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1. Limit theorem on a family of level ( , )λ ρ interval-valued fuzzy sets with fuzzy topological 
space. 
 
1.1 A family of level ( , )λ ρ  interval-valued fuzzy sets. 
 
Def.1. For , , , 0 1a b R a b α∈ < ≤ ≤ , we called the fuzzy set [ , ; ]a b α   is a level α  closed fuzzy 
interval if its membership function is  

[ , ; ]

,
( )

0,a b

a x b
x

otherwiseα

α
μ

≤ ≤⎧
= ⎨
⎩

  (1.1) 

Def.2. For , , , 0 1a b R a b α∈ < ≤ ≤  if 

( , ; )

,
( )

0,a b

a x b
x

otherwiseα

α
μ

< <⎧
= ⎨
⎩

                                       (1.2) 

Then we called the fuzzy set , a level α  open fuzzy interval. 

And if  [ , ; )

,
( )

0,a b

a x b
x

otherwiseα

α
μ

≤ <⎧
= ⎨
⎩

    (1.3) 

We called the fuzzy set , a level α  right hand open fuzzy interval. 
Again, if  

          ( , ; ]

,
( )

0,a b

a x b
x

otherwiseα

α
μ

< ≤⎧
= ⎨
⎩

                                        (1.4)   

Then we called the fuzzy set , a level α  left hand open fuzzy interval. 
All the fuzzy sets defined above in these forms, [ , ; ],a b α  ( , ; ),a b α [ , ; ),a b α ( , ; ],a b α  
are called level α  fuzzy interval. 
 
Def.3. We say, a level α  triangular fuzzy number, if its membership function is  

( ) ,

( )( ) ,

0,

D

x p p x qq p
r xx q x rr q

otherwise

λ

λμ

−⎧ ≤ ≤⎪ −
⎪
⎪ −= ≤ ≤⎨ −⎪
⎪
⎪⎩

�  

And denoted by  ( , , ; ).D p q r λ=�   When 1λ = , we say D�  is a triangular fuzzy number, and 
denoted by ( , , )p q r  or . ( , , ;1)p q r . 
Let {( , , ;1) | , , , , }NF a b c a b c R a b c= ∀ ∈ < <  denote the family of all triangular fuzzy numbers. 

Def.4. (Gorzalezang [4]) We call E� , an interval-valued fuzzy set, if the membership grade at 

( )x R∈  of the fuzzy set E� , on R  belongs to the interval [ ( ), ( )]L UE E
x xμ μ� � , 

0 ( ) ( ) 1L UE E
x xμ μ≤ ≤ ≤� � . And denoted by ( ) [ ( ), ( )]L UE E E

x x xμ μ μ=� � �   or [ , ]L UE E E=� � � . 
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When ( , , ; )LE a b c λ=� , ( , , ; )UE p b q ρ=� ; 0 1λ ρ< ≤ ≤ , and p a b c q< < < < . [ , ]L UE E E=� � � is 
called a level ( , )λ ρ interval-valued fuzzy number. 

Let {( , ) [( , , ; ), ( , , ; )] | , , , , , }IVFNF a b c p b q a b c p q R p a b c qλ ρ λ ρ= ∈ < < < <  be the family of all 

interval-valued fuzzy number. 

 

 
Fig 3 level ( , )λ ρ  interval-valued fuzzy set 
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x 

1 

ρ

 

λ

2 ( )u xg

2 ( )L xg

1 ( )u xg ′  

1 ( )L xg ′  

Fig. 2  Level ( , )λ ρ interval-valued fuzzy number 
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Def.5. For d a b c e R< < < < ∈  and functions ( ), ( ), 1,2L U
j jg x g x j = . If 1 1( ), ( )L Ug x g x are 

strictly increasing functions for [ , ], [ , ]x a b d b∈  respectively, and 1 1( ) 0, ( ) 0L Ug a g d= = ; 

1 1( ) , ( )L Ug b g bλ ρ= = . Also 2 2( ), ( )L Ug x g x are strictly decreasing functions for [ , ], [ , ]x b c b e∈  

respectively, and 2 2( ) ( ) 0L Ug c g e= = , 2 2( ) , ( )L Ug b g bλ ρ= = . Besides, for each 

1,2, 0 ( ) ( ) ( , )L U
j jj g x g x x d e= ≤ ≤ ∀ . 

And 1 2( ) 0, ; ( ) 0,L Lg x x a g x x c= ≤ = ≥ .   1 2( ) 0, ; ( ) 0,U Ug x x d g x x e= ≤ = ≥  

Then we call [ , ]L UG G G=� � � , a level ( , )λ ρ  interval-valued fuzzy set; where the fuzzy sets 

,L UG G� �  each has respectively the following membership function: 

1

2

( ),
( ) ( ),

0,

L

L
G

g x a x b
x g x b x c

otherwise
μ

⎧ ≤ ≤
⎪= ≤ ≤⎨
⎪
⎩

�                                         (1) 

1

2

( ),
( ) ( ),

0,

U

U
G

g x d x b
x g x b x e

otherwise
μ

⎧ ≤ ≤
⎪= ≤ ≤⎨
⎪
⎩

�                                         (2) 

 
And hence the level ( , )λ ρ  interval-valued fuzzy set is [ , ]L UG G G=� � � . 
Let ( , )IVF λ ρ  be the family of all such level ( , )λ ρ , 0 1λ ρ< ≤ ≤  interval-valued fuzzy sets 

[ , ]L UG G G=� � �                                                                  (3) 

When 1 2
( ) ( )( ) , ( )L Lx a c xg x g x
b a c b

λ λ− −
= =

− −
;    1 2

( ) ( )( ) , ( )U Ux d e xg x g x
b d e b

ρ ρ− −
= =

− −
 

then [ , ]L UG G G=� � � ( , ) ( , )IVFN IVF Fλ ρ λ ρ∈ ⊂ .  

From Kaufmann and Gupta [5], we can have the following operation rules: 
For , , , ,a b c d e R∈ , 

[ , ] [ , ] [ , ]a b c d a c b d+ = + +                                                (4) 
[ , ], 0

[ , ]
[ , ], 0
ea eb if e

e a b
eb ea if e

>⎧
= ⎨ <⎩

                                               (5) 

If 0 a b≤ <  and 0 c d≤ < , then [[ , ] [ , ] [ , ]a b c d ac bd× =                               (6) 
If 0a b< ≤  and 0c d< ≤ , then [[ , ] [ , ] [ , ]a b c d ad bc× =                               (7) 
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In general, 
 [[ , ] [ , ] [ , ],a b c d MIN MAX× =  where min( , , )MIN ac ad= max( , )MAX bc bd=        (8) 

 

The α -cut of  [ , ] ( , )L U
IVG G G F λ ρ= ∈� � �  is defined as follows: 

From Fig. 4, 1
1 1( ) ( ) ( )U Ug x x gα α−= → = ,   1

1 1( ) ( ) ( )L Lg x x gα α−= → =              

  1
2 2( ) ( ) ( )L Lg x x gα α−= → = ,   1

2 2( ) ( ) ( )U Ug x x gα α−= → =                  

Let 1
1( ) ( ) ( )U U

lG gα α−=� , 1
1( ) ( ) ( )L L

lG gα α−=� ; 1
2( ) ( ) ( )L L

rG gα α−=� , 1
2( ) ( ) ( )U U

rG gα α−=�      (9) 

When 0 α λ≤ < , define the α - level set of G�  be  

{ | ( ) } { | ( ) }U LG G
x x x xμ α μ α≥ − ≥� �  = 1 1 1 1

1 1 2 2[( ) ( ), ( ) ( )] [( ) ( ), ( ) ( )]U L L Ug g g gα α α α− − − −∪  

= [ ( ), ( )] [ ( ), ( )]U L L U
l l r rG G G Gα α α α∪� � � �        ( see Fig.4 )                            (10) 

When λ α ρ≤ ≤ , the α - level set of G� is  

1 1
1 2{ | ( ) } [( ) ( ), ( ) ( )]U
U U

G
x x g gμ α α α− −≥ =� =[ ( ), ( )]U U

l rG Gα α� �  (see Fig.4)                (11) 

For each [0,1]α∈ , the function maps the real interval [ , ]a b  to the level α fuzzy interval 
[ , ; ]a b α  is one-to-one onto.                                                     (12) 
By Def.1, (9) ~ (12), Fig.4 and the Decomposition theorem, we may express the level ( , )λ ρ   

interval-valued fuzzy set [ , ]L UG G G=� � �  as  

0

([ ( ), ( ); ] [ ( ), ( ); ]) ( [ ( ), ( ); ])U L L U U U
l l r r l rG G G G G G G

