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Discrete Fractional Signal Transforms (III)
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ABSTRACT

DFT has the good quality of performance and fast algorithm.
But when we implement the DFT, we will require the
floating-points multiplication. In this project, we will introduce
the integer Fourier transform (ITFT). ITFT is approximated to
the DFT, but all the entries in the transform matrix are integer
numbers. So it only requires the fixed-points multiplication, and
the implementation can be much simplified, especially for VLSI.
This new transform will work very similar as the original DFT,
for example, the transform results are similar and the
shifting-invariant property is also preserved for ITFT. In many
applications, we can use ITFT to replace DFT.
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Because of the direct relations with frequency spectrum and
the fast algorithm, DFT is a very popular tool for signal
processing. But when we implement the DFT, some
floating-points multiplication operations are required. The
implementation of floating-points multiplication is usually
trouble and time-consuming. Besides, for the computer, it
requires the floating-points processor, and will be more complex
and expensive.

In this project, we will derive the integer Fourier transform
(ITFT). It approximates to the DFT, but all the entries in the
transform matrix are integer numbers. We can implement the
ITFT without any the floating-points multiplication operations
because there are no non-integer entries. In section 2, we will
introduce the general method to derive the integer transform from
some real discrete transform. This method is the generalization
and the modification of the method introduced by Cham [1][3}
(He used his method to derive the integer cosine transform). In
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section 3, we will derive the 8-points ITFT. Then, in section 4, we
will discuss the performance and the property of ITFT. We will
show ITFT remains almost all the performance quality of DFT. In
section 5, we make a conclusion.
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Integer transform is the discrete transform that all the entries
in the transform matrix are integers. When we try to find the
integer transform analogous to some real transform, we can
follow the algorithm described as below. Here we use A to
denote the transform matrix of the original real transform. use B
to denote the forward transform matrix of the integer transform,
and use D to denote the inverse integer transform matrix.

(1) Find the symmetry relation and the equality relation for
each row of the original real transform, and find the sign of
the entries of the transform matrix.

(2) Forming the prototype matrix of the forward integer
transform from the relations obtained in the step 1. The
prototype must satisfy the following rules:

(a) If for the original transform matrix,
A(m, ay) = C-A(m, ap) where C=1,-1,/,—
then for the forward and inverse integer transform, the
equality relations as below must be satisfied:
B(m, a;) = C-B(m, a3) D(m, ay) = C-Dim, ay)
(b) If for the original transform matrix,

A(my,n)=0 A(my, n2)>0 A(m3, n3) <0
then for the forward and inverse integer transform,

B(my,n))=0 B(my, ny)>0 B(m3.n3) <0

D(my, n)=0 D(my, n3)>0 D(m3, n3) <0

From these rules, we assign the unknowns in each entry of the
prototype matrix. To be convenient, all the unknowns are
constrained to be positive and real integers. If the prototype
matrix has too many unknowns, we can try to make some
unknowns be the same, or make some unknowns to be 1.

(3) Forming the prototype matrix of the inverse integer
transform. The prototype of transform matrix of the inverse
transform is of the same form as the forward transform. but
we use another set of unknowns.

(4) Constraints for orthogonality. In this step, we search for the
requirements to make the transform matrices of the forward
and inverse transform to be orthogonal, and make the inner
product of the same rows to be the values of 2* (k is integer):

N-1
S B(m, k)D(n,k)=R,, 5,, whereR,=2" 1))
k=0
From this, we obtain the equality constraints for the
unknowns of the prototypes matrices.



(5) Constraints for inequality. In this step, we find the
inequality relations among the unknowns of the prototypes
matrices from the inequality relations for each row of the
original non-integer transform matrix. That is, if for the
original transform,

A(m. ny) > A(m, ny)
then for the forward and inverse integer transforms,
B(m., n\)> B(m, ny) D(m, n\) > D(m, ny)
These will be the inequality constraints for the unknowns.

(6) Assign the values for all the unknowns. At last, we assign
the values of unknowns. They must be real, positive integer
numbers, and satisfy the constraints obtained in steps (4), (5).

We note, the transform matrix B of the forward transform and the
transform matrix of the inverse transform D would be different.
Thus, if X(m) is the forward integer transform of x(n),

N-1
X(m)="Y B(m,n)- x(n) @
n=0
Then we can recover x(n) from X(m) by
N-1
x(n)= Y. D*(m,n)- R, - X (m) 3)
m=0

where * represents the conjugation, and R,, is defined in Eq. (1).
Egs. (2), (3) can also be written as
X =Bx x=p"c’'x @

where ' is the Hermitian operation. The method introduced in [1]
makes the transform matrix for the forward and the inverse
integer transform to be the same, and can’t avoid the
floating-points multiplication for the inverse transform (since the
values of R,, in Eq. (1) would not be the form of 2k). Here we
allow the forward and the inverse integer transform to be
different. This enables us to fully avoid the floating-points
multiplication operations, no matter for the forward or inverse
transform. But since B, D are of the same forms, so the structures
of the implementation of the forward and inverse transform are
basically the same, except for the direction would be reversed and
the parameters are different.

From the process introduced above, we can assure the integer
transform we derived are very similar to the original non-integer
transform, because (1) the symmetry, equality relations for each
row, (2) the sign of each entry, (3) the orthogonality property, (4)
the inequality relations for each row have been preserved. Thus,
many propertics of the original transform (such as the
shift-invariant property of DFT) will be almost preserved.
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The original 8-points DFT is:

F(m,n)zexp(—jmn;r/4) mnef0,1,..7] 5)
To derive the 8-points integer Fourier transform (ITFT), we first
form its prototype from the equality relation and the sign of each
entry of the original 8-points DFT (steps 1, 2 in section 2). We
list the equality relations of the original 8-points DFT as below:
row |row O [row 1 row 2 |row 3 jrow 4 [row 5 [row 6 [row 7
G=1_|C=] C=j C=-1 C=j
G=2 |C=1 |C=4 |C=1|C5j [C=1 |C=+ |C=-1|C=j
G=4 |C=1_|C=-1 |C=1 [C=-1|C=1 |C=-1 {C=1 |C=-1
Table 1 the equality relation of the original 8-points DFT

The values of G and C mean the m"™ row of the original 8-points
DFT will have the following relations

F(m,n®G)=C-F(m,n)

F(m,n®G)=C"-F(m,n)
where @ is the exclusive-OR addition:

2 2 2
ADB=Ya,2'®Y b,2' =3 (a, XORb, )-2'
i=0 i=0 i=0

where a;, b, = 0, 1. We note, from the step 2 described in section
2, the 8-points ITFT must also have the same equality and
symmetry relations for each row as the original 8-points DFT, so
Egs. (6), (7) must also hold for the 8-points ITFT. Then together
with the sign of the entries in the 8-points DFT matrix, we can
construct the prototype matrix of the 8-points forward ITFT as:
& & & & & & & &
4 @ja —j4 Gja -4 -%Yje jq &tje
& Jg& & J& & J& & J%
b b-jb jh bjh bbb —jh b (8)
& & & ] & 8 & &
a ot /6 otjo G o4 J§ 9o
& JB & & & & & &
L4 atjd jd ~dtjd —~d ~di—jd —jd dy—jd, |
We assign the unknowns for the real part and image part of the
entries separately to assure all the unknowns will be real numbers.
In this prototype matrix, there are totally 12 unknowns. The
amount of unknowns seems to be too much, so we will set some
unknowns to be 1 and some unknowns to be equal. We set

g1=8=8=g=1, ®)

bi=c1, by=cy, d=a, d=a (10)
Then the prototype is simplified as:
1 1 1 1 1 1 1
4 Bja —ja —,ja 4 ~GHa jq arje
| AR I SRS N A N
G e Ja U G otje —ja —otjg|(1D)
1 -1 I -1 1 -1 1 -1
a otje j4 otieo G oo Jj4 5o
| Y S j A
(& &tia j4a —atje -a —o-ja -ja &g |
and there are only 4 unknowns. But we must assure the ITFT can
still be derived after the simplification, otherwise we must
remove some of the equality relations Egs. (9), (10). We note, in
Eq. (11), the m™ row of the prototype matrix will be the
conjugation of the (7-m)™ row, as the original DFT.

if n®@G>n (6)
if n®@G<n %)

FI,=

Flp=

Then we form the prototype for the inverse ITFT. It is similar
to Eq. (11), but {a), a;, c|, c;} are changed as {a3, a4, c3, ¢4 }:

1 1 1 1 1 1 I 1
& aja -jo -a-ja —& -gtja ja atjg
1 - j | | J

¥ % G Ja aJa 6 atiq g g |(12)
1 1 1 4 1 4 1 4
G GG —J6 atia 6 ajg  jg —ojg
| S (R Y A I
& avja ja -atje, & —a-ja, —ja a-ja |




There are 4 unknowns for the inverse ITFT, so there are totally 8
unknowns for ITFT.

Then we search the constraints for the unknowns. First, we try
to find the orthogonality constraints to make each row of the
forward, inverse ITFT to satisfy the Eq. (1).

From the prototype of the forward, inverse ITFT, we find
except for {row 1, 5}, {row 5, 1}, {row 3, 7}, and {row 7, 3}, all
pairs of different rows will be orthogonal to each other. And
calculating the inner product of {row 1, 5}, {row 5, 1}, {row 3,
7}, and {row 7, 3} directly, we find if we want these pairs to be
orthogonal, then the following constraints must be satisfied:

() a,cy=2a,c,,.
Then. from the requirement that the inner product of the same
row must be the power of 2, we obtain the constraint as:

(i) aycy=2a,c,

(i) @y a3 +2aya, =25, (iv) ¢;c3+2¢,¢04 =2"
where k, h are integer numbers. The constraints of (i), (ii), (iii),
(iv) will be the equality constraints of the unknowns.

Then, from the inequality relations for each row of original
DFT matrix, we obtain the inequality constraints for the 8-points
integer DFT as:

V) aq2aq
These are the inequality constraints. Thus we have obtained all
the constraints for unknowns.

i) q2c, (vil) a32aq, (vii)) ¢52¢

Then we assign the values of unknowns. Since there are 8
unknowns and only 4 equality constraints, so there are infinite
choices for the values of unknowns. But to search the values of
unknowns to satisfy all the constraints, especially to satisfy the
constraints (iii), (iv), is a difficult task. We introduce a process as
below. This process will make the work of searching for the
values of unknowns to be more efficient.

(a) Choose the values of aj, a; such that ay, ay are integer
numbers and
2ayza z2a; (13)
(b) Find the integer values of ¢, ¢, such that ¢| > ¢, and

a-cy+ay-¢ =2" n is integer (14)
(c) Set the value of a3, ay4. 3, ¢4 as
c3=2a,, cy=a,, azy=2,, a4=c¢; (15

Then the values of unknowns are all obtained. We list some
possible choices of the unknowns as below:

(Y a =2, ar=1, ¢1=2, co=1, as=2, a4=2, c3=2, c4=2
This is the smallest, simplest integer solution for the
unknowns. And in this case, the value of R,, in Eq. (1) is:
Ro=Ry=Ri=Rs=2", R =Ry=Rs=R,=2"
(2) a|=7. az=5, C|=13. C’2=9, a3=18, a4=1 3, C‘3=10, C4=7
We note, when we choose the parameters as the values
listed above, the ratios of a; : ay, ¢| : ¢, a3 : a4, ¢3 : ¢4, are all
near to 1.414:1, which is ratio of the original discrete Fourier
transform. If R,, is defined as Eq. (1), then in this case
R0:R2=R4=R6=23, Rl =R3=R5:R7=210.
We can implement the forward/inverse 8-points integer
Fourier transform (8-points ITFT) in the following ways:

preserved. We can choose the ratios of ay : @z, ¢y 1 ¢, a3 2 a4, ¢c3:
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Fig. 1 Decimation—in—frequency implementation for the

forward 8—point integer Fourier transform (ITFT)
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Fig.2 Decimation—in—frequency implementation for the inverse
8—point integer Fourier transform

We find, for the 8-points ITFT, the number of the multiplication
operations required is:

o forward/inverse transform: 8 fixed-points multi. operations

e normalization: 8 fixed-points multi. operations

e total: 24 fixed-points multiplication operations
And for the original 8-points DFT,

o forward/inverse transform: 2 floating-points multi. ops.

e normalization: 8 fixed-points multi. operations

e total: 4 floating-points, 8 fixed-points multi. operations
That is, we replace 4 floating-points multiplication operations
with 16 fixed-points multiplication operations. The cost for doing
16 fixed-points multiplication operations is much less than the
cost for doing 4 floating-points multiplication operation. Thus,
8-points ITFT will be much faster than the original 8-points DFT.
Besides, we can further reduce the number of multiplication
operations by setting a;=c;, or a;=c;, or az=c3, or as=c;. and
each of them will save 2 fixed-points multiplication operations.

The advantages of the ITFT are the simpler implementation
and saving the computation time, and its performance is much
like the original DFT (see section 4). But some properties, such
as the convolution theorem, can just be approximated, not be




preserved. We can choose the ratios of a; : ay, ¢ 1 ¢, a3 1 a4, ¢3¢
¢4 near to 1.414:1, then the performance of the ITFT will be more
approximated to the original DFT.
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We will see the performance of the 8-points integer Fourier
transform (8-points ITFT). Here the parameters we choose are
a1=7, ay=5, ¢)=13, =9, a3=18, a;=13, c3=10, c4=7.

We first see the transform result. We choose 2 inputs:

x1=[2, 3, 4 5 4,5 2 3] (16)
x3=[2.8, 4.3-0.6i, 3.7+0.9i, 3.1-0.6i, 4.6, 3.1+0.6i,
3.7-0.9i, 4.3+0.6i] 17)

Then we do the original 8- points DFT, and plot the results in Fig.
3(c¢), 3(d). And then, we do the 8-points ITFT, and plot the results
in Fig. 3(e), 3(f). We will normalize the transform results for
comparison. That is, for the transform result of the ITFT

7
X(m): ZFI(m,n)-x(n) (18)
n=0
We will normalize X(m) as below in Fig. 3(e), 3(f):
X(m)= x(m)/ FI(m,0). (19)
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Fig. 3 The transform results of the original DFT and ITFT. (a)

x1{n], (b) xz[n], (c) original DFT for xi[n], (d) original

DFT for x;[n], (e) ITFT for x;[n], (f) ITFT for x;[x].

(heavy lines): real part, (light lines): imaginary part
We find, the normalized transform results for the 8-points ITFT
are very similar as the transform results for the original 8-points
DFT. Also, we note that input x5 is the combination of a low
frequency component and a high frequency component. As these
2 components can be separated by both the original DFT and the
IDFT. So the IDFT can also be used for the filter design.

Then, we see the displacement property of the IDFT. Here we
use the displacement of input x;[n] (see Eq. (19)) as the input:
x3[n] = x2[((n+1))s] x4[n] =x2[((n+2))s] (20)

And we plot x[n], x3[n], x4[n] in Fig. 4(a), 4(c). 4(e). Then we do
the 8-points ITFT for x;[n], x3[n), x4[n], and plot the amplitudes
of the normalized results in Fig. 4(b), 4(d), 4(f).
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Fig. 4 The space-invariant property for the ITFT. (a) xz[n], (b)
Xalm]l, (¢) x3[nl, (d) IX3[m]|, (e) xaln], (f) [Xalm]|. where
Xo(m), X3(m), X4(m) are the ITFT of x3(n), x3(n), x4(n).

We find, for the ITFT, the displacement property also keeps. The
signal after displacement will have the same transform amplitude
as the original signal. When we compare the phase, there is an
interesting phenomenon. We find, if Xo(m), X3(m), X4(m) are the
transform results of x5(n), x3(n), x4(n), then

angle(X;3)—angle(X,) = [0, -45, -90, -135, 0, 135, -270, -315]

angle(X4)—angle(X;) = [0, -90, -180, -270, 0, -90, - 180, -270]
This is exactly the same as the original DFT.
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In Sec. 3, we have used the method introduced in Sec. 2 to
derive the 8 points integer Fourier transform (8 points ITFT). In
fact, we can also derive the ITFT for other number of points
(such as the 6-points ITFT). We can also derive other types of
integer transforms, such as the integer cosine, Hartley transforms.

For the integer transform, we can replace all the
floating-points multiplication operations with the fixed-points
multiplication operations, so the integer transform is very
efficient. If the datum we want to process are all integer number,
using the integer transforms is especially efficient. The concept of
the integer transform is very new, and there are only a few
researches about it. Because they are convenient for
implementation, and almost remain the quality of original
transform, so they can compete with the original discrete
transform in many applications. We believe the integer transform
will be very popular in the future.
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ABSTRACT

In recent years, continuous fractional Fourier transforms have been
developed and widely used in several practical applications, such as
time-frequency signal analysis, Fourier optics, pattern recdgnition, and
signal compression etc. However discrete fractional Fourier transforms
have not been developed very completely yet; Since it has very high
potentiality in digital signal processing applications, we have proposed a
3-year term research project, it will concentrate on the study of several
discrete fractional signal transforms, such as discrete fractional Fourier
transform, discrete fractional Fourier series, discrete fractional Hilbert
transform and its applications on image edge detection, and fractional
time-frequency distribution function for radar and time-varying signals

detection.

Keywords : Continuous Fractional Fourier Transform, Discrete
Fractional Fourier Transform, Time-Varying

Signal Analysis.
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Abstract

As 1-D Fourier transform can be extended into the 1-D fractional Fourier transform (FRFT),
we can also generalize the 2-D Fourier transform. In [1], they have generalized the 2-D Fourier
transform into 2-D separable FRFT (replaces each variable 1-D Fourier transform by 1-D FRFT,
respectively) and 2-D separable canonical transform (further replaces FRFT by canonical trans-
form). It has also been generalized into the 2-D unseparable Fourier transform with 4 parame-
ters in [2]. In this paper, we will introduce the 2-D affine generalized fractional Fourier trans-
form (AGFFT). It has even further extended the 2-D transforms described above. It is unsepa-
rable, and has totally 10 degree of freedom. We will show the 2-D AGFFT has many wonderful
properties, such as the relations with the Wigner distribution, shifting-modulation operation,
and the differentiation-multiplication operation. Although 2-D AGFFT form seems very com-
plex, but in fact the complexity for the implementation will not be more than the implementa-
tion of the 2-D separable FRFT. Besides, we will also show the 2-D AGFFT extends many of
the applications for the 1-D FRFT, such as the filter design, optical system analysis, image

processing, and pattern recognition, and will be a very useful tool for 2-D signal processing.



I. Introduction

The fractional Fourier transform (FRFT) [3](4], which is the generalization of the 1-D

Fourier transform, is defined as:

-7 i-'coto.r' 2 fosc ol Z'CO at?
Fa(u)=0?(f(t))=w/———~—1 jzjzom-ez e ™ (). ()

It has the additivity property as following:
0f0% =07, )
It has been used in many applications such as optical system analysis, filter design, solving dif-

ferential equations, phase retrieval, and pattern recognition, etc.

In fact, the FRFT is the special case of the canonical transform [5] (also called the special

affine Fourier transform (SAFT) [6]). The canomcal transform is defined as below:

/(I ”l j(l,v
Franen )= 0= [=Loet Lo Ve 0 o

when b # 0,

i.-0114142
Frvoea (W)= 0 (F(0) =Vd €™ - fld-u)  whenb=0 @
And the constraint that ad — bc = 1 must be satisfied. The FRFT is just the special case of SAFT
with .a b c, } {cosa, sing, —sing, cosa}:

v F'(cosa sina,~sina cosa)(u)' (5)

The canonical transform has also the additivity property as:
Oﬁ_"z-bzvfz -1’2)0;01 byaepdy) O,(f’f‘g'h) , (6)

where e f _| % byl | b . (7)
g h c, dy||c d,

The canonical transform has extended the utilities of FRFT in some applications, and is a useful

tool for the optical system analysis.

The FRFT and SAFT (canonical transform) defined above in Egs. (1) and (3) are all 1-D
transforms. In [1], they have generalized them from 1-D into the 2-D cases. The 2-D canoni-

cal transform they introduce is equivalent to the following equation:

O(F"'["C""""b"c"'l" xy) f fKnb“, r)-K(,,l‘b],c,,d,)(h,J’)'g(X,)’)dXd)’ (8)

jd 2 S ja.2

where K, .. (f>x)= 1/ j2rb - exv’ e et when b # 0, 9)
l-('{l-fz
Kisea(fx)=Ad 2" 8(x-d-f), (10)



and K, ;, ., ) is of the same form as K ppeay(Sf>x), and ad=bc = 1, ayd\=bic; = 1.

That is, the 2-D canonical transform defined as Eq. (8) can be viewed as the combination of 2
independent 1-D canonical transforms. The 2-D fractional Fourier transform they introduce 1s
the special case of the 2—D canonical transform defined above with {a, b, ¢, d} = {cosa, sing,
—sina, cosa} and {a,, b|, c¢|, d|} = {cosp, sinf, —sinf, cosf}. Although the 2-D canonical
transform introduced by [1] has generalized the 2—D Fourier transform, but it is not general
enough because it treats 2 variables independently. In this paper, we will call the 2-D fractional
Fourier/canonical transforms introduced by [1] as the 2—D separable fractional Fou-

rier/canonical transform.

Recently, in [2], they introduce the 2-D unseparable fractional Fourier transform. This

transform is the same as the 2—D separable fractional Fourier transform for

[00591x+sin91y —sin92x+00592)’j (1)

cos(9, —-6,) cos(8, —6,)
and there are totally 4 parameters (8,, 6,, and the order of the FRFT for each dimension). It
treats the 2 variables unseparably, and generalizes the 2—D separable fractional Fourier trans-
form. In fact, the 2-D unseparable fractional Fourier transform [2] can be further generalized.
In this paper, we will introduce a new type of generalized 2-D fractional Fourier transform, it

will be much more general than the transforms introduced in [1] and [2].

In [7], they have introduced an N-D operator (the operation for the N dimensional functions)

defined as below:

OLA‘B.C,D)(/*(R))
- (- det(B)) 2 [exp(jz(® DB - &T —2%-B -#T +%-BA-%7)) £(%)-d%. (12)

where

In Eq. (12), A, B, C, D are all NxN matrices, and satisfy the following constraints:

A'C=CYA, B"D =D"B, A'D-C"B=1, (13)
or equivalently,
AB" =BA"Y, Ccp" =DpCH, AD" -BC" =1. (14)

We use " to denote the Hermitian operation (conjugation and transpose). The operators defined
in Eq. (12) can be represented by the following 2NMx2N matrix (In [7] they call it as the meta-

plectic representation):

A B as)
C D|



And the operation defined in Eq. (12) has the additivity as below:

OLA .B ,C.D)OLA.B,C.D) — OLI’.Q,I{,S)’ (16)

v sk le olle vl
where = . . (17)
R S C D||C D

In this paper, we will discuss a special case of Eq. (12) with N = 2 (2 dimensions). We call it
as the 2—D affine generalized fractional Fourier transform (2-D AGFFT). It is unseparable,
totally has 10 degree of freedom, and is more general than the transforms defined in [1] and [2].
We will discuss it in detail, especially for its properties and implementation. We will also show
AGFFT can do many things that can’t be done for the 2-D separable fractional Fou-
rier/canonical transform introduced by [1] and the 2-D unseparable FRFT introduced by [2]. In
section 2, we will give the definition of the 2-D affine generalized fractional Fourier transform
(AGFFT), some special cases of it, and the 2-D affine generalized fractional convolution and
correlation. Then, we will discuss the properties of AGFFT in section 3. In section 4, we will
discuss some efficient ways to calculate and implement this 2-D transform, and some simplified

form of 2-D AGFFT. In section 5, we will discuss some applications of AGFFT, such as the 2-

D filter design, and optical system analysis. Finally in section 6, we make some conclusions.

