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Abstract: [n several applications the modeling dynamical systems
may have internal symmetries related in certain ways to the proper or-
thochronous Lorentz groups SO,(1,n), n = 2,3,5. For such symmetries
the spinor representations are very effective and economical, because
the dynamical system & = Ba for the spinor representation is linear
yet low dimensional (real, complex or quaternion two-dimensional). In
this paper we consider the following four dynamical systems: X = AX
for X € R*+Dx1 i = A m + A% — (mTA%)m for m € R**!,
n = Bn — Re(iTBn)n for n € K¢*!, and & = Ba for a € K**!, where
A € so(1,n), (A%,)T = —A*,, B € 5l(¢,K), and K = R,C,H. We find
that the fundamental solutions of the first and second systems are el-
ements of SO,(1,n) and its projective group PSO,(1,n), respectively,
whereas those of the fourth and third systems are elements of SL(4, K)
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and its normalized image, respectively. These groups characterize in-
ternal symmetries inherent in the modeling dynamical systems. When
n=2,3,5 and £ = 2 we convert one system to another, especially con-
verting the first three systems to the fourth, which is a linear system for
the two-dimensional real, complex or quaternion spinor . The initial
conditions and invariants of the systems are also addressed. Finally, we
show that the solutions of the four systems can all be expressed in terms
of spinor transformations.

AMS Subject Classification: 37C80, 34C14, 34C35
Key Words: dynamical systems, internal symmetry, real spinor, com-
plex spinor, quaternion spinor, Lorentz group, special linear group

1. Introduction

Let us consider the following three time-varying (i.e. nonautonomous)
dynamical systems:

[ X = AX,
Ja=[4s ] @ar=-an as =@
A, eRM™™ A% e R, X € RIMHUXL
L n=2,3,5,
(= A’m+ A’ — (mTA*)m,
{ (A%,)T=-A?, A’ eR**" A% eR™, (1.2)

m € R**! n =2 3,5,
n = Bn — Re(iTBn)n,

{ trB=0, |n| =1 BeKk* neK*!, (1.3)
| K=R,C,H, £=2.

N F

All the coefficients A, A’,, A%, and B are functions of time t. As
usual, the overdot denotes the rate of change with respect to time ¢, the
overbar the complex or the quaternion conjugate, the superscript T the
transpose, tr the trace, Re the real (scalar) part, and ||n| := vaTn.
The three dynamical systems have different levels of complexity. On the
one hand, system (1.1) is linear, system (1.2) is nonlinear of the second
degree, and system (1.3) is nonlinear of the third degree. On the other
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hand, system (1.1) is (n+ 1)-dimensional, system (1.2) is n-dimensional,
and system (1.3) is (real, complex or quaternion) #-dimensional.

It is well known that system (1.1) with dimension four (n+1 =4) is
the so-called Lorentz equations in electrodynamics [1], while it is rarely
known that two-dimensional Coulomb’s dry friction between two rela-
tively sliding planes can be modeled by system (1.2) with n = 2; see,
e.g. [2]. System (1.2) also represents the constitutive equation of per-
fect elastoplasticity in plastic phase [3-5]. As regards system (1.3), it
governs various models of structured media in which the anisotropic
microstructure is characterized by a unit director and parameters of mi-
crostructure. For example, it was used in [6] to describe the orientation
of anisotropic fluids, in [7] to govern the microstructural director in a
transversely isotropic fluid, in [8] to describe the evolution of grain ori-
entation in a double slip model for polycrystals, and in [9] to study the
evolution and control of orientation of suspension particles.

These three dynamical systems seem to be closely related; to see it,
let us recall a few examples. In [3] the nonlinear system (1.2), represent-
ing the constitutive law of perfect elastoplasticity, was exactly linearized
to the linear system (1.1), thus revealing the internal symmetry inherent
in the constitutive model and much facilitating calculations in engineer-
ing stress analysis. As shown in [3], system (1.2) is indeed a projective
representation of system (1.1). In [9] the nonlinear system (1.3), rep-
resenting the evolution of the suspension particle orientation, was also
exactly linearized to the linear system (1.1). Thus it seems desirable
to further examine the relations of these three dynamical systems in a
more systematic way. In this paper we shall systematically explore their
relations, and, more importantly, show that the three dynamical systems
can all be reduced to

a = Ba, , id
trB=0, BeK*, ack®*!, K=RCH, £=2. 4
This new dynamical system is, to the advantage, linear yet only two-
dimensional. The a is known as a spinor, real, complex or quaternion
[10,11]. With potential applications in mind we shall write out explicit
expressions for the relations among X, m, n, and a, and also between
A and B. Both A and B are time-varying.
The paper is organized as follows. Section 2 studies systems (1.1)
and (1.2), conversions between them, and their symmetry groups. Sec-
tion 3 studies systems (1.4) and (1.3) with K = C, conversions between
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them, and their symmetry groups. Section 4 establishes system (1.4)
with K = C as spinor representations of the other systems. Section
5 investigates the real system (1.3) with a direct approach. Section 6
expresses the solutions of the four systems all in terms of spinor transfor-
mations. Then, taking advantage of the constraint of the state vector X
we develop a mathematically equivalent quaternionic Hermitian matrix
representation in Section 7, which is suitable for us to derive a spinor
map from SL(2,H) onto SO,(1,5) via an extension of Dirac’s method.
Section 8 converts system (1.1) with n = 5 to system (1.4) with K = H,
and vice versa. Finally, we draw conclusions in Section 9,

2. Dynamical Systems (1.1) and (1.2)

In this section we study systems (1.1) and (1.2) with n > 1.

2.1. Conversion Between Systems (1.1) and (1.2)

First, suppose we are given system (1.1) for the unknown vector
- x1 7

x=[§;]= X“ , (2.1)
-Xﬂ.

which is a function of time. From the properties of A stated in (1.1), it
is clear that such A is an element of the Lie algebra so(1,n) satisfying

ATg+gA =0, (2.2)

where
=5 ©

is the Minkowski metric of the (n+ 1)-dimensional Minkowski spacetime
M"+1 3 X. Here I, is the identity matrix of order n.
To convert (1.1) to (1.2) let us define
m! | X1
. X' 1
m = - = Eﬁ = ﬁ
m" X"

(2.4)
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For this transformation to be realizable we require X° # 0, and for
positive orientation of time we choose X? > 0. Thus, whenever given
(1.1) with known A, we can convert it into (1.2).

. Conversely, suppose we are given system (1.2). The unknown vector

for the dynamical system is a function of time. Defining

2y Xl = - ml &
. t 0
p : = X0 : Z[__ i mTA" (2 5)
xn g s ? Xﬂ o 0 o
— xu o L 1 o

we can convert (1.2) to (1.1). Our earlier choice of X° > 0 conforms with
the requirement X > 0 in the left-hand side X°/X?, that is d(In X°) /dt,
of the last equation of (2.5).

2.2. Solution and Internal Symmetry of System (1.1)

The solution of system (1.1) may be expressed in the following transition
formula: .
X(t) =G(t)X(0), Vtel, (2.6)

where I := [0,w), w < oo is a time interval assigned to (1.1), and G(t),
known as the fundamental solution of (1.1), is a transformation matrix
satisfying

Gt) = A(GQ), (2.7)
G(0) = L (2.8)

By (2.2) and (2.7) we find

2167 (1eG(1)] =o0.

At t = 0, GT(t)gG(t) = I, gln41 = g from (2.8); hence, we have
proved that
G (t)gG(t) =g (2.9)
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for all t € I. Take determinants of both sides of the above equation,
yielding (det G)? = 1, so that G is invertible. As usual, det denotes
the determinant. The 00-th component of the matrix equation (2.9)
is (G )2 — X8, (G%)? = 1, from which (G%)? > 1. Here G'J,t,j =
1,---,n,0, is the ijth mixed component of the tensor G. Since det G =
—~1or G'“u < —1 would violate (2.8), it turns out that

det G =1, (2.10)

G% > 1. (2.11)

Hence, in view of the three characteristic properties explicitly expressed
by (2.9)-(2.11), we conclude that the fundamental solution G of sys-
tem (1.1) belongs to the proper orthochronous Lorentz group SO,(1,n),
which thus characterizes completely the internal symmmetry inherent
in system (1.1).

