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The Mixed-Mode Fracture
Analysis of Multiple Embedded
Cracks in a Semi-Infinite Plane by
an Analytical Alternating Method
An efficient analytical alternating method is developed in this paper to evaluate
mixed-mode stress intensity factors of embedded multiple cracks in a semi-infinite
Analytical solutions of a semi-infinite plane subjected to a point force applied on
boundary, and a finite crack in an infinite plane subjected to a pair of point forces app
on the crack faces are referred to as fundamental solutions. The Gauss integrations
on these point load fundamental solutions can precisely simulate the conditions of
trarily distributed loads. By using these fundamental solutions in conjunction with
analytical alternating technique, the mixed-mode stress intensity factors of embe
multiple cracks in a semi-infinite plane are evaluated. The numerical results of s
reduced problems are compared with available results in the literature and exce
agreements are obtained.@DOI: 10.1115/1.1493204#
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Introduction
The in-plane elasticity problems of a system of cracks emb

ded in a semi-infinite plane with a free boundary present a p
ticular interest in engineering applications, and have drawn
attention of researchers in elasticity long ago. Among the pu
cations concerning crack problems, the handbook of Murak
@1# provided many results of stress intensity factor~S.I.F.! for
edge cracks as well as an internal normal crack and a row
internal cracks in a semi-infinite plane under uniform tensi
Dowell and Hills @2# computed the S.I.F. of an inclined intern
crack in a semi-infinite plane by distributed edge dislocatio
Qian and Hasebe@3# analyzed an oblique edge crack and an
ternal crack in a semi-infinite plane subjected to concentra
forces. They calculated the S.I.F. by superposition of two fun
mental solutions; one is the half-plane with an edge crack s
jected to concentrated forces; the other is the half-plane with
edge crack subjected to distributed dislocations on the line of
internal crack. Ioakimidis and Theocaris@4# attempted to dea
with a half-plane with arbitrarily distributed multiple curvilinea
cracks. They applied the complex variable technique to obta
series of complex singular integral equations and only numer
results for a single curvilinear edge crack or a single internal cr
were presented in the paper for the reason of difficulty in num
cal computation. Hu and Chanda@5# analyzed the interaction
between a crack and rigid lines in a half-plane. An integral eq
tion approach based on the fundamental solutions due to p
loads and point dislocations in a half-plane is utilized to evalu
the S.I.F. of the crack. The purpose of this work is to develop
accurate and efficient method to analyze the S.I.F. of arbitra
distributed multiple cracks in a semi-infinite plane.

In the analysis of elastic fracture problem, the analytical me
ods are available only for simple problems with special bound
conditions. Finite element method~FEM! is a powerful numerical
technique for fracture analysis, but the accuracy of the soluti
computed by FEM is largely mesh-dependent. The Schwa
Neumann alternating technique@6# caught the highlight to over-
come the shortcomings of FEM in dealing with multiple cra

Contributed by the Pressure Vessels and Piping Division for publication in
JOURNAL OF PRESSUREVESSEL TECHNOLOGY. Manuscript received by the PVP
Division, May 17, 2001; revised manuscript received April 15, 2002. Associate E
tor: S. Rahman.
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problems. Essentially, the alternating method is a linear supe
sition method. The complicated solution of a crack in a finite bo
can be obtained by iterating between the solution for the noncr
body and the solution for an infinite body with a crack~or cracks!.
Various methods used to solve the sub-problems of noncrack b
lead to various characteristics of Schwartz-Neumann alterna
methods.

The analytical alternating methods utilized analytical solutio
for the noncrack configuration, as well as for cracks in an infin
plane. Early application of analytical alternating method involv
solving the edge crack problem in a semi-infinite plane@7#, and
surface crack in 3-D body@8#. The method was used later b
O’Douoghue et al.@9# to solve multiple embedded elliptica
cracks in an infinite body. Zhang and Hasebe@10# studied the
interactions between rectilinear and circumferential crack in
infinite domain. The finite element alternating method~FEAM!
@11–13# and boundary element alternating method~BEAM!
@14,15# extended the utilizable ability of the alternating techniq
to complicated cracked geometries. In the absence of cracks, F
or BEM can easily obtain the numerical solution of the noncra
finite body with a coarser mesh.