II. The 2-D Affine Generalized Fractional Fourier transform

2-1 The Definition of 2-D AGFFT

The 2-D affine generalized fractional Fourier transform (2—-D AGFFT) we define here

is the special case of Eq. (12) with dimension 2:

AGFFT: O P (g(x,y))=[" [" K pom(f 1 x,y) glx,y)- dxdy, (18)

where

A:{a” alz}, B:[bn blz}’ C:[Cn Clz:i, D:!:dn dlz} (19)
ay, Qy by, by, €y Cxn d, d,

represents the 16 parameters of 2-D AGFFT (Here we restrict all the parameters to be real),

and the kernel is:

K ( h ) _ 1 Zde{(?)(k] S+ 'f'/'+k3"'2) ] edet{B)((_bZZIH" 2h)x+(byy f~by ) y)
(A,B.C.D) f, X, V)= €
27+/— det(B)

2 2)
P X" +prxy+pyy

»

J
.e 2det(B)

(20)



where

ki =dybyy —diyby, ky=2(=dy by + dipbyy) = 2(dy by — dyybyy),

ky =—dy by + dyby, py=apby —aybyy,

P2 = 2abyyanbiy) = 2(-ay by taybyy),  p3=—apby +aypby. (1)
The constraints of Eq. (13) will become the following 6 constraints:

a1y T ayCp = gy + ancy, bydyy + byydyy = byd)) + byydy,

aydytaydy — (¢ 1byteyby) = 1, ayyd\yFaydy; = (C1pb1atepdy) =1,

aydyy + aydy = ¢y by + ¢y1by, ayydy + aydy = cipbyy + Cby)s (22)

or equivalently, from Eq. (14),

ay by T ayabyy = ay by +ayby,, cpdy +cppdyy = eyydy + epdy,
apdytand;; — (bycthyyen) =1, ay dyyFagdy; — (b3 703502,) = 1,
aydy +apdy; = bycy + byyey,, aydyy +azdyy =byicpy + byeys. (23)

Specially, we find when A or D is an identical matrix I, then b,,=b,,, ¢,,=c¢,,. And when B or C
is I, then a,=a,;, d|,=d,,. Because there are 16 parameters and 6 constraints, so the free di-
mension of the 2-D AGFFT is 10. In contrast, the free dimension for 1-D canonical transform is
3, and for the 2-D separable canonical transform defined as Eq. (8) is 6 (8 parameters with 2

constraints).

Since the 2-D AGFFT has too many parameters, so in this paper we will usually use the
matrix or vector notations instead of the explicit notations. We will usually use

X=(x,y), w=(f,h) (24)
to denote the variables in time and frequency domains, use A, B, C, D defined as Eq. (19) to
denote the 16 parameters. Besides, in this paper we will use G, g c.p)(f, #) to denote the result
of 2-D AGFFT of g(x, y):

Giascp) (W) = G(A,B,C.D) (f’ h) = Oﬁ‘A'B‘C'D) (g(x, )’)) = O,ETA'B'C‘D) (g(?_‘)) (25)

The additivity property for the 2-D AGFFT is also the same as Egs. (16) and (17). And the

reversible property of the 2-D AGFFT is:

(OLA'B'C'D))_l _ OLDT‘—BT'_CT‘AT). (26)

We note, when ay, = a,, = b, = by, = ¢, = ¢y, =d|; = d,, =0, the 2-D AGFFT becomes the
2-D separable canonical transform defined as Eq. (8). More specially, when A=D=0and B =

—C =1, the 2-D AGFFT becomes the 2-D forward Fourier transform. And when
' o sina-cosf, -sina-sind,
cosa-cosf, —cosa-sing, , g _| cos(6,—6,) cos(6, —6,)
cosf-sinfd, cosf-cosb, sin #-sind, sin B-cosb,
cos(8, -6,) cos(6, -6,)




cosa-cosf, —cosa-sind,

D= cos(@, -6,) cos@ -6,)
~sinB-sin@, -sinfB-cosb, | cosf-sinf, cosf-cosb,
cos@ —-6,) cos@ -0,)

» (27)

I:— sina-cosd, sina-sing,

the 2-D AGFFT becomes the 2-D unseparable fractional Fourier transform introduced by Sahin,
Kutay, and Ozaktas [2].

We show the relations between the AGFFT and its special cases in Fig. 1. The number in

the () shows the degree of freedom of the corresponding transform.

2-2  The definition of 2—D AGFFT when det(B) =0

We note, in Eq. (18), if det(B) = 0, then we can’t apply this equation directly. In these cases,
we must convert the 2-D AGFFT defined as Eqgs. (18)~(21) into another form. We discuss each

of these cases as below.

(1)B=0.
We note, because ATD-C"B = I, so when B =0, ATD =1. That is, the equality rela-
tion A = (DT)_] must be satisfied in the case that B = 0. And since

D* 0| |0 -Dp"'|[0 I 08)
c bl |p -c ||-1 0o

so in the case that B = 0, the 2-D AGFFT can be defined as
A/det(D
—#-exp(j-v“vCDT w'/2)-

G(I)T"l,o.c.n)(w): 42

T
L exp(jpD"w" - j-%p")- g(x)- dxdydpdy, (29)

where p=(p,q),and X, W are defined as Eq. (24). After some calculating, we obtain

/( . 2 . . 2
SWendyp+anadin) f7+2(eday +eadan) [h+(eaday +eaad 2y ) )

- = ./ .e?

GmT I,o.c.m(f’h) det(D) -e ) (30)

-gld) [ +dyhd,, f +dyh)
This is the formula for 2-D AGFFT when B = 0. We find when C = 0, it is just the geometric
twisting operation. And when D =1, it is just the chirp multiplication operation.

2Y{A,B,C,D} ={I,B,0,1I},det(B)=0,B #0.

Before discussing the other cases, we first discuss the formula of the 2-D AGFFT with the
parameters {A, B, C, D} = {I, B, 0, I}. In the case that det(B) # 0, we can apply Egs. (18)~(21)

directly. But in the case that det(B) = 0, we must use other ways to find the formula. Because



Lo vkl bl )

O™ (g(x, ) = 1FT(0“'°“""’ (FT(g(x, )

f +20y> fh+bs "
= [FT(e " )) *g(x,y). (32)

We have used the Eq. (30) and the multiplication theory of the original Fourier transform. In
this paper, the definition of Fourier transform, inverse Fourier transform,- and the convolution

we used are as below:

FT(g(x,y))= 05" " (g(x, y)) = ﬁ [ [ e?V="g(x,y)-dxdy,  (33)

IFT(g(x,y)) 0(0 -L1.0) (g(x y)) J_ . f [”w ej(f,\'h’x)v)g(x,y) . dXdy , (34)
g(x,¥) * q(x,y) = IFT(FT(g(x,y))- FT(q(x,)))

1 v : (35)
:——_4/12f-,,fwg(«‘f—T,)/—U)'q(r,ry)~dfd77
-1-2r

From Eqgs. (32), (34), (35), we find the formula of the 2-D AGFFT with parameters {I, B, 0, I}
(det(B) = 0, B # 0) can be expressed as:

® b, =0,b,,=0, b22¢0-

h\

Gison (f.h)= W fo Zb” -g(f,y)-dy (36)
22
Loy, £ 24263 hsas i) ; ¥’
because IFT(e 2 B )= jbz”é(x)eﬂ'zz , (37)
22
@by, #0, by, #0, b122=b”b22' _
27 S=x)? b,,
Guman 1) = [5= = [ gl =)+ h) - dx (38)
h
2 J 2
(b, 2 +2byy- f h+bys-h7) ] T b
because IFT(e 2 ) = /jbﬁ o 2t 5(—;—2x—y). (39)
" 1
@ by, #0, byy =0, by =0
Guson f h \/]27[0 Zb” g(x,h)-dx (40)
11
(bl f +2by3- f-h+b3s- h* ) 12 v
because IFT(e 2 )= |LE o2 5(y). (41)

11



(2") det(B) = 0, B # 0, det(A) # 0.

We will generalize the case (2'), and discuss all the cases that det(B) =0, B = 0, det(A) = 0
In this case, because

A Bl | I o0fA B B 01l 1 BAT A 0
C D| |CA' 1//0 D-CA'B| |CA” 1|l0 DAT_CA'BAT|[0 AT'[
(42)

and from Eq. (14) (the Hermitian operations can be replaced with the transpose operations in
this equation since all the parameters are real), _

BAT = AB”,

DAT-CA"'BAT =DA" -CA~AB" =DA" -CB" = (AD" -BC")" =1, (43)

SO we obtain

A B I o0][1r AB™][A o0
C D - (:IA—l I . 0 I ’ 0 AT‘] (det(A)¢O) (44)

Then together with Egs. (30) and (32), we obtain
G ab.cp) (f’ h)

1 L 0 0= TR _ -1 , (45)
= ————explj(f-CA™ - f7/2 r(f—x,h=y)g(X-A" ) dxdy
Y Y pl/ W (s y)g )
where  r(x,y) = IFT(exp(~ j(F- ABT -7)/2)). (46)
And the explicit formula for #(x, y) can be calculated from Eq. (36), (38), or (40).

(3) det(B) =0, B # 0, det(A) =0, A # 0, det(D) # 0.
Since

A B}_ AD" BD'|p™' o| [I BD"|AD"-BD'CD" 0] DT o
C D| |cD" 1 0 D| |0 1 CcD” I|] o b/
and from Egs. (13), (14),

BD'CD" =BD'DC" =BC", AD'"-BD'CD'" =AD" -BC' =1,

(47)
s0

A B I BD I o0l ip™ o
= . T . . (48)
C D 0 | CD | 0 D
Thus, in this case,

ﬂ—d —'.CDT‘--T
G(A,B,C,D)(f’ h)z—%a)) Eo f; r(f—x,h—y) exp{j(x_____x_)_

3 ] g(x-D)dxdy (49)
where  r(x,y) = IFT{exp(- j(f-BD™ -f7)/2)).

(50)
And the explicit formula of r(x, y) can be calculated from Eq. (36), (38), or (40).



(4) det(B) = 0, B = 0, det(A) =0, A = 0, det(D) = 0, D # 0, det(C) = 0.

Since

O;—A‘B‘C'D) — [FT(O;C.D,—A.—B)), (51)
and from the Eq. (45), we obtain in this case,
G f, h
(A.B.C, D)( W f ,[

fw fw r(w-x,v—y)-g(X- c ) - dxdydwdv
where  r(x,y) = IFT(exp(— J(f-CD" .fT)/z))’ W = (u,v). ’ (53)

( f-w- Jj(w-AC™ v"v'f)/2)-
) (52)

(5) det(B) =0, B = 0, det(A) = det(D) = det(C) = 0 (A # 0, D = 0 must be satisfied).
This case seldom occurs. One example is the 1-D Fourier transform in the y-axis (a;; = b5, =

—cy; = d,; = 1, others = 0). We can show in this case all the 2-D AGFFT can be decomposed as:

O;A B,C.D)(g(x,y)): O(FA 10.0.7) (O(Fl.o.qm (O(FA .B,C.D)(g(x,y)))) (54)
, 1 a , O O ' O 0 4 l O

where A'= , B'= , C'= , D= , (55)
0 0 —-a 1 0 -1 0 O

O ® P (g(x,))= FT,(g(x - ay, ), (56)

and F7, means the 1-D Fourier transform along y-axis. Thus, when det(A) = det(B) = det(C) =
det(D)=0and A= 0, B#0, D # 0, the 2-D AGFFT can be decomposed as the combination of a
1-D Fourier transform for the variable y on g(x—ay, y), a multiplication operation with the

quadratic phase function (i.e., exp(/'(s,x2+szxy+s3y2))), and a geometric twisting operation.

2-3 Basic Operations

We will discuss the components of 2-D AGFFT. We find there are at most 10 independent
basic operations for the 2-D AGFFT, and they correspond to the 10 free dimensions of 2-D
AGFFT. We list one example of the independent basic operations set in the following, and de-
note them by Or(y), Op(y, - - s Or10)-

(1) chirp multiplication for the x—axis (¢, = a,; =d,, =dy; =1, ¢, = 7, others = 0):

Hl)(g(x y))= e/Te 2 -g(x,y). (37)
(2) chirp convolution for the x-axis (@, = ay, =d,, =dy; =1, b, = 1., others = 0):
ix? /2
/”EZ) (g(x y)) iﬁ—l *along y—axis g(x’ y) . (58)
NI
(3) scaling along the x—axis (a;, =1/d,,= p,, ay; = d,; = 1, others = 0):
0L, (g(x, ) =g(x/ p,, )/ fp, . (59)



(4) chirp multiplication for the y-axis (¢, = ay, = d); = dy, = 1, ¢35 = 7, others = 0):

O (g(x,))=e"""""  g(x,y). (60)

(5) chirp convolution for the y-axis (¢, = ay; = d); = dy; = 1, by, = 1, others = 0):
)2
Jy /277),

e
F(a)(g(‘c y)) T *along y—axis g(X, y) . (61)
jn,

(6) scaling along the y-axis (¢, = Vd,, = Pys ayy =d; =1, others = 0):

Ot (g(x, )= g(x,y/p).)/Jp_). . (62)
(7) multiplication of exp(joxy) («,, = ay;, =d,; =d,yy =1, ¢;3 = ¢3; = 7, others = 0):

O (g(x, )= - g(x, y). (63)
(8) convolution of ~/—1- I~ e/ (ay, =ay =d,; =dy, =1, b, = by, = 17, others = 0):

e’ xy/n
Ot (g0 )) = = g (64)

(9) shearing along the x—axis (a,, = ay; =d|, =dy, = 1, —a,, = d,, = p, others = 0):

OF ) (g(x,1))=g(x + py, ). (65)
(10) shearing along the y—axis (a;; = ay, =d|, = dy; = 1, —ay, = d,; = ¢, others = 0):

02(10)(g(st)):g(xa‘]x+J’)' (66)

Each of the above basic operation has only 1 free parameter and hence has the free dimension

of 1. They all have the additive property relates to their parameter, that is,

5] 1+t
OF(s)OF(s) Oﬁlm” : (67).
Some of these basic operations are exchangeable. That is,
! {5 1
Ofl‘(p)Ol'((/} OF(r/)Ol'l(p) (68)

whenp,q € {1,4,7},orwhenp, q € {2,5, 8}, or whenp, g € {3, 6}.

All the 2-D AGFFT can be decomposed as the combination of the above 10 basic opera-
tions (This is why the free dimension of the 2-D AGFFT is 10). For example, when det(A) # 0
and a,, # 0, we can decompose the 2-D AGFFT as

B.C.D) _ T T 7 > I o) ¢
0,(L‘A OFI(])OF(4)0F3(7)OI-’7'1(2)OI-Z_(5)O/-l'}(S)OIAf);.’;)O;')(-b)O;(‘))O/{'(|0) (69)
T T
where [ ! 3} =CA™, [771 773} = AB", p, = det(A)/a,,,
T3 T 7
P = ayy, P= —a|26122/det(A), q= —a21/(122. (70)

Except for the 10 basic operations list above, there are also other useful basic operations for
the 2-D AGFFT. For example:



11) 1-D FRFT on the x—axis: {a,,= d,,=cosq, b= —c;,= sinq, a,,= d,,= 1, others = 0}:
n=dn I n=- 22742
1 l-cm(t[z o’ _icsca fox j—-cola'.\'z
Ofu(g(x. )= | ——"€? [e7=/ ™" glx,y)dr. (71)
Jj2r

(12) 1-D FRFT on the y-axis: {a,,= d,,= cosa, b,,= —c,,=sina, a;;= d,,= 1, others = 0}:

J otah’ )/ Leota V2

3¢ R —jescahy 5 .
- Jescath ) 2

2 [ e e

o 1
0% 1 (g(x, ) = —--e -glx,y)dy. (72)

J2r
(13) Clockwise rotation of the y-axis with angle 6,
{a;, =1, a,, = =sinb, a,, = cosb,, d;, = 1, d,, =tanb,, d,, = sec,, others = 0}:

G(bl‘lz) (fa h) = Oﬁg‘l(s')(g(X, J’)) = g(f + tan 6, A, sec th)’ (73)

or

g(f,h)= Gy, (f —sin6,h, cos6,h). (73a)

(14) Counterclockwise rotation of the x-axis with angle 6,
{a)) = cosby, ay) =sinb,, ay, =1, d,, =secb,, d|, = —tanb,, d,, = 1, others = 0}:
0, 0,
Gl (f’h) = OF'(M)(g(X,y)) = g(sec 0,f,—tanb, f + ']’)’ (74)

or

g(f,h)= Gy (cosO,f,sinb, f +h). (74a)

In fact, these 4 basic operations can all be decomposed as the combination of the former 10

basic operations, so they will not increase the free dimension of the 2-D AGFFT:

Ofny = 055 ™" 05" 055 ™, 75)
Of ) = Ofsy " “Opin 05, (76)
Ofis) = Oriey Okt (77)
OFsy = 05 Oriies - (78)

From the basic operations, we can see the structure of the 2-D AGFFT, and realize how the
2-D AGFFT generalizes the 2-D separable FRFT and other transforms list in Fig. 1. We list
Table 1 to show whether the basic operations described above exist for each of the special cases
of the 2-D AGFFT. We use ‘O’ and ‘x’ to indicate whether the basic operations exist for each
of the transforms, and use (A) ~ (G) to indicate:

(A): 2-D separable FRFT, (B): 2-D separable Fresnel transform,
(C): multiplication of exp(j(n,x2+ nyxy+ 173y2)), (D): convolution with exp(j(n,x2+ mxy+ 7731/2)),
(E): 2-D separable canonical transform, (F): Sahin’s 2-D unseparable FRFT,

(G): Geometric twisting operation.
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The degree of freedom for each transform in Table 1 can be calculated from total number of
‘O’s in the corresponding column, and in each case as below, the degree of freedom must be
decreased by 1: (a) The 1%, 2™ 11" items are all ‘O’s. (b) The 4™ 5™ 12" items are all
‘O’s. (c) The 6™, 9™, 13" items are all ‘O’s.  (d) The 3, 10", 14" items are all ‘O’s.

The basic operations 1~6 exist for the 2-D separable canonical transform, but the basic op-
erations 7~10 don’t exist for this transform. This is because for the former 6 basic operations,
the x—axis and y—axis are independent, but for the latter 4 operations, the x—axis and y—axis are
dependent. And because for the remained 4 basic operations, the 7“‘, 8 " basic operations are the
multiplication and convolution of exp(j7xy), the 9™ 10" basic operations exist for the
geometric twisting operations, so we can say the 2—-D AGFFT is the combination of

(1) 2-D separable canonical transform (E) (basic ops. (1) ~ (6)),

(2) multiplication or convolution of exp(jnxy) (C, D) (basic ops. (7), (8)),

(3) geometric twisting operation (G) (basic ops. (3), (6), (9), (10)).
Also, from Ref. [8], we find all the canonical transforms can be decomposed as the combination
of chirp multiplication, Fourier transform, and scaling operation (one kind of geometric twisting
operation). Thus, we can also view the 2-D AGFFT as the combination of

(1) 2-D Fourier transform (2-D FT),

(2) geometric twisting operation (G) (basic ops. (3), (6), (9), (10)),

(3) multiplication of quadratic phase function (i.e., exp(j(mx2+772xy+r73yz))) (€)

(basic ops. (1), (4), (7)),

(4) convolution with the quadratic phase function (D) (basic ops. (2), (5), (8)).
Since the 2-D FT can be further decomposed as the combination of the chirp multiplication and
chirp convolution, and can be absorbed into the third and the forth components, so we can just

say the 2-D AGFFT is the combination of the latter 3 components described above.

2-4 The 2-D Affine Generalized Fractional Convolution and Correlation

Analogous to the conventional 2-D convolution defined as Eq. (35), we can define the 2-D
affine generalized fractional convolution (2-D AGFCYV). If z(x, y) is the 2-D affine general-

ized fractional convolution of f{x, y) and g(x, y), then
2D AGFCV: 2(x,y)= O~ 4D (0B 1(x, ). O PP (g(x, ). (79)

Also, from the similar way as the 1-D fractional correlation [9][10], we can define the 2-D af-

fine generalized fractional correlation (2-D AGFCR) as:
2-D AGFCR: {x, )= OFFS™ (00D (1(x,3)- OXF ™ (g (x, ). (s0)

11



For convenience, we can choose {E, F, G, H} as {0, -1, I, 0}, and the 2-D AGFC becomes:
2D AGFCR: z(x,)= IFT{O{"2(1(x, )- O™ (g" (1, ). @)
The 2-D AGFCYV can be used for the filter design, generalized Hilbert transform, and mask, and

the 2-D AGFCR can be applied for the 2-D pattern recognition.

III. Properties and the Transform Results of the 2-D AGFFT

We will discuss the properties of the 2-D AGFFT and its kemel. We will find, most of the
properties of the 1-D fractional Fourier transform [3][4], and most properties of the 2-D frac-
tional canonical transform [1] and the 2-D unseparable transform with 4 parameters [2] can all
be extended for the 2-D AGFFT. We will often use the notation described in Egs. (24), (25).

3-1 Relations with the 2-D Wigner Distribution Function (WDF)

The 2-D Wigner distribution function (2-D WDF) is the extension of 1-D Wigner distri-

bution. Its formula is:

w —jof _—jnh T * 4
Wy fi=[ [ e e Mgt 2 y+Dg'(x= 2,y - 1) dun. (82)

The 2-D WDF has closed relations with the 2-D AGFFT. If
~jtf _—inh 4 77 * 4 77
Wosnew @S =[G pen (545,545 Ganen (=5, 9=3) e, (83)

then we can prove

W, (x5, f.h) =W,

(A.B.C.D) (ayx+a,y+b, f+byh,  ayx+ay,y+b, f+byh,

. (84)
o X+opy+d, f+dh, ey xteyy+d, f+dyh)

That is, if Vv =[x,y, f, 4], then

_ _[a B]"
VVK(V):WG(A,B.C.D)[V.I:C D} ] (85)

The Eq. (85) can also be written as

_ _[DpD -C _[p™ -B"7]
WG‘“"“‘”(V):Wg(v'[—B AD:Wg v'[—CT AT} | >

Except for Egs. (84)~(86), there are also some important relations between the 2-D AGFFT and
2-D WDF. We list them in the Table 2. The proofs of these relations are list in the Appendix.

12



3-2 Relations with the shifting-modulation operation and the differentia-
tion-multiplication operation

Except for the 2-D Wigner distribution function, the 2-D AGFFT also has close relations
with the shifting-modulation operation pair and the differentiation-multiplication operation pair.
Before discussing these relations, we first list the shifting, modulation, differentiation, and mul-
tiplication properties of the 2-D AGFFT in Table 3. The proofs of properties 3, 5 in Table 3 are
described in the Appendix.

From the space shifting property, we find after the 2-D AGFFT, the space shifting will par-
tially become the modulation operation (due to C or D), and partially remain the geometric
shifting operation (due to A or B). Thus, unlike the 2-D Fourier transform, the 2-D AGFFT is

not space-invariant. Combine space shifting property and modulation properties, we find
(ABCD Xy 1 59/
Oy )(e' e g(x —m,,y-m,) :efge”’fe"-’G(AVB'C’D)(f—rl,h—rz) (87)

where
r m,

r, {A B im, | (88)

“lc bl

n
S, n,

3 1
and ¢ is some constant phase. Thus, the 2-D AGFFT has closed relation with the shifting-

modulation operations pair.

