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Abstract

In this paper, a systematic approach for auto-tune of PI/PID controller is proposed. A single run of the relay feedback exper-
iment is carried out to characterize the dynamics including the type of damping behavior, the ultimate gain, and ultimate frequency.
Then, according to the estimated damping behavior, the process is classified into two groups. For each group of processes, model-
based rules for controller tuning are derived in terms of ultimate gains and ultimate frequencies. To classify the processes, the esti-
mation of an apparent deadtime is required. Two artificial neural networks (ANNs) that characterize this apparent deadtime using
the ATV data are thus included to facilitate this estimation of this apparent deadtime. The model-based design for this auto-tuning
makes uses of parametric models of FOPDT (i.e. first-order-plus-dead-time) and of SOPDT (i.e. second-order-plus-dead-time)
dynamics. The results from simulations show that the controllers thus tuned have satisfactory results compared with those from
other methods.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In 1984, Åström and Hägglund [1] presented a relay
feedback system to generate sustained oscillation as an
alternative to the conventional continuous cycling tech-
nique for controller tuning. This relay feedback test was
soon referred as autotune variation (abbr. ATV) [2] via
the system as shown in Fig. 1(a). Fig. 1(b) illustrates the
typical response curves from this ATV system. The test
provides ultimate gain (kcu) and ultimate period (Pu) of
the following to apply Ziegler–Nichols (Z–N) method
for controller tuning.
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kcu ¼
4h
pA

xu ¼
2p
P u

ð1Þ

Controller tuning via the above mentioned ATV test is
attractive, because it is operated under closed-loop and
no a priori knowledge of system is needed. But, in most
of auto-tune systems reported in literature, identification
of model structure is generally not included. As a result,
controllers are tuned using a common set of tuning for-
mula, which are mostly Z–N or modified Z–N rules.
However, when applying to processes that are not feasi-
ble to be controlled with such Z–N tuned controllers, the
control performance thus obtained is, in general, infe-
rior to those tuned by model-based methods. This fact
is most obvious when the processes have significantly
second-order underdamped dynamics. To overcome
the difficulty aforementioned, model-based controllers
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Fig. 1. (a) Block diagram of a relay feedback system. (b) Response
curves in relay feedback test.
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seem desirable, and, an adequate and reduced order dy-
namic model (usually, FOPDT or SOPDT) is necessary.
On the other hand, in model-based design, PI or PID
controllers will be resulted according to the dynamic
models being used. For example, a FOPDT process will
be controlled by either PI or PID controllers, and PID
controllers will be required for SOPDT processes [3].
But, for some specific process, it may have preference
on using PI controller even though the process is of
SOPDT dynamics. To be more flexible for such applica-
tions, some SOPDT processes may need to have their
FOPDT equivalence for controller tuning. For this rea-
son, besides the estimation of parameter, identification
of model structure in an auto-tune system is desirable.
Up to the time being, quite a few works [2,4–13] trying
to develop parametric models from the ATV tests have
been reported. Nevertheless, according to the reported
literature, the identification for parametric models needs
more than one run of the ATV experiments [4,10], and
the model structure is usually assumed in priori. As a re-
sults, in order to explore a proper model for better con-
trol, the ATV test has to be repeated for different model
structures, and, the experiments for identification will be
costly.

In this paper, a systematic approach for auto-tune of
PI/PID controller is proposed. It emphasizes developing
apparent dynamic model (such as: FOPDT or SOPDT)
using a single run of the ATV experiment. With a few
constant cycles from this ATV experiment, parameters
including the steady-state gain (kp), an apparent dead-
time (h), ultimate gain, and ultimate frequency are esti-
mated. The estimated apparent deadtime together with
some generalized ATV responses of standard SOPDT
processes is used to characterize the damping behavior
the process. In each groups, different model-based tun-
ing formulas in terms of ultimate gain and ultimate fre-
quency are provided. These formulas are derived, using
parameterization of FOPDT or SOPDT dynamics, to
shape the loop transfer function of the system to a given
and desired form. In the following, it is assumed that
zero offset is a common specification of control. For this
reason, tuning rules including both PI and PID types of
controllers are considered.

