(3/3)

NSC91-2115-M-002-002-
91 08 01 93 07 31

93 12 10



NILPOTENT DERIVATIONS
Chen-Lian Chuang and Tsiu-Kwen Lee

Department of Mathematics, National Taiwan University
Taipei 106, Taiwan
E-mail: chuang@math.ntu.edu.tw
E-mail: tklee@math.ntu.edu.tw

Abstract. Motivated by Grzeszczuk’s paper [9], we give a detailed analysis of nilpo-
tent derivations of semiprime rings. With this, many known results can be either
generalized or deduced.
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80. Introduction

Throughout, R is always a semiprime ring and @) its symmetric Martindale quo-
tient ring. The center C' of @ is called the extended centroid of R. By a derivation

of R we mean a map 6: R — R satisfying
(z+y)° =a°+y° and (xy)° =2%y+ay® forall z € R.

For b € R, the map ad(b):x € R — [x,b] = xb — bz defines a derivation of R. A
derivation of this form is called inner. More generally, a derivation ¢ of R is called
X-inner if it is the restriction of an inner derivation of @, that is, if there exists
b € Q such that z° = [z,b] for z € R. An ideal I of R satisfying I° C I is called
a d-ideal of R. This paper is motivated by Grzeszczuk’s paper [9] and the object of

our investigation is the following:

Definition 1. ([9]) A derivation ¢ is called nilpotent if 6™ = 0 for some n > 0. The
least such n is called the nilpotency of §, denoted by ns(R). The least integer m such
that, for each nonzero é-ideal I of R there exists 0 # ¢ € I with R’ ¢ = 0, is called
the annihilating nilpotency of § and is denoted by ms(R).
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For a nilpotent derivation d, any ideal I # 0 of R contains a d-ideal J # 0: We
merely set J det. Z?:‘s(()R)_l(I”)‘Si, where n > ng(R). Therefore, ms(R) is also the
least integer m such that, for each nonzero ideal I of R, there exists 0 # ¢ € I such
that R®"¢ = 0. When R is a prime ring, ms(R) is then the least integer m such
that R%"¢ = 0 for some nonzero ¢ € R. The annihilating nilpotency of § is first
investigated in [9]; we give it this name for brevity. Nilpotent derivations enjoy many
interesting properties and have been studied extensively [3, 5, 6, 9, 15]. When R has
a prime characteristic p > 2, most results impose restrictions on p. Our aim here is
to remove these restrictions. Let us briefly illustrate our results: For a prime ring R
of char R = p > 2, [10, Corollary 3| asserts that a C-algebraic derivation ¢ of R must

satisfy an identity in the following form with s as small as possible:

2 4 B2 o+ B’ = xb— b,

where (3; € C' and where b € @ is C-algebraic. Algebraic properties of d should be
characterized by this identity and by the minimum polynomial of b over C, both of
which assume very simple forms for nilpotent § (Theorems 2.2 and 2.3 below). We
justify this point of view by calculating the nilpotency and the annihilating nilpotency
of § in terms of the number p® and the degree of b over C' (Theorems 2.4 and 2.5
below). We then extend these to the semiprime case, which merely says that @ can be
decomposed into a finite direct sum &;Q); such that the nilpotent derivation restricted
to each Q; N R behaves in the same way as in the prime case (Theorems 3.1, 3.2 and
3.3 below). As applications, we give an interesting connection between nilpotency
and the annihilating nilpotency (Theorems 3.4 and 3.5 below), which generalizes [3,

5, 9]. Finally, we deduce a result of [9] as a corollary.

We organize this article as follows: In §1 we recall some notions and facts, mainly
formulated for semiprime rings, which are either well-known or implicit in the liter-
ature. In §2 we consider the prime case which shows the main results of this paper.

In §3 we extend our results to semiprime case.

§1. Preliminaries

The section is devoted to some notions and facts about semiprime rings (Theorems
1.1-1.7). They are used only in §3 and can be skipped if the reader is interested only
in the prime case. Our ring R is always semiprime. It is well-known that a derivation
of R can be uniquely extended to a derivation of ). So all derivations will be assumed

to be defined on (). By a differential polynomial, we mean a generalized polynomial
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¢ with coeflicients in @) and with variables acted by derivations of R. If ¢ vanishes
on R then we call ¢ a differential identity. The following is actually implicit in [11].
There is a proof [13] in the spirit of the theory of orthogonal completion [2]. We
sketch below a short proof following the line of [4]:

Theorem 1.1. A differential identity ¢ of R also vanishes on Q.

Proof. We transform ¢ into its reduced form ¢’ by the basic identities on [11, p. 58].
By [11, Theorem 2|, ¢ is a consequence of a generalized polynomial identity ¢’ of
R in a specific way. By [1, Theorem 6.4.1], ¢” also vanishes on @ and hence so does
¢’. The basic identities also hold for ) by the uniqueness of extension of derivations

from R to Q). Our assertion follows from transforming ¢’ back into .

This implies that a nilpotent derivation of R can be extended to a unique nilpotent

derivation of @) of the same nilpotency and of the same annihilating nilpotency.

It is shown in [1] that the commutative ring C' is a von Neumann regular in the
sense that for any o € C, there exists 3 € C such that o = a2?3. It is shown in [1]
that central idempotents of () form a complete Boolean algebra B. For any subset
T of @, we define E[T] to be the smallest central idempotent such that E[T]t = ¢ for
all t € T. (See [1, Lemma 3.1.1]). If T'= {a}, where a € Q, we denote E[T] by E[q]
for brevity. For a derivation § of @ we write E[§] to stand for E[Q°]. We need the
following from [11]:

Theorem 1.2. For any mazximal ideal A of B, the set AQ forms a minimal prime

ideal of Q. Conversely, any minimal prime ideal of Q) admits this form.

We remark that the intersection of all minimal prime ideals is zero. For a semiprime
ring R, C' may not be a field and we must be careful in extending our notions: We call
a; € Q (1 <14 < n) C-independent if all a; # 0 and for any «; € C, Y1, aza; =0
implies that all a;a; = 0. Analogously, derivations §; (1 < i < n) of R are said
to be mutually outer if all §; # 0 and if for any b € @ and «; € C, the identity
Z?:l ;2% = xb — bz for all x € R implies oz’ = -+ = a,z%» = 0 for all z € R.
(This is called strongly independent in [11] but we follow [12].) The following is also
implicit in [11]. For brevity, we refer its proof to pp. 65-68 of [11].

Theorem 1.3. Let P be a minimal prime ideal of Q. For a € Q, let @ denote the
natural image of a in Q def- Q/P. For a derivation § of Q, let § denote the derivation

of Q induced canonically by 6.
(1) The extended centroid of Q is the natural image C of C in Q.



(2) If a1, as, ... are C-independent, then nonzero @;’s are C-independent.

(3) If derivations 01,09, ... of Q are mutually outer, then so are nonzero 0;s.

Additive endomorphisms of the abelian group (Q,+) form a ring End(Q,+).
Derivations preserve the addition and hence are elements of End(Q, +). Let b € @ and
§, a derivation. We compute: for x € Q, 24 = [2,0]° = [2°, b]+ [z, b°] = (22)2d®) 4
22d(¥?) = g0ad(®)+ad(t’)  We hence have the equality ad(b)§ = §ad(b) + ad(b®) in
End(@,+). We also interpret « € C as the map a:z € Q — xza € @ and, in
this sense, « is an additive endomorphism of (Q,+). For da in this order, we have
So:x € Q — ax’ € Q. But the map o sends z € R to 2 def- (ra)’ = 20a + 20’ =
%% 4 zal. So we have the equality ad = da + o in End(Q, +).

An element b € Q is said to be integral over C or C-integral if b™ 4+ ;b1 4 -+ +
apn_1b + a, = 0 for some integer n > 1 and a; € C. The minimal such n is called
the integral degree of b. A derivation § of R is said to be C-integral if there exist
at,...,0,_1 € C such that

o" + 5n_1041 + - 4+ day,—1 = 0.

The least such n is called the integral degree of 9. We have the following

Theorem 1.4. For b € Q, the derivation ad(b) is C-integral if and only if b is
C-integral.

Proof. Suppose first that b is C-integral. We define the left multiplication ¢, and the
right multiplication r;, by

by :x € Q+— bz, ry i x € Qv+ xb.

Then 4,7, € End(Q,+). Since lyr, = rplp and b is C-integral, we see that the
subalgebra over C' generated by 1, ¢, and r, is commutative and is a finitely generated
module over C. Thus every element in this subalgebra is C-integral. In particular,

the element ad(b) o — 1y is C-integral, as asserted.

Suppose next that ad(b) is C-integral of degree n. Consider the set
Y={eeB| "+ Zaib”_i)e = 0 for some «; € C}.
i=1

We must show 1 € ¥. For g € B, if g < e for some e € ¥, then obviously g € ¥. If
e, f € ¥ are orthogonal, then obviously e + f € 3. This shows that X is an ideal of
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B. Assume on the contrary that 1 ¢ 3. We then extend ¥ to a maximal ideal A of
B. By (1) of Theorem 1.3, the extended centroid of Q/.AQ is the natural image C
of C. In Q/AQ, ad(b) is also C-integral and has the integral degree < n. Expanding
this integral relation of degree < n into a linear GPI and then applying [14, Theorem
2], we conclude that the elements T, b,--- ,En are C-dependent. So there exist o; € C
such that b + Y7 | a;b" " € AQ. That is, (0™ + Y i, a;b"*)(1 —e) = 0 for some
ec€ A Thissays1—e€ X C A Buteec A Sol=e+(1—e) € A, a contradiction.

Let b € Q be C-integral. By the minimum polynomial of b € @ over C, we
mean an identity relation b” 4+ a;b" ! + -+ 4+ @, _1b + ay, = 0, where o; € C and
where 1,b,...,b" ! are C-independent. Minimum polynomials of b € Q, if they
exist, are unique in the following sense: If b™ + a b~ ' + -+ 4+ a—1b + a, = 0 and
b™ 4+ Bib™ ! 4 -+ Br_1b + B = 0 are both minimum polynomials of b over C,
then n = m and a;b" " = 3;b" % for i = 1,... ,n. It is not true that any C-integral

b € @ has a minimum polynomial. We need the following more precise description:

Theorem 1.5. Let b € Q be a C-integral element of degree n. Then there exist
finitely many integers t; with 1 < t; < n and orthogonal g; € B (i = 1,... ,k) with
Zle g; = 1 such that the following hold:

(1) bg; has the minimal polynomial of degree t;.

(2) Eb7g;] = gi for j=0,1,--- . t; — 1.

Proof. We define D; to be the set of e € B such that E[b?] > e for 0 < i < t and such
that ble (0 < i < t) are C-independent. If 0 # f € B and f < e for some e € Dy,
then obviously f € D;. Let e; def- \/ D;. Note e; = 0 if and only if D; = (. We
claim that if e; # 0, then e; € Dy: Obviously, E[bY] > e; and particularly ble; # 0
for 0 < i < t. Suppose Zf;é a;ble; = 0 for some o; € C. Multiplying the equality
by any given e € D; and using ee; = e, we see that Ef;é a;ble = 0. These ble are
C-independent, since e € D;. So all a;b’e = 0. This is true for all e € D, and hence
for e, def. \/ D;. So a;ble; = 0. This shows the C-independence of ble; (0 < i < t).
So e; € Dy, as claimed.