From the above discussion, we find the 2-D AGFFT defined as Egs. (18)~(21) can be fur-

ther generalized to include the space shift term and modulation term. That is,
j-(n f+n,l1)
G(A,B,C.D,M,N)(f’h): e’ /T G(A,B.C,D)(f - mf’h _mlz) (89)

where M = [m m,,]T represents the space shifting, and N = [n, n,,]T represents the frequency
modulation. We will call it as the 2-D AGFFT with space-shifting and frequency modulation
(2-D TFAGFFT). Together with the 10 free dimensions of the original 2-D AGFFT, there are
totally 14 free dimensions for the 2-D TFAGFFT. The 2-D TFAGFFT can be represented as:

NN

We can prove the following additivity property will be satisfied for the 2-D TFAGFFT:

O/(:A’,B',C'.D‘_M',N’)Oi(:A,B,C.D.M,N) _ O(FA.l‘a_C.l').:v‘m) 1)

A B A’ B][A B M| [A" Bl [M] [M
where " .= . , ~ |= . + . (92)
C D C D||C D N C' D'||N N’

13



The additivity relation in Eqgs. (91), (92) can also be expressed as:

£ B R S

The reversible property of the 2-D TFAGFFT is as below:

\ -1 T T T T _nT TN ¢Tyv_aT
(O(FA,B,C,D,M.N)) =OQ) ~BT -CT AT -pTM+BTN, CTM-A N). (94)

The 2-D TFAGFFT will be very useful for the filter design.

Also, from the multiplication differentiation properties in the Table 3, we find
ogl 0
opaen[, 08ley) , 2glxy)
ox 0

~hy - jx-gle,y)=hy - jy-glx,y)]

aG(A.B.C.D)(f’ h) aG(A,B.C,D) (f»h)

=k, of +k, ah —kij'G(AB(;D)(_f’h)_k4jh'G(A,B.C.D)(f’h)’
(95)
where the coefficients k|, &, k5, k, can be calculated from
k, hy
k| (A Blin | (96)
ky C D hy
k, h,

Thus, the differentiation-multiplication operations pair also has closed relations with the 2-D
AGFFT. The 2-D Wigner transform, shifting-modulation operations pair, and the differentia-

tion-multiplication operation pair are the 3 operations closed to the 2-D AGFFT.

3-3 Other properties of the 2-D AGFFT

Except for the relations with the 2-D WDF, shifting-modulation operation, and differentia-
tion-multiplication operation, there are also some important properties for the 2-D AGFFT. We
use Table 4, Table 5 to summary these properties. We prove the property 3 in Table 4 and prop-
erty 4 in Table 5 in the Appendix.

3-4 Transform Results for Some Special Signals

(1) Ax, y):

((dl 1y =dyabyy ) £ +2(=dy byg +dyaby ) ot (=d yy +dyaby )'/'2)

274/— det(B)

J
2det(B)
e
o7

O (5(x, ) =
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(2) Generalized transform results for exp[j(17,x+17,xy+ 13> )i 75+ 7)]:

We note exp[/'(mx2+ 7,xy+ 773y2)] can be obtained from unity equation (i.e., g(x, y) = 1) by the
2-D AGFFT with parameter {I, 0, ©, [}:

e i(m.\'z-w-nz,\;\'w];,\fz) - O;I.O,(D.l) (1)’ where (D: {277' T :| (98)
n, 21

The function exp[j(mx2+ nzxy+773y2)+j( 7, x+1,))] is the modulation of exp[j(n]x2+ Xy + 7731/2)]
by exp[/( 7;x+7,¥)]. Then because the 2-D Fourier transform of (-1 )“227r~5(x, v)is 1, so
ej("""z+'72‘Y)'+"3"'2) = 0,(50,1,-[(») (\/~—1 27w (x, _y)). (99)
From Eq. (99) and the modulation property list in Table 3, we obtain
oppem o mani sl |- el itg 4 SDR )R umeam (¥~ 9,BT), (100
where ¢ = —wOBTDv—voT 12, Wy = (r],rz), and

Risncn (f h)= OFBABODCOO (T 505 (x 3)). (101)

Then apply Eq. (97), we obtain
O(A,B.C.D)( j(mxz+r72.\;\'+r73y2+r,.v+r2)'))

n, 21,

W,B" Dw0 T J (= = oT NaT _pa T
—— + jWwDw, +=|lw-w B IC+DO{A+B w' —Bw )
det(A+B P[ J 0 2( 0 X (g( (Ij ( 0 )]
(102)
2
where v—voz(rl,fz), (D:[ n 772j|' (103)

IV. Calculation and Digital Implementation

Although the 2-D AGFFT form seems to be very complex, but in fact we can implement it
in very simple way. From subsection 2-3, we have discussed all the 2-D AGFFT can be decom-
posed as the combinations of the 10 basic operations. And among these basic operations, we
find quadratic phase term convolution (i.e., the 2", 5™, 8" basic operations) can be done by the
combination of Fourier transform and quadratic phase term multiplication. Thus, all the 2-D
AGFFT can be decomposed as the combination of the quadratic phase term multiplication (i.e.,
the 1%, 4", 7" basic operations), geometric twisting operations (i.e., the 3, 6™, 9", 10" basic
operations), and the Fourier transform. This will be a great help for calculating the 2-D AGFFT

because these operations are all easier to calculate than the integral operation in the Eq. (18).
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We will discuss how to decompose the 2-D AGFFT for each case in subsection 4-1.

4-1 The calculation and digital implementation for the 2-D AGFFT

(1) det(B) = 0:

If det(B) # 0, then the 2-D AGFFT can be decomposed as:

A B I oo 1 1 o™ o
= . (104)
C D DB I|-1 0f{ABT Il o B

That is, in the case that det(B) # 0, the 2-D AGFFT can be rewritten as:

(A.B.C.D) _ i S ega fhrgyh®y ( JOy vy vy ?)
O/ (g(x,y)) JJdet(B) -e FT\e ’ (105)
g(by x+byy, bx+ bzz)’))
2 2vi v
where [ noD ]zDB", { N J:ABT. (106)
q, 249, v,  2v
So the 2-D AGFFT can be calculated by the following 4 steps:
(1) scaling, (2) multiplication of a quadratic phase function,
(3) 2-D Fourier transform, (4) multiplication of a quadratic phase function.

For the digital implementation of 2-D AGFFT, we can also apply the Eq. (105). The sam-
pling will not be done directly to the input function. Instead, it will be done after the quadratic
phase multiplication and geometric twisting (i.e., before the 2-D FFT), as following:

G LD (I’Af SA/ )_ ef((ll "ZL\fz“/z rSApAptq3 s? 3D DFT(ej(\'l mz:l_\.zﬂ'z mid A+ m:A‘ %)
(AB.C.D) ’ ]
(107)

-y/det(B) - g(bymA  + by nA |, b,mA  +byynA ))

where ¢y, ¢;, 43, V1, vy, V3 are also the same as Eq. (106), and the sampling interval A,, A, As 4,
must satisfy:

AcD=21M, AyA=21N (108)
where M, N are the number of sampling points in the x-axis and y-axis for g(b,x+b,y,

b xthyyy). If in Eq. (107), we set DC point at the middle, then Eq. (107) can be rewritten as:

G (}"A SA ) _ A,\‘A)' - det(B) . ej({/l -I‘zAfz-f-(jz ~l‘~S<A[L\/,+(]3<S2~A/,2 )/ det(B)
A,B,C.D 08, ) T ’
( ) f 1 27,[

(M-1)/2 (N-1)/2

romosn
; 2,2 2,2 —j2r(——+"--
JOPm=A T+ Vo A Ay +vymT-A LT e J2n( M * N

. (109)
m=(-M+1)/2 n=(=-N+1)/2

g(bymA  +bynA ., b,mA +bynA ))

And the digital implementation of inverse 2-D AGFFT is
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gbyymA +bynA ,b,mA + bzznA»‘,))

AA ) 202 2.2 (M-1)/2 (N=1)/2 jpp (50
I = J(eIlmmA T2 A A Av3mT AT
L e * < e e MV (110)

274/~ det(B) ,-=(_%Wz s:(_%;.);z

3 i 2 2
—J @A SRS p Ay +q3sT 8,7 ) dey(B) ( )
€ ) G(A,B,C.D) rAf’SAh

We note, in Eq. (109), the sampling points array will no longer align with the x-axis and y-
axis for the original function g(x, y). The comparing between the samplings points of
g(byymA+by A, byymA+byynA,) and the Cartesian grid sampling points is shown in Fig. 2.

Since usually, the available input datum are Cartesian grid sampling points:

glpA, i q8,,)  p=o-1,001,2 0, g=..,-1,0,1,2, ... (111)
So in Eq. (109), if we want to obtain the value of g(b;mA+by nd,, by;mA+by,nA), we can

calculate it by the bilinear interpolation:
glo,ma, +b, nA ., byymA  +byynA )

=(1-(1-5)glpd .1, 98, )+ h1-9)gl(p+DA,,, qa,,) (112)
+(1-h)s-glpa,,, (g+DA,, )+ hs-gl(p+DA,,, (g +D4,,)
where h = (bymA+by nd,~pA)/A,, s = (bymd+bynA—qA)A. We use Fig. 3 to illustrate the

concept of bilinear interpolation. Eq. (112) can also be rewritten as:
g(b, (MA by nA L byymA |+ byynA )

=(1-hslglpA, (@+DA,, )-glpa, . g8, )|+ hslel(p+ DA, (g +DA, )~ glpa,,. 98, )
+ g(pArI > qA)'.l )+ h(l - S) I.g((p + l)A\l ’ qA_\‘.I ) _g(pA.\',l ’ qA_l'.l )J ( I 3)
So each interpolation requires 3 multiplications. And if there are M different values of m and N

different values of n, then the total number of multiplications required for the resampling is:
IMN. (114)

Sometimes, we may use some more accurate resample algorithm instead of Eq. (112). For

example, we can use more points for the interpolation:
glbyma, + bynd,, bymA, + bzz”Ay)

= Oramping 1P+ WA 1, (g +K)A, ) h=-H +1~H, k=-K+1~K})
where  pA, | < by mActby nA, < (pt1)A, |, qA, | < bjymd+byynA, <(g+1)A, . That is, we first

(115)

choose a window containing 2Hx2K original sampling points, then use the values of g(x, y) on
these points together with some resampling algorithm (denoted by O,,s,upiing) to estimate the
value of g(x, y) on twisted grid sampling points. In these cases, the number of multiplications
required for each resampling point is the function of the size of the window, and we can denote

it by A4HK). So the total multiplications required for resampling is:
S =MN - f(4HK). (116)
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Since it 1s unnecessary to use all the values of g(mA,, nA,) to calculate one resampling, so H, K,

and hence f{4HK) is independent of the number of resampling points MN.

The complexity for the resampling usually can be ignored, except for the case that the re-
sampling algorithm is too complicate and f{4HK) is too large. When f{4HK) is too large, the
complexity of resampling must be considered when discussing the complexity of 2-D AGFFT.
But since f{4HK) is always independent of MN, and S = MN-f{4HK), so even when f(4HK) is
large, the amount of multiplications required for resampling is still proportional to MN, and the
complexity of 2-D AGFFT is still dominated by the 2-D separable FRFT.

From Egs. (109), the number of the multiplications for the digital implementation of 2-D
AGFFT when det(B) # 0 is approximated to:
2MN + (MN/2)log,(MN) (required for 2-D separable FRFT) + § (required for resampling)
= (2+f[4HK))MN + (MN/2)log,(MN). (117)
So the complexity of the digital implementation of 2-D AGFFT by the method of Eq. (109) is
dependent on the resample algorithm we use. When we use the interpolation algorithm as Eq.
(112) for the resampling, then f{4HK) = 3, § = 3MN, and the total number of the multiplication
operations required for digital implementation of 2-D AGFFT is:

SMN + (MN/2)logy,(MN) = (MN/2)log,(MN) when M, N are large. (118)
We note, this is similar to the complexity of the digital implementation of 2-D separable frac-
tional Fourier transform [1]. Thus, although the 2-D AGFFT has more parameters, but it is in
fact as simple as the 2-D separable fractional Fourier transform, even almost as simple as the 2-

D separable Fourier transform.
2)B=0:
In this case, we just use Eq. (30). This is much simple, and for the digital implementation,
the complexity is proportion to MxN.
(3) det(B) =0, B # 0, and det(A) # 0:

In this case, we use the Eq. (45) to implement the 2-D AGFFT as,

1 . 2 2 : 2 2
_ ApvSo+pa [ psyh Jlqw™+gy-wytqy v
G(A,B.C,D)(f’h) = =€ ( ) .IFTV—>f[e :

A/ det( A) )V—»’:

, (119)
Ay, X— A,y —ayX+a,y
FT . 22 12 , 21 11
o (g det(A) det(A) )]
2 - 2 -
where [ pi sz] =CA™, [ 7 qz] =-AB". (120)
- Py 2D -q, 2q,
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For the digital implementation, Eq. (119) becomes
G(A,B,C,D)(rAf ’SA/,)

,) M-l N-l

f 2 2 - 7 i . 2.( - . N
ej(prf ApT4pr s d pdp+pysT-Ay 3 3 j2n(il+5i)

— Ze M N ej(ql'/ZAWZ‘HA’Z‘('k‘An'Av"'q}‘kZ‘sz) (121)

MN./det(A) m%ilhiﬂ

2 2
M=D)/2 (N2 e g mA —~a,nA - a,,mA, +a,nA
> Sl L Al
m=(~M+1)/2 n=(~N+1)/2 det(A) det(A)
where
AA, =21M, AA, =27N, Ac=A4p A, =4, (122)
The complexity of Eq. (121) is
2MN + MN-log,(MN) + S (123)

where § 1s the number of the multiplication operations required for the re-sampling. When M, N
are large and S is proportion to MN, then Eq. (123) is approximated to MNlog,MN. It will be
twice than the complexity of the case that det(B) # 0 due to 2 DFTs required.

(4) det(B) = 0, B # 0, and det(A) = 0, det(D) # 0:

[n this case, we use Eq. (49), and
Giamem (foh)=det(D) - IFT, , [e/ e

v/t
e , , (124)
FT\A—m[eJ((“A'\._ R )g(dl X +dy y,d,x+ dzz)’)]]
where
2 — 2 -
{ % pz}:—BD", [ 5 qZ}zCDT. (125)
-P: 2p; —q; 24,
For the digital implementation,
G(AB_CD)(’/A[’SA/:)
M-l N-1 M-t N-i

MN  “w+ -va

= m=

2 2 2 2

g(d, mAx +d, nAy,d,,mAx + d,,nAy)

- . rt sk - - . tm kn
- Jdet(D) i Zz:ejzjr(—ﬂ;+7/—)ej(pl"2‘3\1'2+P2"'k‘AnA\'*‘pS‘kz'sz) i i B (126)

ej((n vmzAXE gy mnA Ay gy " ~A'v2 )

where
AA, =271M, A),Av = 27N, A = Aﬁ A, = Ay, (127)

R

must also be satisfied. The complexity of Eq. (120) is also as the Eq. (123), i.e., approximated

to twice of the complexity in the case that det(B) # 0.
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(5) det(B) =0, B # 0, det(A) =0, A =0, det(D) =0, D % 0, det(C) = 0:
In this case, we can use Eq. (51), and together with Eq. (121), we obtain the formula of digital

implementation as:
Gapco) (rAf S8, )

(M-1)/2 (N-1)/2  japit sny
_ AA. L vasv ./(pl‘fz'—\uz"’pl'r"?‘AuA:+P3"72‘A:2)
= e e

27— MN det(C) r=(-m+1112 n=(-N+1)/2

M -1 N1 x M -1 N-1 X
e - Tt ok - - ) tm kn
2 2 2r(—+1—) ( L) 2.2 2 2 —j2r(—+——
j2r
4TA kA AL g3 kTA
E § e M N e] Ul w T2 woy T3 ¥ ) § E e M N ( 1 28)
-M+1 -N+l ~M +1 —N+l

t=-——— k=—- m=-— n=
2 2

P4 Z < F4

CypmA  —cpnA —cyymA +cpnA|

det(C) ’ det(C)

where
{2/), —pz}:_AC_,, [2(11 —qz}:_CDT,
— Py 2p; —q; 24,
AA, =27M, AA=27N, A=4, A=A, BL,=D A=A, (129)
The complexity of Eq. (128) is
2MN + (3MN/2)-1og,(MN) + S (130)

where S is the number of the multiplication operations required for the re-sampling. When M, N
are large and § is proportion to MN, then Eq. (130) is approximated to (3MN/2)log,MN. 1t is 3
times of the complexity in the case that det(B) # 0 due to 3 DFTs required.

(6) det(B) = 0, B = 0, det(A) = det(D) = det(C) = 0:
We can use Eqgs. (54)~(56) to implement the 2-D AGFFT for this case.

4-2 Simplified form of the 2-D AGFFT

The 2-D AGFFT defined as Eqgs. (18)~(21) totally has 10 free parameters, 10 exponential
terms, and 2 integration operations. It is very complex, and for the practical applications, we
will use many times for design because there are 10 parameters to be adjusted. So it would be

better to use the simplified form of 2-D AGFFT without losing its utilities.

From subsection 2-3, we have discussed the 2-D AGFFT is the combination of the 2-D
Fourier transform, geometric twisting operation, and the multiplication and convolution of the
quadratic phase term (i.e., exp(j(77,,\-2+772xy+r73y2))). We conclude the convolution of the

quadratic phase term will not increase the ability of the 2-D AGFFT, since it can be replaced



by the combination of the multiplication f the quadratic phase term and the 2-D Fourier trans-
form. So we just want the simplified 2-D AGFFT contains the 2-D Fourier transform, geometric

twisting operation, and the multiplication of the quadratic phase term.

From the above discussion, we conclude the 2-D AGFFT can be simplified by extracting

the outside quadratic exponent term by setting D = 0 in the Egs. (18), (20):

O(ABCO)(g(x y) f f, de[(B)(( bays f+0ya M) x+(ba f =y ) y7)
J—d t(B)

(v’

J
g2da®) g(x,y)-dxdy (131)
where p,, p,, p; are defined as Eq. (21). We find, in Eq. (131) the multiplication of quadratic

phase term has been preserved in the term of exp(j(p,x2+p2.(y+p3y2)/2det(B)), and the 2-D
Fourier transform together with the geometric twisting operation have been preserved in the
term of exp(j((=byof*+b,,h)x + (byf~b, h)y)/det(B)), and all the 3 parts of AGFFT still exist.
This simplified 2-D AGFFT has only 7 free dimension because of 12 parameters (D = 0) and 5

constraints (the 2" constraint is naturally satisfied). The 7 free dimensions just correspond to

the 7 exponent terms in the Eq. (131). The inverse of Eq. (131) 1s:

-/ 2 2
‘ 1 —>—~(p1 NPy XYEpyY )
O'ABCO (5 h))= o 24et(B) .
F ( (A,B,C,O)(f )) 27[ —d t(B)
((harx=bayy) f+{(=byyx+byy y)h)
[ e de‘“” B G s (foh)-dfdh . (132)

Although this simplified form of 2-D AGFFT only has the free dimension of 7, but in fact it is
sufficient for most of the applications of the 2-D AGFFT defined as Eqs. (18)~(21). except for
the optical system analysis. We note it has only 1 more free-dimension than the 2-D separable
canonical transform defined as Eq. (8), but it can do many things that can’t be done by the 2-D

separable canonical transform.

We note, for the simplified 2-D AGFFT defined as Eq. (131), det(B) # 0 must be satisfied
(due to D = 0). Then from subsection 4-1, the complexity of the digital implementation is ap-

proximated to
MN + (MN/2)-log,MN + S. (133)

Because D = 0, so one chirp multiplication operation is saved.

For the application of filter design (see subsection 5-1), it would be better to further simpli-
fy the Eq. (131) by setting B = I, C = -I (in this case, a|, = a,,), and remove the term of J-1.
Then Eq. (131) becomes:
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(A) f h _[”wf J{+hy) _/((IH\ +2(I|'v\\+(l'n\ )/ . (x,y)-dxdy. (134)

In this case there are only 3 parameters, and all the 6 constraints are naturally satisfied. So the
free dimension is only 3. This simplified transform is sufficient to filter out all the quadratic
type noise easily. And because there are only 3 parameters, so the design of the optimal filter is

easy. Its inverse is

glv,y)=—e

~jlap X +2a)3xy+a29)2 )12 > j(fx+hy)
Soe [ [ V™ .G\ (f,h)-dfdh. (135)

There are also another choices for the simplified 2-D AGFFT. For example, we can use the

following equation:
Opairiad " (g(x, v))

éﬁfﬁ5jém“ﬁﬁqg&+p%wﬁy%m@- (136)

1 S
) 27:byb, (pg = 1) J: fw

This is the combination of 2-D separable canonical transform (with the parameters {a,, b,
~1/b;, 0} for x-axis and {a,, b,, ~1/b,, 0} for y-axis) and the geometric twisting operation. It is
the special case of 2-D AGFFT with the parameters that
A:{ a, (1~ pq) —alp/(l—pq)}, B:{bl b.q}
—ayq/(1-pq)  a, /(1= pq) b,p b,
{—l/bl(l—pq) p/b.(l—pq)}

, D=0. (137)
q/b,(1-pq) -1/b,(1- pq)

It is also the special case of the simplified AGFFT defined as Eq. (131). It totally has 6 pa-
rameters. It has emphasized the combination of the 2-D separable canonical transform and the
geometric twisting, and changes the 2 axes of the 2-D separable canonical transform from
{x, 0}, {0, y} into {x, gx}, {py, y}. It is suitable for many applications, such as the pattern rec-

ognition.

V. Applications

Because the 2-D AGFFT is the generalization of the 2-D separable fractional Fourier trans-
form, so many of the applications of the fractional Fourier transform can be extended for the 2-

D AGFFT. We will discuss some applications of the 2-D AGFFT in the following.



5-1 Filter design

The filter for the 2-D AGFFT acts as the following formula:

s( ) O(I)T BT -cT AT (O;A,B.(T,D)(S(x,y))'Z(f,h))’ (138)
i.e., the 2-D affine generalized convolution of the signal s(x, y) and the filter Z(f, #). There are
at least 2 ways to design the filter with 2-D AGFFT:

(1) Optimal filter. (2) Pass-Stop band filter.

We first discuss the optimal filter. Because the 2-D AGFFT is also an orthonormal trans-
form, so the formula of the optimal filter for 1-D FRFT [11] can also be applied here with a
little modification. We suppose

(a) the correlation between the input signal g(x, ¥) and the received signal s(x, y)

(denoted by Rgs(x, v, 0, 1),

(b) the auto-correlation of the received signal (denoted by R (x, v, o, 7))
has been known in advance. Then the optimal filter can be calculated from
z, /(f, /1) = RG(A-B»C.D)S(A.B.C.m (f’h,f, h) .
’ RS(A.B.C.D)S(A.B.C.D) (f’h’f’h)
And RG(.—\.B.C‘D)S(A.B ) (f,h, f,h), RS(A 5.C.0)S(AB.C.D) (f,h, f,h) can be calculated from

R((ABCD)S(ABCD) fhfh “:Ea,[ ,[w (ABCD)(fh X,y)

(139)

, (140)
Kisscpy(f:h,0, 1R, (x, 5,0, r)dxdycbdr]
RS(ABCDV(ABCD) fhfh [f f f fK(ABCD)(fhxy) (141)
Ksscp(f h0, )R (X, y,0,7)dxdydxd r]
To calculating the mean square error (MSE), suppose we also have known
(c) the auto-correlation of the input signal (denoted by Roo(x, ¥, 0, 7)).
Then we can calculate RG(A 8.C.0/G(A.B.C.0) (f,h, f,h) from
RG(A.B.C.D)G(A.B.C.D) (f’ h’f’ h) = “jo fw Eo J:o K(A.B.C.D) (f’ h,x, ¥) (142)

K(*A.B.C.D) (fa h7 o, T)Rgg (x’ y,0, T)dxa,y(hlf] .