The remainder of this paper is organized as follows.
The controllers design including tuning strategy is given
in Section 2. Process identification and classification for
controller tuning using ATV test are presented in Section
3. The auto-tune procedures and several examples used
to illustrate the effectiveness of this proposed method
are shown in Section 4 followed by the conclusion.
2. Controllers design

The step response of an open-loop stable process can
be roughly classified into two categories. One has mono-
tonic response and the other has underdamped oscilla-
tions. The transfer functions that can be used to
represent these two types of dynamics can be different.
For example, the former can usually be represented
using an FOPDT model, while the latter has to be rep-
resented by a model of underdamped SOPDT. These
two types of model are:

• FOPDT model

GpðsÞ ¼
kpe�hs

ssþ 1
ð2Þ

• Underdamped SOPDT model

GpðsÞ ¼
kpe�hs

s2s2 þ 2sfsþ 1
ð3Þ

Nevertheless, it is possible that two different types of
transfer function mentioned have the same kcu and xu.
If Z–N types of controller settings are to be applied, it
is obvious that if it works with acceptable performance
to the FOPDT type processes, it may be unacceptable
to the SOPDT ones. In other words, to be applied to dif-
ferent types of dynamic processes, tuning rules should be
changed according to the type of dynamics. As one can
see the dynamic responses of systems tuned by Z–N or
T–L [14] methods from Fig. 2, the system with a smaller
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Fig. 2. Comparisons of control responses for different dynamics using Z–N and T–L tuning rules.
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damping factor has much difference in performance from
that of FOPDT process, compared with that of over-
damped system to the FOPDT process. This reflects a
simple common fact that overdamped and some of
underdamped processes can be described approximately
by an FOPDT model. For this reason, the damping fac-
tor of the dynamic system is adopted as a measure to dif-
ferentiate the type of dynamics for controller tuning. If
this is to be the case, it is found that in order to have an
FOPDT model to represent an SOPDT process, it is nec-
essary that the ultimate loop gain, Ku (i.e. kpkcu), should
be greater than one. This result is obvious due to the fol-
lowing facts. The FOPDT parameters in terms of ulti-
mate gain and ultimate frequency can be written as:
s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q

xu

h ¼
p� tan�1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q �

xu

ð4Þ

Thus, if Ku 6 1, there will be trivial or non-real s and h
from Eq. (4). According to the definition of Ku in terms
of an SOPDT process in frequency domain, the follow-
ing is concluded:
ð1� x2
us

2Þ2 þ ð2xusfÞ2 ¼ K2
u ð5Þ

In Eq. (5), there must have at least one non-negative and
real solution for xu, so it is concluded (see the proof
in the Appendix A) that: xu > 0 and Ku > 1, if f >
1=

ffiffiffi
2

p
� 0:71.

According to the fact presented above, it is obvious
that model-based controllers design based on an
FOPDT model or an underdamped SOPDT model is
desirable to implement the auto-tune of the PI/PID con-
trollers. In the following, designs of these controllers will
be given.

2.1. Tuning PI/PID controllers based on FOPDT model

The synthesis of PI/PID controller using an FOPDT
parameterization is considered as follows. The control-
ler is used to compensate the process to provide a loop
transfer function (abbr. LTF) of the following standard
form:

GloopðsÞ ¼
ko
h

ð1þ ahsÞ
sð1þ sfsÞ

e�hs ð6Þ

The use of loop transfer function in the form of Eq. (6)
has been explained in a late work of Huang and Jeng
[15]. A system having such an LTF with ko and a
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properly selected has satisfactory control performance
as well as reasonable stability robustness.

According to the standard form, the synthesis of PID
controller is rather straightforward. The resulting PID
controller is given as following:

GcðsÞ ¼ k0c 1þ 1

s0Rs

� �
1þ s0Ds
1þ sfs

� �
ð7Þ

where

k0c ¼
kos
kph

s0R ¼ s

s0D ¼ ah

ð8Þ

As mentioned, ko and a are two adjustable parameters,
and the filter time constant, sf, is to be taken arbitrarily
small (e.g. 0:05s0D). From Fig. 3, it is found that these
two parameters, ko and a, are closely related to the ro-
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Fig. 3. (a) Gain margin (GM), phase margin (PM), (b) Lc,max of
proposed control systems.
bust stability and performance of the system. The de-
faulted values of ko and a can be given as 0.65 and
0.4, respectively, to provide a gain margin of 2.7, a phase
margin of 65� and a Lc,max of 0 dB.

On the other hand, the synthesis of PI controller is
not so intuitive since, for FOPDT model, the LTF of
Eq. (6) cannot be exactly achieved by using a PI control-
ler. Therefore, the PI controller is derived to make the
resulting LTF as an approximation of its standard form,
and is given as following:

GcðsÞ ¼ kc 1þ 1

sRs

� �
ð9Þ

where

kc ¼
kosR
kph

sR ¼ 0:9sþ ah
ð10Þ

Here, the defaulted values of ko and a are taken as 0.55
and 0.4, respectively.

Since the ultimate gain and ultimate frequency can be
obtained directly from ATV test. By substituting Eq. (4)
into Eq. (8), the PID parameters that are originally
given in terms of the FOPDT parameterization can be
re-written as:

k0c ¼
ko

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q

kp p� tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q� �� �

s0R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q

xu

s0D ¼ a
p� tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q� �

xu

2664
3775

ð11Þ

Similarly, substituting Eq. (4) into Eq. (10), the PI tun-
ing formula can be written as:

kc ¼
ko
kp

0:9
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q

p� tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q� �� �þ a

2664
3775

sR ¼ 1

xu

0:9
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q

þ a p� tan�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

u � 1
q� �� �� �

ð12Þ
Notice that to use these above equations for controller
tuning, a value greater than one for Ku is necessary.

