Novel Systolic Array Design for the Discrete Hartley Transform
with High Throughput Rate

Jue-Husan Hsiao, Liang-Gee Chen, Tzi-Dar Chiueh and Chun-Te Chen
Department of Electrical Engineering
National Taiwan University, Taipei, Taiwan, 10764 R.O.C.

Abstract---In this paper, three attractive features for
the DHT transform are derived, including (1)the Single/
Double Data Folding ; (2) the constructive feature and (3)
the data reusage. By using CORDIC algorithm, The
DHT Transform Kernel h *[cosB+ sinf] and conjugate
kernel h_*[cosO-sin8] can be simultanously determined.
With these favorable properties, a novel systolic array
design for the Discrete Hartley Transform has been
designed with eight times throughput of the linear
systolic array designed by [1].

1. INTRODUCTION

The Discrete Hartley Transform [DHT], which involves
only real arithmatic, is very popular in the field of digital
signal processing as an alternative method to the Discrete
Fourier Transform [DFT]. In addition, the inverse DHT has
the same form as the forward DHT([2]. Therefore, one can
use a single program or a single architecture for both the
forward and inverse transform computation. With its
favorable properties, the DHT has been applied in the
spectral analysis of the real signal, autocorrection of 2-D
images, convolution computation [3], data compression, the
adaptive digital filter and fast interpolation.

Many previous work [2-6] focus on reducing the
multiplication and addition counts. But the major disadvange
of these algorithms is the difficulties of shuffle
communication between stages when they are implemented
to systolic architecture with large data sequence N.

The systolic array is made up of simple basic cells that
connected regularity and locality. By pumping data through
the array rhythmically, one can achieve high throughput
with balance memory  bandwidth. On the hand, the
multiplication in the DHT involves the triangular function.
In general, these operations cannot be executed efficiently in
the general purposed computer. However, with the
advancement in the VLSI technology the COordinate
Rotations DIgital Computer (CORDIC) algorithm [1][7-8]
provide an opportunity in building a high throughput and
cost effective systolic array for the DHT transform.

2. CORDIC ALGORITHM

The CORDIC algorithm was first introduced by Volder{7]
and generalized by Walther[9]. The major advantage of the
algorithm is given by the fact that can be realized as a
sequence of additions/ subtractions and shift operations.

In the DHT computation, the triangular functions are
involved. In order to facilitate these operations, the
CORDIC will operate in the circular system. Fig. | shows
the rotation function computed by the CORDIC algorithm in
the system. It is obvious from Fig. 1 that by setting x,=A_,
y,=B, and Z =0=(2rmn/N) one can obtain A sin(2rnmn/N)
+B,cos(2nmn/N) from cordicY,, and obtain another
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co-result A cos(2nmn/N)-B sin(2nmn/N) from output
cordicX, ,. CordicY,, and cordicX , are mutual co-result

m.a

with each other in the same hardware. Hence, we can define
the cordicCOX, , symbol that presents the same thing as
cordicY,,. And the cordicCOY, , symbol is defined for

cordicX .

3.PROPERTIES OF DISCRETE HARTLEY
TRANSFORM
The Discrete Hartley Transform (DHT) can be written as

N-1
Hp = X hacas(ZEmn) where m=0,1,2....N-1 and
n=0

cas[x]= cos[x]+sin[x] ............. 1)

3.A The Data Folding Feature of Hm: There are two
folding types which are derived from the DHT transform:
(1) Single Data Folding (SDF) folds Hm as below , when
N= 2*X and X >=1.

N/2-1 m an
H, = Eo [(Bn+(-1) hHNﬂ)cas(;mn)] ................... (2)and
(2) Double Data Folding (DDF) that is done in N=4*X,
and X >=1. The folded H_ will be
N/A4-1
= L (Ot 1) + nsrs + (1)) cos(Gmm)+
(b + 1) hnen + Baga + (<1 hpizpga) sin(Emm)),
when m mod 4 = 0
N/4-1
= I [+ D" hnine + Baega + (1) i) cOSC mn)+
(B + (=)™ By = Beps = (= 1) hipoze) sin(Grmn)),
N
whenmmod 4 =1
N1
= 20 [(hn + (=1)"hpinp = Bpanvg — (1) R pi3ni) COS(%’"")‘*’
(ho+ (=1)"Buinpp = Hmnia = (=1 3a) SIn(Rrm)
when m mod 4 =2
Na-1
= 2 [0t + Do = nsnis = (1)) cos(rmn)+
(o + (D) hpeny + hens + (=1)"hy3ga) sin(GEmn)],
when mmod 4 =3

