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Limit Theorem on a Family of Level (4, p) Interval-Valued Fuzzy Sets

with

Fuzzy Topological Space and Its Application



1. Limit theorem on a family of level (4, p) interval-valued fuzzy sets with fuzzy topological
space.

1.1 Afamily of level (A4,p) interval-valued fuzzy sets.

Def.1. For a,beR,a<b, 0<a <1, we called the fuzzy set [a,b;a] isalevel « closed fuzzy
interval if its membership function is

() = a, as<x<b (L.1)
Harat™ =10 otherwise '
Def.2. For a,beR,a<b, 0<a <1 if
a, a<x<b
(X)) = 1.2
Hiapi () {0, otherwise (1.2
Then we called the fuzzy set, a level « open fuzzy interval.
a, asx<b
And if A (X)= 1.3
s () {O, otherwise (1.3)
We called the fuzzy set , a level « right hand open fuzzy interval.
Again, if
a, a<x<b
A(X) = 1.4
Hapan(¥) {O, otherwise (1.4)

Then we called the fuzzy set, a level « left hand open fuzzy interval.
All the fuzzy sets defined above in these forms, [a,b;a], (a,b;a), [a,b;«), (a,b;«],
are called level « fuzzy interval.

Def.3. We say, a level « triangular fuzzy number, if its membership function is

A(X=p)

, <x<
q-p p q
A(r—x
Uy (X) = (rfq) qex<r
0, otherwise

And denoted by D=(p,q,r;4). When A=1, we say D is a triangular fuzzy number, and
denoted by (p,q,r) or.(p,q,r;1).
Let F, ={(a,b,c;1)|Va,b,c,eR,a<b<c} denote the family of all triangular fuzzy numbers.

Def.4. (Gorzalezang [4]) We call E, an interval-valued fuzzy set, if the membership grade at

x(€R) of the fuzzy set E , on R belongs to the interval e (%), 120 (X)]

0< g1 (X) < g0 (X) <1. And denoted by pze (X) = [, (X), o (X)] 0o E=[E" E].
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Fig. 1 Interval-valued fuzzy set E

When E'=(a,b,c;1), E' =(p,b,q;p); 0<A<p<l, and p<a<b<c<q. E=[E" E"]is
called a level (4, p) interval-valued fuzzy number.

Let Fye(4,p) ={[(a,b,c;2),(p,b,a; p)]la,b,c,p,qeR, p<a<b<c<q} be the family of all

interval-valued fuzzy number.

X
p a b c q
Fig.2 Level (4, p) interval-valued fuzzy number
A
1 L -
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Fig 3 level (l, p) interval-valued fuzzy set



Def5. For d<a<b<c<e eR and functions g:(x),9}(x), j=12. If g/(x),0,(x) are
strictly increasing functions for xe[a,b],[d,b] respectively, and g,"(a)=0, g,”(d)=0 ;
9,(b) =4, g, (b)=p . Also g; (x),9, (x) are strictly decreasing functions for xe[b,c], [b,e]
respectively, and g;(c)=g;(€)=0 , g;(b)=4,9)(0)=p . Besides, for each
j=12,0<g;(x)<g](x) Vx(de).

And g;(x)=0, x<a; g;(x)=0, x>c. ¢/ (x)=0, x<d; g/(x)=0, x>e

Then we call G=[G",G"], a level (4, p) interval-valued fuzzy set; where the fuzzy sets

G, GY each has respectively the following membership function:

g, (x), a<x<b
#s(X) =195 (%), b<x<c (1)
0, otherwise

g, (x), d<x<b
s (X) =107 (%), b<x<e )
0, otherwise

And hence the level (4, p) interval-valued fuzzy setis G =[G", G"].
Let F, (4, p) be the family of all such level (4, p), 0<A<p<1 interval-valued fuzzy sets

G=[G",G"] (3)
A(x—2a) ] Ac-x) . U p(x—d) U p(e—x)
When g;(x)=—"—=, X) = ; x)=£""=/ x) =22
0 =" =" 0! (0 =" 0; (0=~
then G =[G",G"] e Fyey (4, p) c Fy (4, p).
From Kaufmann and Gupta [5], we can have the following operation rules:
For a,b,c,d,eeR,
[a,b]+[c,d]=[a+c,b+d] 4)
,eb], ife>0
e[a.b] = [ea,eb] | e> 5)
[eb,ea], if e<O
If 0<a<b and 0<c<d,then [[a,b]x[c,d]=[ac,bd] (6)
If a<b<0 and c<d<0,then [[a,b]x[c,d]=[ad,bc] (7)



In general,

[[a,b]x[c,d]=[MIN,MAX], where MIN =min(ac,ad,) MAX = max(bc,bd) (8)
A
1
Yo
A
(04
: kX
(6.) @ (9,) @ (9,) @  (9,) @
=G'@ =G =G () =G "(a)

Fig.4 « -cutof level (/1, p) interval-valued fuzzy set

The a-cutof G=[G",G"]eF, (1, p) isdefined as follows:
FromFig. 4, g/ (X)=a—>x=(g,)"(@), g/(X)=a—>x=(g) " (a)
g, (N =a—->x=(9,)"(a), g (X)=a—->x=(g;) ()

Let G’ (a)=(g;) (), G (a)=(9y) " (a); Gr(a)=(9;)(a), G (a)=(g7) () )
When 0<a< A, definethe o - level setof G be