Let n be the C-integral degree of b. If ¢ > n, then for any e € Dy, e eb,... ,eb"

are not C-independent. So D; = ) for t > n. Set Dy 4 B and eg def- . Since

Do 2 D1 2 2 Dn+1 = (Z), we have €o 2 €1 2 Z En > €n+1 — 0. Set
€y def. er—eprq for 0 <t < n. Define D, to be the set consisting of central idempotents
e < ¢ such that (b + ', ayb?~")e = 0 for some o; € C. If f € B and f < e for

some e € Dy, then obviously f € D;. Set & def. \/f)t Write & = \/,¢; fv, where
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{f, | v € I'} is an orthogonal subset of D;. For each v € I, we have
btfl/ + aulbt_lfu +-+ta,=0

for some «,; € C. By the orthogonal completeness of C', for each i with 1 <i <t
there exists a; € C such that a; f, = a,;f, forall v € I and a;(1—¢€;) = 0. Applying

the orthogonal completeness of (), we obtain that
b, + arbt e, + - +ap =0.

Therefore, é; € D, follows. Of course, we have & < é;.

We claim next that é; = é;. Otherwise, f def. é; — é; # 0. Notice that
0 7é f = ét — ét = ét(l — ét) = Gt(l — €t+1)(1 — ét)

If f € Dyyq, then f <e;yq and so f =0, a contradiction. Therefore, f € Dy \ Dyiq.
Notice that E[b'] > e; > f for 0 <i <t — 1.

If g det f(1 —EDY]) # 0, then gbt = 0. Since g < &, this implies that g € D,
and so g < é&. But then g = gé; = gfé; = 0, a contradiction. Therefore, we have
E[b] > f and, particularly, b'f # 0 for 0 < i < t. Since f & D1, b'f (0 < i < t)

cannot be C-independent. Thus there exist «; € C such that
Od()btf + Oélbtilf + - Oét_lbf + Oétf =0

and such that a;b'~f # 0 for some i < t. We have agb'f # 0, for otherwise the
elements b'~1f,... ,bf, f would not be C-independent, contradicting the fact that
f € D;. By abelian regularity of C' ([1, Theorem 2.3.9]), there exists 3 € C such that
(fao)?B = fag. Since e et fapB € Band 0 < e < f, we multiply the above equality
by Be and obtain eb® € 3'_, Ceb'~". This implies that e € D; and so e < &. But
e<f def. é: — €4, a contradiction. So f = 0 follows, that is, é; = é;.

So b satisfies an identity b'é; + Zle a;b'~'é, = 0, where a; € C. This is the min-
imum polynomial of bé,, since the elements b’é;, where 0 < i < t, are C-independent
by the fact that é; € D;. Note that E[b'¢;] = é; for 0 < i < t. We set g, = &
fort =1,2,--- ,n. Then the central idempotents g;, where 1 < i < n, are pairwise

orthogonal and Z?:l g; = 1. This completes our proof.

For the case char R = 0, it is proved in [11] that every C-integral derivation of R
is X-inner. For the case char R = p > 2, the corresponding result is [10, Corollary 3],

which is for prime rings only. We need the following more detailed information:
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Theorem 1.6. Assume char R = 0. If § is a C-integral derivation of R, then there
exist a C-integral element b € Q, integers t; > 1 and orthogonale; € B (i=1,... k)
with Zle e; = 1 such that the following holds:

(1) 6 = ad(b).

(2) be; has the minimal polynomial of degree t;.

(3) ElWe;] =e; for j=0,1,--- ,t; — 1.

Proof. By assumption, ¢ is C-integral. Since charR = 0, ¢ is X-inner by [11].
Write § = ad(b) for some b € Q. In view of Theorem 1.4, b is C-integral. Now, we
conclude by applying Theorem 1.5 to our b. This proves the theorem.

Theorem 1.7. Assume char R = p > 2. If § is a C-integral derivation of R with
degree n, then there exist integers s; > 0, t; with 1 < t; < n and orthogonal e; € B
(i=1,... k) with Zle e; = 1 such that the following holds for 6; e e,

(1) 5fj 0D<j< si) are mutually outer and E[(Spj] =e; for0<j<s;.

(2) 5,531- = Zjl:_ol 5p a; + ad(b;) holds for some a; € e;C and b; € €,Q.

(3) b; has the minimum polynomial of degree t; and E[bf] =e; for0<j<t.

Proof. For s > 0, we define B to be the set of e € B such that 57 e (0<j<s)are
mutually outer and such that E[épj] > e for 0 < j < s. Obviously, if 0 # f € B and
f < e for some e € By, then f € B,. Set e def. \/ Bs. Note that e; = 0 if and only if
By =10.

Claim 1. If es # 0, then es € Bg: Pick orthogonal central idempotents f, € By
with \/, f, = es. For 0 < j < s, we have E[(Spj] > f, for all f, and hence E[(Spj] >
\/ f. = es. Suppose that Zj;é &7’ esa; —ad(b) = 0 holds for some a; € C'and b € Q.
Multiplying the equality by f,, we have

Z(S foa; —ad(bf,) = Zap esa; —ad(b)) f, = 0.

§=0
Since f, € By, the derivations 57’ fu, where 0 < j < s, are mutually outer and hence
all 67’ fva; = 0. This is true for all f,. Hence, 5pjesozj = 7 (V fv)a; = 0 for all
0<j<s. So 57 ey (0 < j < s) are mutually outer. This proves the claim.

By the C-integrality of §, we have a relation 6"+ "] ' §n~iq; = 0, where a; € C.
Let e € B,, where p* > n. If 67 ¢ (0 < i < s) are mutually outer, then §te (0 <i<n)
are regular words in mutually outer derivations de, ée, ,5p37le ordered in this
order. By [11, Theorem 2|, we have the identity e(z, + Z L aiza_i) = 0 of Q,

where z; are distinct indeterminates. This is absurd. So B, = (.



Set By “Y" B and ep < 1. Then By 2 By 2 By 2 --- and hence g > e >
ey > ---. Set ég def- es —egy1 for 0 < p® < n. For 0 < p® < n, let Bs be the set
of central idempotents e < é, such that 67 e + Zf:_é 57 eqr; — ad(b) = 0 for some
a; €Cand b e Q. For f € B, if f < e for some e € B, then obviously f € B,. Set

€s Lot \V B,. Applying the same argument as that in Claim 1, we see €5 € B,. Notice
that E[épi] >e, for 0 <i<s.

Claim 2. é5 = é4: Otherwise, f def. és — €s # 0. Note that f = é5(1 — é;5) =
es(l —esy1)(1 — é5). Therefore, f ¢ Bgy1. Suppose for the moment that g det.
f(1 —E[6P")] # 0. Then 55psg = 0, implying that ¢ € B,. and so g < é,. Then
g = gfés =0, a contradiction. Therefore, we have g = 0 and so E[6?"] > f.

Since f ¢ Bsy1, 6pif (0 < i < s) are not mutually outer. Since E[6?"] > f, we
have 67" f = 0 for 0 < i < s. So for some a; € C and b € Q, >, 57" fa; —ad(b) =0
and yet some (Ypifai # 0. Since f € By, therefore 5pif (0 < i < s) are mutually
outer. We must have 67" fa, # 0. By abelian regularity of C' [1, Theorem 2.3.9],
there exists 8 € C such that (fa,)?3 = fas. Since e def- fasfe Band 0 <e < f,

we have

s—1 S
e+ % eqif — ad(bef) = (D 07 fa; — ad(b))ef = 0.
=0 1=0

. ~ = def. ~ def. . ~ ..
This says e € Bs and so 0 < e <'\/ By = &, Bute< f = 6, — €s, a contradiction.

It suffices to show each é,Q) has the desired property. Replacing @ by ésQ and ¢
by dés, we may assume, with Claims 1 and 2, that E[&”Z] =1 for 0 <i < s, that 6”
(0 < i < s) are mutually outer and that

s—1
0" = 6" a; +ad(b)
j=0
for some «; € C' and b € Q. Multiply the above equality by ¢ from the left and the
right hand sides respectively, and then take their difference. We see that

s—1

dej a? +ad(®®) = 0.

j=0
In view of [11, Theorem 2|, we have a? = 0 for all j and b° € C. Therefore, the
C-integrality of 0 implies that ad(b) is C-integral. By Theorem 1.4, b is C-integral.
We conclude by applying Theorem 1.5 to our b. This proves the theorem.



§2. Prime Case

Throughout this section, R is prime and C' is hence a field. The case of char R = 0

is well-known. But we include it here and sketch a proof for easy reference.

Theorem 2.1. Let R be a prime ring of char R = 0 and 6, a nilpotent derivation of
R. Then 6 = ad(b) for a nilpotent element b € Q with nilpotency, say, l. Moreover,
ms(R) =1 and ns(R) = 2] — 1.

Proof. By [10, Corollary 2], § = ad(b) for some b € Q. It follows from Theorem
1.1 that ad(b) is also a nilpotent derivation of ) with the same nilpotency. By [15,
Theorem 2], b may be chosen to be a nilpotent element of the nilpotency, say [, and
then ns(R) = 21 — 1. Let ¢ # 0 be such that R%" ¢ = 0, where m = ms(R). For all
r € R,

(—1)™z" ¢ = b xe — (T) b labe 4 (=)™ (m) xb™c = 0.
m

If m < [, then the elements 1,b,... ,0"™ are C-independent and, by [14, Theorem 2],
we have ¢ = 0, absurd. So m > [. But 2901 = 0 and b1 # 0. So m = [ by the

minimality of m.

The case of char R = p > 2 is analogous to Theorem 2.1 but is more complicated.

Theorem 2.2 Assume that R is a prime ring of char R = p > 2 and 0, a nilpotent
derivation of R. Then there exists an integer s > 0 such that 67 = ad(b) for some

b € Q and such that the derivations 57" are mutually outer fori=0,...,s— 1.

Proof. By [10, Corollary 3|, there exists an integer s > 0 such that the derivations
&7", where 0 < i < s, are mutually outer and such that 67" = Zf;ol 57 B; + ad(b) for
some (; € C' and b € Q. We must show that all 5; = 0. Assume on the contrary that
B¢ # 0 for some 0 <t < s. Let t be the least such integer and rewrite

s—1 ]
(1) 07" =" 6" B + ad(b).

i=t

Claim: For any n > 0, there exist a; € C' (0 < i < s — 1), not all vanishing, and
a € ) such that

s—1
(2) 7" =367 + ad(a).
1=t
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Granted the claim, we take n so large that 6" = 0. Then0 = §""" = ZZ . Lsp ozZ
ad(a), where o; € C are not all vanishing. This contradicts the mutual outerness of

67" (0 < i < s) and proves our assertion.

The claim is proved by induction on n: If n = 0, then the expression (1), in which
B¢ # 0, is already in the expected form. As the induction hypothesis, assume that
the claim holds for n > 0. Multiply (2) by ¢ from the right hand side:

1 = S s Sl st ).

But(2) multiplied by & from the left hand side gives 67" "+1 = Zf;tl 5" oy +
dad(a). The difference between these two expressions of 517" gives the identity
Ef;tl 57 a? + ad(a®) = 0. The mutual outerness of 6? (0 < i < s) implies @ = 0
(t <i < s) and hence ad(a®) = 0 also. So a;6 = da; + af = da; and ad(a)d =
§ad(a) + ad(a’) = dad(a). That is, all a; and ad(a) commute with §. Let u be the
S S, 57" a; + ad(a).
Raise both sides of this equality to the p-th power using the commutativity of ad(a)

greatest integer with «,, # 0 in (2) and rewrite (2) as P
and «y:

(3) o7 =360 of + ad(a?).

i=t
If u+1 < s, then (3) is in the claimed form since the coefficient of 5" s ol #£ 0.
If u+ 1 = s, we replace 67" of (3) by the right hand side of (1) and obtain

o =+ 07 () 4+ 0 (Bral) + ad (b + o),
where the coefficient of 67 is Brad # 0, as claimed.