α λ λ α ρ

α α α α α α α α α
≤ < ≤ ≤

= ∪� � � � � � �∪∪ ∪   (13)          

Fig.4 α -cut of level ( , )λ ρ  interval-valued fuzzy set 
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lG α= �    ( )
L
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L
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u

rG α= �  
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Def.6. For [ , ], [ , ] ( , ), 0 1L U L U
IVF F F G G G F λ ρ λ ρ= = ∈ < ≤ ≤� � �� � �  and e R∈ , define the following 

operations: 

( ) [ ( ) , ( ) ]L L U UF G F G F G+ = + +� � �� � �  
[ , ]L UeF eF eF=� � �  

( ) [ ( ) , ( ) ]L L U UF G F G F G× = × ×� � �� � �  

From (4) ~ (12), and Def. 6, we have  

(1 )D  The α -cut (0 1)α≤ ≤  of ( )L LF G+ ��  is  

     [ ( ), ( )] [ ( ), ( )] [ ( ) ( ), ( ) ( )]L L L L L L L L
l r l r l l r rF F G G F G F Gα α α α α α α α+ = + +� � � �� � � �   by (4)         

Thus ( ( ) ) ( ) ( ) ( )L L L L
l l lF G F Gα α α+ = +� �� �  and ( ( ) ) ( ) ( ) ( )L L L L

r r rF G F Gα α α+ = +� �� � ; 0 α λ≤ ≤  

Similarly,                                                                             

( ( ) ) ( ) ( ) ( )U U U U
l l lF G F Gα α α+ = +� �� �  and ( ( ) ) ( ) ( ) ( )U U U U

r r rF G F Gα α α+ = +� �� � ; 0 α ρ≤ ≤   (14) 

(2 )D  The α -cut (0 1)α≤ ≤  of PeF�  is [ ( ), ( )]P P
l reF eFα α� � , if 0e > ; and is [ ( ), ( )]P P

r leF eFα α� � ,   

     if 0e < ; by (5),  where ,P L U=   

     Then, if 0e > , ( ) ( ) ( )L L
l leF eFα α=� � , ( ) ( ) ( )L L

r reF eFα α=� � ;  0 α λ≤ ≤  

( ) ( ) ( )U U
l leF eFα α=� � , ( ) ( ) ( )U U

r reF eFα α=� � ;  0 α ρ≤ ≤  

     And if 0e < ,  ( ) ( ) ( )L L
l reF eFα α=� � , ( ) ( ) ( )L L

r leF eFα α=� � ;  0 α λ≤ ≤                          

( ) ( ) ( )U U
l reF eFα α=� � , ( ) ( ) ( )U U

r leF eFα α=� � ;  0 α ρ≤ ≤            (15) 

(3 )D  The α -cut (0 1)α≤ ≤  ( )L LF G× ��  is [ ( ), ( )] [ ( ), ( )]L L L L
l r l rF F G Gα α α α× � �� � .  

     From (6), (7), we have the following 

(3 .1)D  When 0 ( ) ( )L L
l rF Fα α≤ <� � , and 0 ( ) ( )L L

l rG Gα α≤ <� � [0, ]α λ∀ ∈  

      ( ( ) ) ( ) ( ) ( )L L L L
l l lF G F Gα α α× =� �� � , ( ( ) ) ( ) ( ) ( )L L L L

r r rF G F Gα α α× =� �� � ; 0 α λ≤ ≤   

      Similarly, when 0 ( ) ( )U U
l rF Fα α≤ <� � , and 0 ( ) ( )U U

l rG Gα α≤ <� � [0, ]α ρ∀ ∈  

      ( ( ) ) ( ) ( ) ( )U U U U
l l lF G F Gα α α× =� �� � , ( ( ) ) ( ) ( ) ( )U U U U

r r rF G F Gα α α× =� �� � ; 0 α ρ≤ ≤    (16) 
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(3 .2)D  When ( ) ( ) 0L L
l rF Fα α< ≤� � , and ( ) ( ) 0L L

l rG Gα α< ≤� � [0, ]α λ∀ ∈  

      ( ( ) ) ( ) ( ) ( )L L L L
l r rF G F Gα α α× =� �� � ,  ( ( ) ) ( ) ( ) ( )L L L L

r l lF G F Gα α α× =� �� � ; 0 α λ≤ ≤  

When ( ) ( ) 0U U
l rF Fα α< ≤� �  and ( ) ( ) 0U U

l rG Gα α< ≤� [0, ]α ρ∀ ∈  

( ( ) ) ( ) ( ) ( )U U U U
l r rF G F Gα α α× =� �� � ,  ( ( ) ) ( ) ( ) ( )U U U U

r l lF G F Gα α α× =� �� � ;  0 α ρ≤ ≤   (17) 

 
 
1.2 Fuzzy topological space for level ( , )λ ρ  interval-valued fuzzy sets 
 
Def.7 (Chang [3] Def. 2.2) A fuzzy topology T  on fuzzy sets in X  satisfying the following 
conditions: 
(a) , X TΦ ∈  
(b)  If ,A B T∈� � , then A B T∩ ∈� �  

(©)  If ,iA T i I∈ ∀ ∈� , where I  is any index set , then i
i I

A T
∈

∈�∪  

T is called a fuzzy topology for X  and the pair ( , )X T  is a fuzzy topological space ( )FTS  
Def. 8. (Chang [3], Def. 2.3) A fuzzy set U�  in a ( , )FTS X T  is a neighborhood of a fuzzy set A�  
iff there exists a fuzzy set O T∈�  such that A O U⊂ ⊂� � � . 

Def. 9. (Chang [3], Def.3.1) A sequence of fuzzy sets, say { , 1,2, }nA n =� "  is eventually contained 

in a fuzzy set A�  iff there exists a natural number m  such that whenever n m≥ , nA A⊂� � . If 

{ , 1,2, }nA n =� "  is a sequence in ( , )FTS X T , then we say that this sequence converges to a fuzzy 

set A�  iff it is eventually contained in each neighborhood of A� . (i.e. if B�  is any neighborhood of 

A� , there is a positive integer m  such that whenever n m≥ , nA B⊂� � ). 

  Let {( , ; ) | , ,FO a b a b R a bα= ∀ ∈ <  and [0,1]}α∈ , then FO  is the family of all level 
α ( [0,1])α ∈  open fuzzy intervals ( fuzzy sets in R , see Def.2). 
  Let FT  be the family of all sets which is any union of elements in FO  and contain , RΦ  such 

that for any element FO O∈� . Define , , ,O O O O R O O R R∩Φ = Φ ∪Φ = ∩ = ∪ =� � � � � �  and 

( ) 0, ( ) 1Rx x x Rμ μΦ = = ∀ ∈ . Thus, we have 

( , ; ) ( , ; ) ( , ; ) ( , ; )( ) ( ) ( )a b c d a b c dx x xα β α βμ μ μ∩ = ∧  
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Case 1: c a b d< < < ; α β≤   Case 2: a c d b< < < ; α β≤   

 
 
Case 3: c a d b< < < ; α β≤  Case 4: a c d b< < < ; α β≤  

 
 
Case 5: c d a b< ≤ <  or a b c d< ≤ <  
 
We conclude the above results and have the following Table 1. 
 

Table 1 
case 1 2 3 4 5

( , ; ) ( , ; )a b c dα β∩  ( , ; )a b α  ( , ; )c d α ( , ; )a d α ( , ; )c b α φ

 

β  
 
α  

O   c    a        d   b    x 

Fig. 7  c a d b< < <   ( case 3 ) 

O    a  c       b   d      x 

β
 
α

Fig. 8  a c b d< < <   ( case 4 ) 

β  
 
α  

O    c  a        b    d      

Fig. 5  c a b d< < <   ( case 1 ) 

O    a  c        d    b    x 

β
 
α

Fig. 6  a c d b< < <   ( case 2 ) 
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Proposition 1.  Let ,FT T X R= =  in Def. 7. Then FT  is a fuzzy topology for R , and ( , )FR T  

is a FTS . 

Proof.   (a)  By the definition of FT , , FR TΦ ∈ . Definition 7(a) is satisfied. 