Xlug () za}—{x|pe () za} = [(9)) (). (87) (] (8;) (@), () ()]

= [G/(a),G[ (2)]V[G/ (a),G/ ()] (see Fig.4) (10)
When A<a<p,the a-levelsetof Gis
{X| g (%) 2 23 =[(97) (@).(95) " (@)]=[G} (@), G/ ()] (see Fig.4) (11)

For each a<[0,1], the function maps the real interval [a,b] to the level « fuzzy interval
[a,b; a] is one-to-one onto. (12)
By Def.1, (9) ~ (12), Fig.4 and the Decomposition theorem, we may express the level (4, p)

interval-valued fuzzy set G =[G",G"] as

G = (67 (a).G(a);alVU[G/(a).G/ (a)iaDU( |J [G/ ()G} (a);al) (13)

O<a<i A<a<p



Def6. For F=[F",F'],G=[G",G"]eF, (4,p),0<A<p<1 and ecR, define the following

operations:
F(+)G =[F"(+)G", FY(+)G"]
eF =[eF",eF"]
F(x)G =[F"(x)G", FY (x)G"]
From (4) ~ (12), and Def. 6, we have
(1)) The a-cut (0<a<1) of F-(+)G" is

[F" (), - (@)]+[Gi (@).G/ ()] =[F" () + G (@), K () + G/ (@)] by (4)

Thus (F"(+)G"),(a)=F"(a) +G(a) and (F"(+)G"),(a)=F"(a)+G-(a); 0<a<a
Similarly,

(F°(HG") (@) =R’ (@) +G)'(a) and(F*(1)G").(2)=F’(2)+G/(a); 0<as<p (14)

(2°) The a-cut (0<a<1) of eF’ is [eF (), eF ()], if e>0;andis [eF"(a),eF (a)],
if e<0;by(5), where P=L,U

Then, if e>0, (eF') (a)=eF"(a), (eF"),(a)=eF‘(a); O0<a<i
(eFV) (@) =eR"(a), (eF").(a)=eF’(a); O<a<p

Andif e<0, (eF"),(a)=¢eF"(a), (eF"),(a)=¢eF"(a); O0<a<il
(eFV) (@) =eF (@), (eF").(a)=eR’(a); O<a<p (15)

(3) The a-cut (0<a<l) F-(x)G" is [F'(a), F ()] x[G(«),G (a)].
From (6), (7), we have the following

(3.1) When 0<F'(a)<F"(a),and 0<G'(a) <G (a) Yacl0,1]
(F(:)G") (@) =R (2)G/ (), (F(X)G"),(a)=F'(a)G/(a); 0<a<i
Similarly, when 0<F’(a)<F"(a),and 0<G/ (a)<G! (a) Va<[0, p]

(FY(9G") (@) = F* ()G (@), (FY(x)G"), (@) =F ()G (a);0<a<p  (16)



(3.2) When F'(a)<F (a)<0,and G'(a)<G"(a)<0 Vacl0,A1]
(F* ()G ) (@) =F (a)Gr (), (F(x)G"),(@)=FR"(a)G(a); 0<a<i
When F'(a)<FY(a)<0 and G/ (a)<G’(a)<0 Vac[0,p]

(FU0)G") (@) = F @8V (@), (F(98"),(@)=F (@G’ (@); Os<asp (17)

1.2 Fuzzy topological space for level (4, p) interval-valued fuzzy sets

Def.7 (Chang [3] Def. 2.2) A fuzzy topology T on fuzzy sets in X satisfying the following
conditions:

@ d,XeT

(b) If ABeT, then AnBeT

(©) If AeT,Viel, where | isanyindexset,then | JAeT

iel
T is called a fuzzy topology for X and the pair (X,T) isafuzzy topological space (FTS)
Def. 8. (Chang [3], Def. 2.3) Afuzzy set U ina FTS(X,T) isaneighborhood of a fuzzy set A
iff there exists a fuzzy set O eT suchthat AcOcU.

Def. 9. (Chang [3], Def.3.1) A sequence of fuzzy sets, say {A“ n=12,---} iseventually contained
in a fuzzy set A iff there exists a natural number m such that whenever n>m, A c A. If

{A“ n=12,---} isasequence in FTS(X,T), then we say that this sequence converges to a fuzzy
set A iff it is eventually contained in each neighborhood of A. (i.e.if B isany neighborhood of
A, there is a positive integer m such that whenever n>m, A c B).

Let O ={(a,b;a)|Va,beR,a<b and «€[0,1]}, then O, is the family of all level
a (a €[0,1]) open fuzzy intervals ( fuzzy setsin R, see Def.2).
Let T be the family of all sets which is any union of elements in O. and contain @®,R such

that for any element OecO. . Define ON®=d,0ud=0,0nR=0,0UR=R and
Uy (X) =0, 1 (X) =1Vx e R. Thus, we have

/u(a,b;a)m(c,d;ﬁ)(x) = /J(a,b;a)(x) A Hicd:p) (x)



Casel: c<a<b<d; a<p Case2: a<c<d<b; a<p

A A

Bl P

o 0!__

@) c a b d 0] a c d b
Fig.5 c<a<b<d (casel) Fig.6 a<c<d<b (case2)

Case3: c<a<d<b; a<p Case4: a<c<d<b; a<p

A A

Bl Pl

0(_ CZ"

Ol c a d b X @) a ¢ b d
Fig.7 c<a<d<b (case3) Fig.8 a<c<b<d (case4)

Case5: c<d<a<b or a<b<c<d
We conclude the above results and have the following Table 1.