2.2. Tuning PID controllers based on underdamped

SOPDT model

As mentioned, a significantly underdamped process
(i.e., f 6 1=

ffiffiffi
2

p
) is not feasible to be represented by the
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FOPDT model. Generally speaking, it is not appropri-
ate to control this underdamped dynamics using a PI
controller, unless it is carefully tuned. This is because
use of PI controller has strong influence on the stability
of the system. To retain the stability robustness as well
as its performance, the following loop transfer function
is preferred:

GloopðsÞ ¼
ko
h

e�hs

sð1þ sfsÞ
ð13Þ

In other words, a PID controller of the following is
recommended:

GcðsÞ ¼ kc 1þ 1

sRs
þ sDs

� �
1

1þ sfs

� �
ð14Þ

where

kc ¼
koð2sfÞ
kph

sR ¼ 2sf

sD ¼ s
2f

ð15Þ

In this case, ko is the only free parameter that can be
tuned to define the performance and robustness of the
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Fig. 4. Comparisons of control responses usi
system. The reason for choosing the loop transfer func-
tion mentioned is that loop transfer function of Eq. (13)
is commonly resulted from the IMC design. In Fig. 3,
the curves corresponding to a = 0 show the gain margin,
phase margin, and Lc,max of such a system using ko as
parameter. The defaulted value of ko is taken as 0.5.

In terms of the ultimate gain and ultimate frequency,
the values of s and f can be computed from the follow-
ing equations (see Appendix B for detailed derivation):

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ku cosðxuhÞ

p
xu

f ¼ Ku sinðxuhÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ku cosðxuhÞ

p ð16Þ

As a result, the PID parameters of Eq. (15) are given as:

kc ¼
koKu sinðxuhÞ

kpxuh

sR ¼ Ku sinðxuhÞ
xu

sD ¼ 1þ Ku cosðxuhÞ
xuKu sinðxuhÞ

ð17Þ

Thus, if we have ultimate gain, kcu, and ultimate fre-
quency, xu, of the given process, the parameters of the
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PI or PID controllers can be computed based on either
Eqs. (12), (11), or Eq. (17). However, as one can seen in
Eq. (17), the tuning formula need to know the values of
kp and the apparent deadtime h in advance. The estima-
tion for kp and h will be given in the next section.

Notice that the proposed model-based formula in
terms of an FOPDT parameterization is different from
the IMC-PID controller of Chien and Fruehauf [3].
There is no use of approximation for e�hs in deriving
the controller and, when deadtime of the system is nor-
malized to be one, the resulting system responds almost
in the same way regardless of the value of h/s.

2.3. Performance and tuning strategy

Fig. 4 shows the comparisons of the responses of con-
trolled FOPDT and SOPDT processes, with deadtime
equaling one, using the presented model-based or the
Z–N tuning rules. Notice that the model-based control-
ler gives uniformly the same shape of set-point responses
for all SOPDT processes regardless the ratio of h/s, and
has an overshoot less than 10%. The fact that the model-
based controller has superior control performance to the
Z–N controller can be justified based on the results in
the same figure. The setpoint tracking performance of
model-based controller is much superior, while the dis-
turbance performance is still compatible with Z–N con-
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troller, which is recognized suitable for disturbance
rejection. Moreover, the proposed model-based control
system is more robust than Z–N tuned system. As has
been observed, the system with Z–N controller has
either excessive overshoot or oscillations, which is not
desirable in the control practice. The reasons why Z–N
yields excessive responses can partially be explained by
looking into the tuning parameters of both methods
for FOPDT processes, as shown in Fig. 5. The Z–N
method provides too aggressive kc almost for all values
of h/s. The sR and sD settings of Z–N are also too
aggressive, compared with those of model-based ones,
when h/s is small. But, on the other hand, they are
slightly conservative when h/s is large. To prevent such
over responses, in literature, Tyreus and Luyben [14]
suggested that the proportional gain, reset time, and
derivative time of PID controller are multiplied by a fac-
tor of 0.76, 4.4, and 1.27, respectively. But, even modi-
fying in this way, the presented model-based control is
still superior to the T–L control, as shown in their com-
parisons in Fig. 6.

