904 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 3, MARCH 1999

A Refined Fast 2-D Discrete Cosine Transform Algorithm Where

f2i+1,2j+1

Yuh-Ming Huang and Ja-Ling Wu 0<i,j<N/2-1

foig1,an—25—2
0<i<N/2-1,N/2<j<N-1

T (22)
Abstract—n this correspondence, an index permutation-based fast two- fz‘\’jz“zﬁ?ﬁl . ) o
dimensional discrete cosine transform (2-D DCT) algorithm is presented. N2<i<N-1,0<j<N/2-1
It is shown that the N x N 2-D DCT, where N = 2™, can be computed fan—2i2,28 252
using only N 1-D DCT'’s and some post additions. N/2<i,j<N-—1.
Index Terms—Discrete cosine transform, fast algorithms, index per- Based on the idea of [7], let
mutation. ’
== (4i 4 3)m + (45 + 3)n
A n = Z Z X, cos 2! E J .
|. INTRODUCTION i=0 j=0 2N
The DCT is widely used in many digital signal processing ap- 0<M<IN-1,0<n<N-1 (3.2)
plications. Fast algorithms have been reported in the literature (i.gnd
[1]-[6]). _A_mong those algorlthms, [5_] and [6] are belle_vt_ed _tq be the N—1 N—1 i (47 + 3)m — (4] + 3)n
most efficient 2-D DCT algorithms in the sense of minimizing any B, .= Z X, ; cos N ™
measure of computational complexity. i=0 ;=0 :
Recently, Cho and Lee [7] have proposed a fast and modular DCT 0<m<N-1,0<n<N-1. (3.2)

algorithm in which an § x N)-point 2-D DCT could be obtained

by computingN' x N-point 1-D DCT’s andlog, N + 1 butterfly ~1"€n

stages. In a later work [8], they also provide regular expressions for Yinin = (Am.n + Bn.n)/2. @)
the input—output relations of the post-addition stages. However, the ’ ’ ’

number of required additions increases at the expense of improvingince4; + 3 and N are coprime to each other, i.€47 + 3, Ny

the regularity in the structure. = 1, the permutatior{4; + 3)i + j modulo N maps all values of.
Based on the idea of [7], in this correspondence, an indext ¢;; be the quotient of4j + 3)i + j divided by N. Hence, the
permutation-based fast 2-D DCT algorithm is proposed. kernels of the 2-D transforms in (3.1) and (3.2) can be rewritten as
1-D DCT'’s by replacing with (45 + 3)i + j — N¢;;. That is
N—-1 N—-1
Il. THE REFINED FAST ALGORITHM FOR COMPUTING THE 2-D DCT A _ Z X orn o
. . m,n = A{(Aj+3)i+i) N g
For a given input data sequengg;, 0 < i < N—-1,0<j < i=0 j=0
N — 1, the denormalized 2-D DCT can be expressed as [1] (45 +3)((4i+ 1)m +n) — 4Ng;;m
« COS - m
2N
N—-1 [N-1
N—-1 N—-1 -
- _ o (Qi + 1)777/7T . (2} + 1)717’1’ = Z AX<(4J’+3)L'+J’>N,]'
Fre = ; ;o Fijcos TN S TN = Li=o
0<m<N-1,0<n<N-1. (1) (47 +3)((4i+1)m+n)
= COS ™
2N
. . 0<m<N-1,0<n<N-1 5.1
After some permutation of the input data sequence [2], (1) can be -~ -~ G-
written as and
N—1 N-—1
B, w = > Xiajrsyitin s
N—1 N—-1 . . i=0 j5=0
. . (4i + 3)mw (47 + 3)nw 7= )
Yin,n = Y Z Xi,j cos 5N o8 (45 +3)((4i 4+ 1)m — n) — 4Ngi;m
=0 =0 ‘ : T eos 2N T
0<m<N-1,0<n<N-1 (2.1) N—1 [N—1
= > Xi@its)itnn. i
i=0 Lj=0
474+ 3)((4i 4+ 1)m —
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N distinct data sets of siz&, thatis,{(X, ;, 0<j < N—-1),0< 1,