2.3. Initial Conditions and Invariants of System (1.1)

Given the initial condition X(0) = (X'(0),--- ,X™(0), X°(0))T, we may
calculate XT(0)gX(0) = (X°(0))% - Z:,,..ﬂ)f‘{l])}‘q : r and obtain r.
Then by (2.6) and (2.9) it is obvious that

XT(t)gX(t) = XT(0)gX(0) =r, YVt €. (2.12)

Thus XTgX is an invariant of system (1.1). This simply reflects the
fact that the proper orthochronous Lorentz group of transformations in
Minkowski spacetime M™+! preserves the Minkowski separation (X°(t))%—
- 3k (X*(t))? for all t € I. Note that (X%)2 - 3" ,(X*)> =ris an
equation of a hyperboloid — an n-dimensional pseudo-Riemannian sub-
manifold of constant curvature which admits the Minkowski metric. The
invariance indicates that all X(¢) V¢ € I will stay in the same hyper-
boloid as the initial X(0) does. If the constant r = 0, the hyperboloid is
a cone, while if r > 0, it represents two copies of Minkowskian spheres,
and if r < 0, it is a hyperbolic space. Figure 1 shows a geometric rep-
resentation of these three objects with n = 2. However, since X° > 0
we must select the upper branches of them as the underlying spaces of
system (1.1).
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2.4. Solution and Internal Symmetry of System (1.2)

Corresponding to the symmetry group SO,(1,n) 3 G of system (1.1),
the symmetry group of the nonlinear system (1.2) is the projection of
S0,(1,n), namely the group PSO,(1,n). Partition G as

G= G’: G’ﬂ]’

GY% GY

where G?;, G%; and G“, are of order n Xn, nx 1, and 1 X n, respectively.
Thus, the solution m(t) is

_ G*,m(0) + G
~ G%m(0) +GY’

(2.13)

where m(0) is the initial value.

2.5. Initial Conditions and Invariants of System (1.2)

From (1.2) it follows that
d 2 T a s 2
2 lim|? = 2m™Ay(1 ~ [lm]?)
the solution of which is
Im(®)[? = (Im()]? - 1) exp ( / mT{n)A’u{ﬂ)dn)

It is obvious that |[m()]] < 1 V ¢ > 0 when |m(0)|] < 1, that
|m(t)]| >1 V¢ >0 when |m(0)]| > 1, and that |m(t)]| =1 V>0
when |m(0)|| = 1. In particular, if given the initial condition m(0) =
(m!(0),--- ,m™(0))T such that |m(0)|| = 1, the projective map shown
in (2.13) will leave the unit sphere ||m| = 1 invariant; in this case (2.13)
is a sphere map, more precisely an S™~'-endomorphism [12,13], which
maps the points in the sphere S®~! to another points in the sphere S™~1,
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3. Dynamical Systems (1.4) and (1.3) with K=C

In this section we study complex {-dimensional systems (1.4) and (1.3)
(£>2 K=C, B e C*, an e C*!). The derivations and results
apply also to the corresponding real cases (£ > 2, K = R, B € Ré*¢,
a,n € R,

3.1. Solution and Internal Symmetry of System (1.4)

The solution of system (1.4) may be expressed in the following transition
formula:

a(t) =U(t)a(0), Viel, (3.1)

where
U(t) = B()U(), (3.2)
u) = I, (3.3)

As given in (1.4), B € C*¢ and trB = 0, so B € si(£,C) and hence
U € SL(¢,C), which means U € C**¢ and det U = 1. Thus the special
linear group SL(£, C) charaterizes the internal symmetry of system (1.4).

3.2. Conversion Between Systems (1.4) and (1.3)

First, suppose we are given system (1.4) with K = C for the unknown
vector

which is a function of time. From the properties of B stated in (1.4), it
is clear that such B is an element of the Lie algebra sl(¢,C).
To convert (1.4) to (1.3) let us define

=— : |. (3.4)
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In order for this transformation to be realizable, we require ||| > 0.
From (3.4) it follows that

&= e +n e,

Substituting & = Ba = B|la||n into the above equation and then di-
viding by [lal|, we get

i =Bn- (%In"a") n (3.5)

Due to ||n]| = 1, we have
ila+hd n=0.

Substituting (3.5) and its transposed complex conjugate into the above
equation, we obtain

d
dt
by which (3.5) becomes system (1.3). Thus we have converted system
(1.4) into system (1.3).
Conversely, suppose we are given system (1.3) with K = C. The
unknown vector

In ||| = Re(2TBn), (3.6)

for the dynamical system is a function of time. Defining
a = [Ua(0)]ln, (3.7

we can convert (1.3) to (1.4). In the above U is the fundamental solution
of (1.4) and so satisfies (3.2).

3.3. Solution and Internal Symmetry of System (1.3)

Substituting (3.1) into (3.7) then dividing both the sides by ||[Uca(0)||
and noting (3.4) we obtain the solution of n(t) as follows:

Un(0)

B = [T 54)
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where n(0) is the initial value. This formula indicates that the internal
symmetry of dynamical system (1.3) with K = C is characterized by the
normalized image of SL(¢, C).

3.4. Initial Conditions and Invariants

If tentatively ignoring ||n|| = 1 and considering only the rest of (1.3) we
can obtain P
+lInll* = 2Re(a"Bn)(1 - ||n]?), (3.9)

from which it is obvious that |n(t)]] = 1 V ¢ > 0 when |n(0)] =
1. Here for the the modeling dynamic system (1.3), n is by definition
unimodular. (Recall that in some applications cited in Section 1, n €
R*!, ¢ = 2,3, represented the directors of structured media.) Thus
S§%-! = {||n|| =1 | n € C**'} is an invariant manifold for system (1.3)
with K=C.

Unlike system (1.3), system (1.4) does not preserve the length of
the initial value a(0), because all we can do is to take advantage of the
property det U = 1 (or tr B = 0), which leads us to consider the determi-
nant of a(t)aT(t) = U(t)a(0) «T(0)UT(t), obtaining a trivial equation
0 = (det U)0(det U). Note that the determinant of the tensor product
of two vectors is always zero such as det (@aT) = 0 here. It is hardly
surprising that system (1.4) is so simple — linear and low-dimensional
— as to find no invariant structure except to preserve volume forms,
namely det U = 1.

4. System (1.4) as Spinor Representations

The symmetry group in Section 2 is specialized to SO,(1, 3) for system
(1.1) with n = 3, while the symmetry group in Section 3 is specialized
to SL(2,C) for system (1.4) with £ = 2 and K = C. In this section we
intend to establish system (1.4) with £ = 2 and K = C as a complex
spinor representation of system (1.1) with n = 3, for which we are
therefore led to study the relations of the symmetry groups SL(2,C)
and S0,(1,3) and also the relations of their Lie algebras si(2,C) and
s0(1,3). Once we establish system (1.4) to be a spinor representation
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of system (1.1), it is straightforward to obtain the relations between
systems (1.4) and (1.2) via the conversion relations set up in Section 2.
Thus, if the relations obtained in Sections 2 through 4 are summarized,
systems (1.1), (1.2), and (1.3) will all have the very economical spinor
representation (1.4). In the final subsection of the section we briefly
treat the corresponding real spinor case withn =2, K=R and £ = 2.

4.1. Algebraic Relations of Fundamental Solutions

To relate the fundamental solutions of the four-dimensional system (1.1)
and the complex system (1.4) this subsection presents an algebraic ap-
proach to the spinor map from SL(2,C) onto SO,(1,3) (see, e.g., [14-
16]).

Any 2 x 2 (complex) Hermitian matrix H can be written as

0 1 2 _ ;w8
- X'+Xx! X :X],

Tl X2 +ix3 Xx0-Xx! e

where X°, X!, X2 and X® are real numbers, and 2 := —1. The deter-
minant of H is the Minkowski separation (X?)2—(X1)%2 - (X?2)2-(X3)2

The group SL(2,C) is (represented by) the set of all complex 2 x 2
matrices U with unit determinant. Elements of SL(2,C) are often called
spin transformations. Hence U € SL(2,C) is a spin transformation.
Since H is Hermitian, it is obvious that UHUT is also a 2 x 2 Hermitian
matrix. This leads us to write

H =UHUT. (4.2)

Thus we may write

X24iX3 X0-X1

ULy vy [X“+X‘ Xz—-i)ﬁ] Uy U3
U21 ng_ X3 44x% xv_xt [“;;-12 [:ﬂ:!