3.B The Constructive Feature: We can also divide H,
into four sub_summatioms as below :

Cl/a-t . on
Hy={ 2'3 [A4, sin(37k(4n)) + B4, cos(Z k(4n))]+
Cla-1
);o [Adne2 SIN(Zk(4n+2)) + Bay.z cos(Zk(4n + 2))) }+

Cl Iy 2n
{ ?0 [V S1n(7k(4n+ 1))+ B4nn cos(yk(4n + 1)+
ca-1
;0 [Aans3 sin(zN—“k(4n +3))+ Bans cos(%k(4n +3)1}....(4)
where k is the number of m, m+N/2, m+N/4 and m+3N/4.
Apply the following
cordicY , = cordicCOX , , = A, sin( %mn) +8B, cos(%mn)
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and
cordicXmp = cordicCOY mp = A, cos(%mn) -B, sin(%mn)
in Hy, which can be rewritten as follows :

Cl-1 . Cla-1 i
Hp={ X cordicYman+ X cordicY mam2}+
n=0 =0
Cli-t . Cla-t )
{ X cordicY pane1 + »Eo cordicY mans3 }eereeenennen (5a)
Clal ) ca-1 )
Hpnp ={ ,Eo cordicY man + ,Eo cordicY man2 }-
Cra-1 Cla
{ X cordicY mant1 + X cOrdicY pans3}eeeneenennad (5b)
=0 =0
Cla-1 ] Cla-1 )
Hopna ={ '5] cordicY man— Eo cordicY mansa }+
Cla-t Ca-1
{ "§) cordicCOY p an1 — 3.::0 cordicCOY y 4p43}-...(5¢)
Cla=] Cla-1
Hopanu ={ X cordicY man— X cordicY mans2)}—
C/a-1 ..=o Cra-t )
{ ’5) cordicCOY p an+1 — ,Eo cordicCOY  ane3 }...(5d)

Certainly, Egs. (Sa-Sd) 1nd1cate that six constructive

Cia-1
Z cordth,,,.,,., Z cordicY pane2,

n=0

E cord:cY,,.m.u. Z cordch,,,4,.+a‘ E cord:cCOYm,,n,1 and

n—

E cordtcCOY,,,,A,”;, are used to construct H_, H ...

n=0
and H ., As the

parts,

H

pair of cordicY,,,,, and

mNM4
cordicCOY .., and the pair of cordicY, ., and
cordicCOY, ,,.; are a mutual co_result, two resulis that

come out of the same computing hardware concurrently.
Hence, only four parts of computing hardware are needed
to construct them. Obviously, by using this constructive
feature it is possible to achieve four times throughput.

3.C The Co-computing between H,, and H,: 1t is easy
to show (hat
HN—m—{ Z [A4n cos(ZEm(4n)) - B sin(Em(4n))]+

L anz cos(Bm(dn+ 2)) - Bup sin(Em(dn + )] }+

{ Z [AA,M cos(;m(4n+ 1)) = Bypit sm(il—"m(4n+ M+
=0

C’E:[A,;n+3 cos(Em(4n + 3)) - Bap sin(Em(4n + 3)]}..(6a)

In fact, we use the CORDIC technology to compute H
,and find that

Cla-1 cla-t )
Hy.,n=1{ Eo cordicCOY 3, — ZD cordicCOY p gni2 }+

Cl-1 Cia-1
{ X cordicCOY 4p41 + Eo cordicCOY ,443}....(6b)
n=0

This equation indicates that by wusing CORDIC
technology the computing of Hy_ is concurrent with the
computing of H_. To sum up, by using this second
constructive feature it is almost to achieve eight times
throughput.

