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Abstract

In this paper, we study the H, control problem for
nonlinear differential-aigebraic equations (DAEs). Nec-
essary and sufficient conditions are derived for the exis-
tence of a controller solving the problem. We first give
various sufficient conditions for the solvability of Mo
control problem for DAEs. Both state feedback and
output feedback cases are considered. Then, necessary
conditions for the output feedback control problem to be
solvable are obtained in terms of two Hamilton - Jacobi
inequalities plus a weak coupling condition. Moreover,
a parameterization of a family of output feedback con-
trollers solving the problem is also provided.

1 Introduction

For the purpose of control, nonlinear differential-
algebraic equations(DAEs) are frequently described by
a parameter dependent form

(1)
(2)

fix1, x2, u),

g(x1, x2, u),

X1
0

or in a more compact form

Ex = F(x,u),

I o0 _ [T 7T A
where F = 0 0 and x = [x7 x3] =
(z1, ..., 2x) are local coordinates for an n-dimensional

state space manifold X. In the state space X', dynamic
state variables x; and instantaneous state variables x;
are distinguished. The dynamics of the states x; is di-
rectly defined by (1), while the dynamics of x3 is such
that the system satisfies the constraint (2). The param-
eter u, usually termed as ”control input”, defines a spe-
cific system configuration and the operating condition.
In many cases, the algebraic constraint (2) of the full
DAEs can be eliminated (usually due the consistence of
initial conditions). As a consequence, the DAEs reduce
to a well-known state-variable system. In fact, the state-
variable descriptions have been the predominant tool in
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systems and control theory. Nevertheless, in some cases
this kind of elimination is not possible (often due to in-
consistent initial conditions), since it may result in loss
of accuracy or loss of necessary information. As a result,
the theory of DAEs has been well estabilished for many
years with the practical outcome that the shortcomings
of state-variable theory are often overcome [7]. A large
class of physical systems can be modeled by this kind
of DAEs. The paper of Newcomb et al. [7] gives many
practical examples -including circuit and system design,
robotics, neural network, etc.- and presents an excellent
review on nonlinear DAEs. Many other applications of
DAEs as well as numerical treatment can be found in

[3]-

In this paper, we investigate the contractive property
of DAEs, namely the H, control problem. Our paper
is mainly divided into two parts. The first part con-
cerns various sufficient conditions for the solvability of
the M, control problem. Both state feedback and out-
put feedback cases are considered. We seek sufficient
conditions under which a given DAE has an £,-gain no
greater than a prescribed positive number 4 with inter-
nal stability, and in the mean time, eliminates possible
singularity-induced bifurcation. This kind of bifurcation
phenomena was first discovered by Venkatasubramanian
et al. [9]. It is an unpleasant physical phenomenon, for
we can not decide whether it is stable or not. It has a
close relation to the notion concerning indices of DAEs,
however. We will derive a family of output feedback
controllers solving the #,, control problem. The un-
derlying ideas are differential games[2] and dissipation
inequailties[12]. These ideas were also used in Isidori et
al. [4] and Yung et al. [15] in which they have given the
central controller and a family of controllers, respective-
ly, solving the H o, output feedback control problem for
general nonlinear systems in usual state-variable form,
i.e. the F-matrix is nonsingular.

The second part of this paper is devoted to a converse
result, namely the derivation of necessary conditions for
solutions of local disturbance attenuation to exist. We
obtain necessary conditions given in terms of the exis-
tence of nonnegative solutions to two Hamilton-Jacobi
inequalities, together with a weak coupling condition.
Similar result has previously been published in [1] for



(W-)input affine nonlinear systems with nonsingular E-
matrix. In a recent monograph [8], among many other
important contributions, van der Schaft has addressed
a number of issues related to necessary conditions for
solutions of local disturbacne attenuation to exist. He
treated more general nonlinear systems in which both
the penalty output 2 and the measured output y were
involved with the control input u and exogenous input
w. See also [4] for some related work. In the aforemen-
tioned literature, the system under consideration are the
conventional state-variable systems, i.e. the E-matrix is
nonsingular. Our results can be thought of as a parallel
extension of the results of [8] to the DAEs case.