And the MSE for the optimal filter can be calculated as:

MSE= f; EO[RG(A.B.C.D)G(A.B.C.D) (fsh f h)_ZRe(Z;P' ; h)RS(A.B.C.D)G(A.B.C.D) (fh 1, h))
2
+ Zopt (f’ h)l RS(A.B.C,I))S(A,B.C.I)) (f ’ h’f N 1):|'dfdh

We can use Eq. (139) to determine the optimal filter for each choice of {A, B, C, D}, and then

(143)

use Eq. (143) in iterative to determine the optimal choice of {A, B, C, D}. Because the 2-D
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AGFFT defined as Eqs. (18)~(21) has totally the free dimension of 10, so it is very difficult to
determine the optimal choice of {A, B, C, D}. But if we use the modified 2-D AGFFT defined
as Eq. (134), then there are only 3 free parameters, and the optimal choice of the parameters is

much easier to determine.

We then discuss the pass-stop band filter. That is, Z(f, #) = 1 in the passband, and Z(f, #) =0
in the stopband. This type of filter is especially useful when the noise is as the form of:
n(x,)= By -explj(px* + pyv+ pyy? + pox+ psy)), (144)

or in general
$-1
n(x,)= 3 Py - expli(p, 2 + pooy + p,ay® + poax+p,sy)). (145)
=0

If in Eq. (145), p,, = O for all 5, then this type of noise can just be removed by the 2-D separa-
ble canonical transform. But if p, , # 0 for some s, then we must use the 2-D AGFFT introduced
in this paper to remove the noise. To remove the noise as the form of Eq. (144), we can choose
the parameters {A, B, C, D} of the 2-D AGFFT as:

A B -U 1 2
= , where W= Pro P (146)
C D -1 0 P, 2p;
This is because
O;;W.l.—l.O) (Poe,j(m-\'2 + prxy+pyyt e pynepsy) )= FT (O(FI,O.-‘I‘J) (Poef(plxzwz-\‘ﬁp;yz+p4-r+ps)') ))
- FT(POej(P4-"+1’5)‘))
=27\=1-B,-8(f - p, . h = ps). (147)
So the noise as Eq. (144) will become the impulse function after the 2-D AGFFT with the
parameters as Eq. (146). To remove the noise as Eq. (145), we can repeat the filter operation
several times, and for each time we choose the parameters of the 2-D AGFFT according to Eq.

(146) ({py, p2> P3} 1s changed as {p, |, p,, p,3}) to remove one of the quadratic phase compo-
nents in Eq. (145).

But when we don’t know the components of the noise, we can’t apply the method described
above. In this case, we must assort to other ways to search the parameters {A, B, C, D} of the
2-D AGFFT. For example, we can calculate the 2-D Wigner distribution function (2-D WDF,
described in subsection 3-1) for s(x, y) + n(x, y) where s(x, y) is the signal and n(x, y) is the
noise, and use the WDF to conclude we must choose which set of parameters. Since we would

require much effort to discuss this method in detail, so we will not discuss it in this paper.

We will give an example as below. Here the signal is the fruit image with the size of

256x256 shown in Fig. 5 (the location (0, 0) is at the center), and the noise is as below:
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n(x, y) = exp(j-0.001(2x*~10xy+1.5y%)). (148)
In Fig. 6, we plotted the fruit plus the noise. This noise can’t be moved by the separable 2-D
canonical transforms because of the existence of the unseparable term exp(j7xy). But we can
remove it by the 2-D AGFFT defined as Eqgs. (18)~(21), and its simplified form of Eq. (134).
We choose the parameters as B= -C =1, D = 0, a; ;= -0.004, a,,= a;,= 0.01, a,,= —0.003. In
Fig. 7, we show the result of the 2-D AGFFT of the Fig. 6 with the parameters described above.
After the 2-D AGFFT, we use the filter as:

Z(f, h)=1- &, h). (149)
Then, we doing the inverse 2-D AGFFT, and obtain the recovered signal as Fig. 8. We find, the

noise has been completely removed.

5-2 Optical implementation for the 2-D AGFFT

The 2-D AGFFT can also be applied to the optical system analysis for the monochromic
light. The 2-D separable canonical transform has been used for this application [1]. It can ana-
lyze the cylinder lens with the width-variation direction of x or y-axis. But for the tilted cylin-
der lens, the 2-D separable canonical transform will fail to analyze it, and we must use the 2-D
AGFFT defined as Eqs. (18)~(21). For example, for the optical system as Fig. 4, the transform

function of the first lens is:

t, (x,y) _ e—j/r(_rcosa—.\-sin a) la-fy ’ (150)
and it corresponds to the 2-D AGFFT with the parameters:
A B I 0 —ksin* a k sin a cos a
= ,  where - i h , k=2dA. (151)
C D D I k sin a cos a —kcos?a
S fi

Then, the overall system in Fig. 4 will correspond to the 2-D AGFFT with the parameters as:

A" B’ I oI W (I O
_ . . , (152)
e ool ot

0 0 d/k 0
where Q= , U= ) (153)
0 —k/f, 0 dlk

Besides, the 2-D AGFFT can also be applied for describing the monochromic light propa-
gates in the gradient index medium. In Ref. [12], they state if the monochromic light propagates

in the elliptic gradient index (elliptic GRIN) medium with the refractive index as:
nz(x,y)=n§[1—(nx/no)x2—(n)_/no)yZJ, (154)



and the propagation length is L, then
T(g(x,y)) = exp(~j2myL/ 1)- O OF (g(x,y)), (155)

where O, is the 1-D SAFT along the x-axis with parameters

n, sinx
a b Cosx —_ k ZL
n.
{ } _ s i (156)

c d n.

where a =— R
n.. . 7 \\n
— |—ksina cosa 0
o

and OF),'B is the 1-D SAFT along the y-axis with parameters similar as above, except for that «

is changed as £ and n, is changed as ny.

Thus, we can conclude if the monochromic light propagates in the elliptic GRIN medium

with the refractive index as:

n?(x,y) = n2|l=(n,/ ng)(x+ py)? = (ny I )gx + 1) | (157)
and the propagation length is L, then the result can be represented by the 2-D AGFFT:
T(g(x,»)) = exp(=j2m,L/ 2)- O (g(x, »)), (158)
where
sin & ]
cosa 0 0
B 1/A -p/A 0 O m,k
A - .
_ g/A /A 0 O . 0 cos 0 sin
C D 0 0 1 ¢ myk
0 0 p 1 —mksina 0 cosa 0
. 0 —myksin 0 cosp|
1 p 0 0
q 1 0 0 , (159)
0 0 1/A -q/A
0 0 -p/A 1/A |
and
2L 2L
m, = _rb_, m, = -ni, a=—m,, B =—m,, A=1-pq. (160)
n, n, /s /4

5-3 Other potential applications

In the 1-D case, we can use fractional correlation for pattern recognition [13][14]. Thus, in
the 2-D case, we can also use the 2-D affine generalized fractional correlation defined as Eq.
(81) for the pattern recognition. When using the generalized fractional correlation for pattern

recognition, objects will be identified only when:
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(1) The objects are similar as the reference pattern.
(2) The objects are in the certain region (Because 2-D AGFFT is partially space variant).
Besides, the 2-D AGFFT can also be applied for generalizing the 2-D Hilbert transform, mask,

signal synthesis, beam shaping, 2-D signal compression, and phase retrieval, etc.

V1. Conclusion

We have introduced the 2-D AGFFT and some important properties, its calculation and

digital implementation, and applications for the filter design, optical system analysis, etc.

The 2-D AGFFT generalizes the 2-D separable FRFT and the 2-D canonical transform in-
troduced by [1], and mixed them with the geometric twisting operation. Thus, the 2-D AGFFT
not only can extend most of the applications for 1-D fractional Fourier transform, but also be a
useful tool for the pattern recognition with some spatial distortion. The main disadvantages for
the generalized transform are the number of the parameter increases and the calculation will
become more complex. But with the method introduced in section 4, we find if M, N are large,
and the re-sampling algorithm we use is not very complex, then the complexity of digital im-
plementation for the 2-D AGFFT is still proportion to (MN/2)log,MN for most of the cases, as
the 2-D separable FRFT. Besides, using the simplified forms introduced in subsection 4-2, we
can reduce the number of parameters with very little effect on the utility of 2-D AGFFT. Thus,
in fact the 2-D AGFFT is only a little complex than the 2-D separable FRFT, but the utilities
would be extended a lot. We believe, the 2-D AGFFT will be a popular tool for the 2-D signal

processing in the future.
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Appendix
e Proof of the properties
(Proof of the properties 1, 2 in Table 2):

We have known [15]

gy = [ W, 0oy, f,h)-dfdh, (161)
gxn=L[ [, g—;— £ Ry &V ddn] / g(0,0). (162)
Soif Wg ..o (%3, /o) is the 2-D WDF of G ¢y (f, /). then
Goamem G| = [ [ We e (53 foh)-dfilh, (163)
Goaneo N =L [ LW o G5 S @ -dfdh] ] Gy 0. (164)

And then together with the Eq. (86), we can obtain the properties 1, 2 in Table 2.

(Proof of property 3 in Table 2):

Ifs(x, y) = p(x, v)q(x, y), and W (x, y, f, h), W (x, y, £, h), W (x, y, f, h) are the WDF of s(x, y),
p(r V) q(x y), then [15]
) f fW ( ) (xw p) dtdp, (165)
where X =[x, y], w=[f,h], o=[r.c).

If z(x, y) is the 2-D affine generalized fractional convolution of f{x, y) and g(x, ¥), as Eq. (79),
then Z 5 p.c, D)(f h) = Fas.colfs 1) Giap.cpyfs 1), and from Eq. (165),

WZ(A,B,C,D) fw -[ FAB.C.D) ( ’ b)Wg(A,B,C.D) (i’ W —b) dudp.. (166)
Then from Eq. (86), we know

WZ(A.B.C,D) (i’ W) = foo [,; Wf (T(D - bB’"iC + bA)

W, (XD - WB + pB, - XC + WA — DA )- dzdp .

Then, from Eq. (85),

w.(x,%)=W, (AT +WB",%C" +WwD")
= [ [ w,(RA"D+ WB"D - 5B, -XATC - WBTC + DA )
W( + 0B, W A)-a’rda '

(Proof of property 3 in Table 3):

From Egs. (18)~(21), we find
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el
o

vy —d by ) f +(~d, by, +d b )
md (B) 11 2 12%21 f 11¥12 12¥11 ’ (167)

~b22x+ bzly)' K(A,B,C,D)(f’h’x’y)'g(x’y)'dXdy

0
G h)= b, +d h
o5 (ABCD) ( f L”d t(B) dy by, +d by )+ (~d, by, +d12bll)f. (168)

+b),x— bn)’)' K(A.B.C.D)(f,h»x’y)'g(x’)’)'dxa’y

Then we multiply Eq. (167) by b,,, multiply Eq. (168) by b,,, sum them together, and use the
fact that —d, b y+d|,b,, = d, byy—dyyby, (the 2™ constraint of 2-D AGFFT in Eq. (22)), we will
obtain the property 3.

(ABCD)(f h)=

(Proof of property 5 in Table 3):
From Egs. (26) and (20), we obtam
—g( y f f;d ot(B) (( —a,,by, +ayb,)x+(a,b,, —ayb)y+by,f

(169)
_bIZh)'K(DT._BT._CT‘AT)(f?h"x’y)'G(A.B.C,D)(f’h).dfdh
[t can be written as:
cof O J
O}A‘BCD)(ag(x,y)+m((a”bzz —ayb,,)x +(-a, b, +a21b”)y)-g(x,y)]. (170)

= (bzzf_blzh)' G(A.B,C,D)(fsh)

Then substituting the properties 3, 4 into the above equation, we obtain the property 5.

(Proof of property 3 in Table 4):
[’: Jﬁ G (A BCD)(f’h)S*A BCD)(f,h)dfdh

A
47r ’det(B)’ f f F f f f R tIB . € anas 'g(fl)s‘(fz)’

dfdhdx,dy,dx,dy,
where t, =(x,,5,), t, = (x,,¥,), W=(f,h). Then because
[ [ e el ggan - a72|dex(B)]- (¢, - 1)
w La 1~ b2

SO we obtain

fw [’; G(A,B,C,D)(f’h)S(*A,B.C.D) (fa /’)dfdh = J: f;g(X, y)s'(x,y)dxdy.

(Proof of property 4 in Table 5):
Suppose G(A_,,_C_D)(f,h) is the 2-D AGFFT of g(x,y)/x:
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E(A'B.C.D)(W)zmexp[%vaB" w"‘j jeX}{%(—iB" W +iB"AiT)j¥di,

where X =[x,y], W =[f,h]. Then

~ = — I J = nTryeT Y e %
G(A.B.C.D)(WBT)_meX[{EWB Dw j jem(%(—xw”qB 'AxT))-Lx—)a'i,

= T\ - 1 (T el s =
eXp(—éwBTDwT)G(A‘B‘Qm (wBT): m—) J‘exp(é(—wa +XB 'AxT)dei,

i[exp(— JW - B'D-w' /2)' G(A.B.(‘,D)(WBT)]
exp(j(-%- %+ %-B7A-%7/2)) g(%)- d. (171)

Since

Giasem (WBT) = /#%B'D v‘vTj Jexp(%(—iv"vT 4 iB“AiT)) g(%)dx,

1
2m/—det(B) exp( 2

so Eq. (171) can be rewritten as:

5 . R } .
g{exp(—éwBTDwT]G(A‘B.C.D) (WBT)J =~ exp(-—%WBTDWTJG(A‘B‘C‘D)(V‘VBT),

. ~ ~ _ _ . f ; _ _ -
exp(_é—WBTDWTjG(A.B,c.D)(WBT): —J Lc exp(—§VBTDVT)G(A.B.C.D>(VBT)dp’

where ¥ =[p,h]. Thus, if we replace W by W(B")™', then

G(A‘B_C‘D)(v"v) = —jexp(jv"v DB - wT /2)-
fw CXP(‘ j$-B'D-s" /2)' G(A.B,C.D)(gBT)' dp,
where z = (f-byy=h-b,)/det(B), S =[p,q], g = (-fby+h-b))/det(B).

e List of the abbreviations used in this paper:

FRFT: fractional Fourier transform. (see Eq. (1)).

SAFT: special affine Fourier transform, also called as the canonical transform (Egs. (3), (4)).
FT: Fourier transform.

IFT: inverse Fourier transform
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2-D AGFFT: 2-D affine generalized fractional Fourier transform (Egs. (18) ~ (21)).
2-D AGFCV: 2-D affine generalized fractional convolution (Eq. (79)).

2-D AGFCR: 2-D affine generalized fractional correlation (Egs. (30), (81)).

2-D WDF: 2-D Wigner distribution function (Eq. (82)).

2-D TFAGFFT: 2-D AGFFT with space-shifting and frequency modulation (Eq. (89)).
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Basic ops. (A) (B) (®) (D) (E) (F) (G) |2-D AGFFT
(1) x X O x @) x X ®)
(2) x O x O O X X O
(3) x x X X ®) x O @)
(4) X X @) X @) X X O
(5) x @) X O O X x @)
(6) x x x x @) x O O
) x x ) x x x x O
(8) x x X O X X x O
9) X X X X X X ©) ©)
(10) x X X X X x O ©)
(1) @) x x X @) ©) X @)
(12) O X x x @) @) X @)
(13) x X X x X O O ©)
(14) x X x X X O O ©)
Degree of freedom 2 2 3 3 6 4 4 10

Table 1

(1) Projection

property

- . D -C
IG(A.B,C,D) (x,y)’2 = J: fw Wg(v-[—B A D dfdh, v =[xy f, h].

(2) Recovery
property

Giapen (X))

An L [r2y e a1 @

(3) Relations with
generalized
fractional

convolution

If z(x, y) is the 2-D affine generalized fractional convolution of fx, y) and
g(x, y), as Eq. (79), then
%,w)=[* [ W,(RATD+WBTD - OB, - XATC - WBTC + DA )-

/4 (x+p - PA ) dudo
where X =[x,y], =(f,h], o=[r,0].

Table 2



Property

Input

Transform results

(1) Space

shifting

g(i - X, ), where

X =(x0,y0)

exp(j(qp + V—VC’—‘J))‘ G(A.B.(.',l))(w - ioAT)’

where ¢ =-X,CTAX, /2.

(2) Modulation

Al g(x), where

exp(j(¢ + WDW(}‘))G(A.B.C‘D) (W - WOBT )’

wo = (fy,hy). where ¢ =-w,B"DW] /2.
1 i A v . a . a
(3) Multiplied i g(x y) J by, 5~G(A.B.C,D) (fa h)+.]b21 aG(A,B,C,D)(f’h)
by x f
+d, f- G(A,B,c,n)(fah)+dth . G(A,B,C,D)(f’h)
. - o(x, . d ' P
(4) Multiplied | »-g(x,7) b2 2 G+ b 2 G /1)
by y f
+d,,f- G(A.B.C,I))(f’ h)"’ dyh- G(A‘B,(T.l))(f’h)
: ol O 0 0
(3) Differentia ——g(x,y) a, 6_ G(A.B,C,D) (fa h)"‘ as 5;;0(,\.3.01)) (fa h)
tion for x-axis | OX f
—Jenf  Gascn (/s h)=jeyh: G(A,B,C.D)(f’h)
: 2l 0 0 0
(6) Differentia —g(x,y) ap, a_G(A.B,C.D)(f’ h)"' ay —aZG(A,B,C.D) (f, h)
tion for v-axis | OV f

—-Jjenf - Giascp (fa h) —Jjeyph- G(A,B,c,m (f’ h)

Table 3




(1) Orthogonality
property

f; ,[:D K(A,B,(,‘,D) (f’ h, x, y)' K(*A,B.C.D) (f’a ', x’J’)dXdy
=0(f-f",h=h")

(2) Energy conserva-

tion property

[ 1 Jebey) dedy= [ [ |Goumcm 1) dfdh

Also called as the Parseval’s theorem

(3) Generalized energy
conservation prop-

erty

.Eo E,;g(an’)' S*(x,y)'dxdy
= -[’;3 fa) G(A.B.C,D)(fa h) S(*A.B.C,D) (f,h) dfdh

Also called as the generalized Parseval’s theorem

(4) Conjugation prop.

K(‘A.Bvch)(le’x’y): K(A,-B.—C.D)(f,h,X,)’)

(5) Symmetry property
of Kernel

K(A,B,C,D)(f!h’x’y) = K(DT.BT’CT.AT)(x’yaf>h)

(6) Another form of]
the inverse 2-D
AGFFT

g(an’): J: _[ﬁ, K(*A.B.C.D)(f’llaxv)")' G(A,B,(‘.D)(f’h)' dfdh

Table 4




Property Input Transform Result
(1) Space reversion g(~ X,—J/) Giancn) (_ fo_/’)
(2) Mirror property g(— X,)/), Giasen (’ f’h)» Gias.cp) (f,—h)
g(“x-a_y) When (112 = (121 = b]z = bZI = Clz = CZI = (112 = (12] = O, le, fOI‘

the case of the separable 2-D canonical transform.

(3) Twisting pres-

glpx+qn—qr+py),

G(A.B,C,D)(Pf +qh,—qf + Ph)

ervation where p* + q2 =1. |whena,;=ay; =b,,=by=c=¢y =d;;=d, =0.
(4) Division by x glx,y)/ x —jexp(jv“v»DB_l -WT/Z)- fwexp(— js-B™D-§" /2)
“Gias.cp) (§BT)'dP’
where W =[f,h], s =[p,ql,z=(fbyy~hb);)/det(B), and
(5) Divisionbyy | &(x¥)/y — jexpjw-DB" w7 /2)- [ exp(- j5-B"™D-57/2)

“Giamenm (§BT ) dq,
where w =[f,h], s =[p,q],z=(-fby+th-b;,)/det(B), and

p = (f-byy—h-b,,)/det(B).

Table 5
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ABSTRACT

In this paper, we apply discrete fractional
Fourier transform to pattern recognition. The
objective of pattern recognition is to determine
presence or absence of specified objects. By means
of discrete fractional Fourier transform and
fractional correlation, we can not only control the
detecting scope but also recognize the objects with
different scales.

1. Introduction

In recent years, the fractional Fourier transform
(FIFT) draws a lot of attention. Researchers develop
many applications in optics and signal processing. In

[1], Pei develops the discrete version of FrFT (DFrFT).

The full consistency between DFrFT and FrFT let us
be able to implement application by digital
computation. In this paper, we apply DFtFT to pattern
recognition.

Pattern recognition is concerned with the
determination of the presence or absence of objects in
an image. The most fundamental approach of pattern
recognition is correlation, in which we translate and
compare the template pattern to all unknown patterns
in the image. In [4], the authors use optical system to
implement FrFT and apply it to pattern recognition.
However, optical system is not flexible and reliable as
digital system. Therefore, we use DFrFT to implement
the application.

This paper is organized as follows. In Section 2,
we briefly introduce the definitions of FrFT and
DFrFT. We also give a simple introduction to pattern
recognition. In section 3, We describe our approach of
recognition, which is derived from correlation. This
method shows some difference from the original
correlation results, In Section 4, we present the
experiment results, which suggest that pattern
recognition by DFIFT shows the shift-variance
property and scalable detection. We can control the
detection scope by means of the order of DFTFT. In
the other experiment, we use DFIFT to recognize the
objects with different scales. We can use it to
determine scale of objects even in fractional scale
ratio. Finally, we give a conclusion in section 5.

2. Preliminary
2.1. Fractional Fourier Transform

The fractional Fourier transform (FrFT) of a
signal x(t) is defined as[3]:

X, (u) = FrFT* (x(t)) = {__’ - ;:9‘4’ eald [ wine T ety (1)

Where ¢ is the fractional angle of FrFT. When
¢ =0, FrFT is an identity transformation. When ¢=7r
/2, FrIFT becomes Fourier transform. FrFT satisfies
the additive property:

FrETP {FrFT® {x(1)}} = FrFT*** {x(1)} 2

2.2. Discrete Fractional Fourier Transform
Discrete Fractional Fourier Transform (DFTFT) is
the discrete version of FrFT. In [1], DFFT is defined
as fractionalization of discrete Fourier transform
(DFT). N-point discrete Fourier transform can be
written as:
Xy =Fy,x= ﬁ;’gx(n)e_m7 (3)
Where x and X; are both N-tuple vectors and Fy
is N-point DFT.
1

-/lz—"l —/3'1l(~-l) )
. 1 |1 e N e N
W .
) e-/%(n-l) e-/%(n-n)w-u

We can diagonalize the DFT matrix as:

F, = (DO” &)
Thus the power matrix of F is:
F,* = UD°0’ (6)
Then the DFrFT is defined as
F,%x = (0D*07)x (7

2.3. Pattern Recognition by Correlation

We can detect a pattern p(x, y) in an image i(x, y)
by following computation:
d(xy) =3 T iwv)p* =5y =) (®)
It means the pattern p(x, y) is shifted and compared
to the image. After some computations, correlation
can be calculated by
d(x.y) = FT{FT(iGx, MIFT* (p(x, )} ®)
Where FT is Fourier transform and IFT is inverse
Fourier transform. ‘*’ denotes conjugate.

3. Applying DFrFT to Pattern Recognition

If we replace FT and IFT with FrFT in (9), it
becomes:

d(x,y) = FrFT, (FrFT, i(5, )} FIFT, * (p(x.))) (10)

Where a, B, and y are fractional angles of



FrFT and can be chosen for specified applications. We
call it “fractional correlation”. Figure 1 schematically
illustrates (10).

