transmission characteristic of tendons. The resulting representation is then
combined with the Newton–Euler algorithm to generate the system dynamic equations. The
procedure is shown by the application of the method to a two-link tendon-driven robotic ma-
nipulator and a one-DOF manipulator equipped with a simple servo-control. The results show
that the unique characteristic of tendon transmission can be preserved in the modeling. They also
show that the modeling will be degraded if the compliance associated with position control is not
properly managed.
2. Assumptions

In [6], some general assumptions about the structural characteristics have been introduced for
the kinematic and static analysis of tendon-driven manipulators. To adapt to the scope of dy-
namic analysis, the following assumptions for tendon-driven manipulators are considered:

II(I) All tendons are under tension. The amount of stretch in tendon is small and linearly propor-
tional to the tendon force.

I(II) No slippage occurs between pulleys and tendons.
(III) Tendons are lightweight such that the weight/inertia, flexural bending, and shear effects of

tendons will not be considered.
(IV) For sakes of clarity and simplicity, the frictions in the pulley bearings and other moving

parts of the transmission are not included. Nevertheless, these terms may be added in the
modeling where the force control is important.

Tendon drives can generally be classified into two types of routing [6,12] as (1) the open-ended
type and (2) the endless type of routing. In the open-ended tendon routing, as shown in Fig. 1a,
one end of the tendon is fixed to a moving link to be controlled while the other end is attached to a
driving actuator. From the moving link to the driving actuator, each tendon routing forms a
transmission line. A unique characteristic of such open-ended tendon drives is that tendons
transmit the forces in a unidirectional sense. On the other hand, the routing of the endless tendons
is shown in Fig. 1b in which two pulleys of constant center distance are wrapped around by an
endless tendon. The driven pulley is attached to a link to be controlled and the driving pulley is
installed on a rotary actuator or fixed to a driven pulley of prior pulley train stage. From the
driven link to the driving actuator, the tendon-and-pulley also forms a transmission line. In an
endless tendon drive, the pulley can be driven in both directions. One side of the tendon will be
under higher tension while the other side is under lower tension.

It can be noted that after the removal of tendons and intermediate/idle pulleys, the tendon-
driven robotic mechanism becomes a serial type open-loop chain. We call the links that constitute
the open-loop chain as the primary links, and all other links as the intermediate links. An in-
termediate link is said to be carried by a primary link i if it is connected to link i by a revolute
joint. As shown in Fig. 1a, links 0, 1, 2 and 3 are the primary links, and links 4, 5 are the in-
termediate links. Intermediate links 4 and 5 are carried by the primary link 1.



Fig. 1. (a) Open-ended type and (b) endless type tendon routing.
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3. Kinematics

3.1. Kinematics of primary links

To facilitate the analysis, each primary link from the base to the distal link is sequentially
numbered from 0 to n. Meanwhile, a local coordinate system (xi, yi, zi) is attached to the distal
joint of link i according to the Denavit and Hartenberg (D–H) convention [13]. Let hi;i�1 be the
joint angle from xi�1 axis to xi axis, ai;i�1 and ai;i�1 be the offset distance and the twist angle be-
tween zi�1 and zi axes, and di;i�1 be the translational distance measured from xi�1 axis to xi axis
along zi�1 axis. Then, the matrix transforming the ith coordinate to the (i� 1)th coordinate can be
written as
i�1Ai ¼

Chi;i�1 �Cai;i�1Shi;i�1 Sai;i�1Shi;i�1 ai;i�1Chi;i�1

Shi;i�1 Cai;i�1Chi;i�1 �Sai;i�1Chi;i�1 ai;i�1Shi;i�1

0 Sai;i�1 Cai;i�1 di;i�1

0 0 0 1

2
664

3
775 ð1Þ
where Chi;i�1 ¼ cosðhi;i�1Þ, Shi;i�1 ¼ sinðhi;i�1Þ, Cai;i�1 ¼ cosðai;i�1Þ, and Sai;i�1 ¼ sinðai;i�1Þ.
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The velocities and accelerations of the primary links can be derived from the forward recursive
method [14], computing from the proximal moving link toward the end-effector link, as
ixi ¼ iRi�1ði�1xi�1 þ _hhi;i�1
i�1zi�1Þ ð2Þ