(b) For any element iB�  in FT , it can be written as , { }i i
i I

B O I i
∈

= =�� ∪ . Hence the element of 

FT  has the form , ,RΦ or i i
i I

B O
∈

= �� ∪ with i FO O i I∈ ∀ ∈� , an index set. Therefore, the 

intersection of any two elements in FT , they are FR TΦ∩ = Φ∈  or ( )i F
i I

O T
∈

Φ∩ = Φ∈�∪  

or ( )i i F
i I i I

R O O T
∈ ∈

∩ = ∈� �∪ ∪ , or for j FQ O j J∈ ∀ ∈ , ( ) ( ) ( )i j i j
i I j J i I j J

O Q O Q
∈ ∈ ∈ ∈

∩ = ∩� � � �∪ ∪ ∪ ∪ , 

where i j FO Q O∩ ∈� �  or equals to Φ . ( see Table 1 ) i.e. ( ) ( )i j F
i I i j

O Q T
∈ ∈

∩ ∈� �∪ ∪ . 7(b) is 

satisfied. 

(c) As stated in (b), any element of FT , is , ,RΦ or 
i

i ij
j J

B O
∈

= �� ∪ , i I∈ , ,ij FO O i I j J∈ ∀ ∈ ∈� , 

Then 
i

i ij F
i I i I j J

B O T
∈ ∈ ∈

= ∈��∪ ∪ ∪ ,  ( )i
i I

B
∈

Φ∪ �∪  = i F
i I

B T
∈

∈�∪ ,  ( )i F
i I

R B R T
∈

∪ = ∈�∪ . 7(c) is 

satisfied. 
By Def. 7, FT  is a topology on R , and ( , )FR T  is a FTS . 
 
 
1.3 Limit theorem on ( , )IVF λ ρ  
 
Def.10.  A level α  fuzzy point on R  at b , denoted by Fpα  of b  if its membership function 

is    
,

( )
0,Fp of b

x b
x

otherwiseα

α
μ

=⎧
= ⎨
⎩

 

 

 
Fig. 9 Level α  fuzzy point Fpα  of b  

O b

α  

x

i  
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 From (13)                    

[ , ]L U
n n nA A A=� � �

0

{[( ) ( ), ( ) ( ); ] [( ) ( ), ( ) ( ); ])

[( ) ( ), ( ) ( ); ]) ( , ), 1, 2, 0 1 (18)

U L L U
n l n l n r n r

U U
n l n r IV

A A A A

A A F n
α λ

λ α ρ

α α α α α α

α α α λ ρ λ ρ
≤ <

≤ ≤

= ∪

∪ ∈ = < ≤ ≤

� � � �

� � "

∪
∪

    

Similarly, as in Fig.(4), we can have the α -cut of nA�  as follows: 

 

From Fig.10, when 0 α λ≤ < , we have the end points of the α -cut are ( ) ( )U
n lA α� , ( ) ( )L

n lA α� , 

( ) ( )L
n rA α� , ( ) ( )U

n rA α�  R∈ . So we have the level α  fuzzy points Fpα  of ( ) ( )U
n lA α� , and Fpα  

of ( ) ( )L
n lA α� , Fpα  of ( ) ( )L

n rA α� , Fpα  of ( ) ( )U
n rA α� . And when λ α ρ≤ ≤ , we have the level 

α  fuzzy points Fpα  of ( ) ( )U
n lA α� , Fpα  of ( ) ( )U

n rA α� . 

Def.11  For [ , ]L U
n n nA A A=� � �  (in (18)), 

[ , ]L U
n nA A A=� � �  

   = 
0

[ ( ), ( ); ] [ ( ), ( ); ] [ ( ), ( ); ] ( , )U L L U U U
l l r r l r IVA A A A A A F

α λ λ α ρ

α α α α α α α α α λ ρ
≤ < ≤ ≤

∪ ∈� � � � � �∪ ∪  

For any arbitrary 0ε > , there exists a positive integer N  which is independent of ( [0, ])α ρ∈  
such that whenever n N≥ , the following hold: 

     1

1
( )( )u

na α
−  1

1
( )( )L

na α
−       1

2
( )( )L

na α
−   1

2
( )( )u

na α
−  

( )( )u
n lA α= �   ( )( )L

n lA α= �      ( )( )L

n rA α= �  ( )( )u
n rA α= �  

Fig. 10 α -cut of ,[ ]L u
n nn A AA = � ��

x

2
( )

u
n xa

2
( )

L
n xa

β  

λ  

 

 

α  
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For each ( [0, ])α λ∈ , Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )U U U
n l l l FA A A Tα α ε α ε α⊂ − + ∈� � � ,    

Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )L L L
n l l l FA A A Tα α ε α ε α⊂ − + ∈� � � , 

Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )L L L
n r r r FA A A Tα α ε α ε α⊂ − + ∈� � � , 

Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )U U U
n r r r FA A A Tα α ε α ε α⊂ − + ∈� � � . 

And for each ( [ , ])α λ ρ∈ ,  Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )U U U
n l l l FA A A Tα α ε α ε α⊂ − + ∈� � � , 

Fpα  of ( ) ( ) ( ( ) , ( ) ; ) ( )U U U
n r r r FA A A Tα α ε α ε α⊂ − + ∈� � � . 

Then define lim nn
A A

→∞
=� � . 

NB.1 The meaning of Definition 11 is: 
     For each [0,1]α ∈ , the following hold. 
Fpα  of b ( )b R↔ ∈  is an one-to-one onto mapping (19). Corresponds to the conditions of 
Definition 11 on R , we can have 

For each [0, )α λ∈ , ( ) ( ) ( ( ) , ( ) )U U U
n l l lA A Aα α ε α ε∈ − +� � � ,  

                  ( ) ( ) ( ( ) , ( ) )L L L
n l l lA A Aα α ε α ε∈ − +� � � , 

                  ( ) ( ) ( ( ) , ( ) )L L L
n r r rA A Aα α ε α ε∈ − +� � � , 

                  ( ) ( ) ( ( ) , ( ) )U U U
n r r rA A Aα α ε α ε∈ − +� � � .                       (20) 

For each [ , ]α λ ρ∈ ,  ( ) ( ) ( ( ) , ( ) )U U U
n l l lA A Aα α ε α ε∈ − +� � � , 

                  ( ) ( ) ( ( ) , ( ) )U U U
n r r rA A Aα α ε α ε∈ − +� � � .                       (21) 

From Definition 11, (20), and (21) we have. For each 0ε > , there exists a positive integer N , 
independent of , ( [0, ])α ρ∈  such that whenever n N≥ , the following hold: 

For each [0, )α λ∈ , [( ) ( ), ( ) ( )] ( ( ) , ( ) )U L U L
n l n l l lA A A Aα α α ε α ε⊂ − +� � � � , 

                  [( ) ( ), ( ) ( )] ( ( ) , ( ) )L U L U
n r n r r rA A A Aα α α ε α ε⊂ − +� � � � . 

And lim( ) ( )U U
n l ln

A A α
→∞

=� � , lim( ) ( )L L
n l ln

A A α
→∞

=� � , lim( ) ( )L L
n r rn

A A α
→∞

=� � , lim( ) ( )U U
n r rn

A A α
→∞

=� � . 
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For each [ , ]α λ ρ∈ ,  [( ) ( ), ( ) ( )] ( ( ) , ( ) )U U U U
n l n r l rA A A Aα α α ε α ε⊂ − +� � � �  .     

And  lim( ) ( )U U
n l ln

A A α
→∞

=� � , lim( ) ( )U U
n r rn

A A α
→∞

=� � . 

Thus, when n →∞ ,  

if [0, )α λ∈ , [( ) ( ), ( ) ( )] ( ( ), ( )]U L U L
n l n l l lA A A Aα α α α→� � � � ,  

and         [( ) ( ), ( ) ( )] [ ( ), ( )]L U L U
n r n r r rA A A Aα α α α→� � � � . 

if [ , ]α λ ρ∈ , [( ) ( ), ( ) ( )] ( ( ), ( )]U U U U
n l n r l rA A A Aα α α α→� � � � . 

Hence by (19),  

if [0, )α λ∈ , [( ) ( ), ( ) ( ); ] ( ( ), ( ); ]U L U L
n l n l l lA A A Aα α α α α α→� � � � , 

and         [( ) ( ), ( ) ( ); ] [ ( ), ( ); ]L U L U
n r n r r rA A A Aα α α α α α→� � � � . 

if [ , ]α λ ρ∈ , [( ) ( ), ( ) ( ); ] ( ( ), ( ); ]U U U U
n l n r l rA A A Aα α α α α α→� � � � . 