Table 1
case 1 2
(a,b;a)n(c,d;B) | (a,bja) | (c,d;a) | (a,d;) | (Cba) | ¢




Proposition 1. Let T =T., X =R in Def. 7. Then T. is a fuzzy topology for R, and (R,T;)

isa FTS.
Proof. (a) By the definitionof T., ®,ReT.. Definition 7(a) is satisfied.
(b) For any element B, in T., it can be written as B =( JO,, 1 ={i}. Hence the element of
iel
T. has the form @, R, or B = JO, with 0,0, Viel, an index set. Therefore, the
iel
intersection of any two elements in T_, they are ®"R=0deT. or © m(UC)i) =PeT,

iel

or Rn(|JO)={JO,eT,, or for Q;e0. Vjed, (IJO)n(JQ)=U U G, nQ)),

iel iel iel jed iel jel
where O, Q, €O or equals to ®. ( see Table 1) ie. (| JO)n(JQ,) eT:. 7(b) is
iel iej
satisfied.

(c) Asstated in (b), any elementof T.,is ®,R, or B =[JO;, iel, O, €0, Viel, jeJ,
i€d;

ij ?

Then | JB=J (J O;€T.. @u({JB) = UlgieTF, RU(|JB)=ReT.. 7(c) is

iel iel jeJ iel iel

satisfied.
By Def. 7, T. isatopologyon R,and (R,T;) isa FTS.

1.3 Limit theoremon F, (4, p)

Def.10. Alevel a fuzzy pointon R at b, denoted by Fpa of b if its membership function

iS ﬂFpaof b(X) = {

a, Xx=Db
0, otherwise

R e )

v

]
o

Fig. 9 Level « fuzzy point Fpa of b



From (13)

A=IA, Al
= U 1A (@), (A (@) @lUl(AD), (@), (AY)(a); a])
O U (A (@), (A%),(a): al)eFy (4, p), n=12-. 0<i<p<l (18)

Similarly, as in Fig.(4), we can have the « -cut of A as follows:

A
sy
S P ,zu(x)
a\ (9
B Ay A
» X
(anl”) Ha) (anlL) Ha) (anzL) @) (anzu) Ha)

=A@ =A@  =(AY@ =(A"),w
Fig.10 a -cutof A =[A",A"]
From Fig.10, when 0<a <A, we have the end points of the «-cut are (A”),(a), (A") (),
(AD),(a), (A”),(a) eR.Sowe have the level o fuzzy points Fpa of (A’)(), and Fpa
of (AY),(a), Fpa of (AY) (a),Fpa of (A’) (a). And when A<a<p, we have the level
a fuzzy points Fpa of (A’)(a), Fpa of (A”).(a).

Def.11 For A =[A-, A’] (in(18)),

A=[A, Al
= JIA@, A@)adulA(e), A)ad ] A (@), A(a)aleF,(4 p)

For any arbitrary &> 0, there exists a positive integer N which is independent of «(<[0, p])
such that whenever n > N, the following hold:



Foreach a(<[0,4]), Fpa of (&) ()= (A'(@)-¢& A (@)+&a) (eTe),

Fpa of (A)(a)= (A (a)-& A (@)+&a) (€Te),

Fpa of (A). (@) (A(@)-& A (a)+&a) (T),

Fpa of (AY).(a)c (A (a)—& A’ (a)+&,a) (eT.).

And foreach a(e[4,p]), Fpa of (A))(a)c (A’ (a)-& A (@)+&a) (eT;),

Fpa of (A))(a)c (A (@)-& A’ (@) +¢a) (eTe).

Then define lim A = A.

n—oo

NB.1 The meaning of Definition 11 is:
For each « €[0,1], the following hold.

Fpa of b« b(eR) isan one-to-one onto mapping (19). Corresponds to the conditions of
Definition 11 on R, we can have

Foreach ae[0,4), (A')(@)e (A’ (a)-¢& A (a)+¢),

(A), (@) e (A(a) - &, A(a) + o),

(A), (@) e (A"(@)~ &, A(@) + &),

(), (@) e (A (@) -, B (@) +6). (20)
Foreach aelipl, (A)(a)e(R (@)-& A (a)+e),

(A)(@) e (A (@) —&, A () +¢). (21)

From Definition 11, (20), and (21) we have. For each ¢ > 0, there exists a positive integer N,
independent of «, (€[0, p]) such that whenever n> N, the following hold:

Foreach «ae [O!ﬂ) ) [(A&J)I (C(), (A’II_)| (0{)] c (AU (0() —&, AIL(a) + ‘9) )
[(A) (@), (A)) (@] = (A (@) — &, A (a) +¢).

And lim(A)), = A’(@), Im(AD), = A'(e), lim(A), = Ar(@), Im(A)), = A(a).

10



Foreach ac[2,p], [(A))(a). (A)),(@]c (A (a)-¢& A'(a)+e) .