In Theorem 2.1 above, ad(b) is nilpotent, since ¢ is also nilpotent. We now char-

acterize nilpotent ad(b) in terms of the minimum polynomial of b:

Theorem 2.3. Let R be a prime ring of char R = p > 2 and let b € Q) define a
nilpotent derivation ad(b) of R. Then the minimum polynomial of b over C admits
the form (bpt —a)l =0, where a € C, t >0, 1 > 1 are integers and (p,1) = 1.

Proof. Let n > 0 be the nilpotency of ad(b) on R. The identity 224®)" =0 of R also

holds for z € @ by [1, Theorem 6.4.1]. Let C be the algebraic closure of C. The tensor

product Q def- Q@®C is a prime ring with the extended centroid C by [7, Theorem 3.5].
c
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The map r € Q — r @1 € Q gives a ring embedding. The linear identity z23(®)" =0
also extends linearly to € Q. The nilpotency of ad(b) acting on @ is thus also n.
Consider the polynomial ring C[)] in the commuting indeterminate \. Let u()\) be
the minimum polynomial of b over C. We claim that u()\) € C[)\]. Let v be the degree
of u(\) and write u(A\) = A + oy A" + - + oy, where ay,---,a, € C. We must
show all a; € C. Note that C is a subfield of C. Pick a C-basis 3 def. 1,061,062, ...
of the C-space C and express each a; as a C-linear combination of the basis B; € C:
a; = viol +7vi1B1 +vi2B2 + - - -, where 'y]i- € C'. Substitute these expressions of «; into

the minimum polynomial of b over C and collect terms according to f3;:

0=b"4+ab" '+ +a,
=0+ (yio+ 1B+ )T+ (o B+ )
= (0" + 700"+ w0) + ()L + (DB

In this expression, the left coefficients of 5 def- 1,061, 52,... are all in (), since b € )
and ')/; € C. By the defining property of the tensor product @ %)U, these coefficients
of B; must all be vanishing, since 8y = 1, 81, B2, ... are C-independent. Particularly,
the coefficient of (3 ety gives the equality b +710b" "1+ - -+ 7,0 = 0. So b satisfies
the polynomial \” +~19 A\ 1 +---+~,0 € C[)\]. This polynomial also has the minimal
degree v of p(A) and hence must be equal to p(A). So p(A) € C[A] as claimed.

We pick a root A\g € C of u(\). Then ad(b) = ad(b — \g). For z € Q, we have

n n In . i
22d=20)" — 4(h — \g)" + ;(—1)2 (z) (b—Xo)'x(b—No)" " =0.
Set 110(N) def. w(N) /(A = Ao). Multiplying the above by po(b) from the left and using
po(b)(b— Xg) = u(b) = 0, we obtain 0 = pgo(b)z(b — Xo)™ for € Q. Since pg(b) # 0,
(b— Xg)™ = 0 by the primeness of Q [7]. So u()\) divides (A — \g)™. We hence have
w(A) = (X — Xg)? for some v. Write v = p'l with (I,p) = 1 and compute:

) =X = X0)” = (A= A)P T = (W — \B)!

Pl G) )\pt(l—l))\gt 4o

Since pu(A) € C[A], (i)/\gt € C. But [ € C is invertible, since (I,p) = 1. So ,\gt eC.

Set o /\gt e C. We have u(\) = (37" — )\gt)l = (W' — )}, as asserted.
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By the p-power expansion of an integer n > 0, we mean an expression of the form
n=7> .onsp’ =ng+mp+ nap? + ..., where 0 < n, < p for each s.

Theorem 2.4. Assume that R is a prime ring of char R =p > 2, and § a nilpotent
derivation of R. Let 07" = ad(b) be as described in Theorem 2.2 and let (b — )l = 0
be as described in Theorem 2.3. Then mgs(R) = Ip**t.

Proof. Let m = mg(R) be the annihilating nilpotency of ¢ and let m = Eizo m;p

be the p-power expansion of m. We have

g (gt (s

= (6o (67)™ - - (5p5_1)m5_1) (5p5)ms+ms+1p+'“

= Aad(b)",
where we have set A <" §mo (6P)™1 ... (67" )™=t and n o, +mgsi1p+---. Note
that A is a regular derivation word in the mutually outer derivations 9, ... ,51’571
linearly ordered by § < 0P < -+ < 5P Suppose that R%" ¢ = 0 with ¢ # 0. We
apply [11, Theorem 2] to the identity 0 = 29" ¢ = (22)24(®)" ¢ and obtain the identity

220" ¢ = ( for R. But 0 = 224®)" ¢ = 25" "¢. So m = p°n by the minimality of m.
We then have

m pS\n n
0=x"¢c=20")"¢c=7g2d0)"¢

—(—1)" (b"x — (T) b b + (Z) b2 — e

Note that [p' is the algebraic degree of b over C. If n < p'l, then left coefficients
1,b,...,b" of the above are C-independent and right coefficients must be all vanishing

by [14, Theorem 2], contradicting ¢ # 0. So n > p'l. But ad(b)?'! = ad(b?')! =

ad(b?" — a)! = ad(b)!, where b ' — o has nilpotency [. We have the expansion

1 -1
ad(®)P't _ _ad(B)' _ (" bt — 0 (" Bih
x x ;( ) <Z x Zzzl( ) P LA
We see that z2d®)” ' ji=1 — using b' = 0. So n = p'l and m = p*p'l = p*Tll, as
asserted.

We are now ready to describe completely the nilpotency of a nilpotent derivation.

Theorem 2.5. Assume that R is a prime ring of char R =p > 2, and § a nilpotent
derivation of R. Let 07" = ad(b) be as described in Theorem 2.2 and let (b — )t = 0
be as described in Theorem 2.3. Let | = ZiZO Lip® be the p-power expansion of l.
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(1) If 2lp — 1 < p and 2l; < p for all i > 0, then

ns(R) = ((2lo — 1) + > 2ip")p** = (21 — 1)p**.
>0

(2) If 2lo — 1 > p or if 21; > p for some i > 0, then

ns(R) = (2L, + )p" + Y _ 2p")p**,
>u

where u > 0 is the least integer such that 21, +1 < p and 2l; < p for all i > u.

We need to tell whether (TZ) = 0 (mod p) or not. This is solved neatly by Lucas
in his Theorie des Nombres (pp. 417-420) and his solution is reproduced in [8]:

Lemma 2.6. (Lucas) Given a primep > 2, let n =) onsp® and i =) <, isp°

be the p-power expansions of integers n,i > 0 respectively. Then (”) = [li>0 (775)

i is

(mod p), where we postulate (’S) =1 for k>0 and (I;) =0 forj>k>0.

We recall two notations in number theory: For a real number r > 0, let [r] be the
greatest integer n such that n < r and let {r} be the smallest integer n such that
n > r. Obviously, {5} + [%] = n for any integer n > 0. With this we compute the

central nonvanishing binomial coefficients (mod p):

Lemma 2.7. Given a prime p > 2, let n be a given nonnegative integer with the
p-power expansion n =y ,nsp°. Let v be the least nonnegative integer such that

ns is even for s > v. Define

ef. (Mwy o Ns ¢ ef.
() S {2y + 3 2t and €(n) En = o).

Then ¢'(n) < {(n) and () =0 (mod p) for £'(n) < i < {(n) but (E(Z)) Z0 (modp).

Proof. Write £(n),£'(n) as £,£' for brevity. In view of the equality {7} 4 [%] = n.,
the p-power expansion of ¢’ is given by
!/ S Ty v Ns S
l —Znsp + [7}]? +Z?p .
s<v s>v
If {%} > [%2], then £ > ¢, If { %} = [52], then n, is even. This happens only when
v = 0 by the definition of v. In this case, £ = %2 4> %=p® = {'. So always £ > /',

as asserted.
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Since 0 < {%} < n, < p, ({r:;Q}) # 0 (mod p). For s > v, ny is even by the
definition of v and, since 0 < ng/2 < ng < p, we also have (n”/z) # 0 (mod p). By
Lemma 2.6, we have () = ({n’:b}) | . (n";2) # 0 (mod p), as asserted.

Given ¢/ <i < /{,leti =} ,isp” be its p-power expansion. For brevity, let /s, £
denote the coefficients of p® in the p-power expansions of ¢, ¢ respectively. Since

0" < i, there exists 5 such that iz > (2 and i, = £, for all s > 5. If 5 > v, then

A det Ng/2 det ls for s > v. This contradicts the assumption
0 < i</ Ifs=w, then i, > ¢, det [n,/2] and hence i, > {n,/2} et ¢,. This

implies ¢ > ¢, since is = ¢, = ns/2 = {5 for s > v. Again, this contradicts the

also ¢ > {, since

. . _ . def.
assumption ¢ < i < . So we must have 3 < v. But then iz > (£ = ns and,

n=
by our convention on binomial coefficients, (s> ) By Lemma 2.6, we have
(7)) =G

(") -~ =0 (mod p), as asserted.
Lemma 2.8. Let R be a prime ring of char R = p > 2. Let b € Q be nilpotent and

s

have the nilpotency m. Then for integer n > 0, ad(b)™ = 0 if and only if £(n) > m,

where £(n) is as defined in Lemma 2.7.

Proof. Write {(n) as ¢ for short. Set ¢ = n — £. We have the expansion

" i ™\ g n—i
(4) 220" — ZZ_;(—l) (z)b xb™ .
For necessity (<), assume that ¢ > m. Consider a typical term (?) bixb" !, where
0<i<n. If¢ <i</{then (:L) = 0 mod p by Lemma 2.7. If i > ¢ then b’ = 0, since
i>0>m. Ifi </¢ then b" " =0,sincen—i>n—¥¢ =¢>m. So (?)bixbn_i =0
always and ad(b)” = 0 follows. For sufficiency (=), assume that 224®)" = 0 for
all z € R. Since b’ = 0 for i > m, the sum of the terms with i < m in (4) gives a
linear identity with right coefficients 1,b, ... ,b™~!, which are C-independent. By [14,
Theorem 2], their corresponding left coefficients must vanish. That is, (7;) i =0
for 0 < i < m. So, if £ < m then (’z)b”_e = 0. But (;}) # 0 by Lemma 2.7 and

b=t £ 0, since m > £ > et — ¢, This is a contradiction.