In this study, we consider the elastic fracture problem fo
semi-finite plane with multiple arbitrarily located cracks subject
to distributed loads on the boundary or to a remote tension.
analytical closed-form solutions of a half-plane and a finite cra
in an infinite body are used as the fundamental solutions.
efficient procedure is developed to alternate between these
fundamental solutions. The mixed-mode S.I.F. is computed
analytical alternating method, and the interactive effect of cra
tips and boundary are discussed. The numerical results obta
by the proposed technique are first verified by comparison w
existing solutions for an infinite plane with two parallel crac
@16–19#, or two inclined cracks@20#. The problem of a semi-
infinite plane with an internal inclined crack@2# is considered
next, and excellent agreements are obtained. Finally, the inte
tion effects between two inclined cracks and the boundary of
semi-infinite plane are shown and discussed in detail. The p
posed methodology in this study is proved to be simple, accur
and stable to evaluate the stress intensity factor for complex c
problems.
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Analytical Fundamental Solutions
In the literature of Schwartz-Neumann alternating method, v

ous types of analytical solutions have been used to analyze d
ent problems. Polynomial and Chebyshev polynomial distri
tions have been mostly employed to simulate continuou
distributed loads. For discontinuously distributed loads, the p
loads or piecewise distributed loads could more precisely desc
the large variation of the crack surface loads in the limiting c
of two cracks close to one another. For simplicity and versatil
all the analytical solutions presented in this section are point l
solutions.

A Finite Crack in an Infinite Plane Subjected to a Pair of
Point Forces on the Crack Faces. Figure 1 shows an infinite
plane containing a finite crack lying along thex-axis. The center
of the crack is located at the origin, and the crack length isa.
The crack face is subjected to a pair of point forcesp or q at x
5b. From the well-known complex variable method, the comp
stress functions are found as

F ZI

ZII
G5 1

p
Fp
qG Aa22b2

~z2b!Az22a2
(1)

FZI8

ZII8
G5

2Aa22b2

p
Fp
qG•S z

~z2b!~z22a2!3/21
1

~z2b!~z22a2!1/2D
(2)

wherez5x1 iy . The stress intensity factors are

F K I

K II
G5Fp

qG 1

Apa
Aa1b

a2b
(3)

The full field stress distributions for the mode I and II problem
can be expressed as follows:
~i! Mode I stress field

sxx5ReZI2y Im ZI8

5
p

p
Aa22b2~r 1r 2!21/2r 3

21 cosS u11u2

2
1u3D

2
yp

p
Aa22b2F r 0~r 1r 2!23/2r 3

21

3sinS 2u01
3~u11u2!

2
1u3D

1~r 1r 2!21/2r 3
22 sinS u11u2

2
12u3D G (4a)

syy5ReZI1y Im ZI8

5
p

p
Aa22b2~r 1r 2!21/2r 3

21 cosS u11u2

2
1u3D

1
yp

p
Aa22b2F r 0~r 1r 2!23/2r 3

21

3sinS 2u01
3~u11u2!

2
1u3D

1~r 1r 2!21/2r 3
22 sinS u11u2

2
12u3D G (4b)

txy52y ReZI8

5
yp

p
Aa22b2F r 0~r 1r 2!23/2r 3

21 cosS 2u01
3~u11u2!

2
1u3D

1~r 1r 2!21/2r 3
22 cosS u11u2

2
12u3D G (4c)
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~ii ! Mode II stress field

sxx52 Im ZII 1y ReZII8

5
22q

p
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2
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txy5ReZII 2y Im ZII8

5
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p
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yq
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21
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1u3D

1~r 1r 2!21/2r 3
22 sinS u11u2

2
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in which

r 05uzu, u05tan21S y

xD
r 15uz2au, u15tan21S y

x2aD
r 25uz1au, u25tan21S y

x1aD
r 35uz2bu, u35tan21S y

x2bD
If the crack face is subjected to an arbitrary distribution

normal tractionp(j), the stress field can be evaluated by integr
ing Eq. ~4! over the crack length. Similarly, the solution of a
arbitrary distribution of shear tractionq(j) can be achieved by
integrating Eq.~5! with respect to the crack length.