And  lim(AY), = A’(@), lim(A), = A’ ().
Thus, when n— oo,

if acf0.4), [(A) (@), (A) ()] (A (), A ()],
and (A (@), (A)), ()] = [A (@), A ()]

if aeldpl, [(A))(@), (A) (@] (A (@), A (@)].
Hence by (19),

if ac[0,4), [(A) (@) (A)(); a]l = (A (@), Ar(a); al,
and [(A) (@), (A)),(@); @] > [A (), A (a); a].

it aeclipl, [(A) (@) (A)(@);al - (A (a), A (a); al.

1.3 Limit theorem on a family of interval valued fuzzy sets

Thm1. A =[A,, Al A =[A" A'] eFy (2 p), (0<A<p<D).If lim(AD) ()= A(a),

and lim(AY), (a) = A-(r) are uniformly convergent for 0<a <A.And if lim(A”) (a) = A’ (),

and lim(A”) (a) = A’ (a) are uniformly convergent for 0<a < p,

Then limA =A.

n—o

Proof. By the definition of uniformly convergent, we have, for any &> 0, there exists a natural
number N, which is independent of «(€[0, p]) such that for all n> N, the following hold.

Foreach «a€[0,1], AL(a)—g< (A:)l(a) < AL(OK)-I-é‘,

and A(@)-s<(A) (@) < A(a)+¢ .

Foreach a<[0,p], A’(a)-s<(A')(a)< A (a)+¢.

11



and A(@)-e<(A) ()< A (a)+¢ . (22)

By Definition 10, for each « [0, 4], the membership function of Fpa of (,5\:’)I () is

a, if x=(A))(a)

e 23
ﬂFpaof(An)l(a)( ) {0, otherwise “

Bt Definition 2, for each « [0, 4], the membership function of (A’ (a)-¢, A’ (a) +&; ) is

(x)=4% it Al(@)-e<x<A(a)+¢
H @-o & @) 0, otherwise

Since A < p, and the third formula in (22), by (23), (24) we have

(24)

ey 0y 0 S o oo (1) WxeR and ae[0,4]. Hence
Fpa of (&) (a) < (A ()& A (a)+sa) Vael0A].
similarly, Fpa of (AS),(a) < (A-(c) — &, A'(a) + £561)
Fpa of (A) (@) <(A(a)-&A(a)+sa),
Fpa of (A),(a) < (A (a)— & A (@) + i) -
Also, foreach a<[4,0], Fpa of (A% (a) < (A (a)- & & (@) + £a),

Fpa of (A),(a) c(A(a)-& A (a)+&a).

Thus the conditions of Definition 11 are fulfilled, and hence by Definition 11, limA = A.

n—o0

Thm2. A, =[A;

n?

Al A=IAL A TeF,(4p), j=12n=12,
Foreach j=12; if lim(A}) (a)=(A)),(a), lim(A}),(a)=(A}),(a) are uniformly

convergentfor 0<a <A;andif lim(AY) () =(A)) (a), lim(A)). () =(A)),(a) are
uniformly convergent for 0<a < p, Then
lim(A, (+)A,,) = A(+)A,.

12



Proof. From Def. 6, we have A (+)A, =[A-(+)A., A2(+)A)] , and

A(+H)A, =[A“(+)AL, AY(+)AY] . By the assumption of Thm. 2, and the theorem of uniform
convergence (unions) and (14), we have
!]ijg(;&Ln(Jr)Aan).(Of):Lij[‘o('&fn%(a)+I[ij?C(Aan).(a):(Af)l(a)+(AZL).(0!)=(AL(+)A2L|)|(0!) is
uniformly convergent for 0<a <.

Similarly, Lm('&; (+)AL). () =(A-(+)AL), (@) is uniformly convergent for 0<a < A.

Also, lim(A (+)A5,), (@) = (A (HA) (@), and Im(AS (+)A;), (@)= (A (HA),(«) areall
uniformly convergent for 0<a<p.

Nor replace A by A (+)A,, A by A(+)A, inThm 1, we thus have

im(A, (+)A,) = A(+)A,.

Thm.3. A =[A-, A’], A=[A",A’] eF,(4,p), n=12,--;ecR.
If Lm(&),(a):AL(a), Lm(&)r(a):AL(a),are uniformly convergent for 0<a < A1.And
If L@(Aﬁ)),(a)z,&”(a), !m(AﬂJ)r(a):&’(a) are uniformly convergent for 0<a<p,

Then limeA =eA.

n—o0

Proof. By Def. 6, eA =[eA", eA’], . Similar to the proof of Thm. 2, by the assumptions of Thm. 3,
the theorem of uniform convergence (scalar product) and (15), we have ,
for e>0, Lm(e&)&a) =r|]ij!]oe(A1L)|(0!) =eA (a)=(eA") (@), !]m(e;\f)r(aF (eA),(a) are
uniformly convergent for 0<a < 4.
And !]ijpo(eAﬁ’), () =(eA’),(a), !m(eAﬂJ ), (@) =(eA”), () are uniformly convergent for
O<a<p.

Now, replace A by eA, A by eA inThm. 1, we have lim eA =eA.

Same argument for the case e<0.