Proof of Theorem 2.5. Let n = ns(R) be the nilpotency of 6. Write n = p®q + r,
where ¢, are nonnegative integers and 0 < r < p°. With 67" = ad(b), we write
0= — xapsﬁr _ (maf)(aps)q _ (xci'”)ad(b)q

which is a linear generalized identity in z° . Let r have the p-power expansion

ro+rip+ ... +rs_1p° 1. Then
5T = (5)7“0 (519)7“1 . (5195_1)7”5_1
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is a regular word in the mutually outer derivations ¢, 67, ... , 5" linearly ordered by
§< 6P <o <8 . Weapply [11, Theorem 2] to the differential identity (2° )2d(®)*
and obtain the identity 224" = 0 for R. But 0 = 22d®)" = 2071 By the minimality
of the nilpotency n, we have n = p°q. So 0 = §" = "9 = ad(b)?. It suffices to
find ¢, which is obviously the nilpotency ¢ of ad(b). Replacing ¢ by ad(b), we may

assume s = 0 to start with. Set Q def- Q®C, where C is the algebraic closure of C.
c

As explained in the proof of Theorem 2.3, ad(b) has the same nilpotency on Q as on
R and the minimal polynomial of b over C is also (bpt —a)! = 0. Replacing R by Q,
we may assume that the extended centroid C' is algebraically closed. The minimum
polynomial of b over C' is thus of the form (b — /P )Pl = 0. But b and b — a/?'
define the same inner derivation. Replacing b by b — o'/ pt, we may further assume

that b is nilpotent and has the nilpotency Ip?.
Firstly, assume that 2lp — 1 < p and 2[; < p for all ¢ > 0. Set
def. i 7
v E (2l - Dpt+ > 2p T = (21— 1) + Y 20p')pt = (21 - 1)p".
i>0 i>0
We compute

lv) = lop" + Z Liptt = (lo + Z lipi)pt = [p’.

i>0 i>0
Since Ip® is the nilpotency of b, we have ad(b)” = 0 by Lemma 2.8. Note that Iy > 1,

since (I,p) = 1. The p-power expansion of v — 1 is thus given by

v—1= Z (p—1)p" + (2o — 2)p* + Z 2;p' .
0<j<t i>0

If p is odd, then p — 1 is even and

tv—1)= 0§<t (p; 1>pj +(Ip — 1)pt + Dzolipi—H < lpt.
By Lemma 2.8, ad(b)*~! # 0. If p = 2, then [; = 0 for i > 1 and v = 2¢. Thus
{(v—1) is equal to 0 or 2t~ depending on whether t = 0 or ¢t > 0. But £(v —1) < [2°
in either case. By Lemma 2.8, ad(b)”~! # 0. So the nilpotency of ad(b) is v, as
asserted.
Now, we assume that 2lo — 1 > p or 2[; > p for some 7 > 0. Let u > 0 be the least
integer such that 2/, + 1 < p and 2[; < p for all ¢ > u. Set

v (2, + Dp Y 20p™ = (20 + )p + Y 201",

i>U i>U
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We compute

() = (L + Dp"™ + > Lip™ = (L + 1)p* + > _Lip')p" > Ip".
i>u >u

So ad(b)” = 0 by Lemma 2.8. The p-power expansion of v — 1 is given by

v—1= Z (p—1)p/ + 20,p*+t + Z 20;p" Tt

0<j<u-tt i>u

If p is odd, then p — 1 is even and

—-1)= > @p"' +Lp"tT Y Lip™t
0<j<u+t i>u

By our case assumption, either 2lo — 1 > p or 2l; > p for some i > 0. Let j be the
greatest j such that 2/; > p. Note that j < u by the definition of u. For j < j < u,
we have 2[; < p by the maximality of j and 2/; +1 > p by the minimality of u. That
is, l; = p%l for j < j < u. Also, Iz = £ > p_§1 by the definition of j. So £(v—1) < Ip*
and hence ad(b)”~! # 0 by Lemma 2.8. For p = 2, the condition that 2, +1 < p and
2l; < p for all ¢ > u implies I; = 0 for ¢+ > u and wu is hence the least such integer. So
v = 2" and l,_; = 1 by the minimality of u. So £(v —1) = 2***~1. Since (I,p) = 1,
lp = 1 and the condition 2l — 1 < p = 2 surely holds. By our case assumption,
2l; > p =2 for some j > 0. So u—1 > 0, implying [ > 2“~! and hence ¢(v—1) < [2'.
By Lemma 2.8, ad(b)*~! # 0. So the nilpotency of ad(b) is v, as asserted.

83. Semiprime Case

Our aim here is to extend the results in §2 to semiprime rings. So our R is a
semiprime ring with extended centroid C' and with symmetric Martindale quotient
ring @ throughout. Inspired by the m, n-homogeneity of [9], we give a name for those
rings on which nilpotent derivations under consideration behave in the same way as

in the prime case:

Definition 2. Let R be a semiprime ring of characteristic 0 or a prime p > 2. Let ¢
be a nilpotent derivation of R. We call R -homogeneous if one of the following two
conditions holds:

(1) If char R = 0, then there exists b € () satisfying the following: (i) § = ad(b).
(ii) The minimum polynomial of this b over C' admits the form b’ = 0 for some integer
[>0. (iii) Ep"]=1forn=1,2,--- 1 — 1.
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(2) If char R = p > 2, then there exist b € @ and an integer s > 0 satisfying the
following: (i) 0#° = ad(b). (ii) The derivations 8,67, ...,67" " are mutually outer. (iii)
The minimum polynomial of this b over C' admits the form (b*° — a)! = 0, where
a€C,t>0,1>1 are integers and (p,l) = 1. (iv) E[(Spi] =1fori=0,1,---,s—1
and E[p"] =1 forn=1,2,--- ,p'l — 1.

This definition is justified by the following two theorems:

Theorem 3.1. Let R be a semiprime 6-homogeneous ring of char R = 0, where §
is a nilpotent derivation of R. Let §, | be as described in (1) of Definition 2. Then
ms(R) =1 and ns(R) = 2] — 1.

The proof of Theorem 3.1 is similar to that of Theorem 3.2 below but is much

simpler. We omit it for brevity.

Theorem 3.2. Let R be a semiprime d-homogeneous ring of prime characteristic
p > 2, where § is a nilpotent derivation of R. Let § and s,t,l be as described in (2)
of Definition 2. Then ms(R) = p**tl and ns is given as follows: Let | = > .o, 1;p’
be the p-power expansion of l. B

(1) If 2lp — 1 < p and 2l; < p for all i > 0, then

na(B) = (210 — 1) + 3 2ip!)p*" = (2~ 1p*,
>0

(2) If 2l — 1 > p or if 21; > p for some i > 0, then

ns(R) = (2L, + 1)p" + Y _ 2lp")p*™,
1>U
where u > 0 is the least integer such that 21, +1 < p and such that 2l; < p for all

1> U.

Proof. Set m = p*Ttl. We also let n = (21 — 1)p*** for Case (1) and let n =
(2l + 1)p* + 3,2, 2Lip")p*T for Case (2). We extend 6 to Q. By Theorem 1.1, the
nilpotency and the annihilating nilpotency of § remain the same for § thus extended,
and the identity 67" = ad(b) also holds for Q. Obviously, the p’-th powers 5pi, where
0 <i < s, of § thus extended remain mutually outer. We may thus replace R by
Q. Let P be a fixed but arbitrary minimal prime ideal of (). By Theorem 1.2, we
have P C P. Consider Q def- Q/P. Let b E)e the natural image of b in @, and ¢ the

derivation of @ induced by 8. Obviously, 3" = ad(l_)). By Theorem 1.3, the minimum

polynomial of b over C is (l_)p — @)l =0 and P (0 <i < s) remain mutually outer.
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By Theorems 2.4 and 2.5 applied to Q, we see that mz(Q/P) = m and ngz(Q/P) = n.
This implies immediately that ns(R) = n.
Let m' = ms(R). There exists 0 # ¢ € R such that R ¢ =0 and so Q‘SMIC =0.

—m/

Choose a minimal prime ideal P of @ such that ¢ ¢ P. Then @6 ¢ = 0, where
Q el Q/P and ¢ # 0. Thus m’ > mg(@) = m. On the other hand, let I be a
nonzero ideal of R. Choose a minimal prime ideal P of ) such that I € P. Then
I # 0. Since mg(@) = m, there exists 0 # ¢ € I, that is, there exists ¢ € I\ P,
such that @5m6 = 0. That is, Q° ¢ C P. But Q%" ¢ is orthogonally complete. There
exists a central idempotent e ¢ P such that Q°" ce = 0 by [1, Proposition 3.1.11].
Choose a dense ideal J of R such that ceJ UeJ C R. Since ce # 0, we choose a
nonzero element ¢ € ceJ. Then ¢ € I and Q%" ¢ = 0. In particular, R ¢ = 0

follows. Thus m > m’ and so m = m/. This proves our assertion on m.

We need some more notions to state our main theorem: Central idempotents are
always constants of derivations. If e is a central idempotent of ), then eQ is the
symmetric Martindale quotient ring of the semiprime ring eQ N R by [1, Proposition
2.3.14]. For any derivation 6 of R, we have (eQ N R)° C eQ N R. That is, the
restriction of § to eQ N R gives rise to a derivation of eQ N R. A family of central
idempotents eq, ez, ... is called orthogonal if e;e; = 0 for @ # j. Orthogonal central
idempotents eq, ... ,er with ey +---+ex = 1 give rise to the direct sum decomposition
Q = ®F_,e;Q. In this case, the ideal ®¥_, (e;Q N R) is essential in R. Any direct sum
decomposition of ) arises in this way. We are now ready to state our main result in

semiprime rings:

Theorem 3.3. Let R be a semiprime ring of characteristic 0 or a prime p and
0, a mnilpotent derivation of R. Then there exist finitely many orthogonal central
idempotents eq, ... ,ex in Q with e + --- 4+ ex = 1 such that each ¢;QQ N R is ;-

homogeneous, where 6; is the restriction of 0 to e;QQ N R.

Proof. Let eq,... ek be central idempotents given in Theorems 1.4 and 1.7, respec-
tively, according to char R = 0 or a prime p. Let §; be the restriction of § to €;Q. It
suffices to show the d;-homogeneity of e;Q). Let us consider the case char R = p > 2
only. The case char R = 0 is similar and simpler. Replacing R, § by RN e;Q, §;

respectively, we may assume the following:
(i) &' (0 <i < s) are mutually outer and E[5pi] =1lfor0<i<s.
(ii) ¢ satisfies the identity 67" + 8P g+ 4 dag = ad(b), where a; € C' and
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where b € Q.

(iii) E[b'] = 1 for 1 < i < m and b has the minimum polynomial over C:
O™ + Bp1b™ 44 B =0, Bi € C.

Consider Q def- Q/P, where P is a fixed but arbitrary minimal prime ideal of Q.
Let @;, b, Bj be the natural images of o, b, §; in Q respectively, and § the derivation
of @ induced by 6. (We have P° C P by Theorem 1.2.) Obviously, we have the
identities 3 43" @ +---+ a0, — ad(B) and 5" + B8, _ 5" " +---+ By = 0. By
(2) and (3) of Theorem 1.3, the derivations gpl, where 0 < i < s, are mutually outer
and the elements 1,0, ... ,I_)m_l are C-independent. Write m = p'l with (I,p) = 1.
Applying Theorems 2.2 and 2.3 respectively to the nilpotent derivations § and ad(b)
of the prime ring Q, we have all @; = 0 and (l_)pt —a)! =0, where « def. —Bpta—1y/1.
This is true for any minimal prime ideal P of Q). It follows that all a; = 0 and
(b*" — ) = 0. So 6*" = ad(b) and b has the minimum polynomial (b*° — a)! = 0, as

asserted.

It is proved in [3] that, for a semiprime ring of prime characteristic p > 2, the nilpo-
tency of a derivation has the p-power expansion in the form n = n,p” + ZDV nip,

where n,, is odd and all n; (i > v) are even. We sharpen this as follows:

Theorem 3.4. Let R be a semiprime ring of prime characteristic p > 2, and § a
nilpotent derivation with mg(R) = Ip, where (I,p) = 1. Then ns(R) is the greatest
integer v < (21 — 1)p¥ with the p-power expansion in the form v = vpp* + Yook vipt,

where vy, is odd and all v; (i > k) are even.