[JE“+J1" J?z—ii'a]

—_—
=

] . (4.3)

Taking the determinant of both sides and using det U = det UT =1,
one readily obtains (X°)2 — (X!)2 — (X2)? — (X%)2 = (X9)? — (X')? -
(X?)2 — (X3)?, ensuring that the Minkowski separation of the (3 + 1)-
vector X = (X!, X2, X3, X7 is preserved by the spin transformation
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U : H — H. Indeed, the transformation U : H l—+4ﬁ induces a
proper orthochronous Lorentz transformation G : X — X, which is an
element of SO,(1,3). Equation (4.1) may be rearranged as

Hy, Xt
Hy | _ X2
3 = C x3 | (4.4)
Hyy b &
where
1 0 0 1
0 1 -1 0
K= 0 1 i 0 (4.)
-10 0 1
Then (4.3) is equivalent to
i 1?11 i Hyy
Hy, H
12 | _g , 4.6
Hoy, Hy, (&8
i .ﬂ'ﬂ ] H22

where

[ ULOY ULYOYy UG UYUYS T
R UL ULO% UG03R ULD% —UeT (47)
UAUY UAUY, U%RDY URUY ’
| UAU%" UAU% URU% U%U% |

where ® denotes the Kronecker (tensor) product.

Applying
10 0 -1
_lfo0o1 1 0
C™=510 5 = o (48)
10 0 1
to both sides of (4.6) and noting (4.4) yield
X = C'RCX. (4.9)

Comparing with the proper orthochronous Lorentz transformation, X =
GX, we obtain
G =C"'RC. (4.10)
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Note that there are two spin transformations, namely +U, which map
to the same proper orthochronous Lorentz transformation G, and hence
+U are said to be a two-valued representation of G. Indeed the proce-
dure is a map from the group SL(2,C) onto the group SO,(1,3) and is
usually called a spinor map. The hierachy of the spinor maps included
in SL(2,C) — S0,(1,3) is shown in Figure 2; see also Subsection 4.4
and Appendix for related maps and systems. But, we still lack the con-
version formulae from B € si(2,C) to A € so(1,3), and vice versa. This
will be formulated in the next subsection.

4.2. Conversions Between Complex system (1.4) and 4-D
System (1.1)

In this subsection we convert a complex system (1.4) to a four-dimensional
system (1.1), and vice versa. The conversion relations are indeed a Lie
algebra isomorphism of si(2,C) 3 B onto so(1,3) 3 A.

Parametrizing the spin transformation U € SL(2,C), cf. (4.2),

H(t) = U@)H(0)T™ (¢), (4.11)

differentiating (4.11) with respect to the parameter ¢, and using (3.2),
we obtain

[ Hy, Hjp ] i [ By Bz ] [ Hyy Hyp |
Hp Hp By B || Hn Hz |
[ Hy Hig | [Bu By ] .
= = . (4.12
¥ | Hyy Hpp | | Biz Bz ($12)
Also parametrizing (4.6) as
Hyy (2) Hy,(0)
Hu(t} HIE(U}
=R(t s 4.13
Hy (t) (® Hy (0) \13)
Ha(t) H3;(0)
taking time derivative of (4.13) and then using (4.13) again, we have
Hy Hy,
Hi2 | _gp-1| Hi2
Hy, Eaa Hj

Hzg H,
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Comparing the above equation with (4.12) yields

Biu+Bu B B2 0
RR-! = By Bu+ Bz 0 _ Bz
B 0 B2z + B Bia_
0 Ba; By B2 + B,

=BRL+I;,®B. (414)

For the proper orthochronous Lorentz transformation G € S0O,(1, 3),
taking the time derivative of (4.10), using (2.7), (4.14), and (4.10) again,
we obtain

By + By Bia_ B2 0
- B By + B 0 Bia
A=cC-] 21 11 + Ba2 B, c,
¢ B 0 By + Bu Bz
0 By, Ba Bay + Baa
(4.15)
and the inverse,
B+ By 5'12_ By, 0
Ba; By1 + B 0 B2 s
- - = CA .
Ba, 0 Baz + B Bz CAL
0 By, By By + Bag
(4.16)

Expanding formula (4.15) and using B; + Bz = 0, we have A from
B as follows:

An A A Ap
Ay Az Az Ay

Aves
A3z Azs Asz Aso
An Apx Aps Ao
0 Im (Baa — Bi1)  Re(Ba - Bia) Re(Bz21 + Bia)
— Im (Baz — B11) 0 — Im (B21 + B12) Im (Biz = Ba1)
—RE(BH -_ Bu) Im {Bu + Bn} 0 RE(BII ™ BH} 1
Re(B21 + Bi2) Im (Biz — Ba1)  Re(B11 — Baa) 0

(4.17)

where the prefixes Im and Re denote the imaginary and real parts, re-
spectively. It is easy to see the 4 x 4 real matrix A as obtained in (4.17)
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takes the form

0 Az Az Ay
—-Aiz 0 Ay Ay
—Aj3 —A; 0 Ay

Ay Ayp Azxp O

and satisfies (2.2), where g defined by (2.3) with n = 3 is a Minkowski
- metric of the four-dimensional Minkowski spacetime M*; hence, the A
thus obtained is an element of the Lie algebra so(1, 3).

Similarly, it follows from (4.16) that

B=[311 312]

A= (4.18)

B3, B
_1 Agg —iA)2 Ayg — A1z +1(Ag0 — A23) (4.19)
2| A3+ Ay —i(A23 + Ax) —Az +1A19 ' )

‘It is easy to check that the 2 X 2 complex matrix B as obtained in (4.19)
has a  zero trace; hence, the B thus obtained is an element of
the lie algebra si(2,C). Formula (4.17) enables us to obtain A from B,
whereas formula (4.19) B from A. Formulae (4.17) and (4.19) together
explicitly expressing the Lie algebra isomorphism of sl(2, C) onto so(1, 3)
is very important for calculations and for further study of the properties.
Both the Lie algebras have six independent parameters.

4.3. Relations of Solutions

Now. we are concerned with the two-dimensional complex spinor space
[16,17] and the dynamical systems on the space. We return to the matrix
H defined in (4.1) and remark that if the vector X € M' then H may
be written as the dyadic product of a complex two-dimensional vector
and its conjugate transpose:

X2 44x3 Xx0-x1 o?al o?a’

0 1 2 _ :v3 1=t 1=
X0+ X! X2-iXx ]=2[aa :a2]=2a&1~‘ (4.20)

|

We are therefore led to consider a complex two-dimensional vector space
C? with elements «, on which SL(2,C) left acts. The road (4.20) to
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spinors may be described as being based on the idea of taking the square
root of a quadratic form and thus linearizing the quadratic map

H+— H=UHUT

to be a linear one
a—r a=Ua.

From (4.20) it follows that

X0 =lel?, X'=la'|*-|e?,

X? = 2Re(c'a?), X3=-2 Im (a'a?), (4.21)
where |a!| is the absolute value (modulus) of the complex number a!.
- The relations of complex spinor & and unit complex spinor n were
shown in (3.4) and (3.7). Thus, we have systems (1.4) and (1.3) with
K = C and with the same B € si(2,C). Correspondingly, the equation
in M*! and its projection are given by systems (1.1) and (1.2) withn = 3,
where the relations of X and m were already shown in (2.4) and (2.5).
The matrix A given in (4.18) satisfying (2.2) is an element of so(1, 3).
Because of n € C? and ||n|| = 1, we may identify the unit complex

spinor
1 nl +in!
n=["2]= . (4.22)
n ng + i
with the point (ng, n3,n{,n?) on the unit sphere |[n||* = (ng)*+(n2)*+
(n})? + (n?)?2 =1 in R, and hence n € S3.

On the other hand, from (2.4) with n = 3 we know that m € S2 if
X is null. The map from S3 to S? has been derived by Hopf [18],

m! = (ng)? + (n)? = (nR)? — (n7)?,
m? = 2nln? + 2nln?, (4.23)
m® = 2nnn, - 2ﬂnnf.
With the above identities, it is not difficult to prove that n € S3 if and
only if m € S2. However, it is a two-to-one correspondence; that is, the
two +n correspond to the same m.
It deserves to note that the two +a lead to the same X, and the

two compler components a! and o suffice to determine the four real
components X° X', X? and X® as shown in (4.21). However, from
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(2.4) with n = 3 and (4.23) we know that neither the three components
m!, m? and m? nor the four real numbers nl, n2, nl, and n? suffice to
determine the four components X°, X!, X2 and X3. But from (4.23) it
is the four real numbers nl, n2, n}, and n} suffice to determine the three
components m!, m? and m3. Figure 3 summarizes the relations of the
Lie group homomorphism from SL(2, C) onto SO,(1,3), the Lie algebra
isomorphism of si(2,C) onto so(1,3), the two linear systems (1.4) with
K = C and (1.1) with n = 3, and the two nonlinear systems (1.3) with
K=C and (1.2) with n = 3.