13



Thm. 4. A, =[A;, A1, A =[A,A’]eF,(4,p), n=12, satisfy the two conditions in
Thm. 2, and also satisfy either case 1 or case 2 of the followings:

Case 1: 0<(A}) (@) <(AL), (@) Vael0,4], j=12 and
0<(A)) (@) < (A (@) Yael0p] j=12.
Case 2: (Ah) (o)< (A:),(2)<0, Vae[0,4], j=12 and
(A (@) < (A}) (@) <0, Yael0,p], j=12,
Then, lim(A, (x)A,,) = A(x)A,.
Proof. (a) A,, A, satisfy the conditions of Thm. 2 and Case 1 above, by Def. 6,
(AnCOAL) =[ALOAL AR (AA)=[A (A, A (AT
Then, 0<(A}) (o)< (A (@) Vae[0,4], j=12 and

0<(AY) (@) <(A)) (@) Vael0pl] j=12.
Hence, by the condition of (a), theorem of uniform convergence (product), and (16), we have
!]ijDO(ALn(X)Aan).(Of) = !]@C('Sﬁ)u(a)('&;nh (@) =(A) (@)(A), (@)= (A () A7) (@) is uniformly
convergent for 0<a < A.

Similarly, L@(Aﬁ (x)AL), (@) =(A-(x)A), () is uniformly convergent for 0<a < A.
Also !m(ﬁﬂ(x)@n%(a):('&f A ) (@), l[Lﬂjo('&lun(><)'5~§Jn)r(06)=(A1U ()A) (a) for O<a<p.

Now, replace A by (A, (x)A,.), A byA(x)A, inThm. 1, we have !]ijpo(ﬁ&n(x)&n):ﬁ&(x)&.

(b) A, A satisfy the conditions of Thm. 2 and Case 2 above, we have
(A (@) < (A, (2)<0 Vae[0,4], j=12 and

(A) (@) < (A),(@) <0 Vaelopl, j=12.

14



By (17), we have lim(A, (x)A,)) = A(x)A,.

Now we consider the set G =[G",G"] (in (1), (2)) €F, (1, p), V(x) isareal function

satisfies either Case 1 or Case 2 of the following. Then find out the level (4,p) interval-valued

fuzzy set V(F) and both left, right point of its « -cut.
Case 1: V(x) isastrictly decreasing continuous function on R . From (1), (2) and Extension
Principle, let z=V(x), we have

g9,V 7(2)), V(c)<z<V(b)
Hy ey (2) = sup pg (V7(2))= g (V7(2)), V(b)<z<V(a) (25)
e 0, elsewhere

g; V7(2)), V(e)<z<V(b)
Ko@) =197 (V7 (2)), V(b)<z<V(d) (26)
0, elsewhere

MV (©=050)=0, wVO)=0ib)=1, 4, eV (@)=0;

,uV(GU)V(e):,uV(GU)V(d):Q ,uV(GL)V(b):p, OS,U\,@L)(Z)S,UV(GU)S]- A
By (25), (26), we have the level (4, p) interval-valued fuzzy set V(G)=[V (G"),V(G")] (27)

From (25), gs(V *(2))=a— z=((9;) () the left point (V(G")),(a) of the «a-cutof
(V(G")), the right point (V(G")), (a)of the a-cutof V(G") respectively are

V(G))(@) =V ((g;) (@) =V (G (@), (V(G"))@)=V((9;)"(2))=V(GI(a)) ; 0<a<i

(28)
by second formula of (1). Andthe « -cutof V(G") are

V(G") (@) =V(8:) (@) =V(G/ (@), (V(G"))(@)=V((g) () =V (G (a); 0<a<p

(29)
by second formula of (2).
Case 2: V(x) isastrictly increasing continuous function on R similar to Case 1, we have
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g, V7(2), V(a)<z<V(b)
M@ =100V} @), V() <2V () (30)
0, elsewhere

g7 (V7(2)), V(d)<z<V(b)
K @D=18 V@), Vb)<z<V(e) (31)
0, elsewhere

From (30), (31), we have the level (4, p) interval-valued fuzzy set V(G)=[V(G"),V(G")] (32)
Similar to (28), (29), we can get

(V(G"))(@) =V ((g) (@) =V (G (@), (V(G"),)(@) =V ((g:) (@) =V (G (a)); 0<a<i
(33)
(V(G") (@) =V ((97) (@) =V (G/ (@), (V(G") )@) =V ((9) (&) =V (G (@)); O<a<p

(34)

Thm.5. G, =[G},G"], G=[G",G"] (in(1),(2) eF,(4,p), n=12,--. V(x) defined on

R (or R"=(0,),if d>0 inFig.3)is astrictly decreasing continuous function or a strictly
increasing continuous function.

If 1im(Gh),() =G (), lim(G}), (a) =G () are uniformly convergentin 0<a <A
And 1im(GY),(a) =G’ (), lim(GY),(a) =G («) are uniformly convergentin 0<a<p.

Then limV (G,) =V (G), where for each n=1,2,---

9., (%), a<x<bh

. gy (%), a<x<b

/anL(X): an(X)7 bS X=<C , IUG”U (X): ggn(X), bSXSe
0, elsewhere "

0, elsewhere

9. (X), g, (X) are strictly increasing continuous function in [a,b], [d,b] respectively.
95, (X), g5,(x) are strictly decreasing continuous function in [b,c], [b,e] respectively.