Proof. By Theorem 3.3, ) is a direct sum of finitely many rings @;, 1 < i < ¢ such
that each QQ; N R is d;-homogeneous, where §; is the restriction of § to Q; N R. Observe
that ms(R) = ms(Q) = max{ms,(Q;) | 1 <i <k}, ns(R) = ns(Q) = max{ns, (Q;) |
1 <i <k}, msg,(RNQ;) = ms,(Qi) and ns, (RN Q;) = ns,(Q;). Thus we may
assume that R is J-homogeneous. We see easily that [ here is the [ in Theorem 3.2
and v here is equal to s + ¢, where s,t are as given in Theorem 3.2. Write [ in
the p-power expansion | = ) .., I;p'. The nilpotency n given in Theorem 3.2 has
the form v described here. If (i) of Theorem 3.2 holds, then the nilpotency is just
(20 — 1)p¥ and there is nothing to prove. So suppose (2) of Theorem 3.2 holds. Then
ns(R) = ((2ly + 1)p* + > ,2, 2lp")p*t, where u > 0 is the least integer such that
2l, + 1 < p and such that 2[; < p for all ¢ > u. Write ns in its p-power expansion
ns(R) = > ,~onip’. Then nyiy, = 2, + 1 and n; = 2l; if ¢ > u + v. Let v have
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the form described here and assume v > ngs(R). It suffices to show v > (21 — 1)p":
Let j be the greatest j such that v; > n; and v; = n; for i > j. If j < u+ v, then
u+v > k and S0 V4, is even. But ny 4, = 2l, +1 is odd, contradicting v, = Nytv-
If j > u+ v, then

u—1
v>Y (p—1)p T+ 2L+ DpT D 20p T
7=0 i>U
= (= 1+42(0 +1)p"+ > 20p")p" > (21 - 1)p",
i>u
where the last inequality follows from (I, + 1)p" + >, l;p* > 1. This finishes our

proof.

For a semiprime ring R of char R = 2, Chung and Luh [6] proved that the nilpo-
tency of a nilpotent derivation must be a power of 2. We also have a sharper version
for this:

Theorem 3.5. Let R be a semiprime ring of characteristic 2, and § a nilpotent
derivation of R with ms(R) = 12, where (I,2) = 1. Then ns(R) is the unique
2-power integer between 12V and (21 — 1)2".

Proof. By Theorem 3.4, ns(R) is the greatest integer < (2[ — 1)p¥. Therefore, it
suffices to prove that ns(R) is the least 2-power > ms(R) = [2”. As in the proof of
Theorem 3.4, we may assume that R is J-homogeneous. In the notation of Theorem
3.2, we observe that 2[; < p = 2 implies [; = 0. If (1) of Theorem 3.2 holds, then /; = 0
for i > 0 and hence [ = [y = 1. The nilpotency is thus (21 —1)25%" = 257" = ms(R), as
asserted. If (2) of Theorem 3.2 holds, then w is the greatest integer with /,,_1 # 0 and
the nilpotency of ¢ is 2“5+t By the case assumption of (2), we also have 2; > p = 2
for some j > 0. So u —1 > 0 and the nilpotency 2“75%¢ is thus the least 2-power
> 95+,

As an application of Theorem 3.3, we deduce [9, Theorem 5] in a slightly general-

ized form:

Theorem 3.6. (Grzeszczuk [9]) Let R be a semiprime ring and 6, a nilpotent deriva-
tion of R. Suppose that, for any d-ideal J # 0 of R, if the characteristic of J is a
prime p > 2, then p does not divide ms(J) or ns(J). Then § = ad(b) for some b € Q
with b™(B) = 0 and, moreover, bI + Ib C I for an essential ideal I of R.

Proof. For a prime p > 2, let e, be the central idempotent of () defined by the ideal @),
of ) generated by all additive p-torsion elements in ). That is, @, = e,Q. We then
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set eg =1 — \/p ep. Then egQ has characteristic zero. Replacing R by either e N R
or e, N R, we may assume that R is a semiprime ring of characteristic either 0 or a
prime p. By Theorem 3.3, there exist finitely many orthogonal central idempotents
€1,...,e, in @ with e; + --- + ex = 1 such that each e;QQ N R is §;-homogeneous,
where §; is the restriction of § to e;QQ N R. Note that e;Q is the symmetric Martindale
quotient ring of ;6 N R by [1, Proposition 2.3.14]. It suffices to prove our assertions
for each 9;. Replacing R by e;Q N R, we may assume that R is §-homogeneous as
described in Definition 2. For the case char R = 0, let b,] be as described there.
By Theorem 3.1, ms(R) = | and ns(R) = 2 — 1. So ™) = 0. For the case
char R = p > 2, let s,t,b,1,a be as described there. By Theorem 3.2, ms(R) = Ip***
and ns(R) is as described there. Since p does not divide mg(R) or ns(R), we see that
s+t =0. So b satisfies (b — a)! = 0. Noting that ad(b) = ad(b — a) and replacing b
by b — «, we also have b = b™s(F) = (. Now, we aim to find an essential ideal I such
that bl + Ib C I: We let

Idéf'{yGR\biyERforalliZ1}.

Let y € I. By induction on j, we show b'yl’ € R for all 4,5 > 0: This is trivial if
7 =0.Forj=>1,

biyb) = [biyb "L b + byt € R + R=R.

This implies I = {y € R| yb’ € Rfor all j > 1}. So I is a two-sided ideal of R. Since
b € Q, there is an essential ideal J such that b*J C R for 1 <4 < [ and hence for all

i >0, since b* = 0. This shows that I is essential, as asserted.
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Abstract. Let R be a prime ring with extended centroid C and §, a continuous skew

derivation of R. We define the notion of K—polynomials which, in the case that ¢ is an

n—1
5P

ordinary derivation, reduces to polynomials of the form z°" +az% 44,129,
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where a; € C. It is shown that all generalized identities with § are consequences of
GPIs of R and an identity in the form ¢(x) = 2% b—bx, where ¥(z) is a K-polynomial
of minimal possible order m.
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1. Results

An associative ring R is called prime if for any a,b € R, aRb = 0 implies a = 0
or b = 0. Throughout here, R will always be an associative prime ring. Let ) and
R 7 stand for respectively the symmetric and the left Martindale quotient rings of R.
(See [2] for definitions.) The center C' of @ is the same as that of Rz and is called
the extended centroid of R. A map 0: R — R is called additive if (z + y)° = 2° + y°
for z,y € R. By a derivation of R, we mean an additive map é: R — R satisfying
(zy)? = 2%y +xy® for 2,y € R. Given b € R, the map ady:z € R — xb— bx obviously
defines a derivation, called the inner derivation defined by b. We call a derivation
outer, if it is not of this form. To analyze derivations of R, as shown in Kharchenko’s
theory [7, 8], we have to work in the larger ring ). We introduce a topology on @,
which we may call the ideal topology, by endowing x € @ with the neighborhood
system consisting of x plus a nonzero two-sided ideal of R. Let g: Q) — @ be an
additive map. We call g a continuous map of R if it is a continuous map with respect
to the ideal topology. It is easy to check that a derivation § of @) is continuous if and
only if I° C R for some nonzero ideal I of R. Inner derivations of Q) are obviously
continuous. Any derivation of R can be uniquely extended to a continuous derivation
of R. A continuous derivation of R is called X—-inner or X—outer according as it is
equal to an inner derivation of ) or not. A continuous derivation d of R is said to
be C—algebraic modulo inner derivations if there exist b € Q and (1,--- ,8,-1 € C
such that

20" + ﬂ1$6n_1 + ﬂ2$5n_2 oo Bp1z® = xb — bx

for all z € R. We call n the d—order or simply the order of the above algebraic depen-
dence. Let o be an automorphism of ). We call o a bi—continuous automorphism of
R if both ¢ and ¢~! are continuous. Equivalently, there exist nonzero ideals I and J
of R such that J C I C R. Any automorphism of R can be uniquely extended to an
automorphism of @ and gives rise to a bi—continuous automorphism of @Q. Let A(R)
be the set of bi-continuous automorphisms of R. It is shown in [9] that A(R) forms
a group. We say that g1, g2,... € A(R) are mutually outer if g; *g; is not X-inner
for i # j. All generalized polynomials considered in the paper have coefficients in
Rz. Kharchenko’s powerful theory of differential identities [7, 8] yields the following
thorough analysis of GPIs with a single continuous derivation:

Theorem. (Kharchenko) Let R be a prime ring and §, an X-outer continuous
derwation of R. If 6 is not C—algebraic modulo inner derivations, then any GPI
of the form go(xf]g’“), where g, € A(R) are mutually outer, yields the GPI p(z;ijk),
where z;j1, are distinct indeterminates. If § is C'—algebraic modulo inner derivations,

then (1) char R = p > 2, (2) the algebraic dependence of minimal §—order assumes
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the form

pm pmfl
ol +041335 +---+am,1x5:xb—bx

for some ay,... ,am_1 € C, and (8) any GPI of the form go(xfjg’“)j<pm, where
gr € A(R) are mutually outer, yields the GPI p(ziji)j<pm, where zi;i are distinct
indeterminates.

This theorem is actually a combined consequence of several theorems, all variously
formulated for various purposes. For the sake of completeness, we provide a proof
below. Let us recall some notions: A set S of continuous derivations of R is called
outer independent if for any 61,...,0,, any a1,...,qa, € C and any b € @, the
condition oz + - + apz® = xb — bx for all x € R implies oy = --- = a,, = 0.
We say the set S is ordered if S is endowed with a linear order <. By a regular
word in an ordered independent set S of X—outer continuous derivations, we mean
an expression of the form:

S1 82 s
51 52 5nn,

where (i) §; € S are such that §; < 63 < --- < J,, and where (ii) each s; < char R in
case of char R =p > 2.

Proof of the Theorem: We first show that all §° occurring in ¢ are regular words
in an ordered outer independent set: If char R = 0, then all " are regular words
in the ordered outer independent singleton set {d}. Assume charR = p > 2. If
d, 0P, (51’2, ... are outer independent, then we order them by § < P < 5P < Any
k > 0 can be written as k = ko + kip + kap? + -+, where each 0 < k; < p. So
§F = gho(§P)k (57’2)’“2 .-+ is a regular word in this ordered outer independent set. If
d, 0P, (57’2, ... are dependent modulo inner derivations, let n be the largest such that

n—1

6,07, ... ,51””71 are independent modulo inner derivations. We order 6,... ,0P by
§< <8 For0<k< p" =m, we write k = ko +kip+ -+ kn_1p" "', where
each 0 < k; < p. So §F = gko(6P)k ---(5”%1)’“”*1 is a regular word in the ordered
outer independent set {0, ... ,51””71 }. We recall two more notions: An automorphism
h of Q is called Frobenius if, in the case of charR = 0, a = «a for o € C and if,
in the case of charR = p > 2, a = o" for a € C, where n is an fixed integer,
which may be zero, positive or negative. Automorphisms hq,hs,... are said to be
strongly independent if hihj_1 is not Frobenius for ¢ # j. We then show that the

mutually outer automorphisms gj, are strongly independent: Assume on the contrary

that h < Ji gj_1 is Frobenius for some ¢ # j. If char R = p > 2 and there exists n # 0

such that o = a?” for all & € C, then C' = CP and hence C? = (C?)? = 0.

If ¢ is trivial, then there is nothing to prove. Thus we may assume that ¢ is
nontrivial. In view of Corollary p.371 [3]|, R is a GPI-ring and so § is X—inner by a
result in p.68 [8]. This contradicts our assumption. If o = « for all a € C, then h is
X-inner by a result in p.140 [6]. This is absurd again, since g1, gs,... are mutually
outer. So gj occurring in ¢ are indeed strongly independent. The desired assertion of
our Theorem now follows immediately from Theorem 2 of [4] (cited as Main Theorem
in the abstract).
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Our aim here is to generalize this theorem to skew derivations, which we define
now: Let 0,7 be automorphisms of a ring R. By a (o, 7)-derivation of R, we mean
an additive map 6: R — R satisfying (zy)° = 27y 4+ 2%y for 2,y € R. Given b € R,
the map d:z € R — x7b — bx” obviously defines a (o, 7)—derivation, called the inner
(0, T7)—derivation defined by b. A (o, 7)—derivation not of this form is called outer.
If 7 is the identity automorphism 7:x +— =z, then (o, 7)-derivations are particularly
called o—derivations. For brevity, c—derivations are generally called skew derivations.