4.THE PROPOSED SYSTOLIC ARRAY
In consequence, three tasks must be implemented to
achieve the DHT transform. They are data folding,
CORDIC computing and constructing. First, the DDF (

SDF) cell is designed to implement the data folding task.
Fig. 2 shows the inner structure of DDF ( SDF) cell.
Second, a CORDIC processor kernel is developed to meet
the requirements of DHT computation. The structure of
the kernel CORDIC processor is shown in Fig. 3. Third,
two CONStructure cells are implemented to construct
Hm' HIM'NM' Hm-thl ’ Hm¢3N14 ’ HN~m’HN—(m+NI4)’ HN—(HH-NII) aﬂd
Hy iane Fig. 4 shows the structure of the CONS cell.
By using these three cell types and their features, a
novel systolic array for the DHT can be obtained. Fig. 5
shows the proposed architecture with N= 8. The SDF cell
is used to do single data folding before CORDIC
computing and is followed by the CONStructure cell.
The data flow of the proposed systolic array for
DHT computation is shown in Fig. 6. After the latency,
the DHT transform results of HO, H2, H4 and H6 are
obtained from the CONStructure cell-1 at the end of clock
and another HO, H6, H4 and H2 are obtained from the
CONStructure cell-2 at the same clock. In the next clock,
another eight DHT transform resuits would be achieved.
Therefore, this proposed systolic array can obtain eight DHT
transforms per clock after the latency. This proposed array
latericy time consists of three parts : one data folding
clock, stage clocks and one result constructive clock.
Incidentally, stage clocks need to compute each
constructive part of H and can be represented as:
stage clocks = N /(data folded factor*constructive
factor)
data folded factor =2, for single data folded and
=4, for double data folded.
constructive factor =8.
Fig. 7 shows another proposed architecture with N=
32. The data flow of the proposed systolic array for DHT
computation is shown in Fig. 8. This proposed systolic
array can also get eight DHT transforms per clock after
the latency. Fig. 8 also shows that the data introduce time

is 5 clocks, and this time can be formulated as (N/8)+1.

5. PERFORMANCE ANALYSIS

In previous studies [1], N PEes are used todesign a
linear systolic array for the DHT transform, and there are
N latency clocks, and one transform per clock
throughput of the DHT. In our proposed systolic array, the
latency is only (N/2*4)+2 [ (N/4*4)+2 ] clocks for the
SDF [DDF] mode , and the throughput of the DHT
transform is eight DHT transforms per clock. A comparison
between [1] and our proposal are listed in Table 1. The
throughput rate is defined by the number of the DHT
transformation in one clock. The turnaround time
represents the total clocks needed to complete the whole
DHT transform, the latency time are included. Another
measurement, shown in column 8, is the throughput of the
CORDIC unit. It can be defined as follows:

NDHT
Throughput of CORDIC 7 (Data introduce time {Number of CORDIC used

The throughput of CORDIC in [1] is I/N. In our
proposal, the throughput of the SDF [DDF] mode is
16/(8+N) [32/(8+N)}.
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6. CONCLUSIONS

Three attractive features of the DHT transform have
been derived in this paper. By slightly modifing the
CORDIC processor, three types of processing kernels
are developed to fit the computation requirement. Using
these processing kernels, a high throughput and cost
effective architecture have been designed for the 1-D DHT.
Almost eight times performance of [1] are obtained, while
much cheaper hardware is implemented. Due to its
regularity and simplicity, the proposed architecture  will
be very suitable for VLSI implementation.
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Fig.3 The inner structure of CORDIC processor

1569

Fig. 5 Anovel systolic array designed for DHT
transform, when N=8, where m=0,1,2,...,
N/4)-1and g, =( 2rnn/N).



TABLE 1. The comparison between [1] and our proposed systolic array.