Reference

object —P FrFTa*

FrFT y

position. (b) The input image shifts 1 unit. (c) The input image
shifts 2 units. (d) The input image shifts 3 units.

Figure 3 shows the experiment results when
fractional angle is 7/4. We see the results are quite
different from figure 2. When the input image is
shifted from the correct position, the correlation peak
decays. Further the object is shifted, smaller the
correlation peak becomes. In figure 3 (d), the
reference object and the input image are not

Input image

]

FrFT 8

—»
Output

Figure 1 Fractional correlation.

4, Experimental Results

In this section, we give the experiments results by
DFIFT. We divide the results into two parts. We
discuss the effect of object shifting in section 4.1 and
the effect of object scaling in section 4.2.

4.1. Effect of object shift-variant correlation

In this experiment, we use a 1-D rectangular
window as the reference object to be recognized. The
rectangular window with unity height and two units
width locates at the center of the space. The
parameters of fractional correlation are: a=g and 7
=-7/2. We experiment the fractional correlation at
three fractional angles, =/4, 37/8, and =/2. There
are four input images for each fractional angle. One is
the same as the reference object. The other three
images are its shifted versions. In our experiment, we
shift the image 1, 2, and 3 units respectively.

Figure 2 shows the experiment results at
fractional angle z /2. In fact, when the fractional angle
equals /2, the fractional correlation is the same as
the original correlation. Thus the output image is a
shifted peak where the position of the correlation peak
depends on the position of the input image. The peak
value of the correlation does not change although the
input image is shifted. We call the result is “shift
invariance”.

i 18§

overlapped and the peak value remains only 10% of
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Figure 2 Object detection using fractional correlation with

fractional angle /2. The results are the same as FFT correlation.
Dot-dash line: reference object, dash line: input image, solid line:
correlation output. (a) The input image locates at the correct

figure 3 (a)
et o—
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Figure 3 Object detection using fractional correlation with
fractional angle x/4. Dot-dash line: reference object, dash line:
input image, solid line: correlation output. (a) The input image
locates at the correct position. (b) The input image shifts 1 unit. (c)
The input image shifts 2 units. (d) The input image shifts 3 units.

Figure 4 show the experiment results at fractional
angle 3 »/8. The correlation peaks are again decays as
the input images are shifted away from the correct
position. However, the situation have a little
difference from the results at fractional angle z/4.In
figure 4 (d), the peak value remains about 20% of

figure 4 (a).
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Figure 4 Object detection using fractional correlation with
fractional angle 3x/8. Dot-dash line: reference object, dash line:
input image, solid line: correlation output. (a) The input image
locates at the correct position. (b) The input image shifts 1 unit. (c)
The input image shifts 2 units. (d) The input image shifts 3 units.




From above results, the cormrelation values reduce
when the fractional angles decrease from /2. From
these results, the fractional correlation provides “shift-

variance” correlation when fractional angle is not /2.

And we can control the “scale of shift-variance” by
fractional angle. When the angle approaches r/2, the
correlation becomes more shift-invariant. In contrast,
When the angle approaches zero, the correlation
becomes more shift-variant

4.2. Determine the scales of objects

In this section, we use DFIFT to detect objects
with different scales. This technique is derived form
the scaling property of FrFT, which is given in (11).

| [geots rowep sinp, (1)
Fxteny =[S 2L ol g
tan f =’ ang (12)

This property means that the ¢-angle FrFT of a
scaled function x(ct) with scaling ratio ¢ is related
with B-angle FrFT of the original function x(t). They
are different in a constant complex factor, multiplying
a chirp function, and scaling in frequency axis.

For proper use in discrete fractional Fourier
transform, we set

sin B =1 (13)

csing h
Solving (12) and (13), we get angles ¢ and §:
(14)

l:mg!i:l and tanfi=c
c

If we only consider the magnitude of (11), it

becomes
|F, (et = 4| 5 ) (15)

The amplitude of the ¢-angle FrFT of a scaled
function x(ct) is in proportion to the amplitude of g-
angle FrFT of the original function x(t). Thus, two
functions with different scales have the same
magnitude distribution in two fractional domains.

Figure 6 illustrates the relation in (15). Figure 6
(b) and (d) show the DFFT of functions in (a) and (c)
respectively and they are approximately the same
when the fractional angles satisfy (14).

100
o S « ) 0 00 ° = “ © w

(c) (d)
Figure 6 (a) A rectangular function. (b) DFrFT of function in (a)

with fractional angle tan"'(4/3) (c) Another scaled rectangular
function with 3/4 width of (a). (d) DFrFT of function in (c) with
fractional angle tan"'(3/4)

Figure 7 shows the block diagram of pattern
recognition with scale determination. The reference
object is first taken DFtFT with angle tan'(c), then
taken magnitude as the input of the FFT-based
correlation. The input image is first taken FrFT with
angle tan’'(l/c), then taken magnitude as the other
input of the FFT-based correlation. The output of the
FFT-based correlation shows the detection result of
the system. The parameter ¢ determines what scale of
the reference object to be recognized. If we sweep the
parameter ¢ in some extent, we can determine the
scale of .the input image.

Referend] FrFT tan(c) 169
FFT-based Out
correlation F’
Input
TP o e ETtan (1) [0

Figure 7 Block diagram of pattern recognition with scale
determination

Figures 8 and 9 show 1-D examples of scale
determination using system in figure 7. Figure 8(a) is
the reference object, (b) and (c) are the input images
with scale ratio 2 and /2 respectively. In figure 9, we
sweep the parameter c of the system in figure 7 and
get the profile of correlation peak value. Figure 9 (a)
has maximum correlation peak value at c=2. It means
that the input image is 1/2 scaling version of the
reference object. Figure 9 (b) detects the maximum
value at c=1.41. Both examples correctly determine
the scales.

)
Figure 8 (a) The reference object. (b) The input image with 1/2
window width (scaling factor c=2). (c) Input image with 1/2
window width (scaling factor c=4/2 )

;5.': / 1:
2 b=
@ NGy

Figure 9 (a) The profile of correlation peak value when the
scaling parameter sweeps from 1 to S. The maximum value occurs
at ¢=2. (b) The correlation peak when the scaling parameter sweeps
from 1 to 2. The maximum value occurs at c=1.41.

Figures 10-13 show 2-D examples of scale
determination. We use the letter ‘S’ (Figure 10(a)) as
the reference pattern. In figures 10(b), (c), and (d), the
input images are scaled versions of (a). Because now



we process 2-D objects, the system in figure 7 has two
scale factors in two directions. We use ‘cx’ and ‘cy’ to
represent the scale factors in horizontal and vertical
directions respectively.

In figure 11, we use figure 10(a) to detect figure
10(b) and sweep both cx and cy from 0.5 to 3. We get
the maximum correlation peak value=0.93 when cx=1,
cy=2. In figure 12, we use figure 10(a) to detect figure
10(c). We get the maximum correlation peak
value=0.937 when cx=2, cy=2. The results agree with
the scale ratios of input images.

In figure 13, we use figure 10(a) to detect figure
10(d), which has the same scale with figure 10(c) but
is shifted. Because shifting introduce only phase

change in FrFT, the scale determination is not affected.

The maximum correlation peak value 0.92 occurs at
cx=2, cy=2, which agrees with what we expect. These
examples illustrate the feasibility of scaled pattern
recognition by DFTFT.

(© (d)
Figure 10 (a) The reference object ‘S’. (b) The input image with
1/2 scale in vertical direction and the same scale in horizontal
direction (scaling factor cx=1, cy=2). (c) The input image with 1/2
scale in both directions (scaling factor cx=2, cy=2). (d) shifted
version of (c)

5. Conclusion

In this paper, we apply discrete fractional Fourier
transform to pattern recognition. Qur approach is
extended from conventional FT-based correlation. We
discuss the effect of object shifting and scaling. The
experiment results show that pattern recognition by
DFrFT has shift-variance property. We can control the
detection scope by fractional angle of FrFT. In another
experiment of scaled pattern recognition, We can
exactly determine the object scale by DFrFT.
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Figure 11 The value of correlation peaks when the scaling

parameters sweep from 0.5 to 3. The maximum value 0.93 occurs at
cx=1 and cy=2.
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Figure 12 The value of correlation peaks when the scaling
parameters sweep from 0.5 to 3. The maximum value 0.937 occurs
at cx=2 and cy=2.
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Figure 13 The value of correlation peaks when the scaling

parameters sweep from 0.5 to 3. The maximum vaiue 0.92 occurs at
cx=2 and cy=2.
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Abstract

Several quadratic signal representation methods have been successfully used in non-
stationary signal processing. Four quadratic signal representations, Wigner distribution,
Ambiguity function, signal correlation function and spectral correlation function, are the
traditional ones. In this paper, we propose generalized distributions of the four ele-
mentary quadratic signal representation. The proposed distributions can have fractional
time/frequency-lag and fractional time-lag/frequency characteristics of signals, and it re-

lates the four quadratic signal representations with a more general relation.
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I. Introduction

Several quadratic signal representation methods are successfully used in nonstationary signal
processing[1][2][3]. They are four elementary quadratic signal representations, and they are
Wigner distribution, Ambiguity function, signal correlation function and spectral correlation
function are the traditional ones. The Wigner distribution has served a useful analysis in fields
as diverse as quantum mechanics, optics, acoustics, image processing and oceanography[1][2][4].
The Ambiguity function have been used extensively in the field of radar, sonar, audio, astron-

omy, communications and optics[5).

The generalization of Fourier transform, Fractional Fourier transform(FRFT), have been
developed[6][7]. Fractional Fourier transform indicates a rotation of signal in the time-frequency
plane and it becomes a very useful tool in signal analysis. The FRFT operation can have

fractional time and frequency characteristics of signals.

In this paper, we develop the generalization of quadratic time-frequency distributions. They
are called fractional time-frequency distributions. The fractional time-frequency distributions
can have fractional time/frequency-lag and time-lag/frequency characteristics of signals. And

it can related the four traditional quadratic signal representations.

This paper is organized as follows: In section II, we review the previous results about
the time-frequency analysis and fractional Fourier transform. In section III, the fractional
time-frequency distribution is developed. In section IV, the properties of the fractional time-
frequency distribution are discussed and the fractional time-frequency distributions of several
special signals are computed. An application of fractional time-frequency distribution is pre-

sented in section V. And the final conclusion are drawn in section VI.



II. Preliminary
A. Quadratic Signal Representations

Several quadratic signal representation methods are successfully used in nonstationary signal
processing[2]. The Wigner distribution is the most important one, and it has served a use-
ful analysis in fields as diverse as quantum mechanics, optics, acoustics, image processing and
oceanography. The Ambiguity function have been used extensively in the field of radar and
sonar, and its properties are very well understodd[S]. A prominent relation of the Wigner
distribution and the Ambiguity function are the Fourier transform pairs(2]. Besides Wigner

distribution and ambiguity function, two correlation functions are related to the Wigner distri-

bution and Ambiguity function.

Signal Correlation Function

Colt, 7) = z(t + %)z*(t -5 (1)

e Spectrum Correlation Function

51 = ¥+ D .

e Wigner Distribution
Wz(t,(d) — /oo .’L'(t-{-%)l'*(t"" g)e—jw‘rd,’_ (3)
= /oo X(w+ g)X*(w Dye~Itdn (4)

e Ambiguity Function
Az(n,7) = /°° z(t + %)CE*(t - g)e“j"’dt (5)
= /°° X(u}—kg’)x*(w‘n)e—]wrdw (6)



where t is used to indicate the time variable, 7 is the time-lag variable, w is the frequency
variable, and 7 is the frequency-lag variable. The relationships of the above four quadratic
signal representation methods are presented in [2]. Figure 1 quotes that the quadratic signal

representations Cy(t, 1), Sz(n,w), W, (t,w) and A,(n,7) are interpreted by Fourier transforms.

Az(n, )

Cl‘(t’T) SI(an)
W,(t,w)

Figure 1: The quadratic signal representations represented by Fourier transforms

B. Fractional Fourier Transform

Successive applications of the forward Fourier transform F on the signal z(¢) several times, and

we will get:
Fla(t)] = =(=1), Fle(t)] = X (-w), Filz(t)] = =(2) (7)

Based upon the above notation, the Fourier transform of signal can be interpreted as a 5 angle
rotation of signal in the time-frequency plane. A generalization of Fourier transform, FRFT,

is developed and treated as a rotation of signal to any angles in the time-frequency plane. The

3



transform kernel of continuous fractional Fourier transform (FRFT) is defined as follows [6][7]

[8][9]:

l~jcot it2u? ~ . . .
2TlOlagy =y cota—jutesca  if o i not a multiple of 7

2r
Ka(t,u) = o(t — u) if o is a multiple of 27 (8)
O(t + u) if @ + 7 is a multiple of 27

where « indicates the rotation angle of transformed signal for FRFT. Using the kernel of FRFT,
the FRFT of the signal z(t) by angle « is computed as:

Xo(u) = / 2(t) Ka(t, u)dt (9)
The signal z(t) can be recovered by an FRFT operation with backward angle (—a):
z(t) = / " X (WK _alu, t)du (10)

Some interesting result of FRFT are presented in [8], and we quote them here for our further

discussion.

Signal | fractional Fourier transform with angle o
T —
.’L'(t - 7—) Xa(u — TCOS a)eJT sin @ cos a—jursin @
ZL‘(t)ejvt Xa(u — vysin a)e"j?f sin a cos a+juv cos a
z'(t) A (u) cos o + judy(u) sina
W g%
[Lz(t)dt | secae T tane [¥ X (z)el T Bneqy
tz(t) uX, (u) cos o + j X, (u) sin o
2 ]
z(t)/t | —jsecael Tt [1 x(z)eT? T %z
z(—t) Xa(—u)
. T o :
slet) | e T BT a8

csina

(o2 IR BN K2 T B2 S (RSO T B G T I

where § = tan~!(c? tan )

Table 1: Properties of the fractional Fourier transform

In [10], the 2D FRFT transform kernel with various orders in the two dimensions is defined

as follows:

]. 9242 : 42 4y2 :
Kap(s, t,u,v) = 5—7}-\/1 — jcot a\/l — jcot ﬁef+°°t“"s"csc"‘ejt—tz‘““ﬂ"ﬂvcscﬁ (11)
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where « and [ indicate the rotation angles of the transformed signal for 2D FRFT. Using this
2D FRFT kernel, the 2D FRFT of the signal z(s, t) by angle parameter (a, 8) is computed as:

Xag(u,v) / / VKap(s, t,u,v)dsdt (12)

The signal z(s,t) can be recovered by an FRFT operation with backward angle (—a, —0):

o0 o
z(s,t) = /_oo /_oo Xap(u,v,8,t)K_a_p(u,v,s,t)dudv (13)

III. Development of Fractional Time-Frequency Distributions

If the Figure 1 is rotated by 45 degrees counterclockwise, a square can be obtained. Then
we can find that there always exist Fourier transform relation from 7 to w in the horizontal
direction and another Fourier transform relation from ¢ to n in the vertical direction. Moreover,
we can generalize the Fourier transform with the fractional Fourier transform. Thus Figure 2
will be obtained. All the points located in the square of Figure 2 can define a time-frequency
distributions. These distributions can have fractional time and frequency-lag, fractional time-
lag and frequency characteristics. They are called fractional time-frequency distribution.

The fractional time-frequency distributions with parameter a;, o, can be defined as:

PI,C!I,CW(V!/]’) = //C t T Koq a'z(tr T, Y, .u)dth (14)
_ _ J cot Qg —JTHCSC az j’z*"’2 cot ay —jtrescan
Ce(t,7) 1 jcotag Jj cot aze el dilcdy

The traditional four quadratic signal representation are special cases of fraction time-frequency
distribution, and they are located in the corners of the square. These four special cases of

fractional time-frequency distributions are defined as:

Tapo(vyp) = Calv,p)
Troz(vp) = Walv,p)
Trzo(vip) = Az(v,p)
Trzz(vp) = Si(v,p)



Az(n,T) Sz(n, w)

3

Cy(t,T) W W(t,w)
Figure 2: Quadratic signal representations and Fractional Time-Frequency distributions

In [11], a definition of fractional Wigner distribution has been defined. The fractional Wigner
distribution in {11] is a rotation of Wigner distribution in the time-frequency plane. The
fractional time-frequency distribution defined in this paper indicates fractional time/frequency-
lag and frequency/time-lag characteristics of signals. Figure 3 shows the different concepts

between our fractional time-frequency distribution and fractional Wigner distribution in 3.

IV. Properties of Fractional Time-Frequency Distributions

In this section, we will discuss the main properties of the fractional time-frequency distributions.

Moreover, we will compute the fractional time-frequency distributions of several special signals.



AN, T) - SN, W)

‘Fractional Time-frequency
A distribution A

Fractional Wigner
- C—W;? distribution
C«t, D ;

Figure 3: The different concepts of fractional Wigner distribution and fractional time-frequency

distribution



A. Properties

o Time-shift

For any signal z(t), the signal correlation function of the time-lag signal z(¢ — A) can be

computed as:

Cz(t - ’\aT) (16)‘

So the fractional time-frequency distribution can be computed as:

A2 L
Fz,al,az(V — Acos a, u)e]%-sxnal cos ay—jrAsinay (17)
where ['; o, o, (¥, 1) is the fractional time-frequency distributions of signal z(¢) with pa-

rameters ¢, . If the first angular parameter «; is equal to 0, the distribution becomes:
[z 0,0, (v = A 1) (18)

Thus the time-shift invariant property is preserved. Figure 4(a) shows the angular scope of
fractional time-frequency distribution that the time-shift invariant property is satisfied.
It can be observed that two special cases, Wigner distribution and Signal correlation

s

function, can have the time-invariant property. If the first parameter o, is equal to 3,

the distribution becomes:
[rz a0 (v, p)e 3> (19)

It will produce a frequency shift in the distribution. Figure 4(b) shows the angular scope
of fractional time-frequency distribution that have time-shift in signal and the frequency-
shift in distribution. It can be observed that two special cases, Ambiguity function and

Spectrum correlation function, can preserve this property.

e Frequency-shift

For any signal z(t), the signal correlation function of the frequency-shift signal z(¢)e?**

can be computed as:
Co(t, T)e?" (20)
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A(n,T) S(n, ) A(n, ) S(n, )

C(t,7) W(t,w) C(t, 1) W(t,w)
(a) Signal: time-shift (b) Signal: time-shift
Distribution: time-shift Distribution: frequency-shift

Figure 4: The scope of fractional time-frequency distribution for the time-shift property pre-

served

The fractional time-frequency distribution of the frequency-shift signal can be computed
as:

. g -
Fx,al,ag (I/, u— Asin ag)e J 5 sinaz cosaz+juAcosaz (21)

where I'; 4,.a, (¥, ) is the fractional time-frequency distributions of signal z(t) with pa-

rameters o, ay. If the second angular parameter o is equal to zero, the distribution is

computed as:
Fz,al,O(V7 /l)ej“'\ (22)

Thus the distribution have a frequency shift. Figure 5(a) shows the angular scope of
fractional time-frequency distribution that the time-shift invariant property is satisfied.
Two special cases, Ambiguity function and Spectrum correlation function, can preserve

this property. If the second parameter a is equal to ¥, the distribution becomes:

Fz,a;,%(”»# - /\) (23)



It will produce a frequency shift in the distribution. Figure 5(b) shows the angular scope
of fractional time-frequency distribution that the frequency-shift invariant property is
satisfied. Two special cases, Ambiguity function and Spectrum correlation function, can

preserve this frequency-shift invariant property.

A(n, ) S(n,w) A(n, 7) S(n,w)
C(t,7) W(t,w) Cl(t,T) Wt w)
(a) Signal: frequency-shift (b) Signal: frequency-shift
Distribution : time-shift Distribution : frequency-shift

Figure 5: The scope of fractional time-frequency distribution for the time-shift property pre-

served

¢ Integration in time/frequency-lag parameter
If we calculate the integration of fractional time-frequency distribution in the time/frequency-
lag variable, the following result is obtained:

[Toaias ()@Y = Taargan(0,8) (24)

The equation (24) indicates that the integration of time/frequency-lag variable for a
fractional time-frequency distribution with parameter (o;,a,) will cause the DC value of

the distribution with parameter (a; + §,a2). In the Wigner distribution case(ay = 0,
Qo = %)7

/Fz,o,g(l/,#)dV = Fz,%,%(ovﬂ)
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= Sx(ov /J)
= [IXWIP

We can verify that the Wigner distribution can preserve the frequency marginal property(2].

In the Ambiguity function case (a1 = %, ap = 0), equation (24) becomes:

[Tegolvmdy = Teno(0, 1)
= Cz(onu')

Integration in frequency/time-lag parameter

If we calculate the integration of fractional time-frequency distribution in the frequency/time-

lag variable, the following result is obtained:

: [ Teavaa(ts )i = Taysgan(,0) (25)

The equation (25) indicates that the integration of frequency/time-lag variable for a
fractional time-frequency distribution with parameter (a;, a,) will cause the DC value
of the distribution with parameter (c;, oz + ). In the Wigner distribution case(a; =0,

oy = %), equation (25) becomes:
/Fx,al,az (vpdv = Px,al,a2+§(o> 1)
= Cy(t,T)

We can verify that the Wigner distribution can preserve the time marginal property(2].

In the Ambiguity function case (o; = ¥, ap = 0), equation (25) becomes:

[Tagolvmdn = Tezz(0,0)
= S:(v,0)

Scaling
For any signal z(t), the fractional time-frequency distributions of the scaled signal z(ct)

can be computed as

3 3 2 2 .2 25 . .
l1—jcota; [1—jcotan 6152—cotal(l—%jrg];)e]%—cotaz(l—g:—:-r;g')rz s (v Slflﬁz 1 Slfl b
c? —jcotay | ¢ — jcot g b asin oy a?m ?1

26
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where f; = tan"!(a’tanq;) and B, = tan~!(a’tana,). [, 4,4, is the fractional time-
frequency distribution of signal z(¢) with angular parameters 8, and §,. While oy = 0
and a; = § (Wigner distribution), the distribution of the scaling signals becomes:

I/Vz(ct, -—-E) (27)

While a; = 0 and o; = § (Ambiguity function), the distribution of the scaling signals

becomes:
A:L'(—'E>w) (28)

e Inverse Problem
For any fractional time-frequency distribution with angular parameters (a;, o), the signal
correlation function C:(t,7) can be obtained by a 2D FRFT computation with angular
parameter (—ay, —az2).
How to compute the signal from its signal correlation function? There exist a strip 7 = 2¢

in the C, (¢, 7). Taking the strip of Cy(¢,7) will reach the original signal.
Ce(t,2t) = z(2t)z"(0)

So the original signal can be recovered by the following equation:

_ Ci(5:1)

B. Fractional Time-Frequency Distributions of Special Signals

In this subsection, we will illustrate the fractional time-frequency distributions of several special

signals.