Just as in Kharchenko’s theory, we cannot simply sit in R but instead, we have
to work in the symmetric Martindale quotient ring ). Following Kharchenko and
Popov [8], we define, for o,7 € A(R),

Lo -(R) 4 the set of continuous (o, 7)—derivations of R,
L,(R) U the set of continuous o—derivations of R,

LR | L.(R).
ccA(R)

For brevity, we may simply call elements of £(R) continuous skew derivations of R.
Just like ordinary derivations, any (o, 7)—derivation of R, together with its automor-
phisms o, 7, can be uniquely extended to an element in £, -(R) with 0,7 € A(R).
This can be easily verified. All skew derivations considered here will be continuous.

The notion of algebraicity with coefficients in C' turns out to be too restrictive for
skew derivations, as shown in the following:

Example 1. Assume that char R = p > 2. Let d be an outer ordinary derivation
which is C-algebraic modulo inner derivations. By Kharchenko’s Theorem cited
above, the algebraic dependence relation of minimal d—order assumes the form

n n—1

% —|—oz1xdp ++apr? =ab—bx

where a; € C and b € Q. Given a unit v € Q, the map §:x — ux? defines a o
derivation, where o is the inner automorphism defined by u, i.e., ° = uzu=!. A
direct computation shows that

5" d*

2% = uFz? + terms of the form a:pdi, where a € Q and 1 <i < k.

Using this, we see that § satisfies an identity of the form

n

p"™ p"—
20 —I—tlx‘s

ot 2l = uP" (zb — bx),

where t1,... ,t,n_1 € Q. Note that the map z — uP" (zb — bx) defines an X-inner
o?" —derivation. Conversely, by substituting uz? for z°, an identity for 6§ will yield
an identity of the same order for d, which by Kharchenko’s theory, must be of order
> p". So the above identity for ¢ is of minimal d—order and is unique. Obviously,
some t; may not be in C and also some §° occurring in the above expression may not
be of the form 67°. In spite of these, the above identity for ¢ is most important, for it
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is most closely related to the minimal identity for d, which gives the most important
information of d and hence of 4 also.

The more general notion introduced by Leroy [12] in the following is suitable for
our purpose here:

Definition: We say that § € L,(R) is left Rz—algebraic modulo inner skew deriva-
tions if there exist g € A(R) and bg #0, ... ,b,_1,b € Rx such that for all z € R,

boa:‘;n + bw‘snfl + ng‘snfz + ot by_q2® = 29b — ba.

The algebraicity with coefficients in C surely implies the left algebraicity with coef-
ficients in Rz. The two notions are equivalent for ordinary derivations by Kharchenko’sji
Theorem just cited. However, this is not true in general as shown in the following
example:

Example 2. (Koryukin [11]) Let § be a continuous o—derivation such that oé + do
is the inner (02, 0)-derivation defined by —a € Q: xz7°+% = x”Q(—a) — (—a)z? for
x € R. Koryukin observed that the map ¢ (z) def 6% 42 defines a o~ derivation.
With this, he constructed an § satisfying 2% — az® = 0: Let C be a field and let R

be the free C-algebra with free generators a;, where ¢ ranges over all integers except

—1. Then R coincides with its symmetric Martindale quotient ring and C' is the

extended centroid of R (see [1]). Set a 4o and a_; € 0. The C-linear map

o:aj — a — aj1 has the inverse 07 1:a; — a_s — aj_; and hence extends to an
automorphism of R. Let J be the o-derivation defined by the map é:a; — a;y1a;.
Then 275797 = 27”(—a) — (—a)2® for & € R. We verify easily that 25" — az® = 0 for

. 2 . o
x = a;. Since these a; generate R and the map : x — 2% —ax® is a o2 -derivation, we

have 29" — ax® = 0 for all z € R. Inductively, for n > 1, 29" = a2 for all € R.
Thus ¢ is not C—algebraic, since the C—algebraicity of  implies the C—algebraicity
of a. Moreover, an easy computation can prove that § is X—outer.

Our results are based on a generalization of Koryukin’s identity. To simplify our
notation, we introduce the following: Givent € @, we let r(t), £(t) denote respectively
the right and the left multiplication by t:

r(t):x € Q — xt and Lt):z €@ tx.

Let 6 € L,(R) and let D, where s,t > 0, denote the sum of all distinct products
with s §’s and ¢ o’s. For instance, Dy ; = 0o + 0d and Ds; = 820 + 808 + 0d?, etc..
A direct computation proves that

n
(xy)én _ Z xDi,n—iy(;n_l
1=0

for z,y € R.
Lemma 1. Let § € L,(R). Given 0 < n < m, if there exist t1,... ,tn—1 € Q such
that

k-1
A > Dijomib(ty) = o™r(tx) — o™ U(ty)

Jj=1
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fork=1,... n—1, then the map

n—1
def.
wn = Dn,mfn + Z anj,mfng(tj)
j=1
defines a (o, 0™~ ") ~derivation from Q into Q.

We adopt Sweedler’s notation [15] to simplify our presentation: Given additive
maps ¢, €;, €, of () into @), we write

Ale) = Z € Q€

where the tensor product ® is taken over the ring of integers, to denote that
- S
i

for all x € Q. For example, if t € Q, 0 € A(R) and § € L,(R), then

A(r(t)) =1@r(t),
AL(t) = £t) @ 1,
A(o) =0 ® 0,

Af)=0c®0+6®1.

)
Clearly, we have A(ee’) = A(€') for additive maps €, €’ of Q). Using this, we have

A" = zn: Dy ® 5"
1=0

for 6 € L,(R). More generally, we have

A(Ds) = Z Ds_it4+i ® D

=0

These can be easily verified. Finally, we observe an equality: 7(f) ® 1 = 1 ® £(t). We
are ready for:

Proof of Lemma 1: Set to et . We can thus write Y = ZJ 0 Dk —jm—kL(t;) for
k=1,...,n. Since Dy p—p = 0™~ k. we have, for k=1,... ,n—1,

k
ZDk —im—kl(t;)

0
-1

?rh

= Dk—j,m—kg(tj) + DO,m—kg(tk> = ¢k + O'm_k£<tk> = O'mT(tk).

<.
I
=
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With these, we compute

n—1
A@n) = A( Y Dussmnlty))
=0
nflj
=3 ADujnat(t))
§=0
n—1

(]

n—j
< Z Dn—j—s,m—n—I—sg(tj)) & Ds,nL—n)
s=0

I
= o

3 <
|

Di—jm—1l(t;) ® Dp—m—n (by setting k def o s)
J

(]

k

I
- O

3 .
I
=l

n—1

Dk—],m—kg(tj) & Dn—k,m—n + Z Dn—j,m—ng(tj> ® DO,m—n
0 7=0

e
Il
=)

J
(by switching summations and singling out summands with k& = n)
n—1

= Z O-mr(tk) & ank,mfn + wn ®@cm"
k=0

n—1

=o™ ® Z Dn—lﬁm—ng(tk) + wn b2y o™
k=0

= 0™ Yo + P @ "

This proves that 1, is a (¢™, 0" ™)—derivation, as asserted.

When n = m in Lemma 1 above, the GP 1, involves only the skew derivation §
and no automorphism o, that is, no D, with ¢ > 0 occur in v,,. Such GPs are of
crucial importance to us. It is convenient to give a specific name for them:

Definition: Let 6 € £,(R). By a Koryukin polynomial of § or K-polynomial for
short, we mean an expression of the form:

m—1
Y(a) ="+ Y "
j=1

where t1,... ,t;m_1 € Q, m > 1, satisfy

k—1

Dyop—i + Z Dk:—j,m—kg(tj) = amr(tk) - O'mikﬁ(tk)
=1

for k = 1,... ,m — 1. By Lemma 1, ¢(z) defines a o™—derivation u of Q. We
call the expression ¢ (z) — 2" a Koryukin identity or K-identity for short. We call
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m the d—order or simply the order of the K—polynomial ) and of the K-identity
Y(x) — x*. In particular, 2° is the K-polynomial of 6 of §—order 1. We remark that
our K—polynomials are closely related to right semi-invariant polynomials introduced
in [13]. We explore their connections elsewhere.

We are now ready to state our main

Theorem 1. Let R be a prime ring and &, an X—outer continuous o—derivation of R.
If 6 is not left Rr—algebraic modulo inner skew derivations, then any GPI of the form

go(nggk), where g, € A(R) are mutually outer, yields the GPI ¢(z;;1), where z;j, are
distinct indeterminates. If 9 is left Rr—algebraic modulo inner skew derivations, then

(i) such algebraic dependence of minimal d—order assumes the form
Y(x) =27 b— b,

where b € Q and 9 (z) is a K-polynomial of §—order m > 1 and (ii) any GPI of the

form cp(a:fjg’“)j<m, where g; € A(R) are mutually outer, yields the GPI ¢(zijk)j<m.,
where z;;1, are distinct indeterminates.

This was originally obtained by the result in [5]. But our proof presented here is
independent of [5]. Before proceeding, it is instructive to examine our Theorem 1 for
the familiar ordinary derivations:

Example 3. We need a simple number theoretic result: Let p be a prime > 2. For
integer k > 1, if (p, k) = 1, then (p;nk) =, k. To see this, we write

Pk _ p"k(p"k —1)(p"k —2)--- (p"k —i)--- (p"k —p" +1)

For 1 <i < p™, if i = p®ip, where (p,ip) = 1, then s < n and

(p"k — 1) _ (p"k — p®ip) _ Pk —do _ —io
i pSig i0 B

So (7.F) =p (=1)P" "'k =, k follows.
From this, we deduce immediately that if (ﬁ) =, 0 for all 0 < ¢ < [, then [ must
be a power of p. Now, let § be a continuous ordinary derivation and let

m—1
Yla) ="+ Y
j=1

be the K-polynomial of the minimal d—order which defines an X—inner derivation.
Setting tg def- 1, we have, for each 0 < k < m, the equality

k—1 k—1
g tjxD’“*jvm*’“ = gPrm-k 4 g tja:D’“*j’m*k =t — trx
Jj=0 Jj=1
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for x € Q. Since o is the identity automorphism, we have D, ; = (S:ft) 0%. So the
equalities above are actually polynomial expressions in §. By the minimality of m,

these equalities must be trivial in the sense that for each 0 < j <k —1, either t; =0

. def. . . __ .
or Dy_j m—x = 0. Since ty = 1 is nonzero, the characteristic of R must be a prime

p > 2. Also, if t; # 0, then (’,?:j]) =, 0 for all j < k < m and m — j is hence
a power of p. We have thus shown that m — j is a p-power if t; # 0. Also, since
Tt —tex = Zf;& tjka—jvm—k‘ =0 for x € Q, it follows that t;, € C. We may rewrite

n n—1

Y(x) =2 +oz® 44 anad,

where m = p" and aq,...,a, € C. By the minimality of m = p™, n is the mini-
mal integer such that 67" is a C-linear combination of 4,67, . .. ,51””71 modulo inner
derivations. So our Theorem 1 does coincide with Kharchenko’s Theorem.