This paper is organized as follows. In section 2, we will
review some notions of DAEs. Some terminology will be
defined in this section as well. In section 3, some pre-
liminary results for the theory of DAEs will be given,
including stability theory and dissipativity. Our main
results will be summarized in sections 4 and 5. We will
concentrate on the output feedback case. However, for
the sake of completeness, we will first investigate the s-
tate feedback control. We also give a parameterizaton
of a family of output feedback controllers. In section
5, we will give necessary conditions for the H, output
feedback control problem to be solvable. Finally, con-
clusions will be given in section 6.

2 Differential- Algebraic Equations

Consider the following differential-algebraic equa-
tion(DAE)

Ex(t) = F(x,u), v €U C IR™, (3)
where x 2 (z1, ..., &n) are local coordinates for an n-

dimensional state space manifold X'. E is a constant ma-
trix and F(0, 0) = 0. The constant matrix £ € R™*"
is, in general, a singular matrix with rank®E = » < n.
The following definitions will be used (See [3]).

Definition 1 Let 7 be an open subinterval of IR, Q a
connected open subinterval of R?", and F(e, u) o suffi-
ciently smooth function from Q to IR®. Then the DAE
(3) is solvable on T in QU if there is an r-dimensional
family of solutions ¢(t, c) defined on a connected open
set T x Q,  C IR", such that

1. #(t, c) is defined on all T for each c € €.
2. (é(¢, ¢), (z'S(t, c)) €S for(t,c) €T x Q.
3. If p(t) is any other solution with (p(t), ¢(t)) € Q,

then o(t) = ¢(2, c) for some c € Q.

4. The graph of ¢ as a function of (¢, c) is an r+ 1-
dimensional manifold. 0

Definition 2 (3] The indez of the DAE (3) is the the
minimum number of times that all or part of (3) must
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be differentiated with respect to t while setting u = 0
in order to determine (£r41,...,2n) a8 a continuous
function of (ry1, ..., 240). a

Definition 3 (3] The DAE (3) is said to be of (uniform)
indez one if the index of the consiant coefficient system

Ew(t) - Fo(%(2), 0)w(t) = g(t)

is one for all X in a neighborhood of the graph of the
solution, where Fx denotes the Jacobian matriz 2&. O

X"
The index of a DAE can be thought of as the generaliza-

tion of the nilpotent index[3] of a linear time-invariant
descriptor system.

3 Stability Results and Dissipation Inequality
for DAEs

Consider a differential-algebraic system

Fx(t)

F(x), (4)
where x € X. In [13], some stability definitions and
Lyapunov stability theorems for a nonlinear DAE of the
type (4) have been given. For the sake of brevity, we do
not reproduce those results here. Instead, we will derive
an improved version of the Lyapunov stability theorem
for DAE (4). It provides a sufficient condition for the

existence of feasibility regions.

Theorem 4 Consider DAE (4) with F(0) = 0. Let
Xo € SME be given. Suppose that there ezists a C°
function V : IR* — IR vanishing ot Ex = 0 and posi-
tive elsewhere which satisfies the following properties.

i) &V VI(x)E for some C? function V
IR" — IR", and
ii) VT (x)F(x) <0, and
iii) ETffx = VZE > 0, where Vx denote the Jacobian
of V.
Then the equilibrium point x = 0 is locally asymptoti-
cally stable and the DAE is of indez one. D

For the remainder of this section, we will investigate
dissipative property[12] of a given DAE. Consider the
following DAE

Ex = F(x,u), ueU C IR™, (5)
y = H(x,u), yeYCIR,
where ¢ € X, together with a function s : & x Y —»

IR, called the supply rate. We have the following very
important result.