 
 
1.3 Limit theorem on a family of interval valued fuzzy sets 
 

Thm 1. [ , ]L U
n n nA A A=� � � , [ , ]L UA A A=� � �  ( , ), (0 1)IVF λ ρ λ ρ∈ < ≤ ≤ . If lim( ) ( ) ( )L L

n l ln
A Aα α

→∞
=� � , 

and lim( ) ( ) ( )L L
n r rn

A Aα α
→∞

=� �  are uniformly convergent for 0 α λ≤ < . And if lim( ) ( ) ( )U U
n l ln

A Aα α
→∞

=� � , 

and lim( ) ( ) ( )U U
n r rn

A Aα α
→∞

=� �  are uniformly convergent for 0 α ρ≤ ≤ , 

Then lim nn
A A

→∞
=� � . 

Proof. By the definition of uniformly convergent, we have, for any 0ε > , there exists a natural 
number N , which is independent of ( [0, ])α ρ∈  such that for all n N≥ , the following hold. 

For each [0, ]α λ∈ , ( ) ( ) ( ) ( )L L L
l n l lA A Aα ε α α ε− < < +� � � ,  

and               ( ) ( ) ( ) ( )L L L
r n r rA A Aα ε α α ε− < < +� � �  . 

For each [0, ]α ρ∈ , ( ) ( ) ( ) ( )U U U
l n l lA A Aα ε α α ε− < < +� � � . 
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and               ( ) ( ) ( ) ( )U U U
r n r rA A Aα ε α α ε− < < +� � �  .                          (22) 

By Definition 10, for each [0, ]α λ∈ , the membership function of Fpα  of ( ) ( )U
n lA α�  is  

( ) ( )

, ( ) ( )
( )

0,
U
n l

U
n l

Fp of A

if x A
x

otherwiseα α

α α
μ

⎧ =
= ⎨
⎩

�

�
                                        (23)  

Bt Definition 2, for each [0, ]α λ∈ , the membership function of ( ( ) , ( ) ; )U U
l lA Aα ε α ε α− +� �  is  

( ( ) , ( ) ; )

, ( ) ( )
( )

0,
U U
l l

U U
l l

A A

if A x A
x

otherwiseα ε α ε α

α α ε α ε
μ

− +

⎧ − < < +
= ⎨
⎩

� �

� �
                       (24) 

Since λ ρ≤ , and the third formula in (22), by (23), (24) we have  
  

( ) ( ) ( ( ) , ( ) ; )
( ) ( )U U U

n l l lFp of A A A
x x

α α α ε α ε α
μ μ

− +
≤� � � x R∀ ∈  and [0, ]α λ∈ . Hence   

 Fpα  of ( ) ( )U
n lA α� ( ( ) , ( ) ; )U U

l lA Aα ε α ε α⊂ − +� �  [0, ]α λ∀ ∈ .  

Similarly,  Fpα  of ( ) ( )L
n lA α� ( ( ) , ( ) ; )L L

l lA Aα ε α ε α⊂ − +� � , 

Fpα  of ( ) ( )L
n rA α� ( ( ) , ( ) ; )L L

r rA Aα ε α ε α⊂ − +� � , 

          Fpα  of ( ) ( )U
n rA α� ( ( ) , ( ) ; )U U

r rA Aα ε α ε α⊂ − +� �  .  

Also, for each [ , ]α λ ρ∈ , Fpα  of ( ) ( )U
n lA α� ( ( ) , ( ) ; )U U

l lA Aα ε α ε α⊂ − +� � , 

 Fpα  of ( ) ( )U
n rA α� ( ( ) , ( ) ; )U U

r rA Aα ε α ε α⊂ − +� � . 

Thus the conditions of Definition 11 are fulfilled, and hence by Definition 11, lim nn
A A

→∞
=� � . 

Thm 2.   [ , ], [ , ] ( , ), 1,2; 1,2,L U L U
jn jn jn j j j IVA A A A A A F j nλ ρ= = ∈ = =� � � � � � "  

For each 1,2;j =  if lim( ) ( ) ( ) ( )L L
jn l j ln

A Aα α
→∞

=� � , lim( ) ( ) ( ) ( )L L
jn r j rn

A Aα α
→∞

=� �  are uniformly 

convergent for 0 α λ≤ ≤ ; and if lim( ) ( ) ( ) ( )U U
jn l j ln

A Aα α
→∞

=� � , lim( ) ( ) ( ) ( )U U
jn r j rn

A Aα α
→∞

=� �  are 

uniformly convergent for 0 α ρ≤ ≤ , Then  

1 2 1 2lim( ( ) ) ( )n nn
A A A A

→∞
+ = +� � � � . 
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Proof.  From Def. 6, we have 1 2 1 2 1 2( ) [ ( ) , ( ) ]L L U U
n n n n n nA A A A A A+ = + +� � � � � � , and  

1 2 1 2 1 2( ) [ ( ) , ( ) ]L L U UA A A A A A+ = + +� � � � � � . By the assumption of Thm. 2, and the theorem of uniform 

convergence (unions) and (14), we have 

1 2lim( ( ) ) ( )L L
n n ln

A A α
→∞

+� � = 1 2lim( ) ( ) lim( ) ( )L L
n l n ln n

A Aα α
→∞ →∞

+� � = 1 2( ) ( ) ( ) ( )L L
l lA Aα α+� � = 1 2( ( ) ) ( )L L

l lA A α+� �  is 

uniformly convergent for 0 α λ≤ ≤ . 

Similarly, 1 2lim( ( ) ) ( )L L
n n rn

A A α
→∞

+� � = 1 2( ( ) ) ( )L L
l rA A α+� �  is uniformly convergent for 0 α λ≤ ≤ . 

Also, 1 2lim( ( ) ) ( )U U
n n ln

A A α
→∞

+� � = 1 2( ( ) ) ( )U U
lA A α+� � , and 1 2lim( ( ) ) ( )U U

n n rn
A A α

→∞
+� � = 1 2( ( ) ) ( )U U

rA A α+� �  are all 

uniformly convergent for 0 α ρ≤ ≤ . 

  Nor replace nA�  by 1 2( )n nA A+� � , A�  by 1 2( )A A+� �  in Thm 1, we thus have 

1 2 1 2lim( ( ) ) ( )n nn
A A A A

→∞
+ = +� � � � . 

 

Thm. 3.  [ , ]L U
n n nA A A=� � � , [ , ]L UA A A=� � �  ( , ),IVF λ ρ∈  1,2, ;n e R= ∈" . 

 If lim( ) ( ) ( )L L
n l ln

A Aα α
→∞

=� � , lim( ) ( ) ( )L L
n r rn

A Aα α
→∞

=� � , are uniformly convergent for 0 α λ≤ ≤ . And  

If  lim( ) ( ) ( )U U
n l ln

A Aα α
→∞

=� � , lim( ) ( ) ( )U U
n r rn

A Aα α
→∞

=� �  are uniformly convergent for 0 α ρ≤ ≤ ,  

Then lim nn
eA eA

→∞
=� � . 

Proof. By Def. 6, [ , ]L U
n n neA eA eA=� � � , . Similar to the proof of Thm. 2, by the assumptions of Thm. 3, 

the theorem of uniform convergence (scalar product) and (15), we have ,  

for 0e > , lim( ) ( )L
n ln

eA α
→∞

� = lim ( ) ( )L
n ln

e A α
→∞

� = ( )L
leA α� = ( ) ( )L

leA α� , lim( ) ( )L
n rn

eA α
→∞

� = ( ) ( )L
reA α�  are 

uniformly convergent for 0 α λ≤ ≤ . 

And lim( ) ( )U
n ln

eA α
→∞

� = ( ) ( )U
leA α� , lim( ) ( )U

n rn
eA α

→∞
� = ( ) ( )U

reA α�  are uniformly convergent for 

0 α ρ≤ ≤ . 

  Now, replace nA�  by neA� , A�  by eA�  in Thm. 1, we have  lim nn
eA eA

→∞
=� � . 