Fig. 1 A finite crack in an infinite plane subjected to point
loads
NOVEMBER 2002, Vol. 124 Õ 447
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Semi-Infinite Plane Subjected to Point Forces on the Bound-
ary. Consider a concentrated vertical force with magnitudep
acting on the horizontal boundary of a semi-infinite plane
shown in Fig. 2. The distribution of the load along the thickness
the plate is uniform, andp is the load per unit thickness. Th
solution is given by Timoshenko and Goodier@21#. The stress
field expressed in polar coordinate is

s rr 52
2p

pr
sinu (6a)

suu50 (6b)

t ru50 (6c)

and the solution in rectangular coordinate can be expressed

sxx52
2p

pr
sinu cos2 u (7a)

syy52
2p

pr
sin3 u (7b)

txy52
2p

pr
sin2 u cosu (7c)

A similar solution can be obtained for the case of a horizon
force q applied on the boundary of the semi-infinite plane. T
stress field in polar coordinate is given as

s rr 52
2q

pr
cosu (8a)

Fig. 2 Semi-infinite plane subjected to point forces applied on
the boundary
448 Õ Vol. 124, NOVEMBER 2002
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suu50 (8b)

t ru50 (8c)

and the solution in rectangular coordinate can be expressed

sxx52
2q

pr
cos3 u (9a)

syy52
2q

pr
sin2 u cosu (9b)

txy52
2q

pr
sinu cos2 u (9c)

For the case of arbitrarily distributed loads, the solution can
obtained by integration, using the solution for point force as p
sented in~6!–~9!.

Analytical Alternating Method for Multiple Cracks in a
Semi-Infinite Plane

In this section, an analytical alternating method will be pr
posed to analyze the S.I.F. of a semi-infinite plane with multi
cracks. In order to illustrate the alternating procedure, a frac
problem is considered as shown in Fig. 3~a! in which an arbi-
trarily distributed loading is applied on the boundary of a sem
infinite plane withn finite cracks. The iteration of superpositio
can be divided into two parts.

„I … External Alternating Procedure

~a! Solve the noncrack semi-infinite plane under given loa
Tb

(0) as shown in Fig. 3~b! by integration using the solution give
by Eqs. ~7! and ~9!. Evaluate the stress distribution (f ci

(1) ,i
51,2, . . . ,n) in the noncrack body at the crack surfaces of t
fictitious cracks. To satisfy the traction-free condition on the cra
faces, the sub-problem of Fig. 3~c! which is subjected to residua
stressf ci

(1) at the crack faces, should be superposed.
~b! The sub-problem Fig. 3~c! could be further split into two

sub-problems as indicated in Figs. 3~d! and~e!. Figure 3~d! shows
an infinite plane with multiple cracks and subjected to the sa
traction f ci

(1) on the crack faces as shown in Fig. 3~c!. Evaluation
Fig. 3 The external alternating procedure of a semi-infinite plane with multiple cracks
Transactions of the ASME
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Fig. 4 The internal alternating procedure of the infinite plate with multiple cracks
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of the residual stressTb
(1) on the virtual boundary as the origina

plane by the internal alternating procedure will be described la
The residual boundary stress could be superposed reverse
Fig. 3~e!. The problem indicated in Fig. 3~e! is similar to that
shown in Fig. 3~a!, and the procedure will be iterated.

~c! After several cycles of iteration, the residual tractionf ci
(k) on

the crack faces of thekth cycle of iteration approaches zero; the
the solution of Fig. 3~a! could be obtained by the superposition
Figs. 3~b! and ~d! for k times successively. The S.I.F. of multip
cracks for the original problem as shown in Fig. 3~a! could be
evaluated by considering the problem of an infinite plane w
multiple cracks subjected to the crack face loads

fci5(
j51

k

fci
~ j! , i51,2, . . . ,n (10)

~d! The convergence criterion in this paper is taken as

f ci
~k11!2 f ci

~k!

f ci
~k! ,1025, i 51;n (11)

„II … Internal Alternating Procedure. In the iteration pro-
cedure, the solution of an infinite plate with multiple cracks
shown in Fig. 3~d! can be constructed by the procedure indica
in Fig. 4, in which f ci

(k) in Fig. 4~a! is the traction of thei th crack
in thekth external alternating procedure. The solution of Fig. 4~a!
could be obtained by the following internal procedures:

~a! Consider an infinite plate containing a single crackj, the
crack face is subjected to the tractionf c j

(k) , and evaluates
the tractionf ci j

(k) on the fictitious cracki.
~b! Superpose the solutions of the problems with single cra

j ( j 51;n), and the residual stress of cracki for the first
cycle of internal iteration becomes

gci
~1!5(

j51
jÞi

n

fcij
~k! (12)

For thel th cycle of the internal iteration, we have

gci
~l!5(

j51
jÞi

n

gcij
~l21! , l52,3, . . . (13)