i _xxi ¼ iRi�1ði�1 _xxi�1 þ €hhi;i�1
i�1zi�1 þ i�1xi�1 � _hhi;i�1

i�1zi�1Þ ð3Þ
ivi ¼ iRi�1

i�1vi�1 þ ixi � ipi;i�1 ð4Þ
i _vvi ¼ i _xxi � ipi;i�1 þ iRi�1

i�1 _vvi�1 þ ixi � ðixi � ipi;i�1Þ ð5Þ
i _vvic ¼ i _xxi � iric þ i _vvi þ ixi � ðixi � iricÞ ð6Þ
where xi is the angular velocity vector of link i, vi is the velocity vector of the origin Oi, vic is the
velocity of the center of mass of link i, ric is the position vector defined from the mass center of
link i to Oi,

i�1zi�1 ¼ ½0; 0; 1	T is a unit vector defined along the zi�1 axis,
iRi�1 is the transpose of

the upper left 3· 3 sub-matrix of i�1Ai, and
ipi;i�1 is the vector as
ipi;i�1 ¼ ai;i�1; di;i�1Sai;i�1; di;i�1Cai;i�1½ 	T ð7Þ
3.2. Kinematics of intermediate links

A local coordinate system (xj, yj, zj) is defined for each intermediate link according to the D–H
convention. Consider an intermediate link j located on the primary link i, the coordinate trans-
formation matrix from the jth coordinate system to the ith coordinate is given by
iBj ¼

Chj;i �Caj;iShj;i Saj;iShj;i aj;iChj;i

Shj;i Caj;iChj;i �Saj;iChj;i aj;iShj;i

0 Saj;i Caj;i dj;i
0 0 0 1

2
664

3
775 ð8Þ
Suppose links i, j, and k are coaxial. Then, the relative motion among these links can be related
by the coaxial condition [6] as
hi;k ¼ hi;j þ hj;k ð9Þ
The velocity and acceleration of intermediate link j can be also obtained by modifying Eqs. (2)–
(6) as
jxj ¼ jQi
ixi þ _hhj;i

jzj ð10Þ
j _xxj ¼ jQi

i _xxi þ €hhj;i
jzj þ jQi

ixi � _hhj;i
jzj ð11Þ

jvj ¼ jQi
ivi þ jxj � jpj;i ð12Þ

j _vvj ¼ j _xxj � jpj;i þ jQi
i _vvi þ jQi

ixi � ðjxj � jpj;iÞ ð13Þ
j _vvjc ¼ jQi

i _xxi � ðjpj;i þ jrjcÞ þ jQi
i _vvi þ jQi

ixi � ½jQi
ixi � ðjpj;i þ jrjcÞ	 ð14Þ
where jQi is the transpose of the upper left 3 · 3 submatrix of iBj, rjc is the position vector defined
from mass center of links j to Oj, and

jpj;i can be written as
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jpj;i ¼ aj;i; dj;iSaj;i; dj;iCaj;i

� �T ð15Þ
4. Modeling of the unidirectional force in tendon

A number of models for the dynamics of tendon-driven robotic manipulators with elastic
tendons have been developed [7,8,15]. In the models, the elastic tendon connecting two pulleys is
represented by a linear spring. Since linear springs can exert tensile as well as compressive force,
therefore, modeling the tendon with linear spring will inevitably be biased from the realistic
characteristics of tendon. In this work, a method for modeling the unidirectional force in the
tendon is proposed. The method utilizes the rectifying concept that was used by Jacobsen et al. [2]
and Lee and Tsai [16]. Jacobsen et al. ever used a rectifying operator to transform the joint torque
space into tendon force (or motor torque) space for the Utah–MIT dexterous hand. Lee and Tsai
further extended the concept to motor torque analysis for the n� ðnþ 1Þ tendon-driven systems.
In what follows, the basic principle of such concept will be first introduced. Then, the procedure of
the application for the tendon force analysis will be developed. Let the operator OþðxÞ be defined
as
OþðxÞ ¼ x; xP 0