4.4. Spinor Map from SL(2,R) onto SO,(1,2)

The symmetry group in Section 2 is specialized to SO,(1,2) if n = 2,
while the symmetry group in Section 3 is specialized to SL(2,R) if £ = 2
and K = R. In this subsection we study the relations of the symmetry
groups SL(2,R) and SO,(1,2), their Lie algebras si(2,R) and so(1,2),
and also the four systems (1.1)-(1.4) withn=2,and K=R and £ = 2.

Deleting the X3 component in (4.1) and following the similar proce-
dures in the above we can obtain a spinor map from SL(2,R) 3 U onto
S0,(1,2) 5 G as given by (4.10) but with

1 01 y[1 0 -1
C=|0 10|, C'=-]02 0|, (4.24)
%41 o

-1 01 1

{Ull)i 2U11U12 (U12)2
R = U11U21 Ulzml + U‘lUgg Ulzmg . (4.25}
(U3)? 20%U% (U%)?

Similarly, the Lie algebra isomorphism of si(2,R) 3 B onto so(1,2) 3 A
is derived as follows:

An A Ay
A= Am Agz A'-m
Apn Az Ao

[ 0 Bi2 = B3y By — By

Bu-Baz 0  Bu+Ba |, (4.26)
By = By Bja+ By, 0
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B=[B“ Bu]

Ba1 Bag
3 $(A11 + Ago + Ajo + Anr) 7(A12 + Ao2) (4.2)
3(A21 + Azo) 1(A11 + Ago — Ao — Ao1) o

Deleting the X° component in (4.20) and noting c is a real spinor,
we have

X =|al?, X!'=(a')?-(c?)? X%=2a'0% (4.28)

Here we need X to be a null element in M®, namely (X?)%2 — (X!)2 -
(X?)? = 0. It follows that

at =:I:J%(X“+X1), a2=i\/%{x0—xl). (4.29)

Two points should be noted. The two +a lead to the same X, and the
two components o' and a? suffice to determine the three components
X% X', and X? by (4.28) because X° X!, and X? are constrianed
by (X°)? — (X!)? — (X?)? = 0. Conversely, given X° X!, and X?
constrianed by (X9)% — (X!)% — (X?)? = 0, we can determine up to sign
o! and o? according to (4.29).

5. Real System (1.3)

In Section 3 we studied the third degree nonlinear system (1.3) via sys-
tem (1.4). In view of the importance of system (1.3) with K = R in
applications as hinted in Section 1, we turn in this section our attention
to it again. In Subsection 5.1 we approach it in such a direct manner
that quantities remain in their physical spaces without recource to the
other three systems. Then in Subsection 5.2 we convert system (1.1)
with n = 2 to the real system (1.3). In Subsection 5.3 we show that y°
introduced in the direct approach is nothing but X? of system (1.1).
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5.1. A Direct Approach

In some applications system (1.3) describes the temporal changing of the
director n, which is known to possess the property ||n|| = 1. Introduce
the structural matrix (called structural tensor in [19] or conformation
tensor in [20])

N :=nn7, (5.1)

which is thus characterized by the properties:
N?=N, trN=1, detN=0. (5.2)

Then the differential equation of system (1.3) with K = R can be written

as
fi=Bn-B-Nn, (5.3)

where the dot between two matrices of the same order denotes their
inner product, namely the sum of the products of all corresponding
entries. Taking time derivative of both sides of (5.1) and utilizing (5.3),
we obtain

N -BN -NBT 4+ 2B - NN =0. (5.4)

If U satisfies (3.2) and (3.3), the change of variables
N =UuMmuUT (5.5)

transfers (5.4) to a differential equation for M:

M +2(UTBU) - MM = 0. (5.6)
Upon letting
t
v = e (2 [ [T@B@UG]-M@d), (67
(5.6) becomes
Z6°M) =o0.

The solution is )
M= sFl\#ﬁlﬁ{ﬁ), (5.8)
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where y°(0) = 1 has been used. According to (5.5) and (5.8) we then

have

N = yinUN(o)UT. (5.9)

From (5.7) and (5.8) it follows that
7° =2(UTBU) - M(0).

Substituting M(0) = N(0) into the above equation and integrating we
have

t
P =1+2 f [UT (9)B()U(n)] - N(0)dn = (UTU) - N(0)
= [Un(O)?, (5.10)

where 3°(0) = tr N(0) = [|n(0)]|> = 1 has been used. Consequently, the
solution of the structural matrix is

UN(0)UT
(el 5.11
TR (Bl
and the solution of the director is
Un(0)
n=-— 5.12
[G2)] (810

which is the same as the result (3.8) indirectly obtained with recourse
to system (1.4).

Note that the so-called direct approach developed here is “direct”
only in a relative sense; in fact. it needs to utilize U and y°, which
are in turn related intimately to systems (1.4) and (1.1). Recall that
U is the fundamental solution of system (1.4) and 3° is nothing but
X of X in system (1.1), as to be proved in Subsection 5.3. We also
comment that the direct approach in itself is indeed applicable not only
to the two-dimensional real system (1.3) but also to any £-dimensional
real system (1.3) with £ > 2. The last comment enables us to apply the
direct approach to both two- and three-dimensional problems, especially
to the problems of microstructural orientation.
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5.2. Converting System (1.1) to System (1.3)
Suppose we are given a (2 + 1)-dimensional system (1.1) with
0 —az a
A= az 0 an . (5.13]
ay az 0

Suppose the initial condition X(0) satisfies XT(0)gX(0) = 0. From
(2.12) we know the quantity

XT(H)egX(t) = (X°(t)* - (X'())* - (X?(¢))* =0 (5.14)
is conserved and so that X is a null vector in M®. The parametrization,
X':=X%o0s6, X?:=X"sing, (5.15)

satisfies (5.14) automatically. Through system (1.1) with A given by
(5.13) 6 is found to be governed by

0 = a3 + bcos(f + w), (5.16)

b:=4/a} +aj, w:=arctan (E—;-) : (5.17)

Now let us define a unit real spinor

1 cos (§)
a=[%]- [ ] 518
n
sin (3)
This is the simplest spinor, which may be intuitively interpreted as an

entity satisfying the requirement that it changes sign under a 27 rota-
tion; that is

where

n(6 + 27) = —n(6).
From (5.18) and (5.15) it follows that

(n!)? = % [1 + %—] , (n?)?= = [1 _X . (5.19)
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From (5.18) and (5.16) we obtain the differential equations for n! and
n? as follows:

Al = ~Bn? 4 2[(n?) - n2(n)?) cosw + 20! (n?)2sinal,
n? = %ﬂl + g[{{nl}a —n!(n?)?) cosw — 2(h')%n? sinw],

or, after a series of manupulations based upon (n!)? + (n?)2 =1,

nl = —;—3112 — bm?(n')? cosw + gn2 cosw
b b
+ 5“1("2}2 sinw + E(ﬂl - (n')%) sinw,

. a b
n = -2§~n1 + —n'cosw — bn'(n

242
5 )

cosw
b, 1y2, 2. b, 2 _ ¢ 23y
—E[n) n smw—E{n — (n*)*) sinw.

Rearranging the above two equations we obtain system (1.3) with B
given by

_b| sinw cosw 0 =
B_EI:GUSM —sinw]+[‘-‘25~ 0 ]’ (5.20)
which, by (5.17), becomes
" a G2—a3
B= [ oy o ] (5.21)

Thus we have converted the (2+ 1)-dimensional system (1.1) to the real
system (1.3).
The inverse relation of (5.21) is

0 By — By 2B,
A = | By — By 0 B2 + Bg; | . {5.22)
2By, Bz + By 0

Obviously, sl(2,R) 3 B is isomorphic to so(1,2) 3 A.



SPINOR MAPS FOR SYMMETRIES... 329

5.3. y'= X0

Let us reflect that the success of the direct approach to solving system
(1.3) lies in part in the introduction of the variables y° as defined in
(5.7). It is thus interesting to further investigate y°. Differentiating
(5.7) yields

7° = 2°(UTBU) - M. (5.23)

Substituting (5.5), (5.1) and (5.21) into the above equation we have
gﬂ - yﬂ[al({nl}ﬂ o (n2)2} ks 2&.21‘11“2],
which, by using (5.19), further reduces to
; 1
y'} = yﬂrx—u[ﬂlxl + ﬂgxﬂl.

