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ABSTRACT

A motor-based decoupling and partial (input-output)
linearization approach to the control of multi-link robots with
joint and link flexibilities is studied in this paper. The control
strategy consists of two parts: nominal tracking control and
perturbed stabilization control. The nominal tracking control
derived by the differential geometric structure algorithm is an
input-output decoupling and partial linearization feedback law
capable of precise motor-based trajectory tracking, but the zero
dynamics of the unobservable nonlinear elastic subsystem
remains unstable. In order to actively suppress the elastic vibra-
tions, it is necessary to sacrifice the perfect motor-based
tracking capability somewhat by introducing a perturbation
control in the vincinity of a desired trajectory. The perturbed
stabilization control synthesized by combined LQR and servo-
compensator is used to achieve active damping of elastic vibra-
tion and robust tracking of motor dynamics. To offset the
tracking errors of the end effector caused by joint and link
deflections due to gravity, the quasi-static deflections can be
taken into account in the trajectory planning and LQ regulator.
A two-link arm is tested via simulation.

1. INTRODUCTION

The flexibility of a lightweight robot arm may consist of
distributed link flexibility and/or lumped joint elasticity. Because
of the extreme complexity of the dynamic equations of motion
for multi-link manipulators with both joint and link flexibilities,
numerous literature on the control of flexible manipulators have
studied arms with either joint elasticity or link flexibility, and
have treated only special configurations or single link examples.
Some attempt has been made to develop control strategies for
manipulators having two elastic links but with rigid joints [1-11].
Only few work has addressed the control problems of two link/
two joint systems where both structural and joint flexibility
exist [12-14]. Recent studies on the dynamic simulations of one-
link and two-link robot manipulator with both structural and
joint flexibility [15, 16] have revealed that, among other things,
there is no rigid mode for the flexible joint system. As such,
both structural and joint flexibility must be considered in the
analysis and control of such systems. However, it is the motor
that drives elastic transmission system and the motor dynamics
is itself linear. Therefore, a simple and perhaps very effective
approach to the end effector trajectory tracking is to design a
feedback control law that decouples motor dynamics and
stabilizes the elastic vibrations simultaneously. The decoupled
motor dynamics are, of course, be designed to achieve precise
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tracking of the end effector. In this paper, we will show that
this goal can be approximately accomplished.

Our approach is as follows. By applying the differential
geometric structure algorithm [17], a multi-link flexible dynamic
system can be decomposed, via a state-feedback, into two sub-
systems: a decoupled linear time-invariant motor dynamics
relating each motor torque input and its associated motor angular
positional output, and an unobservable nonlinear flexure
dynamics which do not affect the positional output of each
motor. The decoupled linear motor dynamics now admit an
exact motor-based tracking of all feasible smooth trajectories if
there is matching in initial conditions. However, any state-
feedback which is used to achieve a perfect motor-based tracking
with a desired linear dynamics, is not able to stabilize the end
effector vibrations unless some passive damping is present. This
observation is closely related to the unstable zero dynamics as
mentioned in [18]. Therefore, in order to stabilize the unobserv-
able nonlinear flexure dynamics, it is imperative that the linear
motor dynamics subsystem and nonlinear flexure subsystem are
recoupled. In other words, in order to actively suppress the
elastic vibrations, it is necessary to sacrifice the perfect motor-
based tracking capability somewhat by introducing a perturba-
tion control in the vincinity of a desired trajectory. The per-
turbed stabilization control synthesized by combined LQR and
servocompensator can be used to achieve active damping of
elastic vibrations and robust tracking of motor motion. Although
there is a tradeoff between the stabilization of elastic vibrations
and the motor tracking accuracy, a fairly accurate tracking is still
possible with a properly designed perturbation control. To
offset the tracking errors of the end effector caused by joint and
link deflections due to gravity, the quasi-static deflections can be
taken into account in the trajectory planning and LQ regulation.
The proposed control strategy will be shown to be effective
through computer simulation for a two-link arm with both
joint and link flexibility.

A distinct feature of our approach is that the feedback
control law is linear and simple. This is due to the presence of
linear joint elasticity. If the joints are rigid, a more complicated
nonlinear feedback control law will be resulted [9, 19].

2. DYNAMIC MODEL

We now consider an n-link flexible manipulator with
revolute flexible joints modeled by linear torsional springs with
known stiffnesses ks as shown in Fig. 1. The payload is modeled
as a rigid body with mass and moments of interia. Under the
assumptions of small link deflections and negligible twist defor-
mations, the flexible motions of the links from their rigid body

1809



positions can be expressed through modal analysis based on the
Euler-Bernoulli beam theory as

bt
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where &5, ¥j; and ﬂjj are the jth shape functions of the deflec-
tions of the ith link along the x, y, z axis, respectively; and
Pij> Qij and 1 are the corresponding generalized coordinates,
respectively; N; is the number of modes used to describe the
deflections of link i; and n is the longitudinal coordinate that
may be x, or y, or z, depending on the link coordinate systems
constructed for describing the spatial motions.