~c! After several cycles of iteration, the residual stressgci
( l ) ap-

proaches zero, the solution for the loading of Fig. 4~a!
urnal of Pressure Vessel Technology
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could be obtained by combining the solutions for the in
nite plate with a single crack subjected to the crack fa
loadsgci as

gci5fci
~k!1(

l51

`

gci
~l! (14)

~d! The convergence criterion is taken as
gci

~l11!2gci
~l!

gci
~l! ,1025, i 51;n (15)

Numerical Results and Discussions
To examine the validity of the proposed analytical alternat

method, several configurations of cracked bodies and app
loads are analyzed. First, the results of two cracks in an infi
plane are checked with the existing solutions. Next, an inclin
crack near the boundary of a semi-infinite plane is considered
excellent agreement is found when compared with the result
tained from the literature. Finally, the problem of two incline
cracks in a semi-infinite plane is considered to examine the in
active effects between the cracks and the external boundary.

For the determination of the S.I.F. of cracks subjected to d
tributed loads, conventional Gauss’s integration cannot give su
cient accuracy due to the existence of singular terms in the i
gration formula. Consider, for example, a crack in an infin
plane subjected to a distributed normal loadf (j) on the crack
face. Then the mode I S.I.F. of the right-hand crack tip could
determined by the following equation:

KI5E
2a

a

f ~j!
1

Apa
Aa1j

a2j
dj (16)

If we consider a uniformly distributed load (f (j)51,2a,j
,a), 120 integral points are distributed over the crack face~five
sections, with 24 Gauss integral points per section! to evaluate the
S.I.F. Since a square root singularity will appear in the integrati
we find that about 1% numerical error will be induced if com
pared with the analytical result (Apa). Now, we change the vari-
able by using

u5Aa2j

2
, 2a,j,a, 0,u,Aa (17)
NOVEMBER 2002, Vol. 124 Õ 449
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Fig. 5 Two parallel cracks in an infinite plane subjected to a
remote tension load

Fig. 6 Comparison of normalized mode I S.I.F. of crack tip A
for two parallel cracks in an infinite plane

Table 1 Normalized S.I.F. of crack tips A and B for two collin-
ear cracks in an infinite plane „hÄ0…

Table 2 The normalized S.I.F. for two overlapping parallel
cracks in an infinite plane „cÄ0…
450 Õ Vol. 124, NOVEMBER 2002
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Then the S.I.F. can be accurately evaluated by the follow
expression:

KI5
4

Apa
E

0

Aa

p~a22u2!•Aa2u2du (18)

The error in numerical result is less than 1024%, and the accuracy
of the solution is vastly improved.

Fig. 7 Comparison of normalized mode I S.I.F. of crack tips A
and B for two inclined cracks in an infinite plane

Fig. 8 An inclined crack near the boundary of a semi-infinite
plane subjected to remote tension

Table 3 Comparisons of normalized mode I S.I.F. „FI… for a
normal crack „uÄ90 deg … near the boundary of a semi-infinite
plane
Transactions of the ASME
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Table 4 „a… Comparisons of normalized mode I S.I.F. „FI… for an inclined crack near the boundary of a semi-infinite plane. „b…
Comparisons of normalized mode II S.I.F. „FII… for an inclined crack near the boundary of a semi-infinite plane.
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Example 1: Two Cracks in an Infinite Plane

(a) Two Parallel Cracks in an Infinite Plane.Consider two
parallel cracks with equal crack length (2a) in an infinite plane
subjected to a remote tensions as shown in Fig. 5, the distanc
between the crack centers is 2d, the horizontal and vertical dis
tance are 2c and 2h, respectively. The normalized stress intens
factors of crack tips A and B are given as

F FI

FII
G5F KI

KII
G• 1

sApa
(19)

For the case of two collinear cracks (h50), the numerical re-
sults are compared with that obtained by Isida@16#. Excellent
agreements are found as shown in Table 1; the only distinct v
is symbolized by~* !. For the case of two overlapping parall
cracks (c50), the numerical results are shown in Table 2 and
compared with that obtained by Yokobori et al.@17#, and Kamei
and Yokobori@18#. Figure 6 shows the normalized mode I S.I.F.
crack tip A for two parallel cracks in an infinite plane for differe
values ofc/h. Excellent agreements are found when compa
with the solutions of Isida@19#.