Upon substituting _

X0 =g X! +apX?,
which is the third equation of (1.1) with n = 2 and A given by (5.13),
we have ] »
1 X
!:.E = F. {5.24}
Noting that y%(0) = 1 from (5.7), we obtain y° = X°/X%(0) by integra-
tion. We may set X°(0) = 1; thus

y? = XO. (5.25)

Hence 4° introduced for directly solving system (1.3) is nothing but the
X° component of X in system (1.1).

6. Solutions Using Spinor Transformations

As shown earlier the solutions a(t) and n(t) of systems (1.4) and (1.3)
can be obtained by updating a(0) and n(0) by the spinor transformation
U(t) according to formulae (3.1) and (3.8), respectively. In this section
we further show that the spinor transformation U(t) can also be used
to express the solutions of systems (1.2) and (1.1).
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6.1. Solution of System (1.2)

From (2.4) with n = 2, (5.15) and (5.18) it follows that
12 — (n?)?, m?=2n'n? (6.1)

Substituting (5.12) into (6.1), m! and m? can be represented by another
form:

a1 { (UL)? = (UR)? + (UY)? = (U%)?
40 2

(UY)? = (UA)? = (UL)? + (U%)?
2

m! = (n

+ ml (0) + [Ull U12 _ U21 U2 2]1‘?12 (ﬂ) } :

(6.2)
1

+[UYU% + UlgUzl]mn(U}}, (6.3)

where
0 (U')? + (UR)* + (UL)? + (UR)?
2
+ (U‘l'].)2 + (U21)2 - (Ulﬂ)n — (U22}2 m”{U)

2
+ [UN U + U4 U%Im?(0) (6.4)

is derived from (5.10) and (6.1).

6.2. Solution of System (1.1)

With the aid of (5.25) and (2.5);, (6.2)-(6.4) are changed to

i {Ull }2 = (U‘i)? -; (U12)2 = {WZ)zxﬂ(u)

O = P - O + O3

+ (UL U, - URU%IX?(0), (6.5)

Xl
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X? = [UYU% + UL U%X°(0) + [Uy U - ULUZIX(0)
+[ULU% + ULU%]X?(0), (6.6)

(UIIF 2l (Uzl}z ; {Ulg)z T (UZQJ_ZXH{O)

+ UL+ (U%)? ; (UY)? - (U%)? x!

X0 =

(0)
+[U4U% +UAU%IX?(0). (6.7)

6.3. Relation between G and U

After introducing the group S0,(1,2) and SL(2,R) in Subsection 4.4,
it is interesting to explore their relations from the current point of view.
For this purpose, let us explore the relation between the spin trans-
formation U and the proper orthochronous Lorentz transformation G,
which is the fundamental solution of system (1.1). From (2.1) and (2.6)
we get

"
I

G X1(0) + G, X?(0) + G X°(0),
X? = G%LX'Y0)+G%X%(0) + G%X%(0),
X = G%Xx'(0)+G%X?%(0) + G%X"(0).

Upon comparing the above formulae with formulae (6.5)-(6.7) we obtain
again the spinor map from SL(2,R) onto SO,(1,2).

7. Quaternionic Two-component Spinor Representation

In this section we turn our attention to the case with n = 5. In order
to give a more economic lower dimensional quaternionic two-component
spinor representation of the state vector X defined in (2.1), which is
subjected to the constraint (2.12), let us first introduce the quaternion
algebra.
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7.1. Quaternion Algebra

The quaternions usually defined as a four-dimensional real vector space
such that we can define a product (x,y) —* xy satisfying the following
associative and distributive laws for all x,y,z € H and all a € R (see,

e.g., [23]):

(xy)z = x(yz), (7.1)
x(y + z) = xy + xz, (7.2)
(x+y)z = xz + yz, (7.3)
a(xy) = (ax)y = x(ay). (7.4)

There exists a distinguished basis elements {1, i, i3, 14} with the fol-
lowing commutation relations:

2 _ 2 _ 2 _
p=i3=I=-1,

iply = —igip =iy, i3iy = —iyiz =iy, isip = —iziy =1i3. (7.5)
Thus, if x = o' + z2ip + z°i3 + 2%y and y = ' + y%i2 + i3 -I-_y“i4 are
any two quaternions, their product is defined by
= [z'y! —2%? — 2%° — Y
+ [zt +y'zt + 2%y — 2P (7.6)
The conjugate of x is denoted by % := z! — z%ig — 2313 — o4y, such that
the product of x and x gives the usual squared norm of x in Ef,
Ix||? = xx = &x = (z')? + (z?)? + (z®)* + (z*)% (7.7)

For nonzero quaternion the inverse x~! is thus given by

-1

x (7.8)

_ X
lI<ll*

If we let x = z'+x°, y = y! +y?, it is shown in [24] that the product
rule (7.6) can be represented by
xy xlyl—x’-y’ +:‘.l'.'ly" +y1xs +x’xy’
it Ilyl —x. },a + Ily’ + ylx‘ + :‘E"}r*" (7_9)
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where the cross product of x* x y* and the inner product of x* - y* are
defined in the three-dimensional Euclidean space, and

T aix*mx = g4 0 -z (7.10)

is the tilde mapping, which maps each axial vector x* := (z2,z3,z%)T
to a skew-symmetric matrix x°.

We also need to define the scalar product of two quaternions. This
can be achieved through the inner product of the quaternion bases,

ij-ig =034, 5,k=1,23,4, (7.11)

where i) denotes the unit element 1 of the quaternion, and §;i is the
Kronecker delta function. So that we have

x-y = syl +x° -y =zly! + %% + 2%° + 24,
X - j—r — Ilyl L xﬂ‘ 2 yd —_ Ilyi g Iﬂyz = IEyE i m-ﬂyﬂ, (7.12)
and accordingly, (7.9) can be written as
xy =x-¥+zly’ +y'x* +x* x y°. (7.13)

For the later use we further derive the following formula for the product
of three quaternions:

xyz=zx-§-z'y’ 2’ —ylx* -2’ = x"xy* - 2°
+x- 52 +x-2y’ +z-§x° + 2!x* x y* + zly? x 2°
+y'x® x 2°. (7.14)

7.2. Dirac’s Approach

Second, let us consider the 2 x2 quaternionic Hermitian matrix H, which
can be written as

H= 0 5

70 + 75 z! — 2%y — 2813 — 2y (7.15)
z! + 221 + 2313 + 2y 70 — ) :
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where z°, z!, 22, z3, z¢ and z® are six real numbers. The determinant of
H is the Minkowski separation (z°)2—(z!)?—(z%)?—(2*)%—(z*)?*—(z*).

The group SL(2,H) is the set of all quaternionic 2 x 2 matrices U
with unit determinant. Elements of SL(2, H) are often called quaternion
spin transformations. Hence U € SL(2,H) is.a spin transformation.
Since H is quaternionic Hermitian, it is obvious that UHUT is also a
2 x 2 quaternionic Hermitian matrix. This led us to write

H =UHUT, (7.16)

where the bar over U stands for its quaternion conjugate. Taking the
determinant of both sides and usmg det U = det UT = 1, one readily
obtains (%)% (8')2— (%) (2%)*—(8*)*~(2°)? = (z°)* (")~ (z*)*-
(z3)? — (z*)2 — (z°)?, ensuring the Minkowski separation of the (5 + 1)-
vector X = (z!, 2%, 23, z4, 25, 2) is preserved by the spin transformation
U : H+— H. Indeed, the transformation U : H — H induces a proper
orthochronous Lorentz transformation G : X — X, which is an element
of SO,(1,5).

Dirac [25] has proposed a quaternionic representation of the Lorentz
transformation in M? by expressing the quaternion w as the ratio of the
other two quaternions u and v,

w=uv"l (7.17)
Then he considered three quantities
x=uv, zt =v¥, 7~ =ui, (7.18)
and defined
x = z' + 22ig + 2li3 + 2y, st =2"+2% - =2"-2% (7.19)

where z!, ..., 2% 20 are real numbers. If u and v are replaced by u) and
VA, the six z's all get multiplied by AX and their ratios are unchanged.
Thus the ratios of z’s are determined by w. From (7.18) it follows that

xx =uvvi=uzta =z s, (7.20)
which by means of (7.7) and (7.19) leads to

(z')? + (=) + (%) + (=) = () - (°)*. (7.21)
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It represents a null cone in the space M°.
Under the following linear transformations for u and v,

i =au+bv, Vv=cu+dyv, (7.22)

where a, b, ¢, and d are arbitrary quaternions, x, z+, and z~ are
transformed as follows:

% = az ¢+ bzstd+axd + bxg, (7.23)
it = cz~¢+dztd + exd + dx¢, (7.24)
#~ = az~a+bztb+ axb + bxa. (7.25)

This, as has been demonstrated by Dirac, will result in the new six #'s
being linear functions of the old z's, and (7.21) still holds for the new
z's.