Consider an identity of the more general form d)(xf]g’“), which may not be of the
form described in Theorem 1. We transform it into the form of Theorem 1 as follows:
Firstly, if 0 is left Rz—algebraic modulo inner skew derivations, we let m be the
minimal order of such algebraic dependence and let

Y(x) = 2" 4 7515'367”71 oo tp2?,

where t1,... ,t;n_1 € @, be the K—polynomial of )—order m such that for some b € @,
P(x) = 27" b —bx for x € Q. For n > m, the equality

gn—m

-1 6n7m+1 gn—m

) =2 + 2% 4t =2 "7~ ba

sgn—m

U(x

gives an expression of z°" in terms of #°'9, where i < n and g € A(R). With
this, we may reduce the power of § consecutively and finally obtain an expression

o4 (xfjg’“ )j<m, where only 87, j < m, occur nontrivially. If § is not left Rz—algebraic
modulo X-inner skew derivations, then we simply set ¢’ (mfjg *) to be gb(xfjg *). Sec-
ondly, for g,h € A(R), if g~ 'h is X—inner, say 29 " = yzu~l, then by replacing x
by z9, we have 2" = ux9u~!. With these, we can make all automorphisms involved
mutually outer and thus transform ¢’ (xfjg"') into the form described in Theorem 1.

We may call the expression thus obtained a reduced form of d)(:l:fjg’“). Let us call the

identity gb(xfjg’“) trivial or nontrivial according as its reduced expression is trivial or
not respectively. Thus we have:

Corollary 1 If a prime ring R satisfies a nontrivial identity of the form d)(a:?jg’“),
where § € L(R) and g, € A(R), then R is a GPI-ring.

Corollary 2 All identities of the form ¢(xfjg’“), where § € L(R) and g € A(R)
are consequences of GPIs of R, the K—identity of minimal order in the form (x) =
x%"b — bx and identities of the form z" = uz9u=", where g,h € A(R) and u € Q is
a unit.
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For convenience of applications, we also include the following:

Theorem 2 Given 6 € L,(R), if a GP of the form Lp(:cfjg’“), where g € A(R),
vanishes on a nonzero two-sided ideal of R, then it also vanishes on Rx.

As an immediate application, if ZT:O qu5'7 = 0, where qo, -+ ,qm € Rz, for all
x € R, then ¢y = 0. This follows by substituting x = 1, since the equation also
holds on Rz by Theorem 2. This is proved by Leroy (Proposition 1 [12]) with the
additional assumption that § and ¢ commute.

2. Proofs of Theorems

We examine a nice property of K—polynomials:

Lemma 2. Let ¢(x) be a K—polynomial of d—order m. Then any K—polynomial of
order m, different from 1 (z), assumes the form 1 (x) + ub(z), where 8(x) is a K-
polynomial of §—order £, £ < m, such that o™ * is an X—inner automorphism defined
by the unit u € Q. Conversely, for any such 0(x), ¥(z) + ub(z) indeed defines a
K—polynomial of —order m.

Proof. Assume that ¢(x), different from v (x), is another K—polynomial also of d—
order m. Let us write

m—1 m—1
P@)=2""+ Y ™ and  g(a) =2+ Y bt
Jj=1 j=1

The definition of K—polynomials gives the equalities

i—1
aPim—i 4 Z ajali-im=i = 27" a; — az®"
j=1
i—1 ‘
:L'Di’mii + Z biji,j,m/,i — $ambi o bixo'mfz
j=1

for i = 1,...,m — 1. Take the difference of their defining conditions for D ;. We
have

i—1

(*) Z(b] — CLj)LEDi*j'mfi = ngm (bl — ai) — (bl — ai)x"

Jj=1

m—i

for 1 <4 < m — 1. Since ¢ is different from v, we let n be the least ¢ such that
b; —a; #0. For i = 1,... ,n — 1, the equality above is thus trivial. For i = n, the
left side of the equality above is 0 and the right side gives

m m—n

27 (by, — an) — (bn — ap)z’ =0



32

def. . . . .
for z € Q. Hence u ‘=" b,, — a,, is a unit and defines the inner automorphism o”. For

1> n, we set ¢;_p, def. u~1(b; — a;). Dropping terms with b; — a; = 0 for i < n, we

rewrite the equality (%) for ¢ > n in terms of ¢;_,:

i—1
L . m m—i
g ucj_nach—“"—z =2 ucj_, — uc;_,x°
j=n
. def. . def. . def. _ n
fori=n+1,...,m—1. Sets = i—n,k = j—n,{ = m—n and use uru~! = 2

It follws that

m—n—s

s—1

m—"mn
E cpaPekmon—s = 3.0 cs — csz’
k=0

fors=1,...,m—n—1. That is,

s—1
L L—s
g cpaPekit—s = 2% ¢, — cox®

k=0

fors=1,...,f£—1. By Lemma 1, these equalities show that

{—1 {—1
def. L—k L L—k
6(x) = g cpr’ =2 + g e’
k=0 k=1

is a K-polynomial. Moreover, we have ¢(z) = ¢(x) + uf(z). The second assertion
follows by reversing the argument. This proves the lemma.

Lemma 3. Let § € L, .(R). For a # 0,b,t € Ry, if az’ + bx™ = ax°t holds for all
x in a nonzero two-sided ideal I of R, thent € Q, b= at and x° = 27t — ta™ for all
T € Rr.

Proof. Note that §, together with their automorphisms o, 7, can be uniquely extended
to Rr. Let y € Rx be arbitrary. Pick a two—sided ideal J of R such that 0 # J C I
and Jy C I. For z € J, we have vy € I and hence a(zy)°+b(zy)” = a(zy)°t. Expand
this: ax®y® +axdy™ +bz"y™ = ax®y’t. Replace ax® by axt —bz™ in this expression.
It follows that az? (y‘S +ty" — y”t) =0. So a"ilJ(y‘S +ty" — y"t)(7 = 0. Since
a # 0, the primeness of R implies that y® = y°t — ty7. Since y € R is arbitrary,
we have 20 = x°t — ta7 for all x € Rr. Substitute this expression of § back into
az® + bz™ = ax®t. We have a(x°t —tz7) + ba™ = ax°t, implying that (b — at)z™ = 0.
So (b — at)T_lR = 0 and hence b = at. We show t € Q: By the continuity of § and
o, we pick an ideal J # 0 of R such that J% C R and such that J°¢t C R. We have
tJT C J°t+ J° C R. By the continuity of 7~1, J7 contains a nonzero two-sided
ideal of R. So t € () follows. This proves the lemma.

It is convenient to have the following:
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Definition: (1) Given § € L(R), let I'(0) be the set of expressions of the form

plr)=> > bijea® % cign,

i>0 5,k

where b1, cijr € Rr and g; € A(R). The largest i such that d% occurs nontrivially
in p(z) is called the d—order or simply the order of .

(2) Let A be the set of expressions of the form
p(r) = aia’bij,
(2]

where a;5,b;; € Ry and g; € A(R). For a finite subset S of L(R), let A(S) be the set
of expressions in the form

DD appat b + M),

HES j,k

where bk, ¢,k € R, where g; € A(R) and where A(z) € A. Note that A() <" A.

(3) We say that ¢(z) € T'(d) is defined by A(S) if there exists p(z) € A(S) such
that ¢(x) = p(x) for all z € R.

We have come to the crucial step:

Lemma 4. (Existence of K—polynomials) Letd € L,(R) be X—outer and S C L(R),
empty or nonempty. If there exists p(x) € T'(0) of d—order m > 1 which is defined by
A(S), then 0 has a K—polynomial of §—order < m, which is also defined by A(S).

We have to use Proposition 9 [10]. Let us explain some notions there: We say that
di € L,;(R), 1 =1,2,..., are reduced if 0;,0; are mutually outer for o; # o; and if
for any given g € A(R), no nontrivial C-linear combination of §; with o; = g can be
X-inner. Let d;,,0;,, ... enumerate those §; with o; = ¢g. The second condition above
says that if  — ay2%1 + asa®2 + .-, where o; € C vanish for all but finitely many
i, defines an inner g—derivation, then all o; = 0. Proposition 9 [10] says that any
linear GPI with mutually outer automorphisms and a reduced set of skew derivations
is trivial. It is convenient here to have the following more general notion of [6, 10]:

For g € A(R), we define @, det. {u € Q | uxd = zu forall z € @}. We say that
d; € L,,(R),1=1,2,..., are outer independent if the following condition is satisfied:
For any g € A(R) and u; € ®,-1,,, if z — Y, u;2% (a finite sum) defines an inner
g—derivation of @, then all u; = 0. Given §; € L,,(R), let us fix a maximal mutually
outer subset of automorphisms o, say 7;, 7 = 1,2,.... If 0; and 7; are equivalent
modulo inner automorphisms, then the map 9;: « — u;2%, where u; € ® o, defines
a 7j—derivation. Obviously, d; € L,,(R) are outer independent if and oniy if the set
0; are reduced. We can thus write

Proposition 9 [10] (Restated). Any linear GPI with mutually outer automorphisms
and with outer independent skew derivations is trivial.
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Here skew derivations are put on the left hand side of automorphisms. But the
same proposition remains valid if skew derivations are put on the right hand side of
automorphisms. This can be proved in the same way or deduced immediately from
the original statement. We are now ready for

Proof of Lemma 4: Let T be a maximal outer independent subset of S. The
expressions defined by A(S) and by A(T') are the same. Replacing S by T', we may
assume that S is outer independent. We may also assume that the d—order m of
p(z) € T'(9) is minimum possible among all generalized polynomials of I'(§) which
have é—order > 1 and which are defined by A(S). We may assume m > 1, for
otherwise the K-polynomial ¢(x) = 2° is already defined by A(S) by Proposition
9 [10]. Let p(z) € A(S) be such that p(z) = p(x) for x € R. For any us,vs €
R, > vsp(usxz) € A(S) and > vsp(usx) = Y vsp(usx) holds for z € R. So
> s Vsp(usz) is also defined by A(S). We shall choose various us, v to simplify ¢(z).
Write

Eij

= Zzzbwkx Cijk7

=0 j k=1

where g; € A(R) may be assumed to be mutually outer. Let us choose ¢(z) such
that > j kpm;j, the number of terms involving 0™, is minimal possible. We claim that
>_jkmj = 1t Suppose on the contrary that > ;km,; > 1. By the minimality of
zj Ky, for each j, the set {bmjx : k =1,...,kp;} is C-independent. Since g; are
mutually outer, so are ¢"g;. By Proposition 1 [6], there exist us,vs € R such that
Yo Usbmnu;’mgl # 0 but such that vsbmjkugmgj = 0 for all (j,k) # (1,1). The
only term in ) vsp(usx) involving 6™ is then

E o™ o
( vsbmllus gl)x glcmll-

This contradicts the assumption that > i Ky, > 1 is minimal possible. So > ; kmj =
1. By reindexing g;, we may hence assume k,,; = 1 and k,,; = 0 for j # 1. That is,

Cmi11 7é 0 but Cmjk = 0 for (jv k) 7& (17 ]-)

Extend ¢ def. cm11 into a C-basis ¢y, ca, . .. of the C-linear span of ¢;;. Collecting
terms of ¢(x) according to the right coefficients ¢,, we rewrite

NI W

v k j=0

(v)

where b j',; ,¢y, € Ry. We may also assume that all

Do) S D00 = b0 b b0 a0

are nontrivial. Note that only ¢ 1(x) involves 6. Let us concentrate on ¢; 1(z) and
write ¢(x) for ¢11(x), b; for its coefficients b;ll) and g for g1. So ¢(z) = ¢11(z) =
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m

= Z bigPi-am=igy0" g (by setting i & j + k)
Jj=0i=j
m )

= Z bjxDi*j’m*i9y5M7l9 (by switching summations)
i=0 j=0

= boz® Iy 9+ Z (Zb pPi—im- zg>y5m—ig+ (Zm:bijm_j’oﬁyg
=1 7=0 =0

where the last equality follows by singling out terms with ¢ = 0 and ¢ = m. By the
continuity of § and o, we pick a two—sided ideal I # 0 of R such that Ib; C R for
i=0,...,m—1 and such that IPst9: C R for 0 < s,t < m and all g involoved. We
claim that the map

i
fi: E vsboul Y — E Vs E bjuf“f’mﬂg,
s s 7=0

where ug, vy € I, is well-defined for 1 < i < m—1: Let us, v, € I satisfy ) vsbou” 9 =

0. We must show that ) _ v, ZFO U uli=m=9 = 0fori=1,... ,m—1. We compute

sz¢ usy) (szboua g) "9 4 Z (insbjusDi%mW)y‘smzy

=1 j:() s

(o)
s 7=0
m—1 A

<ZZUSbu imgim— ’g) e 79+sz<2bu m= 309)

i=1 j=0 s

Let us go back to examine the originally given ¢(z): In ¢(z), only ¢(z) et ¢1 1(z)
involves 0™ and in ¢(z), only the term byz?" 9 involves 6™. Since >, vsboul 9 = 0,
> s Usp(usy) involves only 5%, i < m and must have d—order 0 by the minimality of
m. That is, in >, vs¢(usy), the sum of terms with 6°, ¢ > 1, must be trivial. The
expression ) vsp(usy) still has the right coefficients c¢i,ca,.... Particularly, the

right coefficient of yém_iglcl, where g = g1, must vanish:

7
§ E UsbjusDi—j,'rn—ig — 0

j=0 s
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for 1 <i < m — 1. The additive map f; is thus well-defined as claimed.

