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ABSTRACT

We develop an intertemporal IAPM that prices world market hedging risk and exchange hedging
risk in addition to world market risk and exchange risk. We extend Campbell’s {(1993) model to an
international framework in which inflation rate is time-varying. We employ a recursive preference,
which separates investors’ attitudes towards tisk from their willingness to substitute future
consumption for present consumption in pricing international assets. Our model prices exchange.
risk and exchange hedging risk in addition to world market risk and world market hedging risk.
While the world market hedging risk is the covariance of asset returns with news about the
discounted value of all future world market returns, the exchange hedging risk is the covariance of

asset returns with news about the discounted value of all future currency returns.



L. Introduction

Several theoretical international asset pricing models (IAPMs) focus on market risk and
currency risk. Well known examples include, Solnik (1974) and Adler and Dumas (1983). It is
widely accepted that we should also consider intertemporal nature of the problem as suggested by
Merton (1973) and Stulz (1981). Indeed, in the international setting, if investors hedge their
exposure to anticipated variation in the investment opportunity set, both the market hedging risk
and the currency hedging risk should be priced in addition to the market and currency risks.
Hence, we develop a theoretical model that prices world market hedging risk and exchange
hedging risk in addition to world market risk and exchange risk. This allews us to explicitly

separate exchange risk from intertemporal hedging risk.

Campbell {(1993) develops a domestic asset pricing model in which investors are assumed to
be endowed with Kreps-Porteus utility and consumption is substituted out from the model. He
demonstrates that the conditional covartance of any asset return with consumption growth can be
written in terms of conditional covariances with the return on the market and revisions in
expectations of future returns on the market. We extend Cambpell’s (1993) model to an
international framework in which inflation rate is time-varying. We employ a recursive preference,
which separates investors’ attitudes towards risk from their willingness to substitute future
consumption for present consumption in pricing international assets. Our model prices exchange
risk and exchange hedging risk in addition to world market risk and world market hedging risk.
While the world market hedging risk is the covariance of asset returns with news about the
discounted value of all future world market returns, the exchange hedging risk is the covariance of

asset returns with news about the discounted value of all future currency returns.

II. Portfolio Choice in an International Setting



In this section, we consider the problem of optimal consumption and portfolio allocation in a
unified world capital market without taxes or transactions costs. Investors’ preferences are
assumed to be nationally heterogeneous and there is the same menu of assets for every investor in
all countries. That is to say, there does not exist a representative agent in the world, but there is a
representative agent in each domestic country. Therefore, we can first deal with a representative
agent in each country, and then aggrepate to obtain an international asset pricing modei. We
consider a world of L+1 countries and a set of S equity securities. All returns are measured in the
L+1* country’s currency (numeraire) in excess of the risk free rate. To facilitate discussion, we

define the following terms:

z, . the price level at time t.

. the real return for security i at time t.

R : the nominal return for security i at time t.
C, : the real consumption at time t.

C" :the nominal consumption at time t.
R, :the real return for market portfolio at time t.

R, : the nominal return for market portfolio at time t.

In this setup, the optimal solution can be obtained by specifying a real pricing kernal, A, :

1 = EF(RI'_I+|MJ+I) * (})

where £ is the expected value function conditional on the information available to the investor at

time t.



Note that under perfect foresight the real return links the nominal return to inflation through the

Fisher parity equation,

= R.i.r+1 ] (2)

we cbtain the pricing formula under time-varying inflation rate,

EJ
= E(RY - M,,). (3)

I+

Furthermore, investors are assumed to have a Kreps-Porteus utility. Following Epstein and Zin

(1989}, it can be shown that the pricing kernel has the following form:
C Ay -
M = BEED YR, ) 4)

where the parameter f# is the agent’s subjective time discount factor , & is defined as

#=(1-y)/[1-{/0)], and y can be interpreted as the Arrow-Pratt coefficient of relative risk

aversion. It can also be shown that o measures the elasticity of intertemporal substitution. For

instance, if the agent’s coefficient of relative risk aversion, y, is greater (smaller) than the

reciprocal of his elasticity of intertemporal substitution, 1/¢, then he prefers early (late)

resolution of uncertainty. If y is equal to 1/, the agent’s utility becomes an isoelastic von

Neumann-Morgenstern utility and he is indifferent to the timing of the resolution of uncertainty.

Plugging equation (4) into equation (3). we obtain
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Equation (5) is the basic pricing formula. Based on equation (5), we will follow Campbell (1993)

to substitute consumption out of the pricing formula.