Theorem 5 Consider DAE (5) with xo € SmE giv-
en. Suppose that the matric DT D — 421 is negative
definite and {E, A, G} is impulse observable(The triple
{E, A, G} is called impulse observable if there exists a



>
I'

Figure 1: Standard Block Diagram

constant matrix L such that {F, A + LG} is impulse-
free), where

D (%H)(x,u)z(om ’
4 = (& )(X,u)z(0,0) ’
G = 2

(ﬁH) (X,u)=(0,0)

Suppose that any bounded trajectory x(t) of the system
Ex = F(x(t), 0) satisfying H(x(t), 0) = 0 for allt > 0
is such thatlim,_, o x(t) = 0. Suppose also that there ez-
ists a C® function V : IR® — IR vanishing at Ex =0
and positive elsewhere which satisfies the following prop-
erties.

i) &V VT (x)E for some C? function V
m‘n N mn
ii) Yo £ VT(x)F(x, u) + [l ~ |lull? < 0.
iii) ETVx = V{E.
Then the DAE has an Ly gain less than or equal to v

and the equilibrium point x = 0 is locally asympiotically
stable. Moreover, the DAE is of indez one. D

4 The H, Control Problem

Consider the standard feedback configuration shown in
Figure 1. Let X be a nonlinear system described by the
following DAE

E:¢ = F(x,w,u), we WCIR', veld C R™,
z = Z(x,w,u), z€ZCIR’,
y = Y(X, w, u)) yEyCIRP,

(6)
where x € X. Here u stands for the vector of con-
trol inputs, w is the exogenous input (disturbances to-
be-rejected or signals to-be-tracked), y is the measured
output, and finally z denotes the to-be-controlled out-
puts (tracking errors, cost variables). It is assumed
throughout that F(0,0,0) = 0, 2(0,0,0) = 0 and
Y(0,0,0) = 0. The standard Ho control problem
consists of finding, if possible, a controller T' such that
the resulting closed-loop system is locally asymptotical-
ly stable and has £, gain (from w to z) less than or
equal to . '

4.1 State Feedback H., Control

In the state feedback H, control problem we assume
that y = x in (6), i.e., that the whole state is available
for measurement. We suppose the following.
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(A1) The matrix Dj; has rank m and the matrix
DT, D11 — 4*1 is negative definite, where D3 =
(82)(x,w,u)=(0,0,0) 30d D11 = (8Z)(x,u,u)=(0,0,0)-

(A2) Any bounded trajectory
x(t) of the system Ex(t) = F(x(t), 0, u(t)) sat-
isfying Z(x(t), 0, u(t)) = 0 for all t > 0 is such
that lim;_, o x(t) = 0.

(A3) The matrix pencil
has full column rank for all w € IRU {00}, where
A= (g%)(x,w,u)z(o,o,o)y BQ = (%)(X,w,u):(0,0,0):
and C1 = (8Z)(x,u,u)=(0,0,0)-
Lemma 6 Consider the DAE (6). Assume that as-
sumptions A1-A3 are satisfied. Suppose the following
hypothesis also holds.

A—-jwE B;
5} Dj2

H1: There exists a smooth function V(x) vanishing
at Ex = 0 and positive elsewhere, locally defined on
a neighborhood of the equilibrium point 0 in &, such
that the function

Y1 = H(x, V(x), o1(x), aa(x))

is negative semidefinite near x = 0, where the function
H:R" x R" x R" x IR' x R™ — IR is defined on a
neighborhood of (x,p, w, ) = (0,0,0,0) as

H(x,p,w,u) = p? F(x,w,u)+ ||Z(x,w,u)||2-'yz[|w|(|2,)

7
g% = VT(x)E defined as above (Theorem 5), as(x) =
w*(x, V(x)) and a2(x) = u*(x, V(x)), and w*(x,p)
and u*(x,p) are defined on a neighborhood of (x,p) =
(0, 0) satisfying

8H . . _
-B'E(x’pxw (X,P),'M (xyp)) - 01
oH )
'_"(Xyp:w*(x)p))u (X,p)) = 0

du
with w*(0,0) = 0 and u*(0,0) = 0.

the Ho, state
u]

Then the feedback law u = aa(x) solves
feedback control problem.