On the other hand, as has been mentioned, processes
with SOPDT dynamics, which are overdamped or
slightly underdamped, are sometimes identified with
FOPDT models for controller design, and the criterion
will be f > ð1=

ffiffiffi
2

p
Þ. Thus, if uses of Eq. (11) and of

Eq. (17) are discriminated using f ¼ 1=
ffiffiffi
2

p
as a bound-
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ary, Fig. 7 shows the comparison of the performances. It
can be seen that other than the cases of small h/s, an
SOPDT process that has a damping factor greater than
1=

ffiffiffi
2

p
have no significant difference in performances

when either equations are applied. In case that an
SOPDT process has f > 1=

ffiffiffi
2

p
, then it belongs to one

group of which Eqs. (11) and (12) can be applied, and
either PI or PID controller can be used. On the other
hand, if f 6 1=

ffiffiffi
2

p
, the process belongs to the other

group of which Eq. (17) is applied for computing con-
troller parameters so that only PID controller is used.
The proposed model-based tuning strategy and design
method can be summarized as shown in Fig. 8.
3. Process identification using ATV test

To apply the model-based controllers derived in the
previous section, reduced order dynamic models such
as FOPDT of Eq. (2), and, as SOPDT of Eq. (3) are re-
quired. The advantages of using ATV for identification
is obvious. The most important reason is that the test
can be carried out under a closed-loop. The resulting cy-
cling period and magnitude are adopted as estimation
value of ultimate period and ultimate gain due to the
theory of describing function. With these two experi-
mental data, it is not sufficient for identifying parametric
models more complicated than the FOPDT one. As a re-
sult, modifications to the relay [7,8,12], or, repeated
experiment with altered system blocks [4,10] to obtained
more data to solve identification for parametric models
have been reported in literature. But, since experiments
for identification are usually expensive and subjected to
unknown disturbances, it is most desirable to complete
the identification within a few constant cycles in one sin-
gle run. In the following, the method of identification
proposed is guided by this requirement.

As shown in Fig. 1(a), an ATV system consists of
process, Gp, and a relay controller in a single closed-
loop. The relay controller provides output at two levels
(i.e. +h or �h) as on-off actions. The controlled process
output starts with transient oscillations after a pure
deadtime, ho, and then develops constant cycling with
magnitude A and period Pu. Notice that A and Pu are
used in the auto-tune system of Åström and Hägglund
[1]. Furthermore, one height Ah and the time Tp associ-
ated with the constant cycles are also indicated in Fig.
1(b). All these quantities measured from the ATV test
are governed by the dynamic model and the properties
of the relay. In other words, they can be expressed as:
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A
kph

¼ f1ð�sÞ or f 1ð�s; fÞ ð18Þ

P u

h
¼ f2ð�sÞ or f 2ð�s; fÞ ð19Þ
Ah

A
¼ f3ð�sÞ or f 3ð�s; fÞ ð20Þ

h
T p

¼ f4ð�sÞ or f 4ð�s; fÞ ð21Þ

where �s represents s/h. The equations given above de-
scribe the dynamics of the ATV response in time
domain.

Two more equations which correspond to Eqs. (18)
and (19) derived from frequency domain are:

xuhþ tan�1 2xusf
1� x2

us
2

� �
¼ p ð22Þ

and

kpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� x2

us
2Þ2 þ 4x2

us
2f2

q ¼ 1

kcu
ð23Þ

where xu is taken as 2p/Pu. Theoretically, provided that
kp and kcu are given, the identification problem to find
an reduced order SOPDT model can be solved by find-
ing s, f, and h that fit Eqs. (18)–(21) or Eqs. (20)–(23) in
the sense of least-squares.

Notice that the relay feedback system is non-linear,
and solutions from the system to have the relations of
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Eqs. (18)–(21) need extensive efforts. Furthermore, in-
verse of Eqs. (18), (19) and of Eqs. (20), (21) is needed
for identification. Because explicit functional forms for
Eqs. (18)–(21) could be too complicated to be of practi-
cal value for the purposes aforementioned, the func-
tional relations are easier to be modeled using
empirical forms for general use. In the following, a sys-
tematic approach enhanced by using the ANNs (artifi-
cial neural networks) for identification will be presented.

3.1. Estimation of kp and kcu from ATV experiment

To estimate kp, the experimental ATV test is started
with a temporal disturbance to either the set-point or
the process input (i.e. u) for a short period of time and
restored back to its origin. The disturbance introduced
has two main purposes. One is to initialize the relay
feedback control, the other one is to generate data for
computing the steady-state process gain, kp. The estima-
tion is made along the ATV test in one run as the
following.