And g;,(a)=9,,(c)=0, g;,(b)=0;(D)=4; g,(d)=0,,()=0, g, (b)=0g;((b)=p
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ANd 0< 1 (X) < 50 () <1 Wx,n. V(G))=[V(G}).V(GY)] and V(G)=[V(G)V(G)]

eFy(4,p).
Proof. (a) If V(x) definedon R is a strictly decreasing continuous function, by the assumption

of Thm.4, theorem of uniform convergent, and (28), (29), we have
VGCN(@) =V (G)) (@), V(G (a)=V(G")),(a).

By the assumption of Thm.5, theorem of uniform convergent, we have

lim(v (GH)), (@) = limv ((G), (@) =V ((G"),(a)) = (V(G")), () is uniformly convergent in

0<a<Ai.

Similarly, lim(V(G))),(a)=(V(G")),(a) is uniformly convergentin 0<a<A.

By (29), we have lim(V (GY)),(e) = (V (G*)), (@), lim(V (G}),(e) = (V (G")), (@) are uniformly
convergentin 0<a<p.

Replace A by V(G,), A by V(G), by Thm.1, L@OV(G”) =V (G).

(b) V(x) defined on R, is astrictly increasing continuous function, by (33), (34) and the same

argument above, we have limV (G,) =V (G).

1.4 Limit theorem on a family of level ¢ fuzzy sets.

A
11
2 /
f
a - ]_( f 2(X)
> X
0
a f () b f,7 () C
=F () =F.(a)

Fig. 11 level £ fuzzy set
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There exist a<b<ceR andfunctions f,(x), f,(x) satisfy the following set is called a level
¢ fuzzyset F, 0<¢ <1,where f(x) isastrictly increasing continuous function and

f,(x)=0 Vvx<a. f,(x) isastrictly decreasing continuous functionand f,(x)=0 V x>c
and f(b)=f,(b)=¢.

Let the membership function of the level ¢ fuzzy set F be

f,(x), a<x<b
e (X) =< f,(x), b<x<c
0, elsewhere

F(x)=f,"(«), F.(x)=f,"(a) (seeFig.11) are the left, right end points of the o -cutof F

respectively.
Let F({) be the family of all such level ¢ fuzzy sets. In Fig. 3,let a=d,c=e and A=0.

Then the level (4, p) interval-valued fuzzy set G =[G",G"] will turnto be a level p fuzzy
set GY e Fy(p). Itistrivial that GV e F(1) and F, = ] [(F,)(a). (F),(a);ale F (<),

0<a<d
n=12,---.
Then Def. 10 becomes

Def. 10'.For F,,FeF,({), n=12,---, 0<¢ <1.Foreach &>0,thereexists N, a natural
number which is independent of «, (€[0,¢]) suchthat ¥ n> N, the following holds:

Foreach a€][0,¢], [(Ifn),(a),(Ifn)r(a);a)c(lf,(a)—g,(Ifn),(a)+g; a) (eTg), Then define

limF, =F . Thus Thm. 1 ~ Thm. 5 will become Thm. 6 ~ Thm 8 as follows:

n—oo

Thm.6.For F ,FeF,(¢{), n=12,--; 0<¢<1.
If lim(F),(«)=F (), lim(F,),(a)=F.(a) areuniformly convergentin 0<a<¢,

Then (a) limF, =F, (b) limeF, =eF, (c) limV(F)=V(F).

|
—o

Thm7. For F,,F e F(¢), j=12 and n=12 (0<¢<1);if

rl]m(lfjn)l(a):(lfj)l(a)’ !m(lfjn)r(a):(ﬁj)r(a) are uniformly convergentin 0<a<¢,
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Then lim (F, (+)F,,) = F,(+)F,

Thm8. If Ifjn, Ifj e K () , satisfy either the following condition of Case 1 or Case 2 beside the

condition of Thm. 7,

Case 1: 0<(F,)(@)<(F,), (@) Vj=12 and n=12--
Case 2: (F;,)(a)<(F,),(@)<0  Vj=12 and n=12--

Then lim (F, (x)F,,) = F(X)F,

Thm.9 A =[AA'l, A=[A"A’], eFy(Lp). If im(&%(a):&(a) and
!}@o(&)r(a):AL(a) are uniformly convergent for 0<a <A ; and !\ijpo(Aﬁ’)l(a):AU(a),
r[irgo(A:’)r(a)ZAU(a) for A<a<p,then LirQA:A, !mAL:AL, lmA:’:AU.

Proof. By Thm. 1, we have limA = A.Since A", A" eF. (1), n=1.2,---, by the first condition

n—o

of Thm. 9and Thm. 6, lim A" = A". Similarly, since A”,A” eF,(p), n=1,2,---, by the

n—oo

second condition of Thm.9 and Thm. 6, lim A’ = A",

n—oo

Now, since [a,b;a) = ﬂ(a —%, b), and for each « €][0,1], [a,b) &> [a,b;a),
n=1

(a —%,b) «(a —%,b; a) are one-to-one mapping, therefore [a,b;a) = ﬁ(a —%, b;a)eT. for
each « €[0,1]. It is obvious that for any arbitrary unions of all these fuz;;lintervals [a,b; )
(Va<b and ae[0,1]) T..Similarly (ab;a]= ﬁl(a, b +%; &) eT. foreach a<[0,1]. And
any arbitrary unions of these fuzzy interval (a,b;«] n(—v a<b and a€[0,1]) €T..Also,

[a,b;a] = ﬂ (a —1, b+ 1; a) €T, foreach « <[0,1]. Hence. Any arbitrary unions of these fuzzy
o n n

interval [a,b;a), (a,b;a].[a,b;a] (Va<b and «<[0,1]) and any arbitrary unions of elements
in O, areall €T..
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Forany G=[G",G"]eF, (1,p).By (13), foreach a<[0,1), [G’(a), G| (a);a],

[G-(a), G’ (a);a] €T, and foreach a<c[4,p], [G' (a), G’ (a);a] T, . Hence

6= (6" (@), GHa): a] U[G!(@), 6 (a)i a] | 6 (@).G" (a)ia] eT, .