s > Yoo
i < N — 1}, and the equations o] \ / -
N—1 . . . 1-D
- 47 +3)(4di+1)m+n fp | N
Z X, j cos )((QN ) T (6.1) . DCT > Yy
=0 »— > Yo
and
N—-1 (4 +3)( (4+1) Fa | 2 Y2
Z X, j cos J 7V m —n) T 6.2)  Fy ] 122 Yo
J=0 Fz | 1-D Y20
: 5 DCT N N 2
correspond to one of the 1-D DCT's of the data sequekgg or  F, _ | > > Yu
equal to zero with respect ta andn. That is, by defining
12
N Fyo | > >
4543 I Y
hzl = Z AX i,7 % m (7) Fy | 12 Y
2] . 1-D , 2
12 ]
we can see that (6.1) and (6.2) correspond to one-lofi or —hi; . DCT Yai
for somel =0, 1, ---, N — 1 or equal to zero. Besides, through an i J Yao
index permutation, (7) can be implemented by a 1-D DCT as . 1y
10— 1
N-1 . 12
o (2j + 1)1 Fy | ‘ Y
hi = Z Xi,j cos T’T 81) FBI 1-D 172 Yu
J=0 02 — | > 13
DCT
where Fy ] X@ s Yo
N X, - j: odd
X ==bu-nr2 J 8.2
i {XLN,I,]»/Z j: even. (82) *
Hence, for the computation of iV x N )-point 2-D DCT, only a a+b
the computation ofV x N-point 1-D DCT’s and some post-additions
are required. b a-b
Next, we will show that the post-addition stages can be imple-
mented by a butterfly-like structure. Since Fig. 1. Signal flow graph for 4« 4 DCT.
4] +3)((4(i 4+ N/2) + 1)m + n)
0
2N and
4 3)((4e 41
— %+ cos 45 +3)(( l;— )Nz-l-n) 9.1) o (4],_1_3)((4(17_1_47\7/4)_1_1),m_,n)T
and . ' ZN l
con (4 +3) (4G + N/2) + Dym — ) _ = 4cos HFIWiT ym =) (11.2)
SO _JV ] 21\;
4. (4J +3)((4i+ 1)ym — n) 9.2) Y., » can be written as in (12), shown at the bottom of the page,
2N ' wherek = 0,1, -+, N/4 — 1.

Hence,Y.., . can be expressed as in (10), shown at the bottom of For example, |fV = 4, by (12), we have
the page. Leﬂ(Z J+X(,+N/2) ;=Ri;, X X(7+\/2) i =58