0; x < 0

	
ð16Þ
where x is a dummy variable. The function of OþðxÞ can be plotted graphically as shown in Fig. 2.
Also, OþðxÞ can be written as
OþðxÞ ¼ ðxþ jxjÞ=2 ð17Þ

It can be noted that OþðxÞ returns its value only when the argument is positive. Otherwise, OþðxÞ
gives zero value.

Fig. 3 shows the planar schematic of a simple tendon-and-pulley pair, where link k is the carrier
and links i and j are the two pulleys. Pulley i and j are coupled by a flexible tendon having the
spring constant ki;j and damping coefficient ci;j. If the positive rotation of pulley is defined as the
pulley rotates counterclockwise, then, for small angular rotations of the pulleys, the magnitude of
tendon force, ti;j; can be written as
ti;j ¼ Oþ½t0;i;j � ki;jðrihi;k � rjhj;kÞ � ci;jðri _hhi;k � rj _hhj;kÞ	 ð18aÞ
1

1

O+(X)

X 

0 

Fig. 2. Function of OþðxÞ.
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Fig. 3. A parallel-type routing pulley pair.
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where t0;i;j is the amount of pretension that is initially set in the tendon. The physical meaning of
Eq. (18a) can be readily seen from Fig. 3. If the value in the square bracket is greater than zero,
then the tendon is under tension and the operator returns the value. On the other hand, if the
value in the square bracket is less than zero, ti;j is equal to zero and the tendon becomes slack.
Therefore, the equation implies that the tendon force can be transmitted only when the relative
displacement between two pulleys causes tendon under tension. In general, to satisfy different
types of pair connections, Eq. (18a) can be rewritten as
ti;j ¼ Oþ½t0;i;j � ki;jrihi;k � ki;jrjhj;k � ci;jri _hhi;k � ci;jrj _hhj;k	 ð18bÞ

where the ± sign of each term is to be determined by the tendon routing topology. The sign is
positive if the pulley tends to pull tendon from the other end; otherwise, it is negative.

4.1. Tendon forces analysis

Since each transmission line begins from the primary link and ends at the link driven by the
rotary actuator, the tendon may route through one or more intermediate links. Consider the
intermediate link j on the distal joint of a primary link i� 1 as shown in Fig. 4. Let the carrier of
the pulley pair (j; jþ 1) be the primary link i, and the carrier of the pulley pair (j; j� 1) be the
primary link i� 1. Also, let the portion of the tendon connecting the intermediate links j and jþ 1
be tj;jþ1, and the other portion connecting links j and j� 1 be tj;j�1.

For a general tendon–pulley pair, the tendon will engage with the pulley at a constant direction
with respect to the carrier. In addition, for the pulley to run in both directions, the direction of
Intermediate link j

t j,j+1

t j,j-1

y i-1

x i-1
Oi-1
Oj

Primary link i-1

β j,j+1β j,j-1

r j,j+1

r j,j-1

x j
yj

x i
yi

Prim
ary lin

k i
Oi

Fig. 4. A typical intermediate link j carried by a primary link i� 1.
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tendon acting on the pulley should be tangential to the pitch circle of the pulley plane. As shown
in Fig. 4, define the radius vector rj;jþ1 of tendon tj;jþ1 as the vector from the axis of rotation to the
tangent point, and the wrapping angle bj;jþ1 as the angle measured from the x-axis of coordinate
system on link i to the radius vector in a right-hand rule direction. Note that in the spatial case,
the x-axis is defined by the coordinate systems of the pulley j and link i according to the D–H
method. Similarly, the radius vector, rj;j�1, and the wrapping angle, bj;j�1, for tendon tj;j�1 can be
defined in the (i� 1)th system. The radii vectors and tendon forces are summarized as
irj;jþ1 ¼ iGi�1 � rjCbj;jþ1 rjSbj;jþ1 bj;iþ1