Let yI and uI designate the integrations of y and u
from the very beginning of the experiment in one run.
That is:

yIðtÞ ¼
Z t

0

yðsÞds

uIðtÞ ¼
Z t

0

uðsÞds
ð24Þ

For some t > T when y in an ATV test starts to oscillate
with constant period and amplitude, yI and uI will have
similar cycling responses. Typical curves of yI and uI are
shown in Fig. 9. Let yIav and uIav designate the average
heights of constant cycles of yI and uI, respectively.
The value of kp can be estimated as:

kp ¼
yIav
uIav

ð25Þ
0

y I

0

Time

u I

y
av
 I

u
av
 I

Fig. 9. Typical curves of yI and uI in proposed ATV test.
Due to the use of describing function for estimation, the
ultimate gain computed from Eq. (1) is subjected to er-
ror, which may, sometimes, be as high as 20% [4]. For
tuning purpose, estimation of the ultimate gain kcu with
improved accuracy is desirable. Shen et al. [8] had used
saturation-relay feedback method to give better accu-
racy for kcu. Here, in order to give more accurate kcu
by original ATV test, the following estimation step is
considered. Since u(t) and y(t) are periodic with period
Pu, the frequency response of Gp at ultimate frequency
xu are calculated via the following equation [9,16]:

GpðjxuÞ ¼
R t0þPu

t0
yðtÞe�jxut dtR t0þPu

t0
uðtÞe�jxut dt

ð26Þ

where t0 is taken as any time instant in a constant cycle.
Then, the ultimate gain can be computed as:

kcu ¼
1

jGpðjxuÞj
ð27Þ
3.2. Estimation of apparent deadtime

The apparent deadtime is the deadtime appearing in
an FOPDT or SOPDT model that approximates best
the higher order process. As a result, in general, this
apparent deadtime differs from its true deadtime (desig-
nated as ho) that used to be detected at the very begin-
ning period of the test. Features in the cycling
response can be used to distinguish the FOPDT from
SOPDT dynamics. For example, in case of FOPDT pro-
cess, Tp equals h

o or h. The same equality does not apply
to the SOPDT case. In an ATV test, two measured
quantities, Ah/A and h/Tp, are used to characterize the
effect of the apparent deadtime. These two quantities,
as mentioned earlier, are functions of �s and f. To ex-
plore their functional relations, simulations of ATV tests
on the standard SOPDT processes covering wide range
of �s (in dimensionless form) and f are carried out. Re-
sults of Ah/A and h/Tp for underdamped SOPDT pro-
cesses are plotted as a graph as shown in Fig. 10(a),
using �s and f as parameters. Each pair of the two mea-
sured quantities corresponding to a point in the graph,
where a specific pair of values for �s and f can be found.
As shown in the figure, it is difficult to read �s and f from
the figure. In order to make each curve in Fig. 10(a)
more readable, the coordinate is rotated through the fol-
lowing transformation.

X ¼ h
T p

cosðp=3Þ � Ah

A
sinðp=3Þ

Y ¼ h
T p

sinðp=3Þ þ Ah

A
cosðp=3Þ

ð28Þ

The results are plotted in Fig. 10(b).
Furthermore, for applying these data more efficiently,

two artificial neural networks are constructed to
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Fig. 10. Results of Ah/A and h/Tp in the ATV test for SOPDT
processes. (a) Original and (b) transformed.
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represent the database. The network architecture is as
shown in Fig. 11. These two neural networks are fed with
X and Y, and compute �s and f, respectively. Each net-
Fig. 11. Neural network architecture.
work consists of feedforward net with one input layer,
one hidden layer, and one output layer. The sigmoid
functions, f h and f o, are used in an error backpropaga-
tion technique to minimize the error between prediction
and target values. They are hyperbolic tangent activation
function and linear activation function in the hidden neu-
rons and output neuron, respectively. It can be written as:

�s ðor fÞ ¼
XNh

i¼1

wo
i f

h½mi� þ bo

mi ¼ wh
i;XX þ wh

i;Y Y þ bhi

ð29Þ

where Nh is the number of neurons in the hidden layer,
wo

i and bo are the weights and the bias of hidden-to-out-
put layer, and wh

i;X , w
h
i;Y and bhi are the weights and the

bias of input-to-hidden layer. Thus, mi is the summation
of all products, between inputs and input-to-hidden
weights in the input layer, and bias. After emulation,
the number of neurons in the hidden layer for both neu-
ral networks is found as 6 (i.e. Nh = 6), and the values of
each weights and bias are given in Tables 1 and 2.

With these two networks, estimation of the apparent
deadtime can be proceeded. The estimation makes uses
of the phase criterion in Eq. (22) and the ANNs afore-
mentioned. Notice that three unknowns are required
to satisfy at least four functional relations (i.e. Eqs.
(18)–(21) or Eqs. (20)–(23)), and iterative check is thus
necessary to find the solution in a least-squares sense.
By solving Eqs. (20)–(22), a unique solution for s, f,
and h can be found. But, the resulting solution may
not necessarily satisfy Eq. (23). The final solution needs
further iterative procedures. To satisfy the extra Eq.
(23), it is found that manifold in the space of s and f re-
sults from the relation of the following:

tan�1 2xusf
1� x2

us
2

� �
¼ p� xuh ð30Þ
i (neuron) 1 2 3 4 5 6

wh
i;X 0.852 �0.153 0.262 1.034 1.138 2.047

wh
i;Y 2.224 �1.739 �1.497 0.770 0.742 3.297

bhi 6.315 19.036 �12.627 �0.448 16.765 7.029
wo
i �3.288 2.138 1.507 �0.247 3.381 5.338