Same argument for the case 0e < . 
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Thm. 4. [ , ]L U
jn jn jnA A A=� � � , [ , ]L U

j j jA A A=� � � ( , ), 1,2,IVF nλ ρ∈ = "  satisfy the two conditions in 

Thm. 2, and also satisfy either case 1 or case 2 of the followings: 

Case 1: 0 ( ) ( ) ( ) ( ) [0, ], 1,2L L
jn l jn rA A jα α α λ≤ < ∀ ∈ =� �  and 

0 ( ) ( ) ( ) ( ) [0, ], 1,2U U
jn l jn rA A jα α α ρ≤ < ∀ ∈ =� � . 

Case 2: ( ) ( ) ( ) ( ) 0, [0, ], 1,2L L
jn l jn rA A jα α α λ< ≤ ∀ ∈ =� �  and 

( ) ( ) ( ) ( ) 0, [0, ], 1,2U U
jn l jn rA A jα α α ρ< ≤ ∀ ∈ =� � , 

Then, 1 2 1 2lim( ( ) ) ( )n nn
A A A A

→∞
× = ×� � � � . 

Proof. (a) ,jn jA A� �  satisfy the conditions of Thm. 2 and Case 1 above, by Def. 6,  

1 2 1 2 1 2( ( ) ) [ ( ) , ( ) ]L L U U
n n n n n nA A A A A A× = × ×� � � � � � , 1 2 1 2 1 2( ( ) ) [ ( ) , ( ) ]L L U UA A A A A A× = × ×� � � � � � . 

Then, 0 ( ) ( ) ( ) ( ) [0, ], 1,2L L
j l j rA A jα α α λ≤ < ∀ ∈ =� �  and  

 0 ( ) ( ) ( ) ( ) [0, ], 1,2U U
j l j rA A jα α α ρ≤ < ∀ ∈ =� � .  

Hence, by the condition of (a), theorem of uniform convergence (product), and (16), we have 

1 2 1 2lim( ( ) ) ( ) lim( ) ( )( ) ( )L L L L
n n l n l n ln n

A A A Aα α α
→∞ →∞

× =� � � � = 1 2( ) ( )( ) ( )L L
l lA Aα α� � = 1 2( ( ) ) ( )L L

lA A α×� �  is uniformly 

convergent for 0 α λ≤ ≤ . 

Similarly, 1 2lim( ( ) ) ( )L L
n n rn

A A α
→∞

×� � = 1 2( ( ) ) ( )L L
rA A α×� �  is uniformly convergent for 0 α λ≤ ≤ . 

Also 1 2lim( ( ) ) ( )U U
n n ln

A A α
→∞

×� � = 1 2( ( ) ) ( )U U
lA A α×� � , 1 2lim( ( ) ) ( )U U

n n rn
A A α

→∞
×� � = 1 2( ( ) ) ( )U U

rA A α×� �  for 0 α ρ≤ ≤ . 

Now, replace nA�  by 1 2( ( ) )n nA A×� � , A�  by 1 2( )A A×� �  in Thm. 1, we have 1 2 1 2lim( ( ) ) ( )n nn
A A A A

→∞
× = ×� � � � . 

 

(b) ,jn jA A� �  satisfy the conditions of Thm. 2 and Case 2 above, we have  

( ) ( ) ( ) ( ) 0 [0, ], 1,2L L
j l j rA A jα α α λ< ≤ ∀ ∈ =� �  and  

( ) ( ) ( ) ( ) 0 [0, ], 1,2U U
j l j rA A jα α α ρ< ≤ ∀ ∈ =� � . 
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By (17), we have 1 2 1 2lim( ( ) ) ( )n nn
A A A A

→∞
× = ×� � � � . 

Now we consider the set [ , ]L UG G G=� � �  ( in (1), (2)) ( , )IVF λ ρ∈ , ( )V x  is a real function 

satisfies either Case 1 or Case 2 of the following. Then find out the level ( , )λ ρ  interval-valued 
fuzzy set ( )V F�  and both left, right point of its α -cut. 
Case 1: ( )V x  is a strictly decreasing continuous function on R . From (1), (2) and Extension 
Principle, let ( )z V x= , we have 

1
( )

( )
( ) sup ( ( ))L LV G G

z V x
z V zμ μ −

=
=� � =

1
2

1
1

( ( )), ( ) ( )
( ( )), ( ) ( )

0,

L

L

g V z V c z V b
g V z V b z V a

elsewhere

−

−

⎧ ≤ ≤
⎪ ≤ ≤⎨
⎪
⎩

                     (25) 

 

( )
( )UV G
zμ =�

1
2

1
1

( ( )), ( ) ( )
( ( )), ( ) ( )

0,

U

U

g V z V e z V b
g V z V b z V d

elsewhere

−

−

⎧ ≤ ≤
⎪ ≤ ≤⎨
⎪
⎩

                                    (26) 

 

2( )
( ) ( ) 0L

L
V G

V c g cμ = =� ,  2( )
( ) ( )L

L
V G

V b g bμ λ= =� ,  
( )

( ) 0LV G
V aμ =� ; 

( ) ( )
( ) ( ) 0U UV G V G

V e V dμ μ= =� � ,   
( )

( )LV G
V bμ ρ=� ,   

( ) ( )
0 ( ) 1L UV G V G

zμ μ≤ ≤ ≤� �    z∀  

By (25), (26), we have the level ( , )λ ρ  interval-valued fuzzy set ( ) [ ( ), ( )]L UV G V G V G=� � �  (27) 

From (25), 1 1
2 2( ( )) (( ) ( ))L Lg V z z gα α− −= → =  the left point ( ( )) ( )L

lV G α�  of  the α -cut of  

( ( ))LV G� , the right point ( ( )) ( )L
rV G α� of  the α -cut of ( )LV G�  respectively are  

1
2( ( ) )( ) (( ) ( )) ( ( ))L L L

l rV G V g V Gα α α−= =� � , 1
1( ( ) )( ) (( ) ( )) ( ( ))L L L

r lV G V g V Gα α α−= =� �  ; 0 α λ≤ ≤    

(28) 
by second formula of (1).  And the α -cut of ( )UV G�  are 

1
2( ( ) )( ) (( ) ( )) ( ( ))U U U

l rV G V g V Gα α α−= =� � ,  1
1( ( ) )( ) (( ) ( )) ( ( ))U U U

r lV G V g V Gα α α−= =� � ; 0 α ρ≤ ≤   

                                                                         (29)              
by second formula of (2). 
Case 2: ( )V x  is a strictly increasing continuous function on R  similar to Case 1, we have  
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( )
( )LV G
zμ =�

1
1

1
2

( ( )), ( ) ( )
( ( )), ( ) ( )

0,

L

L

g V z V a z V b
g V z V b z V c

elsewhere

−

−

⎧ ≤ ≤
⎪ ≤ ≤⎨
⎪
⎩

                                    (30) 

( )
( )UV G
zμ =�

1
1

1
2

( ( )), ( ) ( )
( ( )), ( ) ( )

0,

U

U

g V z V d z V b
g V z V b z V e

elsewhere

−

−

⎧ ≤ ≤
⎪ ≤ ≤⎨
⎪
⎩

                                   (31) 

 
From (30), (31), we have the level ( , )λ ρ  interval-valued fuzzy set ( ) [ ( ), ( )]L UV G V G V G=� � �  (32) 
Similar to (28), (29), we can get  

1
1( ( ) )( ) (( ) ( )) ( ( ))L L L

l lV G V g V Gα α α−= =� � , 1
1( ( ) )( ) (( ) ( )) ( ( ))L L L

r lV G V g V Gα α α−= =� � ; 0 α λ≤ ≤  

                                                                         (33) 

1
2( ( ) )( ) (( ) ( )) ( ( ))U U U

l rV G V g V Gα α α−= =� � , 1
1( ( ) )( ) (( ) ( )) ( ( ))U U U

r lV G V g V Gα α α−= =� � ; 0 α ρ≤ ≤  

                                                                         (34) 
 

Thm. 5. [ , ], [ , ]L U L U
n n nG G G G G G= =� � � � � �  ( in (1), (2)) ( , ), 1,2,IVF nλ ρ∈ = " . ( )V x  defined on 

R  ( or (0, )R+ = ∞ , if 0d >  in Fig. 3) is a strictly decreasing continuous function or a strictly 
increasing continuous function. 

If lim( ) ( ) ( )L L
n l ln

G Gα α
→∞

=� � , lim( ) ( ) ( )L L
n r rn

G Gα α
→∞

=� �  are uniformly convergent in 0 α λ≤ ≤  

And lim( ) ( ) ( )U U
n l ln

G Gα α
→∞

=� � , lim( ) ( ) ( )U U
n r rn

G Gα α
→∞

=� �  are uniformly convergent in 0 α ρ≤ ≤ . 