� �T ð19aÞ
i�1rj;j�1 ¼ rjCbj;j�1 rjSbj;j�1 bj;i�1

� �T ð19bÞ
itj;jþ1 ¼ tj;jþ1

iuj;jþ1 ð20aÞ
i�1tj;j�1 ¼ tj;j�1

i�1uj;j�1 ð20bÞ

where rj is the radius of link j, bj;iþ1 is the distance measured from origin Oi to the center of pulley
j along zj, bj;i�1 is the distance measured from origin Oi�1 to the center of pulley j along zj�1, tj;jþ1

and tj;j�1 are respectively the magnitudes of tj;jþ1 and tj;j�1, which can be formulated form Eq.
(18b). Vectors iuj;jþ1 and

i�1uj;j�1 are respectively the unit vectors of itj;jþ1 and
i�1tj;j�1 and can be

written as
iuj;jþ1 ¼ iGi�1 � �Sbj;jþ1 þCbj;jþ1 0
� �T ð20cÞ

i�1uj;j�1 ¼ þSbj;j�1 �Cbj;j�1 0
� �T ð20dÞ
The transformation matrix iGi�1 is defined as:
iGi�1 ¼
1 0 0

0 Cai;i�1 Sai;i�1

0 �Sai;i�1 Cai;i�1

2
4

3
5 ð21Þ
where ai;i�1, defined in D–H notation, is the twist angles between the zj and zi axes.
The tendon forces can be transformed to the jth coordinate system on link j by multiplying a

suitable rotational matrix jRi�1.
jtj;jþ1 ¼ jRi
itj;jþ1 ð22aÞ

jtj;j�1 ¼ jRi�1
i�1tj;j�1 ð22bÞ
5. Dynamic analysis

For a given mechanism, the force and moments exerted by different links on each other can be
determined via Newton and Euler�s equations. While solving the dynamics using Newton and
Euler�s equations, three force- and three moment-balance equations can be established for each
link of the mechanism. To solve the simultaneous equations in an efficient way, rather than
solving all the unknowns simultaneously, one tries to solve them in a recursive manner. The joint
forces will first be expressed in the state of motions, and then the state of motions will be obtained
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by solving the differential equations. After the state of motions is solved, the joint forces can then
be determined by back substituting the tendon forces into the balance equations.

5.1. Dynamics of primary links

Fig. 5 shows the free body diagram of a primary link i which connects to link (i� 1) at joint
(i� 1) and link (iþ 1) at joint i. Assume that primary link i is driven by an mth tendon (or more).
The force and moment balance equations for link i can be represented in the following recursive
forms:
iF�i ¼ if i;i�1 þ if i;iþ1 þ
X
m

Oþðt0;i;m � ki;mrihi;i�1 � ki;mrmhm;i�1 � ci;mri _hhi;i�1 � ci;mrm _hhm;i�1Þiui;m

�
X
j

ifj;i ð23aÞ
and
iN�
i ¼ ini;i�1 þ ini;iþ1 þ ipic � if i;i�1 þ iric;iþ1 � if i;iþ1 þ

X
j

ini;j �
X
j

ðiric;j � ifj;iÞ

þ
X
m

½ðiri;m þ ipicÞ �Oþðt0;i;m � ki;mrihi;i�1 � ki;mrmhm;i�1 � ci;mri _hhi;i�1 � ci;mrm _hhm;i�1Þiui;m	

ð23bÞ
where iui;m is the unit vector of ti;m acting on link i. The vector iui;m can be determined from Eqs.
(20c) and (20d). iF�i and

iN�
i are the inertia force and moment vectors of primary link i, and can be

obtained as:
iF�i ¼ mi
i _vvic ð24aÞ

iN�
i ¼ cIi

i _xxi þ ixi � ðcIiixiÞ ð24bÞ

where mi is the mass of link i, and cIi is the inertia tensor of link i with respect to a center of mass
coordinate system, which has the same orientation as the ith coordinate system.