bo �10.295

Table 2
The values of weights and bias in the neural network for f̂

i (neuron) 1 2 3 4 5 6

wh
i;X �1.081 �5.963 0.341 0.119 1.054 0.838

wh
i;Y �2.031 �4.630 1.228 �0.995 0.485 0.957

bhi 10.115 8.540 �9.777 �13.576 7.398 7.751
wo
i �3.056 14.445 �1.703 1.028 3.455 1.903

bo �10.960
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With xu and h being fixed, there are many pairs of s and
f that satisfy Eq. (22), and one of these pairs would
make Eq. (23) satisfied. However, in this proposed
auto-tune system, only the apparent deadtime of the
process is required, estimation of the exact values of s
and f can be skipped except a complete process model
is desired. To avoid confusing, the values of �s and f used
in the estimation of h are designated as b�s and f̂, respec-
tively, in the following text. They can be viewed as two
auxiliary variables for estimating h, but not necessarily
the actual parameters of SOPDT model.

With the theory presented above, the algorithm for
the estimation of apparent deadtime can be made in a
simpler way as the following:

(1) Starting from a guessed value of h, which is ini-
tially taken as ho.

(2) The values of X and Y are calculated and fed into
two networks. Then, parameters b�s and f̂ are com-
puted, and check if Eq. (22) holds. The procedure
proceeds iteratively by increasing the guess value
of h until h equals Tp.

(3) When, at certain value of guessed h, Eq. (22) holds
true, the resulting guess value h is taken as the esti-
mated value of apparent deadtime.

(4) If, until the guessed value of h exceeds Tp and no
candidate solution is found, the underdamped
SOPDT model is not good for describing the
dynamics of the process. As a result, model of
FOPDT or overdamped SOPDT should be used
and the controller tuning can be based on FOPDT
parameterization directly.

Notice that the proposed method mentioned is quite
suitable for processes which can be represented by
FOPDT or SOPDT model. Other than the two types
of models mentioned (e.g. processes with zeros), this
method still works for the cases where the zeros are
small and can be taken as extra lead time or as extra
pure deadtime.

3.3. Classification for controller tuning

As mentioned previously, as long as the process can
be modeled with an SOPDT model whose damping fac-
tor is greater than a value of ð1=

ffiffiffi
2

p
Þ, this process can be

tuned with Eq. (11) or Eq. (12). In addition, from the
ATV test, it provides A and Pu which are functions of
s and f. As shown in Fig. 12(a), there are curve lines
of constant f�s. The one that corresponds to a damping
factor of 1=

ffiffiffi
2

p
is found to be represented by the follow-

ing equation (curve A):

X ¼ 0:465K3 � 2:002K2 þ 0:958K� 0:007 ð31Þ
where X = log(A/kph) and K = log(Pu/h). Similarly, the
curve for FOPDT processes are found to be (curve B):
X ¼ 30:931K3 � 56:784K2 þ 29:032K� 4:505 ð32Þ
These curve lines divide the graph of Fig. 12(a) into two
zones as shown in 12(b). One is between the curves A
and B (i.e. Zone I) that represents the feasible region
for using parameterization of FOPDT, and the other re-
gion above curve A (i.e. Zone II) that represents the fea-
sible region to use parameterization of underdamped
SOPDT. Thus, once kp and the apparent deadtime h
are obtained, the normalized value of A/(kph) and Pu/
h can be calculated. Then, compare the resulting value
of log(A/kph) with the one calculated from Eq. (31). If
the former is smaller, then this process is classified into
the group (Group I) where Eq. (11) or Eq. (12) can be
applied to tune PID or PI controllers. Otherwise, the
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process is classified into the other group (Group II)
where Eq. (17) will be used for tuning PID controllers.
In general, the log(A/kph) and log(Pu/h) pair will lie
above the curve B. In case of it lies beneath that curve,
models other than the FOPDT or SOPDT should be
considered.
4. Auto-tune procedures with illustrated examples

To perform the auto-tune, the relay feedback of the
ATV test is initialized by a short period of manual dis-
turbance. The process input and output responses are
recorded until they have constant cycling, and the fol-
lowing procedure steps are taken:

(1) Compute kp from Eq. (25) and kcu from Eq. (27).
(2) Take ho as an initial guess for h and compute val-

ues of b�s and f̂ using two networks. The resulting
parameters are used to check if Eq. (22) is satisfied.

(3) The above procedure step is proceeded by increas-
ing gradually the guessed value of h along the
response cycle until Eq. (22) is satisfied. When
Eq. (22) is satisfied, the final guessed h is the
apparent deadtime.

(4) Having the value of apparent deadtime, the pro-
cess is classified by comparing the value of A/
(kph) from ATV test with the one calculated by
Eq. (31).