0<a<i A<a<p

e. F,(A,p)cT: VA,p;, 0<A<p<l. Similarly, level p fuzzy set
F=J [F(a),F(a)a] in(35) eT..Hence F(p)=T, VO<p<l.

0<a<p
Def. 12. G, =[G}, GY], G=[G",G"], E=[E",E"] eF,(Lp), n=12,--
(@) 1im g (%) = g (x) and 1im ug, (%) = g0 (X) VXER & lim ug (X) = 45 () VxeR.
(b) G'=JG; and G =JG; < G=]G,.
n=1 =1 n=1

(c) E'cG" and EYcG’ < EcG.
Note 3. By Def. 4, us(x) =[ps (X), 45, (X)], xeR

Thm.10 G, =[G}, G"], G=[G",G"]eF,(4,p) (cT.), n=12,---
It G, cG oGy and limu (x)= s (%) VxeR, then G =(JG,
et
Case 1: If GicGLc----- cG-c----G" (in F,(1)cT.)and lim 44, (X) = 1 (X) VX€R,
then GL:OGrﬁ.
et

Case 2: If G/cGjc - cG)c---GY (in F(p)=T.)VxeR,then G’ =[JG} .
=1
By Def.12, we shall prove for each case 1, 2, theorem holds.

Proof. Case 1: Let A (e Fs(4)) be any neighborhood of GL. By Def. 7, there exists a fuzzy set
O(eT.) suchthat G- <O < A. By condition of Case 1, we have G- cG*c A, Vn=12,---.
Hence from Def. 8, we have , the sequence {GnL; n=12,--} convergesto G“.And also since

G- G- Vk=12,--,n; we have V. e (X) = 5, (x) . By the assumption of Case 1 of the
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theorem, ., (X) =lim . (X) = lim, g (X) =\ p5 () = . (). Thus G" =[JG, .
n—oo n n—oo k=1 k k=1 k Uét Kol

By the same argument as in Case 1, Case 2 holds too. Hence Thm 10 holds.
2. Example

In Brigham [2] and Shappe etc. [7], there was a formula for present value of expected future
dividend at time O with zero growth:
x D D g D D
PRP=——+— s+ =lim) ——=— 36
14k (1+k)? nw;mk)' k (36)
Where D : dividends, the stockholder expects to receive at the end of every year.
k : required rate of return at every year.

P,": the intrinsic, expected present value at time 0 of an infinite stream of dividends.

If the preferred red stock (preferred shares) can earn the dividends D . By (35), he can get

P,". But it is difficult to earn the fixed dividend D for the common stock. If the management of

the company is stable, we can consider the dividend each year will be in the interval
[D-A,D+A,], 0<A <D, 0<A, (37)

Since (37) is an interval in stead of a single value, hence the decision maker needs to evaluate a
certain value as the estimates dividend for each year. Should the decision maker choose a value D,
Just exact the same as the original D, as it has zero error. Through the point of view in fuzzy
concept, by using confidence level to express this. The zero error means it has the maximum
confidence level 1. that is, the farther the chosen value from D, the larger of the error in
[D-A,,D) or (D,D+A,] will be. If the chosen valueis D—-A, or D+A,, then the
confidence level reaches its least value 0. Therefore, relative to the interval (37), let the triangular

fuzzy number DY be DY =(D-A,,D,D+A,;1) (38)

The decision maker should choose A;, A, suitably so that they satisfy 0<A, <D, 0<A, (39)
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D+A

Fig.12 Triangular fuzzy number D

From fFig.12, we can see that D has membership grade 1 at D.And become smaller as it apart
from D and finally reaches O asitgoesto D—A, or D +A,. Therefore the membership grade

has the same property as the confidence level. Therefore it is reasonable to define the confidence
level to be the membership grade. Thus, it is also reasonable to define the triangular fuzzy number
D (38) for the interval (37). However , since the length of time is infinite, it is too idealistic
always to have membership grade 1 at D . So we set the membership grade at D belongs to the
interval [4,1], 0<A<1.And letthe level A triangular fuzzy number D" be

D" =(D-A,,D,D+A,; 1) (40)

The decision maker should suitably choose A;, j=1,2,3,4 satisfy

0<A; <A <D and 0<A, <A, (41)

v

D-A D-A, D D+A, D+A,

Fig.13 Level (A,1) interval-valued fuzzy number D

From (38), (40), we have level (A,1) interval-valued fuzzy number D),
D=[D", D] (42)
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] ) . D 1 1 ; ) ~
Using (42), fuzzi ——  _=_[1-(—)"ID in (36), we have the followin )
9 (42), fuzzify 3 -y = - G'ID in (36) 9 Q,

-t oyt o Ao cyio-ay tpoc oy tpo Loy :
Let Qn_k[l (1+k) 1D —(k[1 (1+k) 1(D-4,), k[l (1+k) 1D, k[1 (1+k) ID+A,;4)
59—yt Aoy oy notyp po Loy :

Qs —k[1 (1+k) 1D —(k[1 (1+k) 1(D-A), k[1 (1+k) 1D, k[1 (1+k) ID+A,0)
Q~n=[QrI1_’QrL1]]1 n:1,2,”'.