The vector terms in Eqs. (23a) and (23b), f iþ1;i and niþ1;i, are computed from the balance
equations of the preceding link while fj;i and nj;i are the forces and moments from intermediate
links. For the end-effector link, these vectors represent the end-effector output force and moment.
The other unknown terms: f i;i�1, ni;i�1, hi;i�1, and hm;i�1 always constitute more than six scalar
unknowns. Hence they cannot be solved one link at a time.
Fi
*Ni

*
t i,m

fi,i-1

ni,i-1 ni+1,i

fi+1,i

xi

yi

OiOic

ri,m

p
i,i-1

r ic,i+1

fj,i

ni,j

ric,j

k i,m

ci,m

Fig. 5. A typical primary link i.
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5.2. Dynamics of intermediate links

Referring to Fig. 6 the intermediate link j is located on link i, the force and moment balance
equations for an intermediate link j can be written as
jF�j ¼ jfj;i þOþðt0;j;m � kj;mrjhj;i � kj;mrmhm;i � cj;mrj _hhj;i � cj;mrm _hhm;iÞjuj;m
þOþðt0;j;mþ1 � kj;mþ1rjhj;iþ1 � kj;mþ1rmþ1hmþ1;iþ1 � cj;mþ1rj _hhj;iþ1

� cj;mþ1rmþ1
_hhmþ1;iþ1Þjuj;mþ1 ð25aÞ
and
jN�
j ¼ jnj;i þ jpjc � jfj;i þ ðjrj;m þ jpjcÞ

�Oþðt0;j;m � kj;mrjhj;i � kj;mrmhm;i � cj;mrj _hhj;i � cj;mrm _hhm;iÞjuj;m þ ðjrj;mþ1 þ jpjcÞ

�Oþðt0;j;mþ1 � kj;mþ1rjhj;iþ1 � kj;mþ1rmþ1hmþ1;iþ1 � cj;mþ1rj _hhj;iþ1

� cj;mþ1rmþ1
_hhmþ1;iþ1Þjuj;mþ1 ð25bÞ
where juj;m and juj;mþ1 are the unit vectors of tj;m and tj;mþ1 acting on link j, and can be determined
from Eqs. (20c) and (20d). jF�j and jN�

j are the inertia force and moment of link j, and can be
computed similarly by Eqs. (24a) and (24b).

The tendon force tj;jþ1 in Eqs. (25a) and (25b) can be computed form the moment balance
equation of the upper level intermediate link. Once the joint forces and the moment of upper level
links are solved, the unknown forces and moments in Eqs. (25a) and (25b) can be solved asso-
ciated with the unknown forces and moments in the primary link. We also note that any vector
defined in its local coordinate system on the intermediate link can be related to the coordinate
system of its corresponding primary link by (19), (20) and (22).

We have derived the basic equations for the dynamic analysis of articulated, tendon-driven
robotic mechanisms. The derivation of dynamic equations of the articulated, tendon-driven ro-
botic devices will be described. Two examples will be used for illustration.
Fj*

Nj
* t j,m+1

t j,m

f j ,i

nj,i

Oj c

rj,m+1

rj,m

pj c

OjOi

k j,m

c j ,m

k j,m+1

c j,m+1

x jy j

Fig. 6. A typical intermediate link j.
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6. Examples

6.1. Example 1. A Robotic manipulator driven by flexible tendons

Fig. 7 shows a two-jointed, four-link robotic manipulator driven by three open-ended tendons.
The tendons are spooled to the motors located at the base link 0. In this system, each segment of
tendon between two rigid links is flexible with certain spring constant and damping coefficient.
The vectors required for the kinematics are summarized in Table 1, while the vectors for the
tendon forces are in Tables 2 and 3.