(5) If the process belongs to Group I, Eq. (11) or Eq.
(12) is used for tuning PID or PI controllers,
respectively.

(6) If the process belongs to Group II, Eq. (17) is used
to tune a PID controller.

Notice that, in case of significantly overdamped
dynamics, the trajectory of the (h/Tp,Ah/A) will be
crowded at the lower edge of the graph in Fig. 10(a).
Table 3
Results of ATV test and estimated parameters

Example Process ATV test

A Pu ho T

1 e�1:5s

ðsþ1Þ5 0.718 12.140 1.5 3

2 e�3s

ðs2þ10sþ1Þðsþ1Þ2 0.315 16.998 3.0 4

3 e�2:2s

ð4s2þ2:8sþ1Þðsþ1Þ2 0.876 14.392 2.2 3

4 ð0:5sþ1Þe�s

ðsþ1Þ2ð2sþ1Þ 0.353 6.562 1.0 4

5 ð�0:5sþ1Þe�s

ðsþ1Þ2ð2sþ1Þ 0.575 9.200 1.0 2

6 e�2s

ð9s2þ2:4sþ1Þðsþ1Þ 1.171 15.900 2.0 3

a Computed from Eq. (1).
b Computed from Eq. (27).
c Actual value.
In that case, the process can be classified into Group I
directly without estimating the apparent deadtime.

In order to illustrate the above auto-tune procedures,
a few examples are given as following. Notice that, in
each example, the amplitude of relay output is normal-
ized as one (i.e. h = 1). First, the following process is
considered:

GpðsÞ ¼
e�1:5s

ðsþ 1Þ5
ð33Þ

As the first example, the auto-tune procedures will be
described in detail. To initialize the ATV test, the system
is set on manual and give a small step change of magni-
tude 0.2 to the process input for a short period of 10,
and then switch back to perform ATV test. After sus-
tained oscillation is attained, the information obtained
from ATV test are summarized in Table 3. The steady-
state gain is computed from Eq. (25) as kp ¼
yIav=u

I
av ¼ 0:565=0:560 ¼ 1:01. The ultimate gains kcu

computed from Eq. (1) and Eq. (27) are 1.773 and
1.809, respectively. Notice that the actual kcu for this
process is 1.796. The possible apparent deadtime h
ranges from ho = 1.5 to 3.194 (i.e. the value of Tp),
and several points of transformed (h/Tp,Ah/A) in this
range are plotted as shown in Fig. 13(a). The corre-
sponding b�s and f̂ for each guess of h used to check if
Eq. (22) is satisfied can be found from neural networks.
The associated error � defined as

� ¼ p� xuh� tan�1 2xuŝf̂

1� x2
uŝ

2

 !
ð34Þ

to represent the degree-of-satisfaction of Eq. (22) is plot-
ted as shown in Fig. 13(b). Among these points, Eq. (22)
is found to be most satisfied by the one with h = 2.91.
Therefore, the apparent deadtime in terms of SOPDT
model for this process is taken as 2.91. For process clas-
sification, locate (Pu/h,A/kph) = (4.172,0.718) on Fig. 14,
Estimated parameters

p kp kcu
a kcu

b kcu
c h (SOPDT)

.194 1.01 1.773 1.809 1.796 2.91

.316 1.01 4.039 4.314 4.273 3.62

.770 1.02 1.454 1.480 1.472 3.44

.316 1.01 3.607 3.741 3.776 1.32

.290 1.00 2.214 2.336 2.340 2.07

.926 1.00 1.087 1.109 1.110 2.72
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Table 4
Classification and controller tuning of illustrated examples

Example Classification Tuning method PID

k0c

1 Group I Proposed 0.458
Z–N 1.043

2 Group I Proposed 1.514
Z–N 2.376

3 Group I Proposed 0.314
Z–N 0.855

4 Group I Proposed 1.275
Z–N 2.122

5 Group I Proposed 0.681
Z–N 1.302

kc

6 Group II Proposed 0.454
Z–N 0.512
IMC(k = h) 0.499
IMC(k = s) 0.371
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and it can be seen that this point falls into the region of
Group I. Therefore, Eq. (12) or Eq. (11) is used for tun-
ing PI or PID controller. The resulting PI/PID settings
are compared with Z–N settings as listed in Table 4. Fur-
thermore, the control results as shown in Fig. 15(a) are
found more satisfactory than those of Z–N tuning.