4.2 Output Feedback H., Control
In this subsection, we consider the case in which the
state x of the DAE (6) is not available for direct mea-
surement. Motivated by the work of Yung et al.[15], we
consider a dynamic controller of the form

E¢

u

a3 (£)

(8)
where £ = [£;, ..., &xn] are local coordinates for the state
space manifold X of the controller I'. The matrix G(¢),
called the output injection gain, is to be determined.

F(€,01(€), ea(§)) + G(€)(y — Y (€, au(€), @a(€)),



Substitute the controller (8) in (6) to obtain the corre-
sponding closed-loop system as

Bext = Fe(x%,w), 2= Z°(x%, w) = Z(x, w,a(f)),
9

where E% = [? g_;]
X® = }g , and

Fe(X%,w) = [

Again, we try to render the closed-loop system locally
dissipative with respect to the supply rate +2|jw||? —
l|z]]2. Clearly, it suffices to show that there exists a
smooth nonnegative function U(x*) with 2 = UTE*
and E*TUx = UZ E* such that

UTFe(x%, w)+||Z(x%, w)|*~v*||w||® < 0, for all w,

(10)
subject to the closed-loop system is locally asymptoti-
cally stable. As a matter of fact, we have the following

result.

Lemma 7 Consider (9). Suppose that assumptions Al-
A3 hold. Suppose the DAE

E¢ = F(£,01(€),0) - GE)Y (£, aa(£),0)  (11)

has indez one and a locally asympiotically stable equi-
Lkbrium at € = 0. Furthermore, suppose that there ez-
ists a smooth function U(x®), vanishing et E°x® = 0
and positive elsewhere, which satisfies the inequality (10)
for allw. Then the closed-loop system (9) has an Ly-
gain no greater than v and a locally asymptotically stable
equilibrium at x¢ = 0. O

The inequality (10), in fact, contains undetermined
function G(e), and involves 2n independent variables.
The next theorem shows how the conditions in Lemma
7 can be met, while reducing the number of independent
variables of (10). A further assumption is needed.

(A4) The matrix Dy; = (%)(x,w,u):(o,o,o) has rank p.
Define

ru(x) = 3 (M%M)Mm(x),u:m(m
riz(x) = %‘ (%ﬂﬂ)w:m(x),u_a,(x)
ra(x) = 3% (W)wzm(x%um(x)
raa(x) = 3 <_—(’_6w(—)m'_’ul)w=m(x),u=a,(x)
and set
R(x) = [ . "rii)(ff)l(x) (1+r2§fz)z(x) ]

where € and €; are any real numbers satisfying 0 <
€1 < 1 and €3 > 0, respectively. The following theorem
is readilv obtained.

F(X,w, as(£)) ]
F(g, a1(€), az(£)) + G(E)(y - Y (£, en(£), a2(8)) |-

Theorem 8 Consider (9). Suppose assumptions Al-
A4 are satisfied. Suppose hypothesis H1 of Lamma 6
holds. Suppose the following hypothesis also holds.

H2: There exists a smooth function Q(x) vanishing
at Ex = 0 and positive elsewhere, locally defined on
a neighborhood of x = 0, such that the function

Ya(x) = K(z, Q(x), b(x, Q(x), 9(x, Q(x))), §(x, Q(x)))

is negative definite near x = 0, and its Hessian matrix is
nonsingular at x = 0. Here @ is defined by g—% =QTE
with ETQx = QxE, the function K : IR™ x IR" x IR’ x
IR? — IR is defined on a neighboorhood of the origin as

K(z,p,w,y) =pT F(x,w +;u(x), 0) — yTY (x,w + a1 (x),0)

+[ —aa(x) ] R(")[ ~oa(x) ] '

and the function %(x, p, y), respectively §(x, p), defined
on a neighborhood of (0,0, 0), respectively (0, 0), satis-
fies

(M) =0, @(0,0,0)=0
ow 215(3,}’:!/)

respectively,

<3K(x,p, u”J(X,P:y),y)) =0, (0,0)=0.
ay y=9(z,p)