The kinetic and potential energy expressions for a flexible
robot can then be derived. A general explicit closed form
Lagrange-Euler/assumed modes dynamics formulation has been
proposed in [20] via the Lagrangian approach. The full nonlinear
equations of motion for any specific flexible arm can be obtained
by computing only the dynamic coefficients through the use of
computer algebra such as MACSYMA, and can be put in the
following form

D@§+ g 9 +e@= Br @
where q= [qm y q, s ]T is the N X 1 vector of all generalized
coordinates of fthe ﬂexlble robot; m = [Qpy, - - - - s O 1T
is the vector of motor displacements; g, = [q,,.. ... ,qn 17T is
the vector of effective link displacements; q, = [pyy, ... .- ,
PIN,> Qua,» - - - - QIN > Tras e e e e e sTINg> Paty « -« v - » T2N,
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TN, 1T is the vector of all generalized coordinates of link defor-
mations; D(q) = Block diag. [Dj, Dg (q:, 9;)] is the N X N
symmetric positive definite mertla matrix; D, diag. [Jp,..... s
Jin] is the diagonal joint inertia matrix, J; = J,; + Jg/nf is the
inertia of the ith joint reflected on the motor side; Dg(q;,9,) =
the (N — n) X (N — n) symmetric positive definite inertia matrix
of the corresponding flexible robot with only link flexibility;
C(g, 9 = 051, CF (@, DIT;Co(a, @) = the (N —n) X 1 vector
that contains the nonlinear coupling terms representing the
Coriolis, centripetal and gravitational forces/torques of the
correspondmg ﬂexnble robot with only link flexibility; e(q) =
fel (@m. D). &F @m. D) Ko )15 81 (@m, @) = [(Ky/my)

(qmllnl —Q), .. (kn/nn) (an/nn ~gy)]T isthenX 1
elastic forces/torques reflected on the motor side; e; @m, Q)=
[ky @ —Qmy/m), ... .. »Kn (@n — Ama /)] T is the n X 1

elastic forces/torques reﬂected on the link side; Ky = the (N—2n)
X (N—2n) stiffness matrix of the n-links, depending on the
number of modes and modal shape functions used; B = [Iyxn,
Oax N-w)1T57 = [y - - - - - rmal T is the actuator torque
vector.

3. STATIC STATE-FEEDBACK VIA STRUCTURE
ALGORITHM

3.1 Formulation of State-Space Dynamics Model
If we choose the state vector asx =7, x)T =(q; —qpy/
Ny,...,qn — an/nn,q qm,ql ‘lelnlyu-yQH"an/nn,

q2 , GT)T, and select the motor displacements divided by their
reduction ratios (n;’s), respectively, as the output variables,
then the state-space dynamic model can be written as

X = f(x)+ g7

Y= hx)= (@1 /M1, o /M2, - - - Ga/0n)T 3)
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is the symmetnc positive definite mertla matrix; C'= [Qq g ¢_1)
0175 e =[] @y By Ke 827, &f (> 9175 N = diag.
fing,..... nn] isthennX n dlagonal reduchon ratio matrix.

3.2 Construction of Input-Output Decoupling and Linearizing

Feedback

As the dynamic equations (3) are highly nonlinear, coupled
and complex, the differential geometric approach to the con-
struction of an input-output decoupling and linearizing feedback
control suitable for the motor-based tracking appears to be
attractive. In fact, an elegant recursive procedure known as
structure algorithm [17] naturally leads to such linearizing feed-
back law as

7(X) = a(x) +B(x) u 4)
where u is the new n X 1 input vector. The algorithm will

terminate at step 2, and the feedback functions a(x) and g(x) can
then be constructed by the following two equations:

[LgL(OT a(x)= —LiL(x);  [LgL(x)] ) = wilaxn (5)
where
I®)=Lth(x); Lgl(x)= LgLeh(x)= (ND)™ 4 G,
LL(x) = L h(x) = (N? D)™ (K, X, Ko Xa . - kaXa)T £ G,
w, is the selected natural frequency for the linear input-output
pairs; LS}—‘ is the Lie derivative of h along f; and similarly for
others. Thus we can obtain
a(x)= —G' Gr= —N1[K; Xy, ..., kX, 1T
B =w; G = w N ®

Here o(x) means that the elastic torques driving the links can be
computed or measured for use as the feedback function, and



B(x) is only a constant matrix.