Then lim ( ) ( )nn
V G V G

→∞
=� � , where for each 1,2,n = "  

 

    ,   
1

2

( ),
( ) ( ),

0,
U
n

U
n

U
nG

g x a x b
x g x b x e

elsewhere
μ

⎧ ≤ ≤
⎪= ≤ ≤⎨
⎪
⎩

�  

1 1( ), ( )L U
n ng x g x  are strictly increasing continuous function in [ , ], [ , ]a b d b  respectively. 

2 2( ), ( )L U
n ng x g x  are strictly decreasing continuous function in [ , ], [ , ]b c b e  respectively.  

And 1 2( ) ( ) 0,L L
n ng a g c= =  1 2( ) ( )L L

n ng b g b λ= = ; 1 2( ) ( ) 0,U U
n ng d g e= =  1 2( ) ( )U U

n ng b g b ρ= =  

1

2

( ),
( ) ( ),

0,
L
n

L
n

L
nG

g x a x b
x g x b x c

elsewhere
μ

⎧ ≤ ≤
⎪= ≤ ≤⎨
⎪
⎩

�
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And 0 ( ) ( ) 1 ,L U
n nG G

x x x nμ μ≤ < ≤ ∀� � .  ( ) [ ( ), ( )]L U
n n nV G V G V G=� � �  and ( ) [ ( ), ( )]V G V G V G=� � �   

( , )IVF λ ρ∈ .  
Proof. (a) If ( )V x  defined on R  is a strictly decreasing continuous function, by the assumption 
of Thm.4, theorem of uniform convergent, and (28), (29), we have  

( ( )) ( ) ( )) ( )L L
n l n rV G V Gα α=� � , ( ( )) ( ) ( )) ( )L L

l rV G V Gα α=� � . 

By the assumption of Thm.5, theorem of uniform convergent, we have  

lim( ( )) ( ) lim (( ) ( )) (( ) ( )) ( ( )) ( )L L L L
n l n r r ln n

V G V G V G V Gα α α α
→∞ →∞

= = =� � � �  is uniformly convergent in 

0 α λ≤ ≤ . 

Similarly, lim( ( )) ( ) ( ( )) ( )L L
n r rn

V G V Gα α
→∞

=� �  is uniformly convergent in 0 α λ≤ ≤ . 

By (29), we have lim( ( )) ( ) ( ( )) ( )U U
n l ln

V G V Gα α
→∞

=� � , lim( ( )) ( ) ( ( )) ( )U U
n r rn

V G V Gα α
→∞

=� �  are uniformly 

convergent in 0 α ρ≤ ≤ . 

Replace nA�  by ( )nV G� , A�  by ( )V G� , by Thm.1, lim ( ) ( )nn
V G V G

→∞
=� � . 

(b) ( )V x  defined on R , is a strictly increasing continuous function, by (33), (34) and the same 

argument above, we have lim ( ) ( )nn
V G V G

→∞
=� � . 

 
1.4  Limit theorem on a family of level ζ  fuzzy sets. 

 

a       1
1 ( )f α−      b      1

2 ( )f α−             c  

( )lF α= �            ( )rF α= �  

Fig. 11  levelζ fuzzy set 

1 
 
ζ  
 
α  

x  
O  

2 ( )xf1( )xf
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There exist a b c R< < ∈  and functions 1( ),f x  2 ( )f x  satisfy the following set is called a level 

ζ  fuzzy set F� , 0 1ζ< ≤ , where 1( )f x  is a strictly increasing continuous function and 

1( ) 0f x x a= ∀ ≤ . 2 ( )f x  is a strictly decreasing continuous function and 2 ( ) 0f x x c= ∀ ≥  
and 1 2( ) ( )f b f b ζ= = . 
 
Let the membership function of the level ζ  fuzzy set F�  be  

1

2

( ),
( ) ( ),

0,
F

f x a x b
x f x b x c

elsewhere
μ

≤ ≤⎧
⎪= ≤ ≤⎨
⎪⎩

�  

1
1( ) ( )lF x f α−=� , 1

2( ) ( )rF x f α−=�  ( see Fig.11 ) are the left, right end points of the α -cut of F�  

respectively. 
Let ( )SF ζ  be the family of all such level ζ  fuzzy sets. In Fig. 3, let ,a d c e= =  and 0λ = . 
Then the level ( , )λ ρ  interval-valued fuzzy set [ , ]L UG G G=� � �  will turn to be a level ρ  fuzzy 

set UG� ( )SF ρ∈ . It is trivial that UG� ( )SF λ∈  and 
0

[( ) ( ), ( ) ( ); ] ( )n n l n r SF F F F
α ζ

α α α ζ
≤ ≤

= ∈� � �∪ , 

1,2,n = " . 
Then Def. 10 becomes  

Def. 10′ . For , ( ),n SF F F ζ∈� 1,2,n = " , 0 1ζ< ≤ . For each 0ε > , there exists N , a natural 

number which is independent of α , ( [0, ])ζ∈  such that n N∀ ≥ , the following holds: 

For each [0, ]α ζ∈ , [( ) ( ), ( ) ( ); ) ( ( ) , ( ) ( ) ; )n l n r l n lF F F Fα α α α ε α ε α⊂ − +� � � �  ( )FT∈ , Then define 

lim nn
F F

→∞
=� � . Thus Thm. 1 ~ Thm. 5 will become Thm. 6 ~ Thm 8 as follows: 

Thm. 6. For , ( ),n SF F F ζ∈� �  1,2, ;n = "  0 1ζ< ≤ . 

 If lim( ) ( ) ( ), lim( ) ( ) ( )n l l n r rn n
F F F Fα α α α

→∞ →∞
= =� � � �  are uniformly convergent in 0 α ζ≤ ≤ ,  

Then (a) lim nn
F F

→∞
=� � ,  (b) lim nn

eF eF
→∞

=� � ,  (c) lim ( ) ( )nn
V F V F

→∞
=� � . 

 

Thm 7.  For , ( )jn j SF F F ζ∈� � , 1,2j =  and 1,2,n = "   (0 1)ζ< ≤ ; if  

lim ( ) ( ) ( ) ( )jn l j ln
F Fα α

→∞
=� � , lim ( ) ( ) ( ) ( )jn r j rn

F Fα α
→∞

=� �  are uniformly convergent in 0 α ζ≤ ≤ ,  
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Then 1 2 1 2lim ( ( ) ) ( )n nn
F F F F

→∞
+ = +� � � �  

 

Thm 8.  If , ( )jn j SF F F ζ∈� �  , satisfy either the following condition of Case 1 or Case 2 beside the 

condition of Thm. 7,  

Case 1: 0 ( ) ( ) ( ) ( )jn l jn rF Fα α< <� �  1,2j∀ =  and 1,2n = "  

Case 2: ( ) ( ) ( ) ( ) 0jn l jn rF Fα α< ≤� �    1,2j∀ =  and 1,2n = "  

Then 1 2 1 2lim ( ( ) ) ( )n nn
F F F F

→∞
× = ×� � � �  

 

Thm. 9  [ , ], [ , ]L U L U
n n nA A A A A A= =� � , ( , )IVF λ ρ∈ .  If lim ( ) ( ) ( )L L

n l ln
A Aα α

→∞
=� �  and 

lim ( ) ( ) ( )L L
n r rn

A Aα α
→∞

=� �  are uniformly convergent for 0 α λ≤ ≤ ; and lim ( ) ( ) ( )U U
n l ln

A Aα α
→∞

=� � , 

lim ( ) ( ) ( )U U
n r rn

A Aα α
→∞

=� �  for λ α ρ≤ ≤ , then lim nn
A A

→∞
=� � , lim L L

nn
A A

→∞
=� � , lim U U

nn
A A

→∞
=� � . 

Proof. By Thm. 1, we have lim nn
A A

→∞
=� � . Since , ( ),L L

n SA A F λ∈� �  1,2,n = " , by the first condition 

of Thm. 9 and Thm. 6, lim L L
nn

A A
→∞

=� � . Similarly, since , ( ),U U
n SA A F ρ∈� �  1,2,n = " , by the  

second condition of Thm.9 and Thm. 6, lim U U
nn

A A
→∞

=� � . 