¢ Gaussian signal

2
For the normalized Gaussian signal, z(t) = 7"7_6"?. Thus, the signal correlation func-

tion is computed as:

Co(t,7) = %e‘-("#) (30)
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The fractional time-frequency distribution of signal z(t) is obtained:

2

1—jcota l1—jcotay ;2 _cos?gyy w2 L2 _cos?hyy _a
Laan00 (v 1) = J S oota N L P R Y

1—3jcoten\[1—%jcota e
(31)
where
01 = \ﬁcos2 o + $sin’oy, B = tan~!(t2102)

P2 = \ﬁcos2 oy + isin’ay, fr = tan~!(f0e1)

Sinusoidal Signals

For a generalized sinusoidal signal z(t) = e’ the signal correlation function can be

computed as:
Ce(t,7) = &7 (32)

Thus the fractional time-frequency distribution of the generalized sinusoidal signal z(t)is

computed as:
\/1+ jtan ale‘j‘c%ﬁ"‘a" avtjepsecar /1 4 gtan qpe iV 2tanas (33)

Chirp Signals
For a generalized chirp signal z(t) = e/(3¥°+%) the signal correlation function can be
computed by the definition, and it can be computed as:

Cy(t, 1) = ellet+orr (34)

Then the fractional time-frequency distribution of the generalized chirp signal z(t) can

be computed as:

(1+jtanay)(1 + jtan ay) AV + Bup+C + Du+Ep+F (35)
1 - a%tan o) tan oy

FZ,G[,GQ (V7 /“L) = \/

where
4 1 —a’tano; —tanas
21 —a’tana; tanos
a sec ¢y secC &g
B —_

1 — a?tano; tan ay

13



1 —tana; — a?tanay

C = =
21— a?tano; tan oy
—tan ¢ sec o
D = ab ! 2
1 — a?tan o tan oy
bsec a
E = L
1 — a?tano; tan oy
1 tan o
F = ___b2 1

2 1-a’tana;tanas

The above tan o) tanag # 1.

V. Applications

In this section, we will introduce an application of the fractional time-frequency distribution:
Chirp Rate Detection. To begin with, we simplify the general chirp signal as: /5t Thus the

fractional time-frequency distribution will become:

\/(1+jtana1)(1+jtana2)eAuz+Buu+Cuz (36)
1 —-a?tana; tan oy
where
4 = 1 —a%tanq; — tanop
T 21 -—a’tana; tan oy
a Sec o Sec ory
B =
1 — a?tan a; tan oo
1—tano; —a*tana
C = 1 2

21— a’tan oy tan o
The peaks of the distribution are occurred while its phases are equal to zero or multiples of
27. Obviously, there existed infinite peaks in the distributions. We can find that the phase of

the distribution is a quadratic function, and its shape is depended on its discriminant of the

quadratic function.
A <0 ellipse

A =0 parabola
A >0 hyperbola

14



The discriminant of the phase of the distribution can be computed as:

A = B?-4AC

a? — tan o tan oo

1 —a?tan o, tan oy

If the discriminant is greater than zero, the distribution will have ellipse shape. If the discrim-
inant is less than zero, the distribution will have hyperbola shape. These condition can be

simplify as:

e Ifa>1
- < tan o tan; < a? Ellipse

-5 > tan o tan, < a? or tana, tana, > a®> Hyperbola

e [fa=1

The discriminant will be equal to 1 expect the case tan«; tanas = 1, so the shape of

fractional time-frequency distribution of chirp function will be with hyperbola shapes.
e Ifa<l1

% < tano;tan; < o? Hyperbola

% > tana, tan, < a® or tano; tana, > a® Ellipse

If the shapes of fractional time-frequency distribution are hyperbola, the asymptotes are:

v—mpy = 0

v—mau = 0

where

—a sec ap sec ap + \/(a2 — tan o) tan a,)(1 — a? tan o; tan a,)

a?tan o + tan ag

—asec o) Sec ap — \/(a2 ~ tan o tan as) (1 — a? tan a; tan ap)

a? tan oy + tan o

15



No matter of the shapes of fractional time-frequency distribution, the geometric center is
always located in the original point of u — v plane. The condition, a®tan o tana, = 1, will
cause peaks in the output distributions, so it can be used to detect the chirp rate of chirp
signals. Figure 6 shows the relationship of angular parameters a; and «, for detecting the

chirp rate of the signal: 7% where a is the chirp rate of the chirp signal. Now, we analyze the

1.2¢

508}

0.4}

0.2r

Figure 6: The relationship of angular parameters «; and a, for detecting a chirp signal

generalized chirp function. The geometric center is (—2sec o, — % tan a;). Asymptotes of the

a
hyperbola are:
v—mp—p = 0

v—mop—q = 0

where

—a sec o sec ap + \/(a2 —tan o tan ay) (1 — a? tan oy tan o)

m =
t a?tan oy + tan oy
—a sec o Sec ap — \/(ai’ — tan o tan a;) (1 — a? tan oy tan ay)
My =
2 a’tana; + tan oy
p = 0+0
q = d—o0
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5 = bsec a; tan as a*tana;tanap — 1
a’tancq +tanas ¥ 1 — a?tan oy tan oo
tan o sec oy

o = ab—
a“ tan o) + tan ap

_ ab sec as bsec oy tan )
a?—-tana) tanaz’ a’—~tana;tanaz’/’

The geometric center is always located at the point (

In the following examples, we will use the fractional time-frequency distributions to detect

the chirp rates of chirp signals.
Example 1:

In this example, we will compute the real part of the fractional time-frequency distributions
of the chirp signal: gitttit, Figure 7 and 8 show the fractional time-frequency distribution of
the chirp signal with different parameters. It can be found that the choice of parameters o = %
and @, = 7 can have one straight line as its output. Using the relation: 1 —atana, tanas; =0,
the chirp rate a can be detected, and it is equal to 1. Moreover, the initial frequency b can also

be computed bye the center point of other fractional time-frequency distributions.

Example 2:

In this example, we will compute the real part of the fractional time-frequency distribution of
the chirp signal: e’ % Figure 9 10 and 11 show the fractional time-frequency distributions of the
chirp signal. The geometric centers of the output distributions are always located in the original
point of v — i plane in this example. Figure 10 shows the fractional time-frequency distribution
with hyperbolic shape. And Figure 11 shows the fractional time-frequency distribution with

ellipse shape.

VI. Conclusions

The proposed fractional time-frequency distribution can have fractional time/frequency-lag
and fractional time-lag/frequency characteristics of signal, and it relates the four quadratic

signal representations with a more general relation. Moreover, the fractional time-frequency

17
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Figure 10: The fractional time-frequency distribution of the chirp signal in Example 2
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Figure 11: The fractional time-frequency distribution of the chirp signal in Example 2



distribution can be used to detect the chirp rate for chirp signals.
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The Integer Transforms Analogous to Discrete
Trigonometric Transforms

Soo-Chang Pei, Fellow, IEEE, and Jian-Jiun Ding

Abstract—Integer transform (such as the Walsh transform)
is the discrete transform that all the entries of the transform
matrix are integer. It is much easy to implement because the
real number multiplication operations can be avoided, but the
performance is usually worse. On the other hand, the noninteger
transform, such as the DFT and DCT, has good performance,
but the real number multiplication is required. In this paper,
we will try to derive the integer transforms analogous to some
popular noninteger transforms. These integer transforms remain
most of the performance quality of the original transform, but
the implementation will be much simpler. Especially, for two-di-
mensional (2-D) block transform in image/video, the saving can
be huge for using integer operations. In 1989, Cham had derived
the integer cosine transform. Here, we will derive the integer sine,
Hartley, and Fourier transforms. We also introduce the general
method to derive the integer transform from some noninteger
transform. Besides, the integer transform derived by Cham still
requires real number multiplication for the inverse transform.
We will modify the integer transform introduced by Cham and
introduce the complete integer transform. It requires no real
number multiplication operation, no matter what the forward
or inverse transform. The integer transform we derive would be
more efficient than the original transform. For example, for the
8-point DFT and IDFT, there are in total four real numbers and
eight fixed-point multiplication operations required, but for the
forward and inverse 8-point complete integer Fourier transforms,
there are totally 20 fixed-point multiplication operations required.
However, for the integer transform, the implementation is simpler,
and many of the properties of the original transform will be kept.

Index Terms—Integer cosine transform, integer Fourier trans-
form, integer Hartley transform, integer sine transform, integer
transform.

I. INTRODUCTION

UPPOSE there is a linear discrete transform with the trans-
form matrix A:
N-1
Y(m)= > A(m,n)-X(n). %))

n=0.

If the values of A(m,n) can all be expressed as
A(m,n) =D .-2"" where D, h are integer )

then we call this discrete transform the integer transform. For
example, the Walsh transform and Hadamard transform are all
integer transforms.
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Input 2— adder
=1 _]— adder
Output
Fig. 1. Implementation of the multiplication of 7 («: binary shifting
operation).

The most important advantage of the integer transform is that
real number multiplication operations are required to implement
it. We find that if the transform matrix has some entries that are
not in the form of (2), then the real number multiplication oper-
ations are required to implement it. The implementation of real
number multiplication is usually more complicated and time
consuming. In contrast, if all the entries in the transform ma-
trix can be expressed as the form of (2), we only require the
fixed-point multiplication operations to implement it. We can
implement the fixed-point multiplication operations by the ad-
dition and binary shifting operations. For example, if we want
to implement the multiplication of 7, we can implement it as
Fig. 1.

In addition, for the multiplication of the number not satisfying
(2), we cannot implement it by the method of Fig. 1. Besides,
for the computer, the multiplication of the noninteger number re-
quires the real number processor and will be more complex and
expansive. Thus, if we consider efficiency of hardware imple-
mentation and the computation by computer, the integer trans-
form would be better than the noninteger transform.

However, if we consider performance, the noninteger
transforms are usually better than the integer transforms. For
example, the discrete Fourier transform (DFT) can do the
frequency domain analysis, and the discrete cosine transform
(DCT) has the high ability of data decorrelation [6]. Thus,
although they all require the real number multiplication, they
are widely applied.

In this paper, we try to find the integer transforms analo-
gous to some popular noninteger discrete transform, such as the
DFT, discrete Hartley transform (DHT), discrete sine transform
(DST), and DCT. In [1]-{4], they have derived some types of in-
teger cosine and sine transforms. In this paper, we will improve
their methods to derive the integer Fourier and Hartley trans-
forms and other types of integer cosine and sine transforms. Be-
cause these integer transforms will approximate to the original
transforms, their performance will be very similar to the original
transforms, but the real number multiplication can be saved.

Our goal for deriving the integer transforms is not approxi-
mating the original transforms. We just want the properties of
the original transform to be kept. Then, we can use the trans-
form with much simpler implementation to do the applications
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of the original transform. We hope the integer transforms we de-
rive can replace the original transforms in many applications.
In Section II, we will introduce the general method to derive
the integer transform from a noninteger transform. We will
introduce two types of integer transform. One is near-complete
integer transform; it still requires some real number multiplica-
tions for the inverse transform. The other is complete integer
transform, which requires no real numbers multiplications.
From Sections III to V, we will introduce the integer Fourier,
Hartley, Sine, and Cosine transforms. We will also compare
them with the original noninteger transforms. In Section VI,
we will discuss the advantages of the integer transform over
the approximation directly and discuss how to choose the
parameters. Finally, in Section VII, concludes the paper.

1I. GENERAL METHOD TO DERIVE THE INTEGER TRANSFORM
ANALOGOUS TO SOME NONINTEGER TRANSFORM

A. Conditions for the Integer Transforms

In addition to all the entries being integers, the following re-
quirements must also be satisfied for the integer transform if we
want it to be approximated to the original noninteger transform.

a) The equality relations for the entries in each row of the

integer transform matrix must be kept exactly the same
as the original noninteger transform matrix. That is, if in
the original noninteger transform matrix A
A(mrnl) =T'A(mrn2)a T=17—17j7 _j (3)
then the integer transform matrix B must have the fol-
lowing relations:

B(m,n1) =7 - B(m,ng). 4)

b) In addition, the inequality relations for each row must also
be the same. That is, if in the original noninteger trans-
form matrix A

Re(A(m,n1)) > Re(A(m,n2))
Im(A(m,n3)) > Im(A(m,n4)) (5)

then in the integer transform matrix B

Re(B(m,n1)) > Re(B(m, nz))
Im(B(m,n3)) > Im(B(m,ny)). (6)

For flexibility, we allow the original inequality relation
without equality in (5) becomes the inequality relation
with equality in (6). With the requirements of (a) and (b),
we can assure each row of the integer transformn matrix
will be of the same shape as the row of the original trans-
form matrix.

c¢) The sign for each entry must be the same as the original.
That is, if A is the original transform matrix, and B is the
integer transform matrix, then

sgn(Re(A(m,n1))) = sgn(Re(B(m,n1)))
sgn(Im(A(m, n1))) = sgn(Im(B(m, n.))) )
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where

sgn(z) =1 whenz >0
sgn(z) = —1 whenz <0
sgn(z) =0 whenz =0. (8)

If this requirement is satisfied, then we can assure the
number and the locations of the zero-crossings for each
row will remain the same.

d) The basis vectors of the integer transform matrix must also’
be orthogonal. That is

N-1
Z B(m,, k) . B(n- k) = Cm ' 6mn (9)
k=0

where~is the symbol of conjugation. The constraint of (9)
can assure that the following relation will be satisfied:
B-BH.c'=B".C!.B=I (10)

where ¥ represents the Hermitian operation (transpose
and conjugation), and C is

C(m,n) =0 whenm #n

C(m,m) = Cp, [Cn is defined as (9)]. an
Then, the inverse of the integer transform is BHC1. It
is just the Hermitian of the forward integer transform ma-
trix with the multiplication operation. The requirement of
orthogonality is the key difference between the integer
transform with the direct approximation. This will be il-
lustrated in Section VI-A.

If all the four requirements are satisfied, then the integer trans-

form we obtain will have the properties similar to those of the

original noninteger transform.

From the above constraints, we can be assured that the
forward integer transform only requires the fixed-point multi-
plication operations. However, since the inverse transform is
BHEC-1, if the value of C,, is not as the form of 2* where
k is some integer, some floating-point multiplications are still
required for the inverse transform. Thus, if the integer transform
satisfies the above constraints, we can only be assured that
the number of floating-point multiplications for the inverse
transform is less than N (V is the number of points).

To fully avoid the floating-point multiplication operations, we
will use another matrix EH other than the Hermitian of the for-
ward integer transform matrix as the inverse transform matrix.
This is because it is very hard to find the integer matrix B such
that all the value of C,, in (9) will be the form as 2. Require-
ments a), b), and c) for the forward integer matrix B must also
be satisfied for the inverse transform matrix E, and the require-
ment d) is modified as

N-1
> B(m,k)- E(n,k) = Din - mn

k=0

D,, =2F (kisan integer). (12)



PEI AND DING: INTEGER TRANSFORMS ANALOGOUS TO DISCRETE TRIGONOMETRIC TRANSFORMS

Then
B-EH.D!'=E".D'.B=1 (13)
where
D(m,n)=0 whenm #n
D(m,n)=D,, whenm =n. (14)

Therefore, the inverse transform matrix is EXD ™!, and the real
number multiplication will be fully not required. We call this
type of integer transform the complete integer transform and call
the former type of integer transform the near-complete integer
transform.

Sometimes, however, the complete integer transforms are
very hard to derive. In these cases, we will either only try to de-
rive near-complete integer transform or relax some requirement
in constraints a)-d). For example, we can relax some equality
constraint in (4).

Thus, there are two types of integer transforms that can be
derived:.

1) Near-Complete Integer Transform: In this case, the in-
verse of the forward transform matrix B will be BEC~?, where
C(m,n) = Cm-6m n,and Cn, is defined in (9). That is, the basis
vectors of B are orthogonal. Some real numbers multiplications
are still required (but we can assure they are less then V).

2) Complete Integer Transform: In this case, the inverse of
the forward transform matrix B will be EHD~1. That is, the
basis vectors of B and E are dual orthogonal. No real number
multiplication is required.

B. Process to Derive the Integer Transform

When we try to find the integer transform that is analogous
to some noninteger transform, we can use the following steps.

1) Forming the Prototype Matrix—To Satisfy the Require-
ments a) and c): We first form the prototype of integer trans-
form matrix and assign the unknowns properly to obey the rela-
tions as follows.

1) The equality relations for each row of the original nonin-

teger transform should be kept.

2) The sign of the entries of original noninteger transform

should be kept.
To be convenient, all the unknowns are assumed to be positive
real integers. If the prototype matrix has too many unknowns,
we can try to make some unknowns be the same or make some
unknowns be 1 to reduce the number of unknowns.

If we want to derive the complete integer transform, this pro-
totype is common for the forward transform matrix B and the
inverse transform matrix E, but sometimes, we must modify
the prototype a little so that the complete integer transform can
be derived. For example, when we derive the complete integer
Fourier transform of six points, we have modified the original
prototype (illustrated in Section III-D).

2) Constraints for Orthogonality (Equality Constraints)—To
Satisfv Requirement d): In this step, we search for the require-
ments to make all the rows of the integer transform matrix be
orthogonal to one another. These will be the constraints for the
unknowns we have assigned.
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If we want to derive the complete integer transform, these
types of constraints become the constraints for dual orthogo-
nality for the forward and inverse transform matrix.

3) Constraints for Inequality (Inequality Constraints)—To
Satisfy Requirement b): In this step, we find the inequality
relations among the unknowns from the inequality relations for
each row of the original noninteger transform matrix. These
will also be the constraints for the unknowns.

If we want to derive the complete integer transform, this type
of constraint is common for the forward and inverse transform
matrix.

4) Assign the Values for All the Unknowns: At last, we as-
sign the values of unknowns. They must all be expressed as (2)
and satisfy the constraints obtained from steps 2) and 3).

If we want to derive the complete integer transform, the
values of unknowns assigned for the forward and inverse
transform matrix would be different.

In Sections III to V, we will use this method to derive the
integer transform.

We note, however, for the complete integer transform that
the inverse matrix EH will not be the Hermitian of the forward
transform matrix B. However, since B and E are of the same
prototype, the structures of their implementation are also ba-
sically the same, except that the direction is reversed, and the
parameters are different.

III. INTEGER FOURIER TRANSFORM (8-POINTS AND 6-POINTS)

A. Near-Complete Integer Fourier Transform

In this subsection, we will derive the 8-point integer Fourier
transform (ITFT) analogous to the 8-points DFT:

m,n€0,1,...7. (15)

We will follow the method introduced in Section II-B. Because
this is the first integer transform we derive in this paper, we will
discuss the derivation process in detail.
Step 1) Forming the prototype matrix of the 8-point ITFT.
We first list the equality relations for each row of
the DFT matrix as in Table L. The values of G and C
mean, for the mth row of the 8-points DFT matrix

F(m,n) = exp(—jmnr /4)

F(im,((n+G))g) = C - F(m,n) (16)
where (( )) is the modulus addition
((n+G)y=n+G+h-N

where h is some integerand 0 < n+ G+ hN < N. (17)

Then, together with the sign of the real and imagi-
nary parts of each entry of the 8-point DFT matrix,
we obtain the prototype matrix of the 8-point integer
Fourier transform (ITFT) as in (18), shown at the
bottom of the next page, and there are a total of 12
unknowns.
Searching the constraints for orthogonality of the
unknowns. :

Before discussing the constraints for orthog-
onality, we first introduce a special way to con-
clude that two discrete vectors are orthogonal

Step 2)
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to each other. Suppose there are two vectors
fa(n), fo(n) that have the length of N where
N is even. In addition, suppose we use some
method that make every two points form a set:
{h1,k1}, {ha. k), {hayes knvya)s where
Rm.kn € {0,1,2,...,N — 1}, and hmm # kn for
all m,n,hpm # hn, km # kn for m # n. Then, if
fa(n), fo(n) have the symmetry relations

fa(ks)ZCs'fb(hs)v fa(ks):Ds 'fb(h‘s)

fors =1,2,...,N/2 (19)
and C,, D, satisfies
Cy-Dy=-1 fors=1,2,...,N/2 (20)
We then find that
N/2
(fa(n). fo(n)) = D _[falhs) - folhs)
s=1
+fa(ks)'fb(ks)] (21)
N/2
(faln), fo(n)) =D _[fa(hs) - Folhs) + Cs - Dy
s=1
< falhs) - fo(hs)] = 0.
(22)

That is, fs(n), fo(n) are orthogonal to each other.
Thus, the relation of (19) and (20) will be the suf-
ficient condition for the two functions to be orthog-
onal.

Thus, from (19)-(22) and Table I, we can con-
clude, except for {row 1, row 5} and {row 3, row
7}, that all pairs of rows will be orthogonal to each
other.

Then, calculating the inner product of {row 1, row
5} and {row 3, row 7} directly, we find that if we
want these pairs of rows to be orthogonal, the fol-
lowing equation must be satisfied:

a1-di=2-a2-dy, c1-fr=2-¢c2- fo (23)

Step 3) Searching the inequality constraints of the un-
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From the inequality relations for each row of the
original DFT matrix, we obtain the inequality con-
straints for the ITFT as

ay>ay cp2cx di>dy fi2fo (24)
and we have obtained all the constraints for the un-
knowns.

From all the constraint equations, we find that the
unknowns set {ay,a».d;,d2} is independent of the
set {c1,¢2, f1, f2}. and their constraints are all the
same. There is also no constraint for by, b7, €1, €22
Thus, we can use the following equality equations:
a=f2, di=aq

61=b2=61=62:1.

ay =f17

dy = c2, (25)

We note that after we use the above equality rela-
tions, then the ITFT we obtain will satisfy

FI,(m,n) = FI,(N —m,n). (26)

Then, the conjugation system property, which is the
important property of the original DFT, will be kept.
Although we can also use a1 = ¢j,a2 = ¢2,d; =
fl,dg = f2 instead of a; = fl,ag = fg,dl
c1,d> = co, when we use these equality relations,
then the conjugation system relation of (26) will not
-exist. From (25), the number of unknowns of the
prototype matrix is reduced from 12 to 4, and the
prototype matrix of ITFT in (18) is simplified as
in (27), shown at the bottom of the next page. The
constraints then become

ay-cp=2-a2-C, @1 >az C12C2. (28)

Step 4) Assign the values of unknowns.

Then, we follow step 4 in Section II-B and assign the values
of unknowns to satisfy (28) and (29), shown at the bottom of
the next page. We find that there are many possible choices for
the values of unknowns {a1, az, c1, c2}. We list some possible
choices of the parameters as Table II.

We can implement 8-point ITFT by the method of 1)
decimation-in-frequency (as shown in Fig. 2) and 2) deci-
mation-in-time (as shown in Fig. 3). We find that both the
decimation-in-time implementation and the decimation-in-fre-
quency implementation require eight integer multiplications.

knowns. For the original DFT, we require four real number multi-
rby b1 by by b1 b by by ]
a; az—jaz =—jai —az—jaz —a1 —az+jay jay a2+ ja2
ba —7b2 —by Jb2 by —Jjb2 —ba Jb2
Flp = | ~&~ jez  ja c2—jca —c1  c2+jca  —jeu —cptje2 18)
3] —e€1 €1 —€1 €1 —€3 €1 —€1
di —da+jdy —jdi do+jds —dy dp—jdy jdi —d2—jdo
er jes —e2 —jez €2 jez —e —Jjes
LA fotife if —fatife -Hi —fo-ifs —ifi f2—if2
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TABLE | x(0) / >< X(0)
SYMMETRY RELATION OF THE 8-POINTS (1) —t X(4)
DFT MATRIX o ><>< X2
(<) T
row m=0 | m=l m=2 m=3 m=4 | m=5 | m= m=7 X(3) W /l\ — >_,< X(6)
X(4) = —a X1
G=2 | C=1 | C=— |C=—1| C=j | C=1 | c= | c=1 | C=j oy \/ =
G= =1 C=- C=1 =1 | C=1 =1 =1 | C=— x(5)—£L=} e X(5)
A AR
WVAVANNED-0-4 ety
TABLE I gk
SOME POSSIBLE CHOICES OF THE PARAMETERS OF 8-POINTS ITFT x(7) t + ! LR L XN
4 2 3 4 3 8 10 17 ki 300 Fig.2. Decimation-in-frequency 8-point integer Fourier transform.
a 1 2 3 3 5 7 12 70 | 353
. ] 4 3 6 5 7 24 140 | 353
o 1 3 2 5 4 S 17 99 500 x(0) X(0)
*(4) >1< X xQ
T SIS NS
plications. Although the 8-point I requires twice the  «(2) >< =T W X(2)
multiplication operations and since all the multiplication  «¢) = = =T ; —X(3)
operations are fixed-point, it will still be more efficient. . W—m e
From (10), the inverse 8-point ITFT is as in (29), where ' >< \/ m\i
x(5) =1 Xl X(5)
C(m,n)=0 whenm #n X(3) XX ; // ; X(6)
C(0,0) = C(2,2) = C(4,4) = C(6,6) = 8 e
x(7) =T &) =T a,¥ja, XN

C(1,1) = C(7,7) = 4a? + 8a3

C(3,3) = C(5,5) = 4¢? + 8c2. (30)

The inverse 8-point ITFT can be implemented as in Fig. 4.
We note that the implementation of the inverse ITFT has almost
the same structure as the implementation of the forward ITFT in
Fig. 2. The difference is that the direction is reverse, and there
are some multiplication operations for the input of inverse ITFT.
In fact, for all of the the integer transform, the implementations
of the forward and inverse transforms will have the same struc-
ture.