Fig. 9 Two symmetrical inclined cracks near the boundary of
the semi-infinite plane
Journal of Pressure Vessel Technology
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Fig. 10 The normalized mode I S.I.F. of crack tips A and B for
two symmetrical inclined cracks near the boundary of a semi-
infinite plane
NOVEMBER 2002, Vol. 124 Õ 451
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(b) Two Inclined Crack in an Infinite Plane.Consider two
equally inclined cracks in an infinite plane subjected to a rem
tensile stresss, the inclined angle isu and the horizontal distanc
between the centers of two cracks is 2d. Figure 7 shows the
normalized mode I S.I.F. of crack tips A and B for different valu
of u. Again, excellent agreements are obtained with the soluti
of Rooke and Cartwright@20# who also analyzed the sam
problem.

Fig. 11 Two collinear inclined cracks near the boundary of a
semi-infinite plane
452 Õ Vol. 124, NOVEMBER 2002

aded 31 Oct 2008 to 140.112.113.225. Redistribution subject to ASME 
ote

s
ns

e

Example 2: A Crack Near the Boundary of a Semi-Infinite
Plane. Consider a finite inclined crack near the boundary o
semi-infinite plane, and subjected to a remote tensions as shown
in Fig. 8, the inclined angle isu and the vertical distance of th
center of the crack from the plane boundary ish. The normalized
stress intensity factors~FI and FII ! of crack tips A and B are
computed for different values of the vertical distances and
clined angle. The numerical results are compared with those
Nowell and Hills@2#, as indicated in Tables 3 and 4, in which th
values in brackets are taken from@2#, and distinct values are sym
bolized by~* !. Again, excellent agreements are obtained, and
accuracy of present method is established.

Example 3: Two Cracks Near the Boundary of a Semi-
Infinite Plane. From the results provided in the previous tw
examples, the validity and accuracy of the proposed analyt
alternating method and numerical scheme are established by
parison with available solutions in the published literature.
Fig. 12 The normalized S.I.F. for two collinear inclined cracks near the boundary of a semi-infinite plane „d 1 ÕaÄ0.5…
Transactions of the ASME
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Fig. 13 The normalized S.I.F. for two collinear inclined cracks near the boundary of a semi-infinite plane „d 2 ÕaÄ0.5…
t
c

0

e

i-

I
nt
2,
nally, the results for two finite cracks in a semi-infinite plane w
now be discussed in detail. An analysis of this problem does
seem to have been attempted before.

(a) Two Symmetrical Inclined Cracks Near the Boundary o
Semi-Infinite Plane. The problem of two symmetrically inclined
cracks near the boundary of a semi-infinite plane, as shown in
9, is considered; the crack length is 2a and the angle of inclina-
tion u. The horizontal distance between the centers of the
cracks is 2d, and the vertical distance of the centers of the cra
from the boundary ish. The normalized mode I S.I.F. of crack tip
A and B are computed for different values of the inclined ang
and for the special cased5a. The results are presented in Fig. 1
where the horizontal lines correspond toh tending to infinite,
which represents the case of two inclined cracks in an infin
plane. It is worth noting that the results will be strongly influenc
by the interactions between the cracks and the half-plane
h/a,3, and the results almost coincide with the solution of tw
inclined cracks in an infinite plane forh/a.10.
Journal of Pressure Vessel Technology
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(b) Two Collinear Cracks in a Semi-Infinite Plane.The case
of two collinear inclined cracks near the boundary of a sem
infinite plane is considered; the length of each crack is 2a, and the
inclined angle isu as shown in Fig. 11. The normalized modes
and II S.I.F. of crack tips A and B are first computed for differe
values ofu, usingd1 /a50.5. The results are presented in Fig. 1
where the horizontal lines represent the cased2→`, which is the

Fig. 14 Two radial cracks near the boundary of a semi-infinite
plane
NOVEMBER 2002, Vol. 124 Õ 453
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Fig. 15 The normalized S.I.F. of crack tips A and B for two radial cracks near the boundary of a semi-infinite plane
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solution for an inclined crack in a semi-infinite plane. Next, t
normalized modes I and II S.I.F. of crack tips A and B are co
puted for different values ofu, usingd2 /a50.5. The results are
presented in Fig. 13, where the horizontal lines indicate the c
d1→`, which is the solution for two collinear cracks in an infi
nite plane. It also follows from Figs. 12 and 13 that the influen
of the interaction of cracks~or boundary! on S.I.F. will be small
for d2 /a.10 ~or d1 /a.10!.