Thus, the force and moment balance equations for each link can be derived from Eqs. (23a),
(23b), (25a) and (25b) as
Fig. 7. (a) A robotic manipulator driven by flexible tendons and (b) kinematics of (a).

Table 1

Kinematics of the robotic mechanism in Example 1

1P1c ¼ ½�ða1 � s1Þ; 0; 0	T, 2P2c ¼ ½�ða2 � s2Þ; 0; 0	T, 3P3c ¼ ½0; 0; 0	T

1 _xx1 ¼ ½ 0 0 €hh1;0 	
T
, 1 _vv1c ¼ ½ ðs1 � a1Þ _hh2

1;0 ða1 � s1Þ€hh1;0 0 	T

2 _xx2 ¼ ½ 0 0 €hh1;0 þ €hh2;1 	
T
, 1 _vv2c ¼

�a1Ch2;1
_hh2
1;0 þ a1Sh2;1

€hh1;0 þ ðs2 � a2Þð _hh1;0 þ _hh2;1Þ2

a1Ch2;1
€hh1;0 þ a1Sh2;1

_hh2
1;0 þ ða2 � s2Þð€hh1;0 þ €hh2;1Þ
0

2
4

3
5

3 _xx3 ¼ ½ 0 0 €hh3;0 	
T
, 3 _vv3c ¼ ½ 0 0 0 	T

4 _xx4 ¼ ½ 0 0 €hh4;0 	
T
, 4 _vv4c ¼ ½ 0 0 0 	T



Table 2

The magnitudes of tendon forces for Example 1

t2;3 ¼ Oþ½t0;2;3 � k2;3ðr2h2;1 þ r3h3;1Þ � c2;3ðr2 _hh2;1 þ r3 _hh3;1Þ	
t2;4 ¼ Oþ½t0;2;4 þ k2;4ðr2h2;1 � r4h4;1Þ þ c2;4ðr2 _hh2;1 � r4 _hh4;1Þ	
t3;2 ¼ Oþ½t0;3;2 � k3;2ðr2h2;1 þ r3h3;1Þ � c3;2ðr2 _hh2;1 þ r3 _hh3;1Þ	
t3;6 ¼ Oþ½t0;3;6 þ k3;6ðr3h3;0 þ r6h6;0Þ þ c3;6ðr3 _hh3;0 þ r6 _hh6;0Þ	
t4;2 ¼ Oþ½t0;4;2 þ k4;2ðr2h2;1 � r4h4;1Þ þ c4;2ðr2 _hh2;1 � r4 _hh4;1Þ	
t4;7 ¼ Oþ½t0;4;7 þ k4;7ðr4h4;0 þ r7h7;0Þ þ c4;7ðr4 _hh4;0 þ r7 _hh7;0Þ	
t1;5 ¼ Oþ½t0;1;5 � k1;5ðr1h1;0 � r5h5;0Þ � c1;5ðr1 _hh1;0 � r5 _hh5;0Þ	

Table 3

The unit vectors of tendon forces for Example 1

2u2;3 ¼ 2R1 � ½ �Sb2;3 Cb2;3 0 	T 2u2;4 ¼ 2R1 � ½ Sb2;4 �Cb2;4 0 	T
3u3;2 ¼ 3R1 � ½ �Sb3;2 Cb3;2 0 	T 3u3;6 ¼ 3R0 � ½ Sb3;6 �Cb3;6 0 	T
4u4;2 ¼ 4R1 � ½ �Sb4;2 Cb4;2 0 	T 4u4;7 ¼ 4R0 � ½ Sb4;7 �Cb4;7 0 	T
1u1;5 ¼ 1R0 � ½ �Sb1;5 Cb1;5 0 	T
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Link 2
f2;1 þ t2;3 þ t2;4 ¼ F�2 ð26aÞ
p2c � f2;1 þ ðr2;3 þ p2cÞ � t2;3 þ ðr2;4 þ p2cÞ � t2;4 ¼ N�

2 ð26bÞ

Link 3
f3;0 þ t3;2 þ t3;6 ¼ F�3 ð26cÞ
p3c � f3;0 þ ðr3;2 þ p3cÞ � t3;2 þ ðr3;6 þ p3cÞ � t3;6 ¼ N�

3 ð26dÞ

Link 4
f4;0 þ t4;2 þ t4;7 ¼ F�4 ð26eÞ
p4c � f4;0 þ ðr4;2 þ p4cÞ � t4;2 þ ðr4;7 þ p4cÞ � t4;7 ¼ N�

4 ð26fÞ

Link 1
f1;0 þ t1;5 ¼ F�1 þ f2;1 ð26gÞ
p1c � f1;0 þ ðr1;5 þ p1cÞ � t1;5 ¼ N�

1 þ r1c;2 � f2;1 ð26hÞ

Expressing the force f2;1 in Eq. (26a) in terms of tendon forces and substituting into Eq. (26b), the
moment balance equation of link 2 could be obtained as:
I2ð€hh1;0 þ €hh2;1Þ ¼ �m2ða2 � s2Þ½a1ðSh2;1
_hh2
1;0 þ Ch2;1

€hh1;0Þ þ ða2 � s2Þð€hh1;0 þ €hh2;1Þ	

þ r2fOþ½t0;2;3 � k2;3ðr2h2;1 � r3ðh1;0 � h3;0ÞÞ � c2;3ðr2 _hh2;1 � r3ð _hh1;0 � _hh3;0ÞÞ	

�Oþ½t0;2;4 þ r2ðk2;4h2;1 þ c2;3 _hh2;1Þ þ r4ðk2;4ðh1;0 � h4;0Þ þ c2;3ð _hh1;0 � _hh4;0ÞÞ	g

ð27Þ
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Similarly, the moment balance equations of links 3, 4, and 1 could be respectively obtained as:
I3€hh3;0 ¼ r3fOþ½t0;3;2 � k3;2ðr2h2;1 � r3ðh1;0 � h3;0ÞÞ � c3;2ðr2 _hh2;1 � r3ð _hh1;0 � _hh3;0ÞÞ	
�Oþ½t0;3;6 þ k3;6ðr3h3;0 þ r6h6;0Þ þ c3;6ðr3 _hh3;0 þ r6 _hh6;0Þ	g ð28Þ

I4€hh4;0 ¼ r4fOþ½t0;4;2 þ k4;2ðr2h2;1 þ r4ðh1;0 � h4;0ÞÞ þ c4;2ðr2 _hh2;1 þ r4ð _hh1;0 � _hh4;0ÞÞ	
�Oþ½t0;4;7 þ k4;7ðr4h4;0 þ r7h7;0Þ þ c4;7ðr4 _hh4;0 þ r7 _hh7;0Þ	g ð29Þ

I1€hh1;0 ¼ �ðr2 þ r3ÞOþ½t0;2;3 � k2;3 r2h2;1ð � r3ðh1;0 � h3;0ÞÞ � c2;3ðr2 _hh2;1 � r3ð _hh1;0 � _hh3;0ÞÞ	
þ ðr2 � r4ÞOþ½t0;2;4 þ k2;4 r2h2;1ð þ r4ðh1;0 � h4;0ÞÞ þ c2;4ðr2 _hh2;1 þ r4ð _hh1;0 � _hh4;0ÞÞ	
þ r1O

þ½t0;1;5 þ k1;5ð�r1h1;0 þ r5h5;0Þ þ c1;5ð�r1 _hh1;0 þ r5 _hh5;0Þ	 � a21ðm1 þ m2Þ€hh1;0

� m1s21€hh1;0 þ a1 2m1s1€hh1;0

n
þ m2ða2 � s2Þ Sh2;1ð _hh1;0

h
þ _hh2;1Þ2 � Ch2;1ð€hh1;0

þ €hh2;1Þ
io

ð30Þ
Eqs. (27)–(30) are the equations of motion of the system. Once the equations of motion are solved,
the tension in each segment of tendon can be calculated via the equations in Table 2.
6.2. Example 2. Control of the one-DOF manipulator driven by two actuators