Fig. 3. Decimation-in-time 8-point integer Fourier transform.

B. Complete Integer Fourier Transform of 8-Points

After the near-complete integer Fourier transform has been
derived, now we will also derive the complete integer Fourier
transform. We first discuss the case of §-points.

We will also use (27) as the prototype of the forward 8-point
complete ITFT. In addition, for the inverse transform, we use a
similar prototype but modify the parameters {a;,az,c1,c2} as

r 1 1 1 1 1 1 1 1 7
a1 az—jaz —jay —az—jaz —ai1 —ae2+jaz jar a2+ jaz
1 -Jj -1 J 1 —-J -1 J
c1 —Cy—jc jc co — jc —c co + je —jc;  —ca + jc¢
Flp = 11 __1.7 2 Jll 2 _1] 2 11 2 _13 2 Ji 1 2_13 2 (27)
1 —Cca+jea —ja ca+jea —c1 cp—jcz  jau  —C2—je2
1 j -1 —j 1 j -1 —j
Lay as + jas ja1 —as +ja2 —Qa1 —as —ja2 —ja1 ay — jag |
! 1 1 1 1 1 1 1 7
ay az-jap -—ja; —az—jar —a; —ax+jax jai az+jo2
1 —j -1 j 1 —j -1 j
-1 cp —c2—jca ja c2—jea —c¢1  c2tjez  —jer —ca+jc2 -1
Flp" =1 -1 1 -1 1 -1 1 -1 C 29
c1 —ca+jca —ja  ca+jce —c1 c2—jcp  jou  —C2— jC2
., il -5 1 oo T
ay azx+jaz  jay —az+jap -—ap —G2-—jazx —jar G2 —ja2
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x(0)y—L4& x(0)
X(1). ] >< x(4)
(@ Pa)d N\ ><>< -
X(2)y1r8 =T ><x(2)
XB‘(-]-j) y f = =T x(6)
X4y17g x(1)

NP 2%N\N
DA

X(6) 178

A(7)

(Tjaya,

Where d, = 4alz+8azz, dy= 4c,z+8c11.

Fig. 4. Implementation of the 8-points inverse integer Fourier transform.

{as, a4, €3, c4}, shown in (31) at the bottom of the page. There-
fore, there are a total of eight parameters. The equality constraint
in (28) now becomes

(Dayg-

From the requirement of (12), we also obtain the equality con-
straint as

63=2~0.2-C4, (2)0,3'C1=2'0.4'CQ. (32)

(3)a; a3 +2-ay-ag =2%

@) ey -c3+2-co-cq=2" (33)

where k, h are integer numbers. The inequality constraints in
(28) become ,

(8) c3 > c4.

(34)
Thus, there are a total of four equality constraints and four in-
equality constraints.

To find the values of the eight parameters
{a1,a2,¢1,¢2, a3, a4,c3,cq} that satisfy all the above eight
constraints directly is time consuming. We introduce a
convenient process to assign the values of the parameters as
follows. From (1) and (2), we can set

S)ay > az, (©)cr >2cz, (7az > ay,

¢c3=2-a9, Cg=ay, a3 =2-¢c, QA4=20C. (35)
Then, (3) and (4) become
(3)2-(a1-c2+az-c1) =2
(42 (cy-as+c2-ay) =2" (36)

We can then implement the following process to find the values
of the parameters.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48. NO. 12, DECEMBER 2000

a) Choose the values of a1, ay such that a;,as are integer
numbers and

2-a3 201 2 as (37)
b) Find the integer values of ¢;, c2 such that
2 > ¢ > C and a;-cp+ag-c; =27
where n is integer.  (38)
c) Set the value of a3, a4, ¢3, ¢4 as
¢ =2""az, cg=2"a;, a3=2"g
as =2"c;  hisany integer. (39)

Then, the parameters are all obtained.
We list some examples of the parameters as follows.
1) {e1 =2,a2 = 1,c1 = 2,¢2 = 1,03 = l,a4 = l,¢c3 =
1, Cy = 1}
This is the smallest, simplest integer solution for the pa-
rameters. If

N-1
ZFIp(m,n)‘IFIp(m,n)=Dm 40)
n=0
then Dy = Dy = Dy = D¢ = 23,D1 = D3 =D;3 =
D, = 2%,

2) {al = 7,0.2 = 5,61 =
13,¢c3 = 10,¢4 = 7}.

We note that when we choose the parameters as the values
list above, the ratios of a; : ag,¢1 : ¢2.a3 : a4,C3 : ¢4 are all
near to 1.414:1, which is ratio of the original discrete Fourier
transform. If D,, is defined as (82), then in this case, Dy =
D2=D4=D6=23,Dl=D3=D5=D7=29.

We use Table III to list some possible choices of the values of
the parameters of the 8-point ITFT.

We can also implement the forward transform as Fig. 2 or 3
and implement the inverse transform as Fig. 5.

We note that the numbers of multiplication operations
required for the 8-point original and complete integer Fourier
transform are

13,62 = 9,(13 = 18,04 =

Original DFT:

four real numbers, 8 fixed-point multiplication operations
Complete ITFT:

20 fixed-points multiplication operations.

ri1 1 1 1 1 1 1 1 b
a3 aq4—jag —jaz —a4—jag =—az3 —ag+jas Jaz aq+jaq
1 -J -1 J 1 -Jj -1 J
c3 —C4 — jC IC cq4 — JcC -c cq4 + jJc. —jc3  —c4 + jc

IFIp = 13 4_13 4 Jls 4_1] 4 13 4—1J 4 }13 4_1] 4 (31)

€3 —cg+jcq —jez cat+jca —c3  cq4—jcs jes  —cs—jea
1 j 21 - 1 j -1 -

Laz  aq+jas jaz —as+jag —a3 —ag4—jag —jaz a1 —jas ]
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TABLE 1li
SOME PosSIBLE CHOICES OF THE VALUES OF THE PARAMETERS OF
8-POINT COMPLETE ITFT

a, 2 7 3 4 4 5 10
ay 1 5 2 3 3 4 7
¢ 2 13 17 12 44 17 18
s 1 9 10 7 31 12 13
ey |1 18 34 7 31 24 13
a, ! 1 13 10 6 22 17 9
; 1 10 4 3 3 8 7
¢4 1 7 3 2 2 5 5
X(0) 178 >< x(0)
X N ayd; - =T x(4)
X2 1% =T x(2)
X(3) &, — = x(6)

(-1-/)ey
X(5)
X(6) //—L

A7)

\I"'_][U4fﬂ'3 =T =

Where d; = 4a,a,+8a,a,,  dy = dc c3+8¢ycy.

Fig. 5. Implementation of the inverse 8-point complete ITFT.

That is, we replace four real number multiplication operations
with 12 fixed-point multiplication operations. The complete
ITFT will be much faster than the original DFT.

C. The Properties and Performance of the 8-Point Complete
ITFT

We will see some interesting properties of the 8-point com-
plete integer Fourier transform (ITFT). Many properties of the
original 8-point DFT will also exist for the 8-point ITFT.

a) Even input — even output, odd input — odd output:

If z(n) is even, and y(n) is odd

z(n) =z(N —n), y(n)=y(N-m)

then the complete ITFT of z(n) [denoted by X (m)] will
also be even, and the complete ITFT of y(n) [denoted by
Y (m)] will also be odd

X(m)=X(N-m), Y(m

b) Pure real input — conjugated symmetry output, pure
imaginary input — conjugated asymmetry output:
If z(n) is pure real, y(n) is pure imaginary, i.e.,
Im(z(n)) = 0,Re(y(n) = 0), and the complete ITFT of

(4D

)=-Y(N-m). (42)

z(n),y(n) are X (m), Y (m), then
X(m)=X(N-m), Y(m)=-Y(N-m) (43)
¢) Power preservation property:
If X(m),Y (m) are the complete ITFT of z(n),y(n),
then
N-1
> z(n Z X(m)-Y(m)- D7}
n=0 m=0
where D,, is defined as (40). (44)
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d) Time-reverse property and conjugation property:
ITFT(z(((—n))~)) = X(((-m))~)
ITFT(z(n) = X(((-m))~)-

e) Shift-invariant property:
For the 8-point complete ITFT, if

(45)

ITFT(z(n)) = X(m), ITFT(z(((n - k))n)) = Xik(m)
(46)
then
Xie(m) = e"j%"mX(m)
when k is even or when k is odd and m is even  (47)
Xir(m) = eI m X (m)
when k is odd and i is odd.  (48)

Equation (47) is satisfied because the equality rela-
tions for each row of the original 8-point DFT matrix
(listed in Table I) have been kept for the 8-point ITFT;
therefore, for the 8-point ITFT matrix, the relation that
FI(m,((n + G))n) = exp(—j2rmG/N) - FI(m,n) is
still satisfied when G is even or when m is even. Thus, if the
amount of time-shift k is even or m is even, then

N-1

Xi(m) =Y FI(m,n)z(((n - k))x)

n-—-O

R

n=0

m, ((n + k))~)z(n)

e N1
Ity Z FI(m,n)z(n)
n=0
- X(m)

and the relation of (47) has been proved.

Then, we will see the performance of the 8-point ITFT. Here,
the parameters we choose are a; = 7,a2 = 5,¢; = 13,¢2 =
9,a3 = 18,a4 = 13,¢3 = 10,¢c4 = 7. Then, we just require 4
bits to implement the kernel of forward ITFT (since the largest
entry is ¢; = 13) and require 5 bits to implement the kernel of
inverse ITFT (since the largest entry is a3 = 18).

We first see the transform result. We choose two inputs:

x1=[23454523 (49)

x2 = [2.84.3 — 0.65 3.7 + 0.95
3.1 — 0.65 4.6 3.1 + 0.65 3.7 — 0.95 4.3 + 0.65].
(50)

We plot them in Fig. 6(a) and (b). (The real part and imaginary
part are plotted in separation.). Then, we do the original 8-point
DFT, and plot the transform results in Fig. 6(c) and (d). Then, we
do the 8-point complete ITFT. To facilitate the comparison, we
will normalize the transform results. That is, for the transform
result of the complete ITFT

(5D

7
X(m)=Y_ FI(m,n) - z(n)

n=0
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Fig. 6. Transform results of the original, approximated DFTs and complete ITFT. (a), (b) Original signals. (c), (d) Transform results of original DFT.

we will normalize X (m) by the first column of the forward
integer transform matrix

X (m)
We plot the normalized transform results of the 8-point complete
ITFT in Fig. 7(c) and (d).

We will compare the complete ITFT with the direct approxi-
mation of DFT. Since, in this example, we require 4 bits to im-
plement the kernel of forward ITFT and require 5 bits to im-
plement the kernel of inverse ITFT, we will also use 4 bits to

approximate the forward DFT and use 5 bits to approximate the
inverse DFT:

= X(m)/FI(m,0). (52)

F(m,n) = F(m,n) =

Za" oH—h

IF(m,n) =~ IF(m,n) = Z by - 2H R,

h=0
Here, we use F(m,n), IF(m,n), F(m,n),IF(m,n) to de-
note DFT, IDFT, approximated DFT, and approximated IDFT,
respectively. Then, we use the approximated DFT to calculate

(53)

the transform results of x;, x2 and plot the results in Fig. 7(a)
and (b).

We then use the following equation to calculate the approxi-
mation error.

N-1

N-1
Z |X(m) - XF m)|2/ Z [XF(m)2  (54)

where X p(m) is the transform result of original DFT. Then, the
errors of the four results in Fig. 7 are

for Fig. 7(a): err = 5.3363-1073

for Fig. 7(b): err = 4.3759 - 1073

Fig. 7(c): err = 3.1655 - 1073

for Fig. 7(d): err = 2.5958 - 1073,

err =

(35)

We find that the errors are very small. The approximated results
of the complete ITFT [Fig. 7(c) and (d)] are even better than the
direct approximation (Fig. 7(a), (b)) and are very similar to the
transform results for the original 8-point DFT.

Besides, we note that input z,[n] is the combination of a low-
frequency component and a high-frequency component. These
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Fig. 7. Transform results of the original, approximated DFTs and complete ITFT. (a), (b) Transform results of approximated DFT. (c), (d) Transform resuits of

complete ITFT.

two components can be separated by both original and complete
ITFTs. Therefore, the complete ITFT can also be used for the
filter design. We can set
X¢(m) = X(m)
(X (m) is the complete ITFT of z(n))
Xs(m)=0 whenm#0

when m # 3,

to remove the high-frequency component and then do the in-
verse complete ITFT for X ¢(m)

7
Zo(n) = Z IFI(n,m) - D;!- Xs(m)
n=0
to obtain the filter output. In Fig. 8, we show the filter results.
We plot the original signal x2 in Fig. 8(a). Then, we use the
original DFT to filter out the high-frequency component, and
plot the result in Fig. 8(b). Then, we use the approximated DFT
{as (53)] and plot the result in Fig. 8(c). Then, we use the com-
plete ITFT and plot the result in Fig. 8(d). Then, we use (54)
to calculate the error, but X r(m) is changed to the filter output
by the original DFT, and X (vn) is changed to the filter outputs

by the approximated DFT and by the complete ITFT. The errors
are

for Fig. 8(c): err = 3.2639 - 1073
for Fig. 8(d): err = 1.1952 - 10~3.

We find that the error of approximated DFT is about three times
the error of the complete ITFT. This is because the complete
ITFT is orthogonal and, hence, is reversible. However, the ap-
proximated DFT is not orthogonal and reversible, especially
when we use fewer bits. Therefore, for the applications that we
must do both the forward and inverse transforms, such as the
filter design, the performance of complete ITFT will be much
better than the approximated DFT.

Then, we see the displacement property of the complete ITFT.
Here, we use the displacement of input z[n] [which is defined
in (50)] as the input:

z3[n] = z2[((n +1)))s].  za[n] = z2[((n + 2))s]-

We plot x3, x4 in Fig. 9(a) and (b). Then, we do the complete
ITFT for x3, x4 and plot the amplitudes of the normalized re-
sults in Fig. 10(c) and (d). We also do the original DFT and the

(56)
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Fig. 8. Filter experiment. (a) Original signal. (b) Filter by original DFT. (c) Filter by approximated DFT. (d) Filter by complete ITFT.

approximated DFT [as in (53)] for x3, x4, plot the amplitudes of
the results of the original DFT in Fig. 9(a) and (b), and plot the
amplitudes of the results of the approximated DFT in Fig. 10(a)
and (b).

We find that for the complete ITFT, the displacement property
is almost kept. The signal after displacement will have the same
transform amplitude as the original signal. When we compare
the phase, there is an interesting phenomenon. We find that

angle(X3) — angle(X2)

=[0 —-45 -90 -135 0 135 -—270 -315]
(57
angle(X4) — angle(X3)
=[0 -90 -180 -270 0 -90 -180 —-270].
(58)

This is exactly the same as the original DFT.
Then, we use the equation as below to calculate the dif-
ference between Xp(m) (the ITFT or approximated DFT of

zo(n)) and X3(m), X4(m) (the ITFT or approximated DFT of
z3(n), z4(n)):

N-1 N-1
dif = \] > | Xsora(m) — Xa(m)|? > [Xa(m)|2.
m=0 m=0
(59)
Then
for Fig. 10(a): dif = 6.3832- 1072
for Fig. 10(b): dif = 0 (approximated DFT)
Fig. 10(c): dif = 2.3401 - 1073
for Fig. 10(d): dif = 0 (complete ITFT). (60)

Thus, the complete ITFT will have more excellent displace-
ment-invariant property than the approximated DFT, especially
when the bits are fewer.

D. Complete Integer Fourier Transform of 6-Points

Because 6 # 2%, it seems impossible to avoid the real num-
bers multiplication for 6-point DFT, but in fact, we can also de-
rive the 6-point complete ITFT.
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The original 6-point DFT is
F(m,n) =exp(~j-m-n-m/3)

where m,n € [0,1,...5].

(61)

By a similar process as the derivation of the 8-point ITFT, we
obtain the prototype of the 6-point ITFT as in (62), shown at the
bottom of the page. For the prototype as in (92), it is impossible
to derive the 6-point complete ITFT; therefore, we modify the
prototype a little as in (63) at the bottom of the page. The pro-
totype for the inverse transform can be set as in (64), shown at
the bottom of the page. From the orthogonality, we obtain the
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There are a total of five equality constraints and four inequality
constraints for ten parameters.
From the constraints 3, 5, we can convert these constraints as

(3 e1ca =272 (5') ayas + 2b1by = 201 (69)

and from the constraints 1, 2, ao = 2(d2/d1)bs,a; =
2(ds/d3)b,. We can substitute them into the new constraint 5,
and we obtain

constraints as

(1) diay = 2dab,,

(2) dza; = 2d4b,

dads h2
2 = .
(-dldg + 1) biby =2 (70)
Together with constraint 4, we obtain
biby = 2°727F . dyds. (71)

Thus, to find the values of the parameters, we can follow the

(3)ajas +2b1by — 2¢1¢0 = 0. (65) process as follows.
From the requirement of (12), we obtain the constraints as D ggc(l)ose the value of dy, d», and d; /d; & 1 must be satis-
(4) dids + 2dpdy = 2F 2) Find the value of d3, d4 such that d3/ds = 1, and
(5) araz + 2b1bg + 2c1¢0 = 27 (66) dids + 2dods = 2%,  where k is integer. (72)
From the inequality relations of the entries of the original 3) Choose by, by as
6-point DFT matrix, we obtain the inequality relations as by = 2™ . ds, by =2"-d,
6)by1 <c1 La1, (Nb2<LcrLas. 67) where m, n are integer numbers.  (73)
Besides, to make (93) and (94) similar to (92), we also impose 4) Then, values of a1, as can be calculated as
the following inequality constraints: a; = 2™t d, gy =274,
B)dy/d1 =1, (9)ds/ds~1. (68) m, n the same as above. (74)
1 1 1 1 1 1
ap by—joa -bi—ja -ar -bi+ja  bi+ja
_ a1 -bh—ja -bi+ja ar -b—ja -bi+ja
FI, = 1 -1 1 -1 1 -1 ©2)
a; —-bi+joa -bhi—ja a -b+ja b —ja
a; bi+jan —-bi+ja —a1 -b—ja b -ja
dy do do d; ds da
a1 b, — jCl _bl - jC]_ —a) -—b1 +jCl bl +jC1
_lar =i =ja -bi+ja a by —jo —bi+ja
Flo=1la, -4 b —d dy —d, (©3)
a; =bi+ja -b—-ja a1 -b+ja b -ja
ap bh+ja -b+ja -—a1 -bi-ja b —ja
d3 d4 d4 d3 d.,l d4
ay by —jgca —bp—jca -—az =—ba+jca b2+ jc2
_ a2 —ba—jgco —batjca az —by—jcz —ba+jcr
e di —dy  dy —d, 64)
az —ba+jeo —ba—jcz ay —bat+jeo —by—jco
az  ba+jeco —ba+jc2 —ay —ba—jca b2—jec2
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Fig.9. Space-invariant property. (a), (b) Shifted input. (c), (d) Amplitude of the transform results of original ITFT.

5) Find the values of c3, c4 such that

(75)

= 2m+n+k 1 n. k are the same as above.

€1€2
In addition, the inequality constraints 6 and 7 must be satis-

fied.
We give some examples of the values of parameters as fol-

lows.
a) dl = 1,d2 = 1,d3 = 6,d4 = 5,{11 = S,bl = 3,61 =
4,(12 = 2,b2 = 1,(;2 = 2.
This would be the smallest possible choice of the param-
eters. If

Y FIp(m,n)-IFIp(m,n) = Dm
n=0

m=0,1,2,3,4 (76)

then Dy = D3 = 25,D1 =Dy =Dy =Ds = 26

b) d] = g,dz = 10,d3 = 36,(14 = 35,0,1 = 35,()1 =
18,()1 = 32,0.2 = 2(),b2 = 9, Co = 16.
In this case, the 6-point complete ITFT will be more sim-
ilar to the original 6-point DFT. If D,,, is defined as (107),
then D() = D;; = 211,D1 = D2 = D4 = D5 = 212.

We can implement the forward 6—-point complete ITFT as
Fig. 11. There are ten integer multiplication operations required.
In contrast, to implement the original 6-point DFT, we need
eight real multiplication operations. If we consider the overall
system, that is, include the forward and inverse transform, then
the numbers of multiplication operations required are as

original 6-point DFT:

22 real number multiplication operations.

(eight for forward, eight for inverse, six for normalization)
complete 6-point ITFT:

26 fixed-point multiplication operations.

(ten for forward, ten for inverse, six for normalization).

It is obvious that the complete integer 6-points DFT is much
more efficient.

IV. INTEGER HARTLEY TRANSFORM
The discrete Hartley transform (DHT) [5] is defined as

H(m,n) = cas(mnr/N) m,ne€(0,1,...N-1] (77)
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Fig. 10. Space-invariant property. (a), (b) Amplitude of the transform results of approximated DFT. (c), (d) Amplitude of the transform results of complete ITFT.
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x(1) e X(2)
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1 2

) . >< jnﬁ)“x -

Fig. 11. Implementation of 6-point integer Fourier transform.
where cas(z) = cos(z) + sin(z). The transform matrix of the
DHT is just the summation of the real part and imaginary part
of DFT

H(m,n) = Re(F(m,n)) — Im(F(m,n)). (78)

The basis vectors of the DHT are orthogonal
N-1
> H(m,n)-H(k,n) =N - bmp.
n=0
The applications of the DHT are similar to the applications of

the DFT, and the most important advantage of the DHT is when
the input is pure real; then, the output is also pure real.

