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The structura reliability analysis is
formulated based on two fundamental
assumptions: (1) the state of the structure is
defined in the outcome space of a vector of
basic random variables, V; (2) the structure
can be in one of two states, the safe state or
the failure state. The state of the structure is
determined by the value of a limit-state

function 9Y)  which is formulated such
that when 9(M) >0 the structure is safe, and



when 9MV)=0 the gructure fails. The
failure probability of the structure associated
with the specific falure criterion, then, can
be obtained by integrating the joint
probability density function of V in the
failure domain. That is

P, :J'g(v)go f,(v)dv
where f,(v) isthe joint probability density
function of V. It is usudly difficult to
perform the multifold integral directly. Hence,
the first-order reliability method (FORM) is

often adopted to estimate the failure
probability.

Apparently, the reliability analysis gives
accurate results only when the joint
distribution  f,(v) is valid. However,

f,(v) changes when the structure is

damaged. Such change is reflected in the
structural response. Therefore, f,(v) can

be updated based on the response of the
damaged structure.

U

Usudly, the statistics of the structura
properties are available at the construction
stage. Such data may be obtained by
experiments, theoretical derivations, and/or
engineering judgment. Therefore, some prior
information is known about the structural
properties.

Suppose structural test is carried out on
the target structure. Hence, new information
is collected from the test. Apparently, such
information should be incorporated to give a
new estimate of the structural properties.

The Bayesian approach can incorporate
new experimental outcomes to update the
distribution of a random variable. Hence, it
can be applied to meet our needs.

Let V denote the element properties of
the target structure with prior distribution
f,'(v), and t denote the modal data of the
structure, e.g., natura frequencies and mode

shapes. According to the Bayesian formula,
the updated probability density of V is

f\;,(v): kft|v (t |V) f\; (V)
where  f,(t|v) is the
probability density of observingt asV = v,
k=[] fu IV V)dv  is  a
normalizing constant.

conditional

and

2 2
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Firstly, consider t=A = [03
= measured natural frequencies. For a given
set of element properties, assume A =
N(A,o?21 ), where A, the mean vector of A,

is obtained by solving K¢ =AM ¢ . Then,

2
1

fo (A1V)=N(A,021)
a2 W)

In the above expression, A is an implicit
function of V. That makes the Bayesian
update difficult to apply. To overcome this
problem, A is expanded into a Taylor’s
series:

A(v):/\0+(’i§A AV +---

where A, = A(v,), Vv, is the vector of the
original  properties, and Av=v-v,
Suppose that the eigenvectors are normalized
such that ¢'M¢=1, and ¢'Kop=x1. By
taking derivative of K¢=AM¢ with respect
to v, one can show that

oA _r 0K

N v
For linear structures, K is alinear function of
v. Therefore, the derivative of K with respect
to v can be easily derived.

Substitute the above equation into the
conditional probability, one gets

fA|v (A | V): N("wcx)

in which p, = o,°C,H"(A,—A), and
C, =c?(H'™H)", where H=- T% ¢,

and f\O:AO—Hvo.

Suppose the prior distribution of V is



fy(v)=N(u,,C,), where u is the prior
mean vector, and C,, isthe prior covariance
matrix. Then, the posterior distribution of V
is

£7(v)=N(uy,.CY)
where

wl=(Crt e ) e + G, )

c, =(cyt+ct)”
are the posterior mean vector and covariance
matrix of V, respectively.

Next, consider t = ¢ = measured modal
shape. For a given set of element properties,

suppose ¢ = N(E),cjl ) where ¢, the mean

vector of ¢, is obtaned by solving
K¢ =AM¢. Then,
f¢|v(¢ | V): N(61G¢2>|)

:mexp[_%@-m—aﬂ

Again, expand A intoaTaylor’s series:

g+ 20
$(v)= 6o+

o9

AV +---

Vo

where can be obtained by taking

derivativeof Ko =AM ¢ with respect tov.

Substitute the above equation into the
conditional probability, one gets
Fon (@01v)= N("¢'C¢)

in which p,= o °C,R"(§—0), and

C¢:c$(RTR)71, where R=- | and
ovl,,
502(1)0_
Once the Bayesian modification is
applied, one obtans the modified

distributions of the structural properties.
Then, reliability analysis can be carried out
using the updated distributions.

N F - UL T

The main difference between the
proposed method and the conventional
identification methods is that the Bayesian
modification is adopted in the identification
process. No optimization problem is solved
in the proposed method. Obvioudy, the
proposed method has the advantage that no
iterations are required, and thus is more
efficient. It also avoid the problem of loca
minima

=~ _3‘.‘;‘—%

This project develops a method to
identify the element properties of a structure
of using the modal data. Several conclusions
can be made from this study:

1. The Bayesian method provides a
systematic way of incorporating the
structural  response to update the
distributions of the structural properties.
The proposed identification method does
not require solution of an optimization
problem.
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