The four «-cutof Q-,QY are

54 (@) = 21— (2D —1-%
Q@) =1 B= ()P -(1=—)A]

51 (@) = 21— (2" @
(Q)(@) = - () ID+ A=A,

59Y (@) = 21— (—=)"1[D — (1—
Q@) = = ()"0 -(A-a)A]

59 (@) = 21— (—2y _
Q@)= M= )P +A-a)A],  O<a<l

Let Q.L(a){[D—(l—%)Ag], Q#(a)=%[D+(1—%)A4],
é.”(a)%[m(l—a)Al], Q:J(a>=%[D+<1—a)A2], 0<a<l (43)
Then 1im(G%),() =G\ (a).

Since for each «<[0,1], ((jnL)I () isanincreasing function in n, and also a continuous function

for a<[0,1]. Similarly, Q,L(a) is also a continuous function of « . By the theorem of DINI in

Brand [1], we have 1lim(Q}),(«) =Q(«) is uniformly convergentin 0<a <1.

By the same argument, 1im(Q}),(a) =QF(a), im(Q}),(«)=Q’ (@), and 1im(Qy), () =Q} (@)
Are all uniformly convergentin 0<a <1.Soby Thm. 1,

limQ, =Q, where Q =[Q",Q"], and by (42),

S - tip_ayipt ). v =to_ayipt -
Q =( (D=4, D, (D+A)4), Q7 =((D=4), D, (D+4,)1)

Applying the Appendix (A.1), defuzzify Q, we have
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2 A2 2 _ A2 2 _A? 2_ A2
_D . A AT AAI-AD) e AT-ATHA(AL-A)) by (36).

P =
kKA, A +AA AT 3K[A, A+ A(A, +A)]
From (41), we can show that P, >0, and P, isan expected present value at time 0 of an infinite

stream of dividends. When A, =A,,and A,=A,, P,=P, ... the crisp case equals to the fuzzy
case, or say, the crisp case is a special case of fuzzy case. If A, <A, and A,<A,,then P,>P, .

If A,<A,, A,<A,, then P,<P, .
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3. Discussion

Def. 13. (Pu and Liu [6]), beR, if the membership function of the fuzzy set b is as follows, then

we call b, afuzzy point.

1, x=b
(X) =
sO={; |y

A

lp---------- *
i X
o] b
Fig. 14 Fuzzy point b
A
X

0 p b q

Fig.15 Triangular fuzzy number (p,b,q;1)

Let F, be the family of all fuzzy pointson R, b(eR)«> b(e F,) isan one-to-one mapping
from R to F,.For A=(p,b,g)eF,(cF (1), let p=qg=b,then A becomes (b,b,b;1)=b,

is a fuzzy point. From Fig. 14, the left, right point of the o -cutof b are b(1)=b (1)=b,

b() =b.(a)=0 forall a<[0,1). Thenwe have b= | J [b/(x).b,(2);1]=[b,b;1]. Hence Def.

0<e<l

11 becomes
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Def. 14. Forany ¢ > 0, there exists a natural number N suchthat ¥ n> N, the following holds.

If [b.,b;1l]c(b—gb+el),ieif b,c(b—gb+sg1),then limb, =b

It is easy to prove that for &,beF,, a(+)b=¢c=a+b; a(x)b=d,d=ab
Thm 6 ~ Thm 8 become

Thm.11 For b,beF,, n=12,-;if limb, =b, then

(a) mﬁnzﬁ

(b) limab, =ab, qeR

(c) limV (b,) =V (b)

Thm.12 For by, b/eF,, j=12 and n=12;if limb;, =b; then

(@ lim(b,(+)b,,) =b,(+)b,

(b) lim(by, (x)b,,) = B,()b,

Appendix

From Fig. 16, level (A,1) interval-valued fuzzy number E =[E"-, EY]=][(a,b,c; 1), (p.b.q;1)]

i(x—a)’ a<x<b
b-a
A(C—Xx)
L (X) =< =, b<x<c
He (X) oS
0 otherwise
X— P <x<b
b—p’ b=x=
feo (X) = F b<x<g
0 otherwise
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Heu (X)

EL(

v

p a b X c q

Fig. 16 Level (1, p) interval-valued fuzzy number E

Let f(X)= s (X) = (X), —0<x<oo (seeFig.16), then the centroid of f(x) is

[ XE(x)dx _ (q-p)(p+b+q)+A(c—a)@+b+c) (A1)

F(x)) = 3=
c(f(x)) J'_Zf(x)dx 3(q- p)+ A(c—a)]

From Fig. 15, when a=p,c=q,4=0, E becomes a triangular fuzzy number (p,b,q;1)=E".

In (A.1), let a=p,c=q,1=0, then the centroid of E" is c(f(x))=%(p+b+q),which is a

special case of (A.1). So we can use (A.1) to defuzzify E.
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