Equations (7.23)-(7.25) together with the conjugate of (7.23) can be
represented by

gt %] _[d ][zt = ][d b (7.26)
x 2| | b a x z ¢ a|’ '
Upon letting
_ d c

it can be seen that (7.26) is really of the form (7.16).

7.3. Spinor Map from SL(2,H) to SO,(1,5)
Although the product xy is non-commutative, by (7.9) we can derive
the following relation:
Xy = yx—2 <yx>=yx — 2§°x’, (7.28)

where < yx > denotes the skew-symmetric (cross product) part of yx.
With this formula we can rearrange (7.23)-(7.25) and the conjugate of
(7.23) to the following forms:

%= aéz~ +bdzt +adx—2a <dx > +bex - 2b <&x >, (7.29)
%= caz +dbz" +dax - 2d < a%x > +cbx — 2¢c < bx >, (7.30)
gt = ctz~ +ddzt + cdx - 2c <dx > +déx — 2d < &x >, (7.31)
£~ = aar~ +bbzt +abx—2a < bx > +bax —2b < ax >. (7.32)
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The above four equations can be combined together to a matrix repre-

sentation
g+ o+

; (7.33)

where

"dd dé—-2d<é ed—-2c<d cé
db da—-2d<a cb—-2c<b ca
J 1= - - - . (7.34)
bd bc-2b<é ad—2a<d ac

-

bb ba—2b<da ab—2a<b aa

and < » denotes the operator of skew-symmetrization; for example, the
operator < y acting on x is read as < yx >=y’x’.

For the later purpose we introduce another representation of the
quaternions x and y with x = z! +ix* and y = y! +iy?, such that their
product is expressed by

xy = (z'+ix®) (y' +iy?) := 2"y —x" -y +i(z'y +y' x*+x* xy*). (7.35)

Here i plays not only the role of an imaginary number with 2 = —1,
but also a symbol used to stress that the quantity been prefixed by i is
the spatial part; for example, x* is the spatial part of x; conversely, z!
is the scalar part of x.

Now, the H in (7.15), with its z° + z° replaced by z*+ and z% — z°
by z~ as that defined in (7.19), can be re-expressed as

zt z!
X x?
- = C 25 |0 (7.36)
T~ 70
where
0 0 1 1
1 =i 0 0
C:= 1 i 0 0 (7.37)
0 -1 1



SPINOR MAPS FOR SYMMETRIES... 337

Conversely, we have

z! gt
X=|%5[=c| X ], (7.38)
70 T~
where
01 1 0
L 110+ - 0
Cl.= 51 1 E 0‘ _1 (7.39)
10 0 1

Left multiplying both sides of (7.33) by C~! and noting (7.36), yields
X =Cc lJCX, (7.40)

which being compared with the proper orthochronous Lorentz transfor-
mation X = GX gives
G=C"1JC. (7.41)

Now, letting

G, G, GY% G},
G;, G;, G;5 G;u ‘
G 1 G E] G 5 G 0

and then substituting (7.39) for C~!, (7.34) for J and (7.37) for C into
(7.41), we obtain each term in G as follows:

(7.42)

Gl m %(a&+dﬁ+bé+c]3)-d{ﬁl}—b<:ﬁ 1>
—c<bl>-a<dl>=a-d+b-c, (7.43)
G‘,=%(a&-dﬁ+c5—bﬁ}+d{ﬁi}+b{ﬁi::-
—c<bi>-a<di>

= (a,d; — d1a, + c;b; — bjc; +d, X a, +b, x¢c,)T, (7.44)
G's = %{dE + bd — ca — ag), (7.45)
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G, = %(dﬁ +bd + ¢ + a8), (7.46)

G’ =%(di—a&+c5-bﬁ)+i(a{a1:=-+.b<:E1::-

—c<bl>-d<al>)
= ¢ b, + dyja, —a1d; — bjc;, —a, xd, — b, X ¢4, (7.47)

G’,=%(aa+dﬁ—-bﬁ—-cﬁ)+i(a{a£}+d{§.i}
-b<&i>—-c<bi>)=(a-d—b-e)l; +2[a, ®d,] — 2[b, ® c;]

+d,8, + a;d, — ¢;b, — b, &5, (7.48)
G% = %(dE ~ bd + at — ca)
= dl.ba — blda — C1a, +ﬂlca +d, X b, _‘:3 b aa, (?-49}
G = 5(db — bd + c& - a¢)
=d;b; — byd; + c1a; —a1cs +d; X by +¢; X ag, (7.50)

G = %{ca+dﬁ-—aﬁ-bﬁ}
-d<él>+b<dal>-c<dl>+a<bl>

=c-d—a-b, (7.51)
G, = ;(ba-ab+cd—de)+d<ei>-b<ai>
—-c<di>+a<bi>

= (ﬂlda —dicy —ai1by, + bja; +dy X c; — b, X aa]'T1 (752)
G% = 5(dd — bb — ¢t + ad), (7.53)
G5, = %{d& <A ), (7.54)

G“1=%{aﬁ+bﬁ+ca+dﬁ)—d <é¢l>-b<al>
—c<dl>-a<bl>=c-d+a-b, (7.55)
G“,:-;;{aﬁ—bﬁ+c&—dé)+d{ﬁi} +b<ai>
—c<di>—-a<bi>=(¢d, —dic, +a1bs — ba,

+d, % ¢, + b, x a,)T, (7.56)
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G% = %(d& + bb — c& — aa), (7.57)
G% = %{d& + bb + c€ + aa). (7.58)

In above ® between two three-dimensional vectors denotes their tensor
product, and as before [a, ® d,] and [b, ® c,] denote, respectively, the
symmetric parts of the tensors a, ® d, and-b, ® c;.

Only G, GY,, G%, G5, G% and G, are calculable directly from
the quaternions a, b, ¢ and d. The other terms above should be sup-
plemented with their second equalities for directly calculable from the
quaternions a, b, ¢ and d. We first derive the second equality in G?,.
Using the following formulae:

x' x (y* x2°) = (x*-2°)y’ — (x* - y")2", (7.59)
x'-(y'x2')=y'-(2° xx")=2"-(x' X y’) (7.60)

for three-dimensional vectors x*, y* and z*, we can prove that

ia<dix>+id<aix>
= —a,-(d, X x°) +a1d,x’ +a,-x'd, —a, - d,x°
—d, - (as X x") + d18,x* +d, - x’a, — d, - a,x"
= a1d,x’ + d1a,x" + 2[a, ® d,]x* — 2a, - d,x". (7.61)

It thus follows that

ia<di>+id <ai>=ayd, +da, + 2[a, ® d,] — 2a, - d,I3, (7.62)
and similarly,

—ib < &i> —ic < b i>=—b& —c, b, —2[b;®c,] +2b, - ¢c,I5. (7.63)
While the other terms in G?, can be computed as follows:

—iadi—idai+ib&i+icbi = (2a;d) +2a,-d, —2b1¢c; —2b,-c,)I3. (7.64)

Substituting (7.62)-(7.64) into the first equality on the right-hand side
of G’,, we obtain the second equality in (7.48) for G*,.
There are

<dal>=0, <bl>=0, <tl>=0, <dl1>=0,
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because 1 is a scalar; see the sentence follows (7.34). Thus, the second
equalities of G';, G® and G in (7.43), (7.51) and (7.55) are proved.
By straightforward calculations we can prove that

i(ad — da) = 2(ayd, — d1a, +a, X d,), (7.65)
i(chb — b&) = 2(c1bs — bics + €5 X by). (7.66)

Therefore the following equations hold:

i(da — ad + cb — bt) = 2(d;a, — a;d, — a, X d,)
+ 2(c1bs — bicy + 5 X by),

i(db — bd + a& — ca) = 2(d;b, — bid, — b, x d,)
+2(aics — c18, — ¢4 X &),

i(db — bdca — ag) = 2(d,b; — byd; — b, x dy)
+ 2(c1a, — ajc, + ¢4 X a,),

and the second equalities for G*, G’s and G*; as that appeared in
(7.47), (7.49) and (7.50) are proved.