When ¥ =1/o, the Euler equations of the.time additive expected utility model are also

obtained under random inflation assumption:

7, ﬂ[cl+]"ﬁi+l]__.!/;} , (6)

1= E{R" .
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Another special case is the logarithmic risk preference where ¥ =1/¢ =1. Then, the Euler
equations under fixed inflation are same as the Euler equations under random inflation and can be

written in two algebraically identical functional forms:
cr |
1= Er{RfT+1)8[EN_] ]} (N
or

l = Er{R;f\:-H ;R:,H]} (8)

In this case, the parameter o govemning intertemporal substitutability can not be identified
from these equations. Hence, under logarithmic risk preferences there is no difference between

Euler equations of the non-expected utility model and the expected utility model.

If we assume that asset prices and consumption are jointly lognormal or alternatively if we
assume that asset prices and consumption are conditional homoskedastic and use a second order

Taylor expansion, the log-version of the real Euler equation (3) can be represented as:
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where lowercase letters are used for logs and ¥, denotes Var(c,,) . V, denotes

Var(r, )¥i=im , V¥, denotes Covlc,,r, )Vji=im , ¥, denotes Cov/(r 7, .} ,
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Replacing the asset / by market portfolio and rearranging, we obtain the relationship
between expected consumption growth and the expected return on the market portfolio:
m, ]
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When the second moments are conditional homoskedastic, equation (10) indicates that
consumption growth is linearly related to the expected world market return and expected inflation.

In addition, the coefficients of these two variables add up to one.

When we subtract the risk free version of (9) from the general version, we obtain:
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where r, ,,, isalogriskless nominal interest rate. If inflation is fixed or known ex-ante, this result is

the same as Campbell (1993). Equation (11) shows that the expected excess log return on an asset is
a linear combination of its own variance, which is produced by lensen’s inequality, and by a
weighted average of three covariances. The weights on the consumption, inflation and market are

/o, (@—-(F/c)) and (1-8), respectively which sum up to 1. This is one of the most important

differences between Campbell’s model and our random inflation model.

If the objective function is a time-separable power utility functian, a real functional form of the

loglinear version consumption CAPM pricing formula can be obtained:

V
JIEJ;.M = ia =—?”+(1f0')1{c +{1=(lfo)V, (12)
The weights on the consumption and inflation are 1/ and (1-(1/o)), respectively that also sum
up to one. However, when the coefficient of relative risk aversion y =1, then & = 0, and the model
can be collapsed into the real functional form of the loglinear static CAPM which is the same as the

nominal structure of the loglinear static CAPM

[II. The Intertemporal International Asset Pricing Model

The representative agent in each country can invest his wealth in N (=L+8S) assets which
comprise L currencies and S equities. Currencies may be taken to be the nominal bank deposits
denominated in the non-numeraire currencies. In every country, the representative agent’s

dynamic budget constraint under time-varying inflation can be written as:
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where W, is the investor’s nominal wealth at time t+1. The budget constraint in equation (13) is

nonlinear because of the interaction between subtraction and multiplication.

Following Campbell (1993), we linearize the budget constraint by dividing equation (13) by
W, , taking log, and then using a first-order Taylor approximation around the mean log

consumption/wealth ratio log(C/#}).
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Equation (]4) implies that unexpected consumption may come from three sources. The first
source is the unexpected return on invested wealth today. The second source is the expected future
nominal returns that depend on the magnitude of o. When ¢ is less than one, an increase (or
decrease) in the expected future nominal return increases (or decreases) the unexpected
consumption. Conversely, when ¢ is greater than one, an increase (or decrease) in the expected
future nominal return decreases (or increases) the unexpected consumption. The third source is the
inflation rate in investor’s own country that also depends on the magnitude of o . When o is less
than one, an increase (or decrease) in the inflation decreases (or increases) the unexpected
consumption. Conversely, when o is greater than one, an increase (or decrease) in the inflation

increases (or decreases) the unexpected consumption.

Based on equation ([ 4), the conditional covariance of any asset return with consumption can

be rewritten in terms of the covariances with the return on the market and revisions in expectations



of future return on the market and inflation:

OV, (1, 1y, ) =V, =V, + (1= 0W, = (1=0W,, (15)
where, ¥, = Cov(7, ,1.(E= £))_ 57, 1.,
-+ =1
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Substituting equation (15) into equation (11), we obtain an asset pricing model with random
price, which is not related to consumption:

Bliyn =Ty ==+ 1V 4 = DV + (=13, + 0= 1), (6)

The only preference parameter that enters equation (16) is the coefficient of relative risk
aversion y . The elasticity of intertemporal substitution o has disappeared from this asset pricing
model. Equation (16) states that the expected excess log return of an asset, adjusted for a Jensen’s
inequality effect, is a weighted average of four covariances. The covariances are with the return on
the market portfolio, with news about future returns on invested wealth, with the return from
inflation, and with news about future .inﬂation. Note that this result is different from both the
international asset pricing model of Adler and Dumas (1983) and the intertemporal model of
Campbell (1993). Since Adler and Dumas use Yon Newmann-Morgenstern utility and assume a
constant investment opportunity set, their model does not include ¥, or ¥, . On the other hand,

and V, _ since it does not deal with the

iha

Campbell’s intertemporal model does not include ¥,

fr

issues of inflation and currency that are of particular relevance in international asset pricing.