A
Latency {Throughput Fmpl ion| T d |corpIC| SDF | Data | Throughput
rate of h*cas[x] time cells or | introduce] of CORDIC
DDEL. _time a4
m N 1 CORDIC 2N-1 N N IN E
S — el
SDF | (NB)y+2 3 Modified | (3NS)}+1 | N2 N2 T gyl | 1648+N) ﬁ i
CORDIC SDF :g
DDF ¥N/16) +2 8 Modified | (SNn6w1 | N4 [ NA 32/(8+N) 2y g
CORDIC DDE] (NB)+1 8 2118
h 7]
j . B L =
(1) unit of Throughput of CORDIC is DHTY/ cordic-clock. g“z gl1e
- lH
g Ik
—PEDvec 1 Clock 1 Clock 2. Clock Clock 4 all®
SDF 0 A=t b, Ash,-h, A=K, %, Ay x, e 2l
Cordic 0 NOP \A(sinB, +c088, ,) | A(sin, +cosd, )| A(sind,  +coed, ) |; e
A(cos0, -8in0, ) | A(cos®, -sin®, )| Afcos8, -sin6, ) B o
ma——— - ._)HN-m
SDF 2 As=h,+ h, | A=h,- h, A=x,+ Xy A=x.-x, o H
Cordic 2 NOP [ “Afsin®,,+c0s8,;) | A(sinB, ;+c0s8, )| A(sin®,,+cosb,,) | ... E & —>» Hy @i
Acos8, ,-in6, ) | A(cosB, ,-sind, ,) A(cos6), -sin6, ) & C _ﬁ )H[ N-(m+N/4)
SDF 1 A=h,+ b, Ash,- b, Amxt %, A=x- %, D H PHx-@ane
Cordic 1 NOP  [MA(sinG,,+cosB,,) | A(sin®,  +cos6, )| A(sind, ,+coe0,,) F T
A(cos8,,-8ind,,) | A(coaB, -5in@, )| A(cos8, -sind, ) e ann
& T
SDF 3 Ash, + h, 1 Ash,- 1, A=x,+ %, Asx,- %, il
Cordic 3 NoP CA(3inB, , +c080,,) A(sind, ,+C036, ;)8 A(sind,,+cosb, ) Ie > 5 e
Afcos8, ,-2inB,,) | A(cost, ,-2in6, )| A(cosd, ,-sind, ) (8,8, 8./ [0.6,0/ | s
CONS -
cell-1 NOP NOP HH,H.H, HHHH ctage stage 2 stage
CONS cell-2 NOP NOP H.HHH. HHHH,
Fig. 6 The data flow of the proposed systolic array for the DHT with Fig. 7 A novel systolic amray designed for DHT transform,
L when N=32, where m=0,1,2,....(N/4)-1 and 8y,.,=( 2nmn/N).
=8. It shows that the throughput is eight transforms per clock and
the latency is 3, (N/2%4)+2.
PE Type Clock § Clock 2 Clock 3 Clock 4 Clock § Clock 6 Clock 7 Clock 8 Clock 9
DDF O A, = |(hoth,g+(h+hy,) [(h-hyathyhgd o [ hgsh ot ehey Biheh eth, b Jehgah g+(h+h) (LS TMTIC OES W [E S ST S T 963 [EFS TREC RS S I 1035 SRETE S I
B, = |(hyth,)+(h,+hy) | (he-hdeth,-h) [ (heshdthyeh, ) fihehy)-thehy)  [ihath g+th,+h,,) (XX 4 (04X, | Res Xy (R k) [ R4 % ) (X 43000 f (XX, (X,
~ -
[CORDIC 0 | NOP JCORDIC(0.)+Y {CORDICLO4+Y |CORDIC(2,0)+Y JCORDIC(3,0+Y CORDIC{4.0)+Y {CORDIC(0.0)+Y |CORDIC(1.0)+Y |CORDIC(2,0)+Y
DDE2 A, = |thth+th +h) Lhob )-thych) Lihgeh oohyahy fthyhdeth by Johgeh b thy dhy Fixex 04 (X4 30,0 FOGX )0 040 [C352 TRT EHCS AT [ 35 HOESE IE% W 1
B, = |(h,+h )+t +h gL (hhrthhg ek oeihg vho fthy-h o (hychyd J+hgeihy+hy) T A LT LIS At S (LSS TR S 235 SRR T S W
}corDIC 2 | NOP JCORDIC(0.2)+Y JCORDIC(1,2)+Y | CORDIC(2,2)+Y JCORDIC(3.2)+Y  [CORDIC(4.2)+Y |CORDIC(D.2)+Y |CORDIC(1.2)+Y |CORDIC(2.2)+Y
DDE 1 A, = {(h+h)+thgthy) |(-h)-(h-hy) fhyshopthorhy) ihhostheb,) [(hy+h d+thgrhy,) (LIRS IR (P s SR [E IS SV C IS SN (LS SRS RS NI [CHS TLTE S W)