(c) Two Radial Cracks in a Semi-Infinite Plane.The prob-
lem of two radial cracks near the boundary of a semi-infin
plane, as shown in Fig. 14, is considered; the radial distanced
and the orientation angles areu1 and u2 . The inclination of the
first crack is kept at a constant angle of 30 deg, while that of
second crack is varied from 60–150 deg. The normalized mod
and II S.I.F. for each crack tip versus the ratio ofd/a with differ-
ent orientation angles for the second crack are shown in Figs
and 16. The cases of two radial cracks in an infinite plane un
the same loading condition are also plotted for referen
454 Õ Vol. 124, NOVEMBER 2002
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We can see that the effect of the boundary strongly influences
result of S.I.F., especially for the crack tips A and B. It may
noted that as the value ofd/a increases, the results of the sem
infinite plane and infinite plane should coincide. The maximu
difference between the cases of semi-infinite plane and infi
plane is found to be about 3% ford/a510, decreasing to abou
0.8% ford/a520.

(d) A Main Crack and a Collinear Microcrack in a Sem
Infinite Plane. In order to verify the results and the numeric
procedure provided in this paper for the interaction of cracks i
semi-infinite plane. The interaction between a main crack an
collinear microcrack in a semi-infinite plane is investigated a
the geometrical configuration is shown in Fig. 17~a!. The length
of the main crack is 2a and the microcrack is 2b. The vertical
distance of the center of the main crack from the plane bound
is h and the distance between the center of microcrack and ti
of the main crack isd. Rose@22# and Lam et al.@23# considered
the problem of a semi-infinite edge crack and a collinear mic
Transactions of the ASME
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Fig. 16 The normalized S.I.F. of crack tips C and D for two radial cracks near the boundary of a semi-infinite plane
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and
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the
crack in a semi-infinite plane subjected to a remote tensions as
shown in Fig. 17~b!. An exact solution of the stress intensity fa
tor for the main crack was obtained by Rose@22# in terms of the
complete elliptic integrals. Lam et al.@23# used distributions of
edge dislocations to represent the main crack and the microc
and solved a singular integral equation by an numerical sche
In order to simulate the problem studied by Rose@22# and Lam
et al.@23#, we consider the critical case that the length of the m

Fig. 17 A main crack and a collinear microcrack in a semi-
infinite plane— „a… present, „b… Rose †22‡
Journal of Pressure Vessel Technology
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-

rack
me.

in

crack is much larger than the microcrack (b/a50.01) and the tip
A of the main crack is very close to the semi-infinite plane (h/a
51.01). The normalized mode I S.I.F. (KI /sApa) of crack tip B
of the main crack are computed for different values ofd/b and the
result is shown in Table 5. The value ofKI* /sApa is the normal-
ized S.I.F. of crack tip B without microcrack which is alread
analyzed in Example 2 and is indicated in the first line of Table
The values ofKI /KI* represent the effect of the stress amplific
tion due to the microcrack are compared to the results obtaine
Rose@22# and Lam et al.@23#. It is shown in Table 5 that good
agreement is achieved between the results of present method
available literatures and the accuracy obtained by present me
is better than that provided by Lam et al.@23#.

Conclusion
By using the analytical forms of the fundamental solutions

half-plane and crack, an analytical alternating method is propo
to investigate the in-plane fracture problem of a semi-infin
plane with multiple cracks. An efficient and accurate Gauss’s
tegration method has been successfully developed to analyze
NOVEMBER 2002, Vol. 124 Õ 455
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Downlo
mixed-mode stress intensity factors of a semi-infinite plane w
arbitrarily located multiple cracks. The numerical results of tw
cracks in an infinite plane and an inclined crack in a semi-infin
plane are shown to be consistent with the solutions obtained in
literature. In the analysis of multiple cracks in a semi-infin
plane, the interaction between the cracks and the boundary o
semi-infinite plane is investigated, and the results are fu
discussed.

The fracture analysis of a cracked body with a single cra
has been discussed in many papers. However, due to the com
ity of the problem for arbitrarily distributed multiple cracks
the available results are very few in the literature. It is impossi
to obtain the analytic solutions for the multiple cracks proble
and is also very difficult to obtain sufficiently accurate resu
by purely numerical calculations. The analytical alternati
method proposed in this study is found to be a simple and accu
technique for the computation of S.I.F. for the multiple crac
problem.

Acknowledgments

The financial support of the authors from the National Scie
Council, Republic of China, through Grant NSC 87-2218-E00
022 to National Taiwan University is gratefully acknowledged.

Table 5 Comparison of the S.I.F. „K I ÕK I* … at the tip of the main
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