Simulations are also carried out for other five exam-
ples, including processes with zero. The results of ATV
test and some estimated parameters are presented in Ta-
ble 3. The process classification and resulting PI/PID
tuning are listed in Table 4. For comparison, the PI/
PID parameters of Z–N method are also given in Table
4. The control results using proposed model-based
method and Z–N method are shown in Fig. 15(b)–(f).
In Fig. 15(f), in addition to the Z–N response, the pro-
posed method is compared with two others from a con-
ventional auto-tune system using IMC rules. In applying
PI

s0R s0D kc sR

2.955 1.662 0.566 5.321
6.070 1.518 0.806 10.115
11.473 1.950 1.371 12.276
8.499 2.125 1.836 14.165
2.590 2.103 0.455 4.434
7.196 1.799 0.661 11.993
3.805 0.768 1.189 4.193
3.281 0.820 1.640 5.468
3.090 1.179 0.739 3.961
4.600 1.150 1.006 7.667

sR sD

2.468 3.964
9.938 1.590
1.994 5.717
1.994 5.717
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the IMC tuning rules, the apparent deadtime was read
directly from the initial response of the test [2]. And,
after taking the deadtime, an SOPDT model for the
example process is thus obtained by solving Eqs. (22)
and (23) simultaneously. Based on the SOPDT model
thus obtained, IMC tuning rules with different filter time
constants, k, are applied. As shown in Fig. 15(f), these
two responses are obviously inferior to the one obtained
from the proposed tuning procedures.
5. Conclusions

In this paper, a systematic approach for auto-tune of
PI/PID controller is presented. A single run of ATV
experiment with a few constant cycles is carried out to
identify the dynamics of the process including the model
structure, steady-state gain, and an apparent dead time,
in addition to conventionally obtained results such as
the ultimate gain, and the ultimate frequency. Upon
the results of identification, different model-based rules
are provided to tune the PI/PID controllers. The advan-
tages of this proposed method over the conventional
auto-tune methods can be summarized as follows:

1. It includes the identification of model structure for
choosing different tuning formula.

2. Model-based tuning rules are given in terms of kcu
and xu, which are popular and available from any
conventional ATV experiment.
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3. Estimations of kp and the apparent deadtime h are
obtained without carrying out additional relay feed-
back tests, and the estimation of h is enhanced by
using two ANNs.

4. The estimated h is useful not only for controller tun-
ing, but also in defining the best achievable perfor-
mance. Thus, the identification proposed in this
paper can be used for performance assessment as
addressed by the work of Huang and Jeng [15].

The simulation results have shown that this proposed
auto-tune system is efficient and self-contained.
Appendix A. Derivation of the sufficient condition of

Ku > 1 for SOPDT processes

At ultimate frequency xu, we have the ultimate gain
as described by Eq. (5) which can be written as:

s4x4
u þ ð4s2f2 � 2s2Þx2

u þ ð1� K2
uÞ ¼ 0

Solve the above equation for xu
2 to get

x2
u ¼

�ð2f2 � 1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2f2 � 1Þ2 � ð1� K2

uÞ
q

s2
ðA:1Þ

In Eq. (A.1), xu must have at least one positive and real
solution. Thus, when 1�2f2 < 0 (i.e. f > 1=

ffiffiffi
2

p
), the fol-

lowing must hold true:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2f2 � 1Þ2 � ð1� K2

uÞ
q

> 2f2 � 1 ðA:2Þ

Obviously, Eq. (A.2) is satisfied if Ku > 1. This means
that f > ð1=

ffiffiffi
2

p
Þ implies Ku > 1. Notice that the reverse

does not necessarily hold.
Appendix B. Derivation of Eq. (16)

The frequency responses at ultimate frequency xu for
SOPDT process are given in Eqs. (22) and (23). They
can be rewritten as the following equations.

�2xusf
1� x2

us
2
¼ tanðxuhÞ ðB:1Þ

ð1� x2
us

2Þ2 þ ð2xusfÞ2 ¼ K2
u ðB:2Þ

From Eq. (B.1), we have 2xusf ¼ �ð1� x2
us

2Þ tanðxuhÞ,
and substitute it into Eq. (B.2) to get

ð1� x2
us

2Þ2 þ ð1� x2
us

2Þ2tan2ðxuhÞ ¼ K2
u

) ð1� x2
us

2Þ2 ¼ K2
u

1þ tan2ðxuhÞ
¼ K2

ucos
2ðxuhÞ

) ð1� x2
us

2Þ ¼ �Ku cosðxuhÞ ðB:3Þ
When xus > 1, we have, from Eq. (B.1), 0 < xuh < p/2
so that cosðxuhÞ > 0. Similarly, we have cosðxuhÞ < 0
when xus < 1. Therefore, Eq. (B.3) is only feasible for
ð1� x2

us
2Þ ¼ �Ku cosðxuhÞ since Ku is always positive.

It follows that

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ku cosðxuhÞ

p
xu

and

2xusf ¼ �ð1� x2
us

2Þ tanðxuhÞ
¼ Ku cosðxuhÞ tanðxuhÞ ¼ Ku sinðxuhÞ

) f ¼ Ku sinðxuhÞ
2xus

¼ Ku sinðxuhÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ku cosðxuhÞ

p ðB:4Þ

The above result is the one as given in Eq. (16).
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