B, = {th+he(h+h) fh-hoythg-hy) foh eho-(horh ) fh-hyo-(hehy, (h,+h,)+(h,+h, ) (XX DX E) JX X )R X el J (X 42, - (K # X)) (X )
[CORDIC 1 NOP JCORDIC(0.1)+Y [CORDIC(1,1)+Y |CORDIC(2,1)+Y |CORDIC(3.1)+Y Ct)RDICM,IHY CORDIC(0,1)+Y JCORDIC(1.1)+Y {CORDIC(2,1)+Y
DDF 3 A, = J(hahgtth +hy) [hy-ho)-thyhyd fibyshy)-(hy +hy) fhechy )+ thy chel) fhgeho+thy +hyo) Ry XX %5 [ Ry Rio(Ryg-X) X+ R 00 (K, 455) | (K )+ (R X )
B, = Hhithodeth, +hy) f(hy-hd+thy -h) [ ohyshgsdhy #hy {(hy-hp)-thyshay) [ thyshodath, +hy) X+ X))+ (X # %50} (XX (8,500 | (#8002, 4%50) [ (RyX,)-(x-X;)
ICORDIC 3 NOP ICORDIC(0.2)+Y |CORDIC(1.2)+Y [CORDIC(2.3)+Y JCORDIC(I })+Y CORDIC{4.3)+Y |CORDIC(0.3)+Y |CORDIC(1.3)+Y JCORDIC(2.3)+Y
DDF 4 A, = | NoP (hthyg)+(h 4o | thohy)-thychyy [ (heh)-thythy) fih b+ b hy) (htho)+ My tha) [ (X420 | Ry Xpod- (X ) F XA R (R, 4,
B, = (hrhy+(hy,vhygd fih-hg)s thyy-hy) [ thesho)-thyvh [t by (hye-hy) (hytho (b +ho VO X (X4 55,) | (6 X )+ (- (R FXon)-(X);+2,,)
CORDIC 4 NOP NOP CORDICI04)+Y |CORDIC(1.4)+Y [ CORDIC(2.4)+Y CORDIC{3.4)+Y |CORDIC(4.4)+Y [CORDIC(0.4)+Y |CORDIC(1.4)+Y
DDE6 A, = | NopP by rth dhy [ h-hyy-thy chy [heho st +h) Lihehdeth hy (hyth 14 (b, +ho b X4 M4 R0 IR (R X)) (R4 R o) (R *X,0)
B, = (hythy by thao) [(hhigs(hy b o) [(hthy)-hy oy [ hehu)-(Ohy by L L N L S R L Rl (LR L )
[CORDIC 6 NOP NOP CORDICt06)+Y [CORDIC(] 63+Y | CORDIC(2,6)+Y CORDIC(3.6)+Y [CORDIC(.61+Y |CORDIC(0,6)+Y |CORDIC(1.6)+Y
DDFS A = | nop (hyrhy 14 hy thog) [ (hehy)ethychig) fhyshy-thy shig) | hech, 4thy ) (gt Wy g FRER G #) (RyXp (X Xg) | (RghR X 43,
B, = (hy+hy F+(h, #ho) [ (hy-hy <ty chog) [ihe+hy (b thg) [ theh, )-(hy,-h) (yth, 4R, S ho) [ R X A X00) [ (R R 4R X)) [ (X4X, )X, 4% )
[CORDIC 5 NOP NopP CORDIC(0.5)+Y | CORDIC(1,5)+Y [ CORDIC(2.51+Y CORDIC(3.5+Y [CORDIC(4,5)+Y {CORDIC(0,5+Y | CORDIC(1.5)+Y
DDF7 A, = | noP (hothy M (hy +ho ) (hechy)-thy kg fhahoochyvhy)) | therhy g+ by LN RS TES PR E TS SVESC IS SH0 I HE 05 SR STE SRS I8 N KC 105 SN IR Y
B, = (hth, 04t b | heh psth by fherhoshvhyy | thehso-(hy by B4R, 0+ (h SR XX )4 (B H R0 (B Ko 4R Ry ) { (R F200-(X ) 4R,)
[CORDIC 7 NOP NOP CORDIC(0.7)+Y [CORDIC(1,7)+Y |CORDICI2,71+Y CORDIC(3,7)+Y [CORDIC(4,7)+Y |CORDIC(0,7)+Y |CORDIC(!.7)+Y
CONS Cell-1 | NOP NOP NOI* [IRIRIMIM H LA, LI, 1L, H L, 1,1, HH,, XXX, Xuo
CONS Celt-2 | NOP NOP NoP HHLH I, H H H . HHIH, HLH, H H, 1, H H,H, XXX, X,

**CORDIC_Y(m.n)=A sin(2/Nimn))+B,cos2n/Nimn)

*XCORDIC_Xim.ni=A,cos 2n/Nimn))-B,sin(2n/Nimn))

Fig. 8 Thedata flow of the proposed systolic array for the DHT with N=32. Double data folding arc used in this design. [t shows that the
throughput is cight DHT transforms per clock and the latency is 4. (N/4*4)+2.
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