In this subsection, we will derive the integer Hartley trans-
form (ITHT). We will not follow the process introduced in Sec-
tion II. Instead, we will just derive the near-complete ITHT as

HI(m,n) = Re(FI{m,n)) — Im(FI(m,n)) (79)
where FI(m,n) is the near complete ITFT. We can just derive
the complete ITHT as

forward ITHT: HI(m,n)

= Re(FI(m,n)) — Im(FI(m,n)) (80)
inverse ITHT: THI(m,n)
= Re(IFI(m,n)) ~ Im(IFI(m,n)) 81)

where FI(m,n) is the forward complete ITFT, and I FI(m,n)
is the inverse complete ITFT. Here, we have constrained that the
ITFT we derive should keep the conjugation system property

FI(m,n) = FI(N —m,n)
IFI(m,n) = IFI(N —m,n). (82)
The goal of the integer transform is to keep the abilities of the
original transform, but no real number multiplication operation

is required. If we define the ITHT as (79) or (80) and (81), then
the abilities of the DHT will be kept. That is, as the original
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DHT, the ITHT defined as (79) or (80) and (81) will be another =
form of the ITFT, but for the real input, the output will also be Z Im(FI(m, n))Re(IFI(m, k)
real. Therefore, the ITHT may replace the ITFT for processing m=0 v
the real signals. —
We then prove that the ITHT is reversible. We prove that the - Z Re(FI(m,n))lm(IFI(m.k))
complete ITHT is reversible. From (80) and (81) -0 m=0 (85)
N-1
Z HI(m,n)IHI(m, k) and (83) becomes
m=0 N-1
N-1 > HI(m,n)IHI(m,k)
= > Re(FI(m,n))Re(IFI(m,k)) m=0
m=0 N-1
N-1 =N - bn —2 > Im(FI(m.n))Re(IFI(m, k)). (86)
+ Z Im(FI(m,n))Im(IFI(m.k)) m—0
;\"ff Then since, for the ITFT, we have kept the conjugation sym-
_ Z Im(FI(m,n))Re(IFI(m,k)) metry property of (82) so that
m=0 Re(FI(m,n)) = Re(FI(N — m,n))
N-1
m—0 Re(IFI(m,n)) = Re(IFI(N — m,n))
Since the basis vectors of ITFT are orthogonal, we have Im(IFI(m,n)) = ~Im(IFI(N — m.n)) (88)
N-1 we have
> FI(m,n)IFI(m.k) N1
m=0 Im(FI(m,.n))Re([FI(m,k
N1 mz-_;o m(FI(m,n))Re( (m, k))
= > Re(FI(m,n))Re(IFI(m.k)) (N/2]-1
m=0 — 2
o = 2_:0 Im(FI(m,n))Re(IFI(m.k))
+ 3" Im(FI(m,n))Im(IFI(m.k)) N/2-1
m_,\=,0_1 ’ + Z Im(FI(N — m,n))Re(IFI(N — m,k))
+3 > Im(FI(m,n))Re(IFI(m,k)) " /2’]"_=1°
. = Y Im(FI(m,n))Re(IFI(m.k))
—_ m=0
j nz_:o Re(FI(m,n))Im(IFI(m,k)) a1
=N bns. (83) - Zo Im(FI(m,n))Re(IFI(m.k)) =0  (89)
Thus and (86) becomes
N-1
N-1
Re(FI(mn,n))Re(IFI(m,k)) N
mzzo > HI(m,n)IHI(m.k) = N - §n 1. (90)
N-1 m=0
+ Z Im(FI(m,n))Im(IFI(m,k)) From (27) and (79), we can derive the prototype of the trans-
m=0 form matrix of 8-point near-complete ITHT as (91), shown at
=N-bnp (84) the bottom of the page. The constraints are the same as (28).

r 1 1 1 1 1 1 1 1 7
a1 2a a; 0 —a; —2a09 -—a 0
1 1 -1 -1 1 1 -1 -1
_ Ci 0 —C1 202 -—C1 0 C1 —2(,'2
Hle=\"1 4 1 2 1 -1 R | ©n
¢ —2¢ 0 -1 2¢0 - 0
L 1 -1 -1 1 1 -1 -1 1

a 0 —a; —2a0 -—a 0 a; 2a, ]
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Similarly to the near-complete ITFT, we can choose the values *0) >< X0
of {a1,as,c1,co} as the values listed in Table II. D N S —t X4)
For the 8-point complete ITHT, the prototype of the forward K o) = XQ2)
transform matrix is the same as (91). From (31) and (81), we x(3) = T X6)
can derive the prototype of the inverse transform matrix of the W4 4 2, X
8-point complete ITHT as (92), shown at the bottom of the page. . M\ / M )

The values of {a1, a2, ¢1, ¢2, a3, ag, c3, ¢4} must also satisfy the . ) \ /\ 26
constraints of (32)—(34). We can also choose the values of the ~ * -1 -1 T, )
(32-(34) LT\ >< w

{a1,a2,¢1,¢2,0a3,a4,c3,c4} as in Table II1.
.We draw the implementation of the forward, inverse ITHT as Fig. 12. Implementation of the forward 8-point complete integer Hartley
Flgs. 12 and 13. transform.
For the original DHT and complete ITHT, the multiplication
operations we required are

X(4) x(1)

1/8
178 \/
original DHT: D B N
° . . T . X678 =T x(3)
four real number, eight fixed-point multiplication operations ,
‘7’}"d. =1 x( 5)
2><

X(1y

X(0) >< / x(0)
-1
=T
Ay Vd,
a-ld
£) T
4 34y

complete ITHT:
o A
x(6)

20 fixed-point multiplication operations. X3 - X ,

X(7) e d; I x(7)

Although there are fewer multiplication operations for the orig-

inal DHT, four of the multiplication operations are real numbers.

For the complete ITHT, although there are more fixed-point Fig. 13. Implementation of the inverse 8-point complete integer Hartley

multiplication operations, there are no real number multiplica-  transform.

tion operations. Thus, the complete integer Hartley transform

will be simpler and faster. In {2], they have derived the prototype of the 8-point integer
even sine-1 transform (ITST-1) as

Where d, = 4a,a;+8a,a,, d, = 4¢,c;+8¢yc,

fay ar as agq ay as as ay ]
ao a4 as ay —a; =—az —a4 —ag
1 1 0 -1 -1 0 1 1
V. INTEGER SINE AND COSINE TRANSFORMS SIp = % @ —63 —Gx G2 43 —d1 —04
a4 —a1 —as ag a —a3z —ai Q4
1 -1 0 1 -1 0 1 -1
A. Integer Sine Transform of 8-Points G2 —aq a3 —4a1 —a;p az —ag Qa2
Lay —az as —Qq ag —as as —ay J
(94)

There are many types of DST [6]. In [2], they have derived
the 8-point integer: even sine-1, even sine-2, even sine-3, odd
sine-1, and odd sine-2 transforms. We describe the 8-point in- Pparameters are
teger even sine-1 transform. Others can be seen in [2]. (1) ay +ar =aq, (2)aiag+ asaq = ajas + a%

The original 8-point discrete even sine-1 transform is defined (3)a; <ar <a; < ag. (95)

There are four unknowns a1, ag, a3, aq. The constraints of the

as . .
There are many possible choices of the values of

) these unknowns (see [2, Tab. II]). One example is
S(m,n) =sin((m + 1) - (n + 1)7/9) {a1 = 3,83 = 5,a3 = T,a4 = 8} (This is the example
where m,n € [0,1,...7]. (93) where the parameters are smallest).

I 1 1 1 1 1 1 1 1 7
a3 2a4 as 0 —a3 —2a4 —ag 0
1 1 -1 -1 1 1 -1 -1
_1¢3 0 —C3 264 —C3 0 C3 —264
HMle=1'0" ., 1 1 1 -1 1 1l 2)
c3 —2c4 c3 0 —-c3  2¢4 —c3 0
1 -1 -1 1 1 -1 -1 1
La;} 0 —asg —20.4 —as 0 as 2&4 J
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The implementation of the 8-point ITST-1 has not been dis-
cussed in the previous works. We draw the implementation of
the 8-point ITST-1 as Fig. 14.

The implementation of the 8-point ITST-1 requires a total
of eight fixed-point multiplication operations. Since the 8-point
ITST-1 introduced above is a near-complete integer transform,
there are still eight real number multiplication operations re-
quired for the inverse transform. It is very hard to derive the
complete integer sine transform.

B. Integer Cosine Transform of 8-Points

In [1], they have derived the integer cosine transform (ITCT),
which approximates the 8-point discrete cosine transform

C(m,n) = cos(m - (n + 0.5)7/8)

where m,n € [0,1,...7]. (96)
The prototype matrix of ITCT is
r1 1 1 1 1 1 1 17
ay ag as ay —Q4 —Qa3 —a —Qa)
by ba  =by ~by —by —by b b
a2 —ag =—a; —a3 as ay ag —az
Cle=|y 4 -1 1 1 -1 =1 1
a3 —a1 aq az —a2 a4 ay —as
by —b1 by ~by —ba by =by b
Lag —as ag —ay a3 —a9 asz —ay _J
o7
The constraints are
(1) aya2 — asaqy —aja3 —azay =0
(2)ay 2 a3 2 a3 2 ay, (3)b 2 ba. (98)

Other details about ITCT can be seen in [1] and [2]. The 8-point
ITCT can be implemented as Fig. 15.

In (1], they have also discussed the implementation of the
8-point integer cosine transform. In the above, we use an al-
ternative method to implement it, and only the fixed-point mul-
tiplication operations are required. As in [1], we set by = 1
Here, we try to make the number of multiplication operations
as small as possible. If we implement the 8-point ITCT as in
Fig. 15, there are 12 integer multiplication operations required
for both the forward and inverse transform, but there are still six
real number multiplication operations required for the inverse
transform.

After the 8-point integer cosine transform (ITCT) defined in
(97) has been derived in [1], in {3] and {4], the 16-point ITCT
has been derived. In [2], the 8-point integer even cosine-2, odd
cosine-1 transforms have been derived, and the ITCT defined as
(97) 1s treated as the 8-point integer even cosine-1 transform.

We can also derive the complete integer cosine transform and
do not require any real number multiplication operations, no
matter what the forward or inverse transform. We also use (97)
as the prototype for the forward ITCT. For the inverse ITCT,
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x(0) —X(0)

A\ / <

P\ /A = - @

X3) / -1 M

rtad,a X(6)

x(4) e X(7)

n.)(aﬂm —v

ya

TN SO s
SN PSRN
7 —+ \ a+ay-a __: )

X
/
Fig. 15.

Implementation of 8-point integer cosine transform.

we also use the same form of prototype, but the parameters are
changed as in

ri 1 1 1 1 1 1 17
1 C2 c3 Cq €4 ~C3 €2 -C
di do ~dy ~dy —di —~dy d» d
C2 ~C4 €1 €3 c3 €1 Cy —C2

ICle=| ' 5 1 -1 -1 1

c3 1 Cy C2 ~€2 <3 —C3
dy —dy dy ~dy ~dy dy —di d
LCg —C3 C2 - C1 ~C2 Cc3 4 J
(99)

Thus, there are a total of 12 parameters {a1,a2, a3, a4,b1,b0}
{c1:¢2.¢3,¢4,b3,b4}. Then, from the requirement of dual or-
thogonality, we obtain the constraints as

(1) a1c2 — ageq — azcr —aye3 =0
(2) agey ~ agep —ajcy —~ azeq = 0. (100)
From the requirement that the inner product must be the value
of 2%, we obtain

(3)a1cy + asco + azez + agcy = ok

(4) biby + boby =2 (101)

where &, h are integer numbers. We keep the two inequality con-
straints in (98) as

(3)a1 2 a2 2 a3 2 aq, (6)by 2 bo. (102)
For flexibility, we omit the inequality constraints required for
{c1.c2,¢3,c4, b3, b4} Thus, we obtain four equality constraints
and two inequality constraints.

Although there are 12 parameters and four constraints, it

seems that there would be many possible solutions for the
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values of the parameters. However, these solutions are hard to
find. We introduce a special method to find the solutions. We
set ¢4 = 0, and constraints 1, 2, and 3 become

—a3 @1 —a4 c1 0
a; —ag —a) c| =10
ay as as c3 2k

where k is an integer. (103)

Therefore, we want

—as ay —~Qg4
det| a —ay4 —a;| =27
a1 a2 a3

(104)

where n is an integer.

Then, we can assure the solution of {c;, ¢z, c3} will all be the
values of the form as D - 2~", where D, h are integer numbers.
We then want

—a:l’ - a§a4 + a§a4 — 2a1a2a3 — alai = 42"

where n is an integer.  (105)

The values of {a;, a2, a3, as} that satisfy (105) are hard to find.
Therefore, we suppose

a; a3 =as:aq, ie,a; =ray, a3=r7-a4. (106)
Then, (38) becomes
- rsai - a§u4 - 2r3%a5a4 = £27
where n is an integer. (107)

We further suppose that a4 = 2°; therefore, the requirement

becomes
3 _—_ aom
r°a4 +az =2

where m = (n — s)/2 and must be an integer.  (108)

Thus, we can do the following process to choose the parameters.

a) First, find the value of {b1,b2,b3,b4} to satisfy con-
straint 4. Since, for the original cosine transform,
by = 0.9238,by = 0.3827,and by : by = 2.4142 : 1, we
can choose b; = 5 and b, = 2 and substitute them into
constraint 4 to find the values of b3, by.

b) Setcy = 0 and a4 = 2%, where s is an integer number.

¢) Choose r(r > 1), and set a;, a3 as

a1 =7%a4, a3 =7-a4, ay,a3mustbeaninteger. (109)

d) Calculate a, from

3

ap; = 2™ —r’aq, misaninteger. (110)

e) Check whether a; > a2 > as. If not, go back to step b).

f) Solve ¢y, ¢z, c3 from (103).

Then, we can obtain the values of all the parameters. However,
we must be careful to satisfy the inequality constraints.

We list some other possible choices of the values of parame-
ters as Table IV.

We note that the forward ITCT can be implemented as Fig. 15.
The inverse ITCT can also be implemented in Fig. 15, but the
direction is reversed with some multiplication operations at the
input. There are 12 fixed-point multiplication operations both
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TABLE 1V
SOME POSSIBLE CHOICES OF THE VALUES OF THE PARAMETERS OF THE
8-POINT COMPLETE ITCT

a, a, ay ag| by | ba | by | by < [ [ cy
81/16 | 295/64 | ora 1151 21 6 | 1 |6817716] 256 121591/64 0
4916 | 169/64 | 74 vl s | 2 122 9 [2657/16] 128 | 6489/64 1 0
12164 |717/512) 18 [t | 121 5 1 9 | 4 [149896 | 131072 | 41701 | 0
361/64 [1333/512] 19/8 | t 117 7 | 13| 5 |1075336; 524288 | 403339 | 0

S Exponent Significand

Fig. 16. Data structure including the sign, mantissa, and exponent terms.

for the forward and inverse transform. There are eight multipli-
cation operations for D;;}, where D,, is defined as
N-1
> CI(m,n) - ICI(m,n) = Dp,.
n=0
Four of the multiplications of D,, can be absorbed in the multi-
plication operations of the inverse transform; therefore, we need
a total of 28 fixed-point multiplication operations for the overall
system.

(111)

V1. DISCUSSION ABOUT THE INTEGER TRANSFORMS

A. Advantages of the Integer Transform over Direct
Approximation

In this paper, we use the integer transforms to approximate
the noninteger transforms. In fact, we can also approximate
the noninteger transform directly. For example, we can use the
following data structure, including the mantissa and exponent
terms to simulate real number operations by the fixed-point
operations numerically [10] as in Fig. 16. In Fig. 16, “S” is
the sign of the number, “Exponent” is the exponent term, and
“Significand” is the mantissa term. For example, when we use
the above structure to express the real value of —C, we can first
approximate —C' as the form of

-C~-B-2"
B is a positive integer number, h is an integer number. (112)

Then, we can use “S = 1” to express the minus sign, use
“Exponent = h” to express the exponent of 2, and use
“Significand = B” to express the mantissa term. After using
the above data structure, we can use the fixed-point operations
to simulate the real number operations.

We may ask what are the advantages of the integer transform
over the direct approximation method. We list the advantages
below. We will just compare the direct approximation method
with the near-complete integer transform.

1) The basis vectors of the integer transform are orthogonal.
We note that in Section II-A, we have discussed the

four requirements for the integer transform. We note that
requirements a)—) are also necessary for the direct ap-
proximation method. The key difference between the in-
teger transform and the direct approximation method is
requirement d). That is, for the complete integer trans-
form, the basis vectors of the forward transform is dual
orthogonal to the basis vectors of the inverse transform.
However, for the direct approximation method, the basis
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vectors of the transform matrix may not be orthogonal.
This difference is very important, and many of the advan-
tages of the integer transform come from it.
The integer transform is reversible, but the transform ob-
tained by direct approximation will not be reversible.
Since the complete integer transform is dual orthog-
onal, i.e., the basis vectors of the forward transform ma-
trix B are dual orthogonal to the basis vectors of some
matrix E, then EED !, where D, which is defined as
(12) and (14), is the inverse of the forward transform.
However, for the direct approximation method, since
the basis vectors are not orthogonal, if the forward trans-
form matrix is K, then the inverse of K (i.e., K~1) will
not be as simple as the inverse of the integer transform.
Furthermore, the entries of K~! can usually just be ap-
proximated and not explicitly expressed as the data struc-
ture as Fig. 16. Thus, although the basis vectors of the
original transform (which are denoted by F') are orthog-
onal, when we use the data structure as Fig. 16, we will
use a transform matrix K to approximate F and use an-
other transform matrix R to approximate F~1. Since

K~F, R=xF!
R-K#I (113)

(F——l)'F:I’

we use the data structure as Fig. 16 to approximate a
reversible transform; then, the approximated transform
would not be reversible. ‘

The reversible property is very important, especially
for the applications such as the filter design, data com-
pression, and other applications that must do both the for-
ward and inverse transforms. Although, for the directly
approximation method, if the number of the bits are suffi-
cient, then the approximated transform will be almost re-
versible. However, for the integer transform, we can use
far fewer bits to obtain the reversible transform.

The integer transform can use fewer bits to obtain the
accurate approximation results.

This is because when we use the data structure as in
Fig. 16, some bits must be used for the exponent. Besides,
the length of the data structure in Fig. 16 is usually fixed
to 16 or 32 bits [10], but for the integer transform, the
approximation results are sufficient, even when we use
fewer bits. For example, for the two experiments about
the ITFT in Section ITI-C, the largest parameter we choose
is a3 = 18, and it only requires 5 bits. Other parameters
require 4 bits or less. From the experiment results, we still
get accurate approximation results.

For the integer transform, when the input is expressed as
the fixed-point representation, we do not need to convert
it as the real number representation in Fig. 16. We can
process it without any real number processor during the
overall system.

More properties will be kept for the integer transform.

For example, the power preservation property will be
kept for the complete ITFT (see Section III-C), but this
property will not be kept when we approximate the DFT

In conclusion, even when we use fewer bits, the integer trans-
forms can still approximate the original transforms well and re-
tain the properties and performance of the original transform. If
we use enough bits, then using the direct approximation method
will also have the advantages described above. In this case, the
advantages of the integer transform may not be so obvious as
the case where we use fewer bits.

B. Which Set of Parameters Is the Best

From the discussion about the integer sine, cosine, Hartley,
and Fourier transforms, we find that the number of the equality
constraints is always less than the number of the parameters.
Thus, there are always infinite possible choices for the parame-
ters. Thus, we have a question: Among these choices of param-
eters, which one is the best? Here, we will discuss this question.

To discuss which set of the parameters is the best, we mainly
consider two aspects. ‘

1) For the implementation, we want the parameters to be as

small as possible. As inFig. 1, for binary implementation,
the entire number is decomposed as

C=ap+a-2+as-22+a3-2%-

where a, = 0, 1. (114)

Thus, if the parameters we choose are small, then the
number of a,, such that a,, # 0 will usually be less. Then,
for the binary implementation, the number of binary-ad-
dition operations and binary-shifting operations will be
less.

For the performance, we want the ratios of the entries for
each row of the integer transform matrix to be approxi-
mated to those of the original transform matrix.

For example, for the 8-point ITFT that has the prototype (27),
from (15), the original 8-point DFT will have the parameters
a1.a9 as

2)

ey =1 a2 =1414. (115)
Therefore, if we want the performance of the 8-point ITFT to be

similar to the original, then we want

a; tazx = 1:1.414. (116)

For the complete integer transform, it is difficult for the param-
eters of the forward and inverse transforms to have the ratios
approximated to the original at the same time. In this case, the
parameters of the forward transform will have higher priority.
If the parameters of the forward transform have ratios similar to
the original transform, then the transform result will be similar
to the original transform.

In 1)}, the tradeoff between how large the values of unknowns
we choose and the performance for the integer cosine transform
is discussed. In fact, this tradeoff also exists for other integer
transforms. If the unknowns we choose are very large, than it
is possible for the integer transforms to better approximate the
original transforms and make the performance better; however,
the implementation will be tough. On the other hand, if the
values of unknown are too small, then the implementation is
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X(0)—jx(2)-x(4)+/x(6) a, to X(1)
7 to X(2)
(a)
x(0)~x(2)—x(4)+jx(6) 222 to X(4)
N .
(b) +]
x(0)—x(2)—x(4)+jx(6) >>2 to X(4)
= to X(5)
©

Fig. 17. (a) Implementation of 8-point ITFT (decimation-in-frequency)
between the fifth position of the second stage and the fifth and sixth position
of the third stage. (b) Binary implementation of Fig. 17(a) when a; = 4 and
¢; = 3. (¢) Simplification of (b).

To find the optimal choices for the parameters is hard work.
We suggest a way to find the better choices for the parameters.

1) First, find the ratios between the parameters for each row
of the original transform matrix.

2) Then, assign the smaller integer values for the parameters
such that the ratios are approximated well, and all the
constraints for the parameters are satisfied.

Then, although we may not obtain the optimal choices
for the parameters, the integer transform we obtain will
perform better with simpler implementation.

C. Some Special Methods to Implement Further More Efficient

Suppose C = D - 2", where D, h are integer numbers; then
if we want to multiply a number C, we can first decompose C
as the linear combination of the powers of 2:

czza,-:z* where a, = 0, +1. (117)
T

For the integer transform, all the multiplication operations can
be implemented by the method of (117), and all use the binary
shifting and the addition operations. Sometimes, the amount
of multiplication operations is huge, or the numbers we want
to multiply are very large. In such a case, there will be a lot
of binary shifting and addition operations required. We intro-
duce some ways to decrease the number of addition and binary
shifting operations as follows.

1) Decompose C properly so that in (117), the amount of a,
that a, # 0 will be minimum.

For example, we can decompose 15 as 15 = 1-2° +
1-204+1-2241-2%0r15 = —1-2°+ 1-2% However,
the former has 4 a,s not equal to 0, and the latter only has
2 ars not equal to 0. When multiplying 15, decomposing
15 as =1 - 2% + 1 - 24 will require less binary addition
operations.

2) Some multiplication operations with the same multipli-
cand can be merged together.
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For example, for the 8-point ITFT implemented by dec-
imation-in-frequency (Fig. 2), between the fifth position
of the second stage and the fifth and sixth position of the
third stage, there is the branch as Fig. 17(a). For the case
thata; = 4andc; = 3, when weimplement the mul-
tiplication of 3 and 4 individually, then we must require
two binary shifting operations and one addition opera-
tion, as in Fig. 17(b). In fact, we can implement these two
multiplication operations together. We can decompose
3as3 = -1 + 22, and then, there is one binary shifting
operation that is common for the multiplication of 3 and 4.
Therefore, when we implement the multiplication of 3 and
4together, thenonebinary shiftingissaved, as inFig. 17(c).

VII. CONCLUSION

In Sections III-V, we only derive the integer cosine, sine,
Hartley, and Fourier transform of eight points and the integer
Fourier transform of six points. In fact, we can also derive the
integer transforms analogous to other noninteger transforms in
a similar way.

For the integer transform, we can replace the real number
multiplication operations with the fixed-points multiplication
operations. Especially for the complete integer transform, there
are no real number multiplication operations required. Thus,
the integer transform is very efficient. If the datum we want
to process are all integer numbers, using the complete integer
transform is especially efficient, such as in image and video pro-
cessing. This is because during the whole process, there are no
real number processors required.

The concept of integer transform analogous to the noninteger
transform is very new, and there has been little about it until now.
Because they are convenient for implementation and almost re-
tain the quality of original noninteger transform; therefore, they
can compete with the original discrete transform in many appli-
cations. We believe the integer transform will be very popular
in the future.
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