It remains to check the validity of the second equalities for G,, G5,,
and GY,. Similarly, through some calculations we have

d { E ix :"= d, 4 ﬂ., P xa’ {?-ﬁ?}
and
d<ai>=d, xa, (7.68)
can be viewed as a row vector, since it linearly maps x to a scalar. With
this formula the following relations are obvious
b<éi>=byxc,, c<bi>=c,xb,, a<di>=a,xd,,
d<ci>=d,Xc,, b<ai>=b,xa,, c<di>=c,xd,,
a<bi>=a, xb,.
Substituting these formulae into (7.44), (7.52) and (7.56), we obtain the

second equalities for G1,, G5, and GY. This completes the proof of
equations (7.43)-(7.58).
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The above procedure for obtaining the spinor map from SL(2,H)
onto SO,(1,5) are illustrated in Figure 4. This map is from the group
SL(2,H) onto the group SO,(1,5) and is a spinor map in the sense that
the two spin transformations +U map to the same proper orthochronous
Lorentz transformation G. The above formulae require to know U(%).
More definitely, we should know the time-varying Lie algebra B(t), which
render U(t) obtainable through the integration of differential equation
U(t) = B(t)U(t). Thus, we below derive the conversion formulae from
B € sl(2,H) to A € so(1,5), and vice versa.

8. The Explicit Isomorphism of sl(2, H) and so(1, 5)

Now, we attempt to convert the six-dimensional system (2.7) to a cor-
responding quaternion system with dimensions two, that is,

U = BEOUGE, (8.1
U(0) = I, (8.2)

in which
B=[1 3] (5.3

is a quaternionic matrix, subject to Sca(r + o) = 0. The conver-
sion relation is indeed a Lie algebra isomorphism of si(2,H) 3> B onto

so(1,5) 3 A.
Parametrizing the spin transformation U € SL(2, H),
H(t) = U(t)H(0)TT(2), (8.4)
differentiating (8.4) with respect to t, and using (8.1) we thus obtain
-+ 5 + + x = =
[”. ."i]=[rq”$ :"i]+[m x_”f 1_’].(3.5)
X I p o X X z q o

It can be written as

zt+ z*(r+7) +qx +Xq
z-q+ztp + rx + %0
ztp + 27§+ ox + xI
T z~ (o + 8) + pX + xp

" one

(8.6)

—_—
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From (7.28) it follows that

Xq = gx-2<§x>,
%56 = 0%—2<o%>,
xF = fx-2<¥x>,

Xp = px—2<px>.

Substituting these equations into (8.6) yields

&t gt(r+F)+qx+gx—2< gx>

x | _| z7q+ztp+rx+0x—-2<0%x> (8.7)
x | | ztp+r qtox+ix—-2<ix> |’ ‘
& z7(0+0) +pX+pPpx—2 <px>

which can be rearranged to

g+
X
x
P
r+f g-—-2<qg q 0 gt
_ P r+o0-2<6 0 q x
- p 0 o+F—2<Ff @ x (8.8)
0 P P—2<p o0+0 a5
Also parametrizing (7.33) as
z¥ (t) z*(0)
x(t) | _ %(0)
o | = | 3o | (8.9

z~(t) z~(0)

taking the time derivative of (8.9) and then using (8.9) again, we have

i+ ot
=g * (8.10)
x x

T~
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Comparing the above equation with (8.8) yields

r+f §-2<q q 0
_1_ ﬁ' r+ﬁ"'2{ﬁ 0 q
JIm = o) 0 o+T-2<F § (841)
0 P P—2<p o+0

For the proper orthochronous Lorentz transformation G € S0,(1, 5),
taking the time derivative of (7.41), and using (2.7), (8.11), and (7.41)
again, we obtain '

r q-2<qg q
r+0—-2<9o 0
0 04+T—-2<F
P P—-2<p o

A=C"1 C. (8.12)

on- T 4+
+.a,0 ©

Letting

Ay A, A Ap
Ag A, Agp Ay

A= . b 3 8.13
dg Ay Ag As (&13)

Aot Ags Aos Aoo

and then substituting (7.39) for C~! and (7.37) for C into (8.12), we
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obtain each term in A as follows:

Ay = %(r+i"+n+ﬁ)—{61}—{E1}, (8.14)
A, = %{f—r+u—ﬁ)+{ﬁi}—{i‘i}, (8.15)
A5 = lp+p-a-a), (8.16)
A = 3(p+p+a+a), (8.17)
Ay = %{r—i"+ﬁ—u)—£{ﬁl}+i{f1}, (8.18)
A, = %(r+f‘+n+ﬁ}+i{ﬁi}+i{fi}, (8.19)
As = t(B-p-a+d), (8.20)
Aw = ;(B-p+a-a), 8:21)
As1 = %{q+ﬁ—p—ﬁ)—{ﬁ1}+{ﬁ1}, (822)
As = S(p-P+a-a+<ai>+<pi> (829
Ass = %{r+f+u+ﬁ), (8.24)
Ap = %{r+i‘-u—ﬁ), (8.25)
Ay = %(F+ﬁ+q+ﬁ)—{ﬁ1?—{ﬁ1}, (8.26)
Ay, = %(q—ﬁ+ﬁ—p)+*:ﬁi}—{ﬁih (8.27)
Ags = %{r+i’—a—ﬁ}, (8.28)
Ay = %(r+f+n+ﬁ}. (8.29)

First, we note due to Sca(r + o) = 0 that
r+f%+o0+06=2Sca(r+0) =0. (8.30)

It thus follows that Ass = Agg = 0. Secondly, we show through some
calculations that

1 <0ix> +i <Fix>= (0, +T,)x’, (8.31)
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and thus,
1<0i>+i<Ti>=0,+T,. (8.32)

Substituting (8.30) and (8.32) into (8.19) gives A,, = &, + F,. Now, by
using

<61>=0, <pl>=0, <ql>=0, <Frl>=0,

<01>=0, <pi>=0, <gqi>=0, <ti>=0
in the other equations in (8.14)-(8.29), and noting that

x + & = 2z' = 2Sca(x), x— % = 2ix* = 2iVec(x),

we eventually obtain

0 rf—of p-q p1+a,
_ | 9s— T4 0, + T, P:s+4s Ps—qs
A=lg-pm —of-a¥ 0 r-o | (8.33)

pm+q pPr—-qf rn-—o 0

The above formula enables us to obtain A from B. It is easy to check
that such A, satisfying (2.2) with n = 5, is an element of the Lie algebra
so(1,5).
In order to derive B from A, we let

0 AT A5 Ap
'-Ala Aaa A,ﬁ A-al.'l'
g <AL 0 g (8.34)

A‘u} A’ﬂ AE'} '[]'

by considering the 6 x 6 real matrix A € so(1,5). In above A,,isa3x3
matrix function. In the above A,, is a 3 X 3 skew-symmetric matrix.
Multiplying (8.12) by C from the left-hand side, then substituting (8.34)
for A and (7.37) for C into the resultant, we obtain

s

r+fF §-2<4§ q 0 0 0 1 1
P r+0-2<o 0 q 1 —i 0 O
P 0 o+T—-2<F @ 1 ¢« 0 0
0 p p-2<p o+0 0 0 -11
0 0 1 1 0 AT A Ap
e 1 -2 0 0 —Ala AII Asﬁ A.ﬂ]
=11 4% o0 o|]=Aw AT 0 a5 | &9
0 0 -11 Arg AT A 0
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Expanding the above quaternion algebraic equation generates

qQ+q i(q—4q) r+r r+r
r+o6 -i(r+6+2, pPp—-q P+9q
o+f%f ifo+F+2F,) p—-4d@ p+1q

PYP  iB-p) o3 o+d
Ao — Ass 'fe - Aso Aso
1A, A ‘Au Ais —iAg A —tAy

=1 i, 1["+uﬂm AigriAg Aigihgg | B2

Ao + Ass + A Asp —Asp

where < 01 >= —10,, < Ti1>= —if,, < 01>=0,<gq1l>=0,
<Tl1l>=0,<pl>=0,<pi>=0,and < g i>=0 were used.
From (8.36) we obtain

5=[; 3]
p o
_1 [ Aso +i(axial(Ag) + A1) Al — Ais +i(Ass — Aso) ]
2 1

Ao+ As +i(Ags + Ayo) —Aso + i(axial(Ay,s) — Ays)
(8.37)

in which axial(A,,) denotes the axial vector of A, that is,

(axial(A,s)); = %fijl:{Au)kj:

where ¢;; is the Levi-Civita permutation symbol. It is obvious that B
thus obtained is an element of si(2,H). Formula (8.37) enables us to
obtain B from A. Formulae (8.13) and (8.37) explicitly expressing the
Lie algebras isomorphism of si(2,H) and so(1,5) are very important for
further calculations. Both the Lie algebras si(2,H) and so(1,5) have
fifteen independent parameters.