 Now, since 
1

1[ , ; ) ( , )
n

a b a b
n

α
∞

=

= −∩ , and for each [0,1]α ∈ , [ , ) [ , ; )a b a b α↔ , 

1 1( , ) ( , ; )a b a b
n n

α− ↔ −  are one-to-one mapping, therefore 
1

1[ , ; ) ( , ; ) F
n

a b a b T
n

α α
∞

=

= − ∈∩  for 

each [0,1]α ∈ . It is obvious that for any arbitrary unions of all these fuzzy intervals [ , ; )a b α  

( a b∀ <  and [0,1]α ∈ ) FT∈ . Similarly 
1

1( , ; ] ( , ; )
n

a b a b
n

α α
∞

=

= +∩ FT∈  for each [0,1]α ∈ . And 

any arbitrary unions of these fuzzy interval ( , ; ]a b α  ( a b∀ <  and [0,1]α ∈ ) FT∈ . Also,  

1

1 1[ , ; ] ( , ; )
n

a b a b
n n

α α
∞

=

= − +∩ FT∈  for each [0,1]α ∈ . Hence. Any arbitrary unions of these fuzzy 

interval [ , ; ), ( , ; ],[ , ; ]a b a b a bα α α  ( a b∀ <  and [0,1]α ∈ ) and any arbitrary unions of elements 
in FO  are all FT∈ . 
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  For any [ , ] ( , )L U
IVG G G F λ ρ= ∈� � � . By (13), for each [0, )α λ∈ , [ ( ), ( ); ]U L

l lG Gα α α� � , 

[ ( ), ( ); ]L U
r rG Gα α α� �

FT∈  and for each [ , ]α λ ρ∈ , [ ( ), ( ); ]U U
l rG Gα α α� �

FT∈ . Hence 

0

([ ( ), ( ); ] [ ( ), ( ); ] [ ( ), ( ); ]U L L U U U
l l r r l rG G G G G G G

α λ λ α ρ

α α α α α α α α α
≤ < ≤ ≤

= ∪� � � � � � �∪ ∪ FT∈ . 

i.e. ( , ) , ;IV FF Tλ ρ λ ρ⊂ ∀  0 1λ ρ< ≤ ≤ . Similarly, level ρ  fuzzy set 

0

[ ( ), ( ); ]l rF F F
α ρ

α α α
≤ ≤

=� � �∪  in (35) FT∈ . Hence ( )S FF Tρ ⊂  0 1ρ∀ < ≤ . 

Def. 12. [ , ],L U
n n nG G G=� � �  [ , ]L UG G G=� � � , [ , ]L UE E E=� � �  ( , )IVF λ ρ∈ , 1,2,n = "  

(a) lim ( ) ( )L L
nG Gn

x xμ μ
→∞

=� �  and lim ( ) ( )U U
nG Gn

x xμ μ
→∞

=� �  x R∀ ∈ ⇔  lim ( ) ( )L GGn
x xμ μ

→∞
= ��  x R∀ ∈ . 

(b) 
1

L L
n

n

G G
∞

=

=� �∪  and 
1

U U
n

n

G G
∞

=

=� �∪  ⇔  
1

n
n

G G
∞

=

=� �∪ . 

(c) L LE G⊂ ��  and U UE G⊂ �� ⇔  E G⊂ �� . 

Note 3. By Def. 4, ( ) [ ( ), ( )]
L UG G Gx x xμ μ μ=� � � , x R∈   

 

Thm. 10  [ , ],L U
n n nG G G=� � �  [ , ]L UG G G=� � � ( , )IVF λ ρ∈  ( )FT⊂ , 1,2,n = "  

If 1 2 nG G G G⊂ ⊂ ⊂ ⊂� � � �"" ""  and lim ( ) ( )
nG Gn

x xμ μ
→∞

=� � x R∀ ∈ , then 
1

n
n

G G
∞

=

=� �∪  

Case 1: If 1 2
L L L L

nG G G G⊂ ⊂ ⊂ ⊂� � � �"" ""  ( in ( )S FF Tλ ⊂ ) and lim ( ) ( )L L
nG Gn

x xμ μ
→∞

=� � x R∀ ∈ , 

       then 
1

L L
n

n

G G
∞

=

=� �∪ . 

Case 2: If 1 2
U U U U

nG G G G⊂ ⊂ ⊂ ⊂� � � �"" "" ( in ( )S FF Tρ ⊂ ) x R∀ ∈ , then 
1

U U
n

n

G G
∞

=

=� �∪ . 

By Def.12, we shall prove for each case 1, 2, theorem holds. 

Proof. Case 1: Let ( ( ))SA F λ∈�  be any neighborhood of LG� . By Def. 7, there exists a fuzzy set 

( )FO T∈�  such that LG O A⊂ ⊂� � � . By condition of Case 1, we have L L
nG G A⊂ ⊂� � � , 1,2,n∀ = " . 

Hence from Def. 8, we have , the sequence { ; 1,2, }L
nG n =� "  converges to LG� . And also since 

L L
k nG G⊂� �  1,2, ,k n∀ = " ; we have 

1
( ) ( )L L

k n

n

G Gk
x xμ μ

=
∨ =� � . By the assumption of Case 1 of the 
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theorem, 
1

1 1
( ) lim ( ) lim ( ) ( ) ( )L L L L

n k k L
k

k

n

G G G Gn n Gk k
x x x x xμ μ μ μ μ ∞

=

∞

→∞ →∞ = =

= = = =∨ ∨� � � �
�∪

. Thus 
1

L L
k

k

G G
∞

=

=� �∪ . 

By the same argument as in Case 1, Case 2 holds too. Hence Thm 10 holds. 
2. Example 
 
  In Brigham [2] and Shappe etc. [7], there was a formula for present value of expected future 
dividend at time 0  with zero growth: 

*
0 2

1

lim
1 (1 ) (1 )

n

jn j

D D D DP
k k k k→∞

=

= + + = =
+ + +∑""                                   (36) 

Where D : dividends, the stockholder expects to receive at the end of every year. 
       k : required rate of return at every year. 

       *
0P : the intrinsic, expected present value at time 0 of an infinite stream of dividends. 

  If the preferred red stock (preferred shares) can earn the dividends D . By (35), he can get  

*
0P . But it is difficult to earn the fixed dividend D  for the common stock. If the management of 

the company is stable, we can consider the dividend each year will be in the interval  

1 2[ , ]D D− Δ + Δ , 1 20 , 0D< Δ < < Δ                                        (37) 
  Since (37) is an interval in stead of a single value, hence the decision maker needs to evaluate a 
certain value as the estimates dividend for each year. Should the decision maker choose a value D ,  
Just exact the same as the original D , as it has zero error. Through the point of view in fuzzy 
concept, by using confidence level to express this. The zero error means it has the maximum 
confidence level 1. that is, the farther the chosen value from D , the larger of the error in 

1[ , )D D− Δ  or 2( , ]D D + Δ  will be. If the chosen value is 1D − Δ  or 2D + Δ , then the 
confidence level reaches its least value 0. Therefore, relative to the interval (37), let the triangular 

fuzzy number UD�  be  1 2( , , ;1)UD D D D= − Δ + Δ�                             (38) 

The decision maker should choose 1Δ , 2Δ  suitably so that they satisfy 1 20 , 0D< Δ < < Δ  (39) 
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From fFig.12, we can see that D�  has membership grade 1  at D . And become smaller as it apart 
from D  and finally reaches 0 as it goes to 1D − Δ  or 2D + Δ . Therefore the membership grade 
has the same property as the confidence level. Therefore it is reasonable to define the confidence 
level to be the membership grade. Thus, it is also reasonable to define the triangular fuzzy number 
D�  (38) for the interval (37). However , since the length of time is infinite, it is too idealistic 
always to have membership grade 1 at D . So we set the membership grade at D  belongs to the 
interval [ ,1]λ , 0 1λ< < . And let the level λ  triangular fuzzy number LD�  be 

3 4( , , ; )LD D D D λ= − Δ + Δ�                                                    (40) 

The decision maker should suitably choose jΔ , 1,2,3,4j =  satisfy  

3 10 D< Δ < Δ <  and 4 20 < Δ < Δ                                                (41) 

 
 
 From (38), (40), we have level ( , 1)λ  interval-valued fuzzy number D� ,  

[ , ]L UD D D=� � �                                                                (42) 

1D − Δ  3D − Δ   D        4D + Δ  2D + Δ  

x

1  

O  

Fig.13  Level ( ,1)λ  interval-valued fuzzy number D�

1D − Δ        D              2D + Δ  

x

1  

O  

Fig.12  Triangular fuzzy number D�  



 23

Using (42), fuzzify 
1

1 1[1 ( ) ]
(1 ) 1

n
n

j
j

D D
k k k=

= −
+ +∑  in (36), we have the following nQ� . 