Then, if the equation

QT (x)G(x) = §(x, Q(x)) (12)

kas a smooth solution G(x) near x = 0, the nonlinear
H* output feedback control problem is solved by the out-
put feedback controller (8) with E = E. ul

4.3 Parameterization of Output Feedback Con-
trollers

For affine nonlinear systems, state space formulae of a
family of output feedback controllers are given in Lu and
Doyle [6] and Yung et al. [14]. Recently, Yung et al.[15]
have derived a set of parameterized solutions for general
nonlinear systems. They have considered both cutput
feedback and state feedback cases. Indeed, we can ex-
tend the technique developed in [15] to give a family of
nonlinear Ho, controllers for differential-algebraic sys-
tems.

Motivated by the work of [14][15], we consider the family
of controllers described by the following DAEs

Ef = F(f:al(e)va2(6) +C(7I))
+ G(€)(y — V(& a1(€), @2(€) + c(n)))
+  §1(€)e(n) + §2(€)d(n),
Eqn = a(ny—Y (£ a1(8), a2(€) + ¢(n))),
v = az(f)+c(n),



where £ and 7 are defined on some neighborhoods of the

origins in X and IR?, respectively. G(e) satisfies (12).
a(e,e) and c(e) are smooth functions with a(0,0) = 0
and c(0) = 0. gi(e), g2(*) and d(e) are C* functions
(k > 1). Eq is a constant matrix, and, in general, is
singular. The functions a(e, ), c(e), §1(e), G2(e), d(e),
and the matrix Eqg are to-be-determined variables such
that the closed-loop system (6) -(13) is dissipative with
respect to the supply rate v2||w||? — }|z||?, and is locally
asymptotically stable with index one.

Observe first that the DAEs describing the closed-loop
system (6)-(13) can be put in the form

E.x, = Fa(xaa w)1
z = Z(x,w, a(€)+c(n),
A EFE 0 0 A
where x, = col[x,£,7, E,= | 0 E 0 |, x, =
0 0 Eg
colfx, £, n] and
N F(x, w, aa(€) + (n))
Fo= | F(&n)+ G)Y(x,w, az(€) + c(n)) + 1 (€)c(n) + §2(£)d(n) |-
a(n, Y (x,w, az(£) + c(n)) = Y(& a1(€), a2(£) + ¢(n)))

In the above equation,

F(¢,n) 2 F(§, aa(x), aa(€)+c(n))~C(E)Y (£, 01 (€), ca(€)+e(n)).

Consider a Hamiltonian function J : IR?"T¢ x IR?*H4 x
IR"™ — IR defined as follows.

J(Xa,Pa, w) = pZF.,(xa, w) .
w — oz(x) w — az(X)
* [ aa(€) + efn) - a(x) ] R(x) [ aa(€) + cln) — ax(x) |
(14)
It is easy to check that

(62‘](xdipal w)

w2 = 2(1~€1)(D{1D11—72I),

> (xamu‘w)=(0y0,0)

which is negative definite by Al. Then, by the Implicit
Function Theorem, there exists a unique smooth func-
tion W(Xg, pa), defined on a neighborhood of the origin,
satisfying

(6J(xa.1 Pa, w)

=0, @(0,0)=0.
dw )w:‘lﬁ(x.,p“)

Lemma 9 Consider (6) and (13). Suppose assumption-
s A1-A4 are satisfied. Suppose hypotheses H1 of Lemma
6 and H2 of Theorem 8 hold. Furthermore, suppose that
the following hypothesis also holds.

H3: there exists a smooth function M(x,), locally
defined on a neighborhood of the origin in IR*™*¢,
vanishing at x, = col[Ex, Fx,0] and positive else-
aM(Xa) =  MT(x.)E. with

where which satisfies s
-

M,{‘a (xa)Es = ET Mx,(x,), and is such that the func-
tion Y3(x,) = J(xq, M(xa),ﬁ:(xu,M(xa))) vanishes at
X, = col[x, x, 0] and is negative elsewhere

Then the family of controllers (13) with E = E solves
the Ho output feedback control problem. (m]

The previous lemma gives a general form of the out-
put feedback controllers. However, it does not explicitly
specify how we can choose the free system parameters
Eq, a(e, ) and c(e) to meet the hypothesis in Lemma
9. In the sequel, we give a way to meet the condition in
Lemma 9, and in the mean time, to reduce the number
of independent variables.