Here we are concerned with the quaternionic two-component spinor
space and the dynamical systems on the space. We return to the matrix
H defined in (7.15) and remark that if the vector X € M® is null, i.e.
XTgX = 0, then H may be written as the dyadic product of a quaternion
two-dimensional vector and its conjugate transpose:

1=1 152

0 5 1 s g
= z +z I —1i1x o o _ _T
H= gl 4 it 20— ob —2[ o2 o2 ] =2ad& . (8.38)
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We are therefore led to consider a quaternion two-dimensional vector
space H? with elements &, on which SL(2, H) left acts. This is a quater-
nion spin-space and the elements are quaternion spinors.

From (8.38) it follows that

2° = |la|?=la!|?+le?|?, z'=2Sca(a'a?),
x* = 2Vec(a’a'), z°=a!|? - |la?|?. (8.39)

It deserves to note that the two *a lead to the same X, and the two
quaternion components a! and a? suffice to determine the siz real com-
ponents z',--- ,z°, £° as shown in (8.39), and that the map SL(2,H) —
S0,(1,5) as shown in (7.41) is a two-to-one surjective covering. With
this advantage we may identify X = (X, X°) = (z!,x%,2° 2" and
consider the following equation system for quaternion spinor:

& = Ba, (8.40)

where B as defined in (8.37) is a quaternion matrix determined uniquely
by A. If we can solve (8.40) instead of (1.1), it naturally gives X by the
above correspondence (8.39).

As that done for the complex spinor equation (1.4) with K = C
in Subsection 3.2, we can convert the above quaternion equation (8.40)
to the unit quaternion equation (1.3) with K = H. The relations of
quaternion spinor a and unit quaternion spinor n is still defined by
(3.4). Therefore, we have systems (1.4) and (1.3) with K = H and with
the same B € si(2,H). Correspondingly, the equation in M® and its
projection are given by systems (1.1) and (1.2) with n = 5. The matrix
A given in (8.34) satisfying (2.2) is an element of so(1,5).

Because of n € H? and ||n|| = 1, we may identify the unit quaternion
spinor

n= [ ™ ] | e E N (8.41)
n2 ﬂé*‘l‘ﬂ%iz-l'ﬂgia +ﬂg14

with the point (n},n?,n?,n{,n,n2 n3, nl) on the unit sphere ||n||? =
(n1)? + (n])? + (n})? + (n])? + (n})? + (nd)? + (nd)? + (n3)* =1 in RS,
and hence n € S7. On the other hand, from (2.4) with n = 5 we know
that m € S* if X is null. The map from S7 to S* is one of the Hopf
bundles [26].

Figure 3 summarizes the relations of the Lie group homomorphism
from SL(2,H) onto SO,(1,5), the Lie algebra isomorphism of si(2, H)
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onto so(1,5), the two linear systems (1.4) with K = H and (1.1) with
n = 5, and the two nonlinear systems (1.3) with K = H and (1.2) with
n =d.

9. Conclusions

Due to the success of developing new approach with real, complex and
quaternion spinor techniques, in this paper we have investigated the
profound relationships of the four dynamical systems through differential
and algebraic methods. The results are summarized in Figure 3, which,
among others, shows the relations of the linear systems (1.1) with n =
3,5 and (1.4) with K = C,H, the two nonlinear systems (1.2) with
n = 3,5 and (1.3) with K = C,H, the two groups SL(2,K) with K =
C,H, and SO,(1,n) with n = 3,5, and their Lie algebras s!(2, K) with
K = C, H, and so(1,n) with n = 3,5. A similar result and figure can also
be drawn for the relations of those with n = 2 and K = R, the groups
SL(2,R) and SO,(1,2), and their Lie algebras si(2,R) and so(1,2) as
summarized in Figure 3.

In the framework of spinors we have constructed the following two-
to-one relations: n € S"Im e S!, n € §%m e S?and n € $™m ¢
S¢. They are governed by the nonlinear differential equations, n is a unit
spinor governed by the third degree nonlinear differential equations, and
m is the projection of internal spacetime governed by the second degree
nonlinear differential equations. The two equations have found applica-
tions of importance in physical problems. The significance of converting
systems (1.2) or (1.3) to systems (1.1) or (1.4) lies in the exact lineariza-
tion, and that of converting systems (1.1), (1.2), or (1.3) to system (1.4)
lies in the reduction of order. We have also shown that the spinor trans-
formation plays a dominant role in solving all the four systems.

Appendix: Related Dynamical Systems and Spinor Maps

In this appendix we briefly study dynamical systems with symme-
tries SO,(1,1) = {e?®}, SO(2) = U(1), SO(3), and SU(2), and the
spinor maps from {e??} onto SO,(1,1), from U(1) onto SO(2), and from
SU(2) onto SO(3). This may help comprehend the hierachy shown in
Figure 2.

System (1.1) with n = 1 has the symmetry SO,(1,1), which is iso-
morphic to {e%? | e9? = coshf+gsinhf,0 € R, g? = 1} as shown in [21],



SPINOR MAPS FOR SYMMETRIES... 349

where e is called the double number [22]. As a special case of system
(1.2) and also of system (1.1), the dynamical system,

m=A’m,

(A%,)T =-As,, A% eR™ meR™, n=2s3,
has the internal symmetry SO(n). Group SO(2) is isomorphic to group
U(1) := {€ | e = cosf +isinb,0 € R,i? = —1}, where e? is the

unimodular complex number. As a special case of system (1.3) and also
of system (1.4), the dynamical system,

n = Bn,
trB=0, BT=-B, Be(C?**?, neC?*!,

has the internal symmetry SU(2).

The spinor maps from {e%’} onto SO,(1,1) and from U(1) onto
SO(2) are one-to-one. Now, similar to Subsections 4.1 and 4.4, we out-
line the algebraic approach to the spinor map from SU(2) onto SO(3).
Deleting the z° component in (4.1) and following the similar procedures
in Section 4 we can obtain a well known spinor map from SU(2) 5 U
onto SO(3) > G as given by (4.10) but with

0 0
'
i —1

10 0

C:=[01 —-i|, C!=
01

R:= | UNUA -UYD%, UL, ULYUH
U0, - R0y UL0Y, ULDY

Simultaneously, the Lie algebra isomorphism of su(2) > B onto so(3) 3
A can be derived as follows:

2
0
0

B3| =

0 Im (Byy — By2) Re(Bg — Bia)
A = — Im {B” - Bgz} 0 — Im (BZI +B].2) )
—Re(Ba; — Byz) Im (B2 + Ba) 0
B — 1 iA12 tAgz — A3
2| Aia+ iAga —iA 9 )

It is obvious that AT + A =0, and that BT + B = 0 and trB = 0.
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Figure 1: The three types of geometric sets of XTgX = r and X° >
0. Depending on the value of r the sets are the upper branches of a
hyperboloid of two sheets (r > 0), a cone (r =0), and a hyperboloid of

one sheet (r < 0)
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Figure 2: A hierachy of spinor maps. C means “is a subgroup of.”
ST is the abbreviation of the spin transformation, and POLT the
proper orthochronous Lorentz transformation. Recall the isomorphisms
50,(1,1) = {e?’} and SO(2) = U(1)
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2:1 | (4.10)

U € SL(2,K)

o G e S0,(1,n)

.

(4.19)
(8.37)

B € sl(2,K) e
A € 30(1,n)

L

C,H
3,5

(1.3) with K
(1.2) with n

:1

2

n = Bn — Re(i'Bn)n
X
o I=A’m+A%—(m‘A’)m e

I

(1.4) with K= C,H
(1.1) with n=3,5
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Figure 3: The relations of the four dynamical systems (n =3,£=2,K =
C) and their solutions and fundamental solutions. The upper layer is
2 : 1 covering of the lower layer except for the Lie algebra isomorphism
of sl(2,C) onto so(1,3), whichis 1:1
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Figure 4: The algebraic procedure for constructing the spinor map from

SL(2,H) ontp SO,(1,5)