Let 1 1[1 ( ) ]
1

L n L
nQ D

k k
= −

+
� �

3 4
1 1 1 1 1 1( [1 ( ) ]( ), [1 ( ) ] , [1 ( ) ] ; )

1 1 1
n n nD D D

k k k k k k
λ= − − Δ − − + Δ

+ + +
 

1 1[1 ( ) ]
1

U n U
nQ D

k k
= −

+
� �

1 2
1 1 1 1 1 1( [1 ( ) ]( ), [1 ( ) ] , [1 ( ) ] ;1)

1 1 1
n n nD D D

k k k k k k
= − − Δ − − + Δ

+ + +
 

[ , ]L U
n n nQ Q Q=� � � , 1,2,n = " . 

The four α -cut of ,L U
n nQ Q� �  are 

3
1 1( ) ( ) [1 ( ) ][ (1 ) ]

1
L n
n lQ D

k k
αα
λ

= − − − Δ
+

�  

4
1 1( ) ( ) [1 ( ) ][ (1 ) ]

1
L n
n rQ D

k k
αα
λ

= − + − Δ
+

�  

1
1 1( ) ( ) [1 ( ) ][ (1 ) ]

1
U n
n lQ D

k k
α α= − − − Δ

+
�  

2
1 1( ) ( ) [1 ( ) ][ (1 ) ]

1
U n
n rQ D

k k
α α= − + − Δ

+
� ,   0 1α≤ ≤  

Let 3
1( ) [ (1 ) ]L

lQ D
k

αα
λ

= − − Δ� , 4
1( ) [ (1 ) ]L

rQ D
k

αα
λ

= + − Δ� ,              

    1
1( ) [ (1 ) ]U

lQ D
k

α α= + − Δ� , 2
1( ) [ (1 ) ]U

rQ D
k

α α= + − Δ� , 0 1α≤ ≤               (43) 

Then lim( ) ( ) ( )L L
n l ln

Q Qα α
→∞

=� � . 

Since for each [0,1]α∈ , ( ) ( )L
n lQ α�  is an increasing function in n , and also a continuous function 

for [0,1]α∈ . Similarly, ( )L
lQ α�  is also a continuous function of α . By the theorem of DINI in 

Brand [1], we have lim( ) ( ) ( )L L
n l ln

Q Qα α
→∞

=� �  is uniformly convergent in 0 1α≤ ≤ . 

By the same argument, lim( ) ( ) ( )L L
n r rn

Q Qα α
→∞

=� � , lim( ) ( ) ( )U U
n l ln

Q Qα α
→∞

=� � , and lim( ) ( ) ( )U U
n r rn

Q Qα α
→∞

=� �   

Are all uniformly convergent in 0 1α≤ ≤ . So by Thm. 1,  

lim nn
Q Q

→∞
=� � , where [ , ]L UQ Q Q=� � � , and by (42),  

3 4
1 1 1( ( ), , ( ); )LQ D D D
k k k

λ= − Δ + Δ� , 1 2
1 1 1( ( ), , ( );1)UQ D D D
k k k

= − Δ + Δ�  

Applying the Appendix (A.1), defuzzify Q� , we have  
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2 2 2 2 2 2 2 2
*2 1 4 3 2 1 4 3

0 0
2 1 3 4 2 1 3 4

( ) ( )
3 [ ( )] 3 [ ( )]

DP P
k k k

λ λ
λ λ

Δ − Δ + Δ − Δ Δ − Δ + Δ − Δ
= + = +

Δ + Δ + Δ + Δ Δ + Δ + Δ + Δ
   by (36). 

From (41), we can show that 0 0P > , and 0P  is an expected present value at time 0 of an infinite 

stream of dividends. When 1 2Δ = Δ , and 3 4Δ = Δ , *
0 0P P= . i.e. the crisp case equals to the fuzzy 

case, or say, the crisp case is a special case of fuzzy case. If 1 2Δ < Δ  and 3 4Δ < Δ , then *
0 0P P> .  

If 2 1Δ < Δ , 4 3Δ < Δ , then *
0 0P P< . 
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3. Discussion 
 

Def. 13. (Pu and Liu [6]), ,b R∈  if the membership function of the fuzzy set b�  is as follows, then 

we call b� , a fuzzy point. 
1,

( ) {
0,b

x b
x

x b
μ

=
=

≠�  

 
 

 

  Let pF  be the family of all fuzzy points on R , ( ) ( )pb R b F∈ ↔ ∈�  is an one-to-one mapping 

from R  to pF . For ( , , ;1) ( (1))N SA p b q F F= ∈ ⊂� , let p q b= = , then A�  becomes ( , , ;1)b b b b= � , 

is a fuzzy point. From Fig. 14, the left, right point of the α -cut of b�  are (1) (1)l rb b b= =� � , 

( ) ( ) 0l rb bα α= =� �  for all [0,1)α∈ . Then we have 
0 1

[ ( ), ( );1] [ , ;1]l rb b b b b
α

α α
≤ ≤

= =� � �∪ . Hence Def.  

11 becomes  

p            b                q  

x

1  

O  

Fig.15  Triangular fuzzy number ( , , ;1)p b q  

Fig. 14 Fuzzy point b�  

O b 

1  

x

i  
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Def. 14. For any 0ε > , there exists a natural number N  such that n N∀ ≥ , the following holds. 

If [ , ;1] ( , ;1)n nb b b bε ε⊂ − + , i.e. if ( , ;1)nb b bε ε⊂ − + , then lim nn
b b

→∞
=� �  

  It is easy to prove that for , pa b F∈�� , ( ) ,a b c c a b+ = = +�� � ; ( ) ,a b d d ab× = =� ��  

Thm 6 ~ Thm 8 become 

Thm. 11  For ,n pb b F∈� � , 1,2,n = " ; if lim nn
b b

→∞
= , then  

(a) lim nn
b b

→∞
=� �  

(b) lim ,nn
qb qb q R

→∞
= ∈� �  

(c) lim ( ) ( )nn
V b V b

→∞
=� �  

Thm.12  For ,jn j pb b F∈� � , 1,2j =  and 1,2,n = " ; if lim jn jn
b b

→∞
=  then  

(a) 1 2 1 2lim( ( ) ) ( )n nn
b b b b

→∞
+ = +� � � �  

(b) 1 2 1 2lim( ( ) ) ( )n nn
b b b b

→∞
× = ×� � � � . 

 
Appendix 
 
From Fig. 16, level ( ,1)λ  interval-valued fuzzy number [ , ] [( , , ; ), ( . . ;1)]L UE E E a b c p b qλ= =� � �  
 

( ) ,

( )( ) ,

0

LE

x a a x b
b a
c xx b x c

c b
otherwise

λ

λμ

−⎧ ≤ ≤⎪ −
⎪

−⎪= ≤ ≤⎨ −⎪
⎪
⎪⎩

�  

 

,

( ) ,

0

UE

x p p x b
b p
q xx b x q
q b

otherwise

μ

−⎧ ≤ ≤⎪ −
⎪

−⎪= ≤ ≤⎨ −⎪
⎪
⎪
⎩

�  
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  Let ( ) ( ) ( )U LE E
f x x xμ μ= −� � , x−∞ < < ∞  (see Fig.16), then the centroid of ( )f x  is  

( ) ( )( ) ( )( )( ( ))
3[( ) ( )]( )

xf x dx q p p b q c a a b cc f x
q p c af x dx

λ
λ

∞

−∞
∞

−∞

− + + + − + +
= =

− + −
∫
∫

                     (A.1) 

From Fig. 15, when , , 0a p c q λ= = = , E�  becomes a triangular fuzzy number ( , , ;1) Up b q E= � . 

In (A.1), let , , 0a p c q λ= = = , then the centroid of UE�  is 1( ( )) ( )
3

c f x p b q= + + , which is a 

special case of  (A.1). So we can use (A.1) to defuzzify E� . 

Fig. 16  Level ( , )λ ρ interval-valued fuzzy number E�  

 p     a         b     x       c      q  

1  

λ  

x

( )uE
xμ �

( )LE
xμ �
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