For m even, since Yo :% 3 {(Fo,j _ ﬁ1,j)<cos (45 + i),\(?—i— n)
os (47 +3)((4G+ N/4) 4+ L)ym + n) - j=0 s
2N Y
. ; (47 +3)(2—n)
4 L+ n 08— 7 . 13
~ teos (4]+3)((422\(—!-1)m+n)7T (11.1) + cos SN ™ (13)
4
e (47 4+ 3)((di+ 1)m +n) (47 +3)((44 4+ 1)m — n)
3 Z Z (Xij + X(irny2), )| cos 5N =7 + cos 5N T for m even
4 4
Y, — 1=0 ;=0
m, n N/2— 1[\7 1 L. . . L s _
% {(Yw Xnrm ) <ms (45 + 3)((4;;5 Dmtn) o4+ 3)((4‘121; 1)m —n) T)} for m odd
B N 4 4
1=0 =0
(10)
1= (4543)((4i+1)m+n) (4543)((4i+1)m—n)
. Z Z {(R i+ Rosna, J)<COS J QzV mAn) s 4 21\7 ym—n w)},for = 2(2k)
Y, =
m, n \/%11\_1 - ) 3
% Z Z {(R, - R(t+1\/4) )<COS (4]-1-))((“211\—!—1)771 +n) os (4]-1--))((421711;1)771, n) W)},for m = 2(2k+1)
4 4 e
12)
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For m odd, let P ;/ v/ \§ ...... L
N-1 P BT N, 1
ki = Z S, ; cos _U;,; )t . (14) (b)
. =0 Fig. 2. (Continued) Signal flow graph for 8<x 8 DCT. (b) Second, third,
Since and fourth stages of the post-addition stages {fds even).
cos (47 +3)((4G + N/4) + L)m + n) -
2N
. 4+ (4 +1)m 4 n
= oin W F )((2,\—1— Jmrn) . (15.1) 5, 0<r s <N, V., . can be written as shown in (17), shown at
and ) @e bottom of the page, whete=0, 1, ---, N/4—1, andG,, and
; H,; are, respectively, equal t&tk;. and t+k;,.
cos (47 +3)((4 Z+2\N/4 +m = n) ™ For example, ifN = 4, » = 3, ands = 1, by (17), we have
L (W EN(Ei+)m —n)
= *sin 2N i (15.2) Y32 = %{( kos + ki1) + (ko1 + ki3)}.
However
B Cs) L C 3)(YN -0 (16) As aresult, the computation of &V x V)-point 2-D DCT can be

2N 2N achieved by recursively applying the above decompositions [(12) and
that is, the 1-D discrete sine transform can be directly computéti7)]. The signal flow graphs for a 4 4 and an 8x 8 DCT are
from the 1-D discrete cosine transform. Therefore, for semend shown in Figs. 1 and 2, respectively.

N/4—1
1
Z {(Gu - G(z+’\/4)(V 7)) + (th + H(1+ N/4)(N— s))} fOI’ m = 2(2]‘-) + 1
Yiun = I i 17)
B Z { (Gir + @(zﬁw/q)(w—r)) + (H;s — ﬁ(z+w/4)(l\r—s))} form=202k+1)+1
1=0
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Fig. 2. (Continued) Signal flow graph for 8x 8 DCT. (c) Second, third,
and fourth stages of the post-addition stages f(fas odd).

IIl. COMPLEXITY ANALYSIS OF THE POST-ADDITION STAGES

For the post-addition stages, lét(V) and B(N), respectively,
denote the number of all required additions and the number
additions required in the final stage, anddgtV) denote the number
of nodes that do not require butterfly computations in the figst N
stages. From (13) and (16), we hatg4) = 2 and C(N) =
C(N/2) + N/2 for N > 8, and B(N) = N? — 2N. Therefore,
A(N) = N?log, N=C(N)+B(N) = N*(1+log, N)—3N+2.

IV. CONCLUSIONS

907

in the proposed algorithm, which may improve the regularity of the
structure, is currently under investigation.
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An Effective Memory Addressing
Scheme for FFT Processors

Yutai Ma

Abstract—The memory organization of FFT processors is considered.
The new memory addressing assignment allows simultaneous access to all
the data needed for butterfly calculations. The advantage of this memory
addressing scheme lies in the fact that it reduces the delay of address
generation nearly by half compared to existing ones.

I. INTRODUCTION

Many high-speed FFT processors have been obtained by imple-
menting the fast Fourier transform in pipelined digital hardware with
a butterfly calculation unit, two-port data memory, ROM for storing
twiddle factors, and memory addressing controller integrated on a
chip. It is possible to use an in-place strategy that stores butterfly
outputs in those memory locations used by the inputs to the same
butterfly. The in-place strategy requires only a minimum amount of
®lemory. For this reason, only the in-place radix-2 decimation-in-time
version of the fast Fourier transform is considered here.

If the butterfly unit has parallel inputs and outputs, then the two
butterfly inputs will be accessed in the memory, and two butterfly
outputs will be written back to the same memory in each cycle. In
order to avoid this memory bottleneck, the two-port memory module
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