Each f; is clearly a left R—module map from the left ideal IboI° "9 into R. Since
both ¢~! and ¢! are continuous, IboI°" ¢ contains a nonzero ideal of R. Thus there
exist t; € Ry such that f;(z) = xt; for all z € IboI°™9. That is, vbou® 9t; =
v Z;:O bjuDi*JW*i 9 for all u,v € I. This implies that for 1 < ¢ < m —1, the equality

i
m . . .
boZBU gti: E bjxlej‘m*lg
j=0

holds for all € I. Set Bj def. béf1 and t; def. tfil. Then, for 1 < i < m — 1, the

equality

7
bol’a ltz’ = E bjl’Di*j’mfi
7=0

holds for all x € I. For i = 1, we have

~ oMy ~ D _ ~ 0_7n—1
box® t1 =bopxr~ ™t + b
for all # € I. Notice that D; ,,,—1 is a (6™, 0™ 1)-derivation of Q. In view of Lemma

3, we have that t; € Q, by = byt and zPrm—1 = 27", —Ela?UWHI for all x € Q. That
is,
D17m_1 = O'mT(El) — O'milg({l).

We proceed by induction on n < m — 1 to show that ¢, € Q, b, = bot, and that
Uy def. Dyom—n + 272—11 Dn_j,m_nﬁ(fj) is equal to o™r(t,) — o™ "(t,): As the

induction hypothesis, suppose that for 1 < k <n — 1 we have b, = boty, and

k—1
def. g m_ /3 m— g
’g/Jk ; Dk,m—k + E Dk—j,m—kf(tj) =0 T(tk) — 0 kﬁ(tk)

j=1

From the defining equality for £,,, we see that

m o~ ~ m—n ~

box® 1, — bpa’ = boz¥™.

By Lemma 1, 9, is a continuous (¢™, o™ ™)-derivation. Applying Lemma 3, we
see that b, = bot, and ¥, = o™r(t,) — o™ "(t,), as asserted. The induction is

completed. With all these and by Lemma 1 again, 1) def- Y, gives rise to a K—identity
of 9 and defines a continuous o"—derivation, which we denote by u:

m—1 ]
m m—j
ot =¥ =29 4 E tjm‘s
j=1
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for x € Q. Recall that S is outer independent. If S U {u} is not outer independent,
then p is defined by A(S) by Proposition 9 [10] and so is the K—polynomial ¥ (x). We
thus assume that S U {u} is outer independent. Substitute

m—1 ]
m m—j
2 = — E tjx‘s + M
j=1

for 29" in o(z) and write the expression thus resulted as ¢’ () + p/(z), where ¢’ (z)

is the sum of terms involving §;, 1 < i < m and where p/(z) def o(x) — ¢'(x) is the
sum of terms involving p. If ¢/(z) is trivial, the p’(x), a linear GP involving p only,
is defined by A(S), contradicting the outer independence of S U {u} by Proposition
9 [10]. So the é—order m’ of ¢'(x) is > 1. But obviously m’ < m. Since p'(z) €
A(SUA{u}), ¢'(z) is defined by A(S U {u}). Apply the previous argument to ¢'(x)
defined by A(S U {u}) and obtain a K—polynomial ¢’ of é—order m’ < m. Continue
in this manner. We finally stop at, say, the (n + 1)-st step and obtain a finite
sequence of skew derivations y, g/, ..., (™, defined respectively by K-polynomials
¥, ..., of strictly decreasing 6-orders m > m’ > --- > m(") > 1, such that

each u® is a o™ _derivation and such that SU {u,...,p" D} is outer independent
but SU{py,... ,,u(”*l),,u(")} is not. So there is an identity of R in the form

n—1
(n) @
o+ g ujrh 4 E vpr? =0,
§=0 k

where uj € ® () Ox € SN Ly, (R) and vy, € @Ufm(n)gk. By Lemma 2,
n—1
M (@) + ) ue (z)
j=0

is also a K—polynomial and is defined by — 3", vxz% in A(S), as asserted.

We need two more lemmas, both due to Kharchenko. They are extremely useful
in analyzing skew derivations:

Lemma 5. (Kharchenko) Let 6 be a continuous X—outer o—derivation of R. Then

for a € C, we have a® = « and af, if it is nonzero, is a unit of Q such that
27 = z(a®)"! forz € Q.

Proof. Let a € C'. We compute

Oz + a2’ = (ax)’ = (za)’ = 2%a + 27a°.

It follows that (a — a%)z® = o’z — 27a’. If a # a°, then § would be inner. So we
have a® = a. If a® # 0, then the identity o’z = z°«a® implies that o° is a unit of Q
and that 27 = o’z(a®)~! for all z € Q.
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Lemma 6. (Kharchenko) If R satisfies GPIs, then any continuous skew derivation

§ of R is either X—inner or of the form §:x — ux®, where u € Q is a unit and d is a
continuous ordinary X—outer derivation.

Proof. Let § be a continuous o—derivation. We may assume that § is X—outer. By
Lemma 5, o = « for a € C. By a result in p.140 [6], o is X—inner. Say, 2 = uzu~!
for x € Q. We check easily that the map d:2 — u~'2% is an ordinary derivation of
Q. So z° = uz? for x € Q. The continuity of d follows from the continuity of 6.

Proof of Theorem 1: Let ¢ denote gp(:cfjg’“) or gp(:cfjg’“ )j<m according as the first
case or the second case of Theorem 1 holds.

Case 1. ¢ is linear: In this case, we may write ¢ det. cp(x5j9k) or ¢ et go(x‘sjg’“)j<m.
Assume toward a contradiction that ¢ is nontrivial and has d—order n. Apply Lemma

4 with § < (): There is a K—polynomial 1) of d—order < n defined by A. By Lemma
1, K-polynomials always define skew derivations and, by Proposition 9 [10], skew
derivations defined by A must be X—inner. So ¢ defines an X—inner skew derivation.
Particularly, d is left Rz—algebraic modulo inner skew derivations and, in this case,

10) def- @(xajgk)j<m, where m is the minimum d—order of left Rrz—algebraicity of ¢
modulo inner skew derivations. By the minimality of m, m < the é—order of ¥ < n,
a contradiction. So v is trivial. The expression resulted from v by substituting z;

for %’ 9% is also trivial and is certainly a GPI.

Case 2. ¢ is multilinear: Assign arbitrarily fixed values to all z; except z;. The
resulted expression is linear in x;. By Case 1, the expression ¢’ obtained from ¢ by
substituting 2y for :L‘(lsj 9 is a GPIL. The values assigned to x;, i # 1, are arbitrary.
So ¢', now considered as a GP in the indeterminates z1;, and z;, ¢ > 2, is also an
identity of R. Now, assign arbitrarily fixed values to all indeterminates of ¢’ except
2o and proceed in the same way. We conclude that the expression ¢ obtained from
¢’ by substituting 2, for a:gj 9% is a GPI. But ¢ is also the expression obtained from

o 5 5 . . . .
¢ by substituting 21,5, 2255 for 77", x57%" respectively. Continue in this manner.

We finally replace all :rfj 9% by z;jx and obtain the desired GPI in z;;y.

Case 3. General: We may assume that ¢ is nontrivial, for otherwise there is nothing
to prove. The multilinear p obtained by linearizing ¢ is then also nontrivial. Apply
Case 2 to u. We conclude that R is a GPI-ring. By Lemma 6, § is of the form
2% = uz?, where u is a unit in Q and d is an ordinary X-outer derivation. We have
already seen in Example 1 that J is left Rz—algebraic modulo inner skew derivations
if and only if d is C'-algebraic modulo inner derivations. Their algebraic dependence
relations also have the same order. As demonstrated in Example 1,

2% = u"z?" + terms of the form a:z:di, where a € Q and 1 < i < n.
It thus suffices to prove the case when § is an ordinary derivation. We now refer to

Kharchenko’s Theorem cited at the beginning and thus finish the proof.

Proof of Theorem 2: Since all K-identities are universally valid on the whole Rz,
we may assume, without loss of generality, that go(:cfjgk) is reduced in the following

87 gr,
i

sense: (1) gp are mutually outer and (2) ¢(z; ?*) involves only 67, j < m if § is left
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R r—algebraic of the minimum d-order m modulo inner skew derivations. We may

also assume that go(xfj 9%) is nontrivial, for otherwise, there is nothing to prove. If R
is a GPI-ring, then, by Lemma 6, ¢ is either X—inner or of the form §: z — uz?, where
w € ) is a unit and d is an ordinary derivation. In this case, cp(mfjg’“) reduces to a
GP with automorphisms and ordinary derivations. The result follows from Theorem
1 [4]. It thus suffices to show that R is a GPI-ring.

For this purpose, we assume that go(a:?jg’“) vanishes on a nonzero ideal I of R.
Firstly, the symmetric (or respectively left) Martindale quotient ring of I coincides
with that of R. Secondly, the ideal topology of ) defined by ideals of R is the same as

that defined by ideals of I. So A(I) = A(R) and L(I) = L(R). Applying Corollary
1 to the nontrivial identity cp(mf]g ) of I yields that I is a GPI-ring and so is R, as
asserted.

Replacing (2% %) by o(29*°") in Theorems 1 and 2, we notice that the conclusions
still hold by applying an analogous argument. For convenience of the applications in
forthcoming papers, we explicitly give the statements:

Theorem 3. Let R be a prime ring and &, an X—outer continuous o—derivation of R.
If § is not left Rr—algebraic modulo inner skew derivations, then any GPI of the form

gp(wfk5j), where g, € A(R) are mutually outer, yields the GPI ¢(z;;1), where z;;, are
distinct indeterminates. If d is left Rr—algebraic modulo inner skew derivations, then
(i) such algebraic dependence of minimal d—order assumes the form

Y(x) =27 b— b,

where b € Q and ¢ (z) is a K-polynomial of 6—order m > 1 and (ii) any GPI of the

form @(mf’“éj)j<m, where g; € A(R) are mutually outer, yields the GPI ¢(zijk)j<m.,
where z;;1, are distinct indeterminates.

Theorem 4. Given § € L,(R), if a GP of the form go(m?’“éj), where g, € A(R),
vanishes on a nonzero two-sided ideal of R, then it also vanishes on Rx.
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