Consider the following DAE.

Eqr = a(n, o). (15)
If there exists a smooth function L(n), locally defined on

a neighborhood of = 0, which vanishes at Egn =0, is
positive elsewhere, and satisfies that 3%5}12 = L(n)TEq
with ESL,(n) = L,(n)T Eg, such that

L7a(n,e) <0,

then we can conclude from Theorem 4 that DAE (15) is
locally asymptotically stable and has index one. Hence-
forth, if some further hypotheses are imposed in the
above inequality, the condition in Lemma 9 can be met.
This is summarized in the following theorem.

Theorem 10 Consider (6) and (13). Suppose assump-
tions Al-A4 are salisfied. Suppose hypotheses H1 of

Lemma 6 end H2 of Theorem 8 hold. Suppose also that
the following hypothesis holds.

H4: There exists a smooth function L(n) defined as
above such that the function

nmw:ﬁwwmmwmﬁi%rmmh%}

at w = wt(n), viewed as a function of 7, is negative def-
inite near n = 0, and its Hessian matrix is nonsingular
at n = 0. The function w*(n) is defined on a neigh-
borhood of n = 0, which satisfies (gy—‘a(;’%"l)w=w+(n) =0
with w*(0) = 0 (This function exists, for R(0) is non-
singular).

Then, if §i(®) and §a(e) satisfy

Qx)gr(x) = Q(x)(FE(x,0,0) — G(x)5L(x, 0,0))

= o,
+26% (x,0,0)r12(x) ~ 2(1 + €2)ad (x)raa(x)
and

Q(x)ga(x) = =Y T (x, c1(x) + B(x,0,0),0)
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respectively, where
B(x,&m) = d(xa, [ Q(x—€) -Q(x—¢) I(n)])

, the family of controllers (13) with d(n) 2 L(n) solves
the Hoo output feedback conirol problem. u]

5 Converse Result - A Necessary Condition

In this section, we give necessary conditions for a stor-
age function to exist in terms of two Hamilton-Jacobi
inequalities.

Suppose that the M, control problem is solved by the
output feedback controller I' which has the following
representation

E¢ ®(¢, v),

w = 6 (1e)
and let U be a smooth function satisfying
— 177 7 F(X, ,@(5 )
Wi(x,t,w) = [Ux U€] [ ®(¢, Y(;U) w, @)(5))
+1Z(x, w, OE)IP —y*||lwl* < 0
(17)

for all (x, €, w) in a neighborhood of (0, 0, 0). We make
the following assumption.

(AB) Ug(x,€) = 0 if and only if ¢ {(x) for
some smooth function £ with £(0) = 0. Furthermore,

ﬁ“ (x, €)le=¢(x) is nonsingular.

Define V(x) £ 5(x, £(x)). We have the following re-
sult.

Theorem 11 Consider system (6) and suppose as-
sumptions A1-Ab hold. Suppose that the Ho control
problem is solved by the oulput feedback controller (16).
Suppose that there exists a smooth function U(x, £),
which vanishes at E*x® = 0 and positive elsewhere with
ETUx. = UL.E*, satisfying (10) for all (x, £, w) in a
neighborhood of (0, 0, 0). Then the Hamilton - Jacobi
inequalities Y1(x) < 0 and

Kqy(x, P(x),w" (2, P(x)), 4" (x, P(x))) < 0
have solutions V(x) and, respectively, P(x) (with & =

PTE) given by V(x) U(x, £(x)) > 0 and, respec-

tively, P(x) = U(x,0) > 0. Furthermore, Q(x) 2
P(x) - V(x) > 0. O
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