In this example, a one-DOF device is used to demonstrate the difference in control performance
with and without the Oþ operator acting on the tendons. As shown in Fig. 8, the one-DOF
manipulator is driven by two flexible tendons spooled to the actuators on the ground. A simple
‘‘PD feedback’’ control technique is implemented for controlling the manipulator. Following the
same procedure illustrated in Example 1, the dynamic equation can be concluded as:
θ1,0

θ2,0

PD controller Plant
+

−

θ3,0θd

0,30,3 ,θθ
.

Fig. 9. Block diagram of the PD control system.

12

3

0

t3,1t3,2

θ3,0

Fig. 8. One-DOF manipulator driven by two actuators.
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I3€hh3;0 ¼ �r3O
þ½t0;3;1 þ K3;1ðr3h3;0 � r1h1;0Þ þ C3;1ðr3 _hh3;0 � r1 _hh1;0Þ	

þ r3O
þ½t0;3;2 � K3;2ðr3h3;0 � r2h2;0Þ � C3;2ðr3 _hh3;0 � r2 _hh2;0Þ	 ð31Þ
and the inputs are designed as
h1;0 ¼ KP ðhd � h3;0Þ þ KDð _hhd � _hh3;0Þ ð32Þ

h2;0 ¼ KP ðhd � h3;0Þ þ KDð _hhd � _hh3;0Þ ð33Þ
Fig. 9 shows the block diagram of the control system. The designed output of h3;0 is a sinusoidal
function sinðtÞ. The dynamic system is simulated and the results are shown as follows.

Fig. 10 shows the motion responses of the output with and without the rectifier Oþ in the
dynamic equation. The results of the outputs will depend on the stiffness of tendon as well as
the proportional and derivative gains tuned for the controller. The higher the stiffness of ten-
dons is, the more similar outputs of the two models become. The tendon force in each tendon is
also plotted in Fig. 11a and b where the pretension t0 is set to 0.5 N. It can be seen that
negative values appears in the tendon force curves for the system without the rectifier Oþ in the
equation. This result does not comply with the force transmission characteristics of tendons.
Thus, if the tendon force is required for the force control simulation, there may cause errors for
the results.

To compare the performance of the system under different pretension, the system is simulated
with t0 ¼ 0:5 N and 3.5 N. Fig. 12 shows the motion response of the output while Figs. 13 and 14
show the responses of tension in tendons. Comparing the tendon force curves shown in Figs. 13
and 14, it can be noted that the higher the pretension is, the stiffer the system becomes. Also, note
that the tendons with t0 ¼ 0:5 N reached zero tension state during the operation. Thus, it can be
concluded that if pretensioning is not well managed, slackness may occur in tendons during
system modeling and results in errors. Therefore, the pretension of tendons may play an im-
portant role in the dynamic response of tendon-driven manipulators.
Fig. 10. Comparison of h3;0 with and without Oþ.



Fig. 11. Comparison of tendon force (a) t3;1 and (b) t3;2 with and without Oþ.

Fig. 12. Responses of h3;0 under different pretensions.
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Fig. 14. Responses of t3;2 with different pretensions.

Fig. 13. Responses of t3;1 with different pretensions.
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7. Conclusion

A systematic methodology for the dynamic analysis of tendon-driven robotic mechanisms
with flexible tendons is developed. A novel representation of the tendon force is introduced.
The Oþ operator is used to represent the force transmission characteristics of tendons. The
method subsequently uses the recursive algorithm to calculate the dynamics of links. Tendon
forces, reaction forces and compliance effects are all derived by the methods developed in this
research.

The performance of such system is also studied by implementing a PD controller onto the one-
DOF system. The results of the system output with and without the operator in the equation are
compared. It is also shown that the magnitude of pretension of tendons may play an important
role in the dynamic response of tendon-driven manipulators.
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