We now turn to the problem of aggregation across investors. It is true that different investors

may use different sets of information and models to forecast future world market returns and



inflation. To obtain the aggregation results, we first add the superscript / to equation (16) to

indicate the optimal condition for investor /:

V.
En =t = = 4y Vot O =0V 4 (=W + (= W, (17)

Next, we multiply equation (17) by 7', where 77’ = 1/3’ and then take an average over all

investors, where the weights are the investors’ relative wealth.

V.
&mﬁm;} WHW4E (18)
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where, n" = (ZJW'?}"’)!(ZIW') and @' =

The drawback is that the third, fourth, and fifth terms of (18) are unobservable. In the
international setting, they contain the covariances of security i with the heterogeneous investors’
rate of market return forecasting, rate of inflation, and inflation forecasting. They are v zighted by
their wealth and by one minus their relative risk aversion. Because it is impossible to measure each
individual’s relative risk aversion, we cannot use the wealth and relative risk aversion weighted
average rate of market return forecasting, rate of inflation, or inflation forecasting. But if all the
individuals of the same country who use the same deflator and use the national wealth weighted
average relative risk aversion instead of the individual ones, we have a sum of one term per each

country.

Several interesting and intuitive results emerge. First, the international asset risk premium
adjusted for one-half its own variance is related to its covariances with: (a) the world market

portfolio, (b) the aggregate of innovation in discounted expected future world market returns from

10



different investors across countries, {c) the aggregate of inflation from different countries, and (d)
the aggregate of innovation in inflation of different investors, discounted using values for expected
future inflation across different countries. The weights are /9™, l/g™ =1, 1-1/g", I-H/7n",

respectively that sum to one.

Second, the international asset is priced without referring to its covariance with consumption
growth. Third, because consumption has been substituted out, the coefficient of risk tolerance, 7,,,
is the only preference parameter that enters the asset pricing model - equation {18). Similar results
have been documented by Svensson (1989). They show that when asset returns are independently
and identically distributed over time, the coefficient of interternporal substitution is irrelevant for

asset returns.

If we are willing to make further simplifying assumptions, we can obtain a more compact
result. Specifically, if investors use identical current and future world market portfolio returns, we
can take an average over all investors, where the weights are their relative wealth, and thus obtain

a simple version of the intertemporal international asset pricing model:

I/u I
E?:’l-f-] f1+l=—2 +y e, + ("~ (19)
Y @'V +(1- "’)Zw o
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where, 3" = (Z;WI:"I)’{(Z:WU and o' = A=y

S -y

In our model, inflation variable includes inflation risk and exchange rate risk. That is
because inflation variable is priced under numeraire currency. Therefore, in addition to inflation
risk that expresses inflation risk in domestic market, there exists exchange rate risk that indicates

the risk of each currency relative to numeraire currency. If domestic inflation is a stable variable,

11



the only random compornent in 7 is the relative change in the exchange rate between the

f . . [
numeraire currency and the investor’s home currency. Then, ¥ isa pure measure of the exposure

ofasset i to the exchange riskand V,_ is a measure of the exposure of asset i to hedge against the

exchange risk of the country in which investor { resides.

Equation (19) also states that the exchange risk is different from the hedging risk. Indeed, if
v, and V| are significantly large, then their contribution to expected return depends on whether

" 1s different from one. This may be the reason why Dumas and Solnik (1995) argue that
exchange rate risk premium may be equivalent to intertemporal risk premium. Their conjecture is,
however, based on an empirical “horse race” test between an international model and an

intertemporal model.

IV. Conclusions

This report develops an intertemporal [APM. We use a loglinear approximation of the
budget constraint to obtain an international asset pricing model without consumption. The model
shows that the expected asset return is determined by a weighted average of market risk, market
hedging risk, exchange risk, and exchange hedging risk. The weights are related only to relative
risk aversion and sum up to one. Our results may be contrasted with the pioneering work of Adler
and Dumas (1983). They assumed a constant investment opportunity set, thus their model could
not deal with market hedging risk and exchange hedging risk. In our model, the price of market

hedging risk is equal to the negative price of exchange risk.
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