3.3 Internal Structure of the Closed-loop System

Substitute the state-feedback law into (3), and let z
()T (Leh)TIT = @mi/Mi, Qua/Mas - - - Qe /s G/
Ny, . .., ma/Na)T, then the internal structure of the closed-loop
system composed of two parts can be obtained as

_i_: Ayz+ wf, B;u linear subsystem
7= fa(z,m)+ g, (zn)u  nonlinear subsystem Q)
y=110lz
where
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4y — Qma/Mp> q} )T is the vector of all elastic generalized coordi-
nates; y is the output vector; I is the n X n identity matrix;
fo = L [f(x) + g(x) 2(x)]; g, = L [g(x) B(x)] ; and
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3.4 Pole Placement for Desired Spectral Characteristics of the

Linear Subsystem

The linear part of the closed-loop system is a decoupled
n-channel second-order system with eigenvalues all at origin.
Its poles can be arbitrarily placed by constant state feedback.
To have appropriate rise time and nearly no overshoot, the
desired poles can be placed at those of the Bessel transfer func-
tion [21], ie., 81,2 = ~0.8660 w, t jO.5000w,, Where w,
determines the rise time. And the feedback law K is

K= [ ~Inxn —(1.732/wo) faxal (8)
Thus, the new overall feedback functions are

a'x)= ax) + B(x)Kz ; B'(x)= p(x) )
and the static state-feedback law is

1= )+ F®e (10)

where v is the new n X 1 input vector.
the closed-loop system is

Then the linear part of

z= A,z +woBv; y=11 0] z an
where
_Qn)(n = _I,
A, = :
—wpl ! —~1.732 wolnxa

w g ln Xn
and the nonlinear part is

1= @)t gn@ ) Kz+g,(z, 1)y (12)

3.5 Command Generation for Output Tracking

If hy € R" is the desired outputs, and the nominal com-
mand inputs v4 are selected as

va = (1/wd)Ba + (1.732/we) by + ha (13)
then we can obtain the error equations of the system for output
tracking as

B+ 1732w by + w2hy=0, i=1,2...,n (14)
where by = by —hg; and h=[h,, ..., h,]7T is the actual output
y. Note that if the initial conditions of h and hy are matched,
then h = hq for all t. Hence we can have an exact (not asymp-
totic) trajectory tracking if there are no modeling errors. The
decoupling/partial linearization feedback law (10) can thus be
called the nominal trajectory tracking conmtrol. But there still are
joint and link vibrations in the nonlinear subsystem (12), so that
a perturbed stabilization control acting as active damping of the
undesirable elastic vibrations is required. Introducing this pertur-
bation control eliminates the possibility of perfect tracking, but
a fairly accurate tracking is still possible with a properly designed
perturbed stabilization control.

4. PERTURBED STABILIZATION CONTROL
LAW SYNTHESIS

In what follows, a combined linear quadratic stabilizer
designed about the desired trajectory terminal state and robust
servocompensator driven by the motor angle tracking error at
each joint, is adopted as the perturbed stabilization control.
For simplicity, we consider first-order compensators fed by the
errors h = h — hy. Thus the servocompensator is of the form
%= —Ah, (15)

X €R"

where A is an n X n diagonal gain matrix. Define a composite
system

14>
1%y

=Fx +Géyp (16)
where X = (527, 877, x¢* )T ;82 and 87 are the perturbations of z
and 7 respectively; and 8y = — SX can be ogtained by minimizing
a quadratic performance index J = So (T QX + svT Rév)dt
where R is a symmetric positive definite matrix and Q is a
symmetric positive semidefinite matrix. The final overall torques
required to control the multi-link flexible arm can be computed
by

7= @)+ B g — 8X) an

We further remark that to compensate for the tracking
errors of the end effector caused by gravity, the quasi-static
deflections must be taken into account in both the trajectory



planning and LQ regulation. The overall control configuration is
shown in Fig. 2.

5. TWO-LINK FLEXIBLE MANIPULATOR EXAMPLE

The proposed control strategy will be tested via computer
simulation for a two-link manipulator as depicted in Fig. 3. The
manipulator comprises links 1 and 2 with both joint and link
flexibilities. The link coordinate systems attached to the unde-
formed and deformed links are also shown. The manipulator
operates in the vertical plane and has the following specifica-
tions: length of each arm is 0.75 m; payload mass (nominal) is
3.0 Kg; mass of joint 2 is 5.5 Kg; mass of link 1 is 2.2 Kg; mass of
link 2 is 1.0 Kg; stiffness EI of link 1 is 1220.0 N-m? ; stiffness
EI of link 2 is 218.0 N-m?; stiffness k, of joint 1 is 15000 N-m/
rad; stiffness k, of joint 2 is 15000 N-m/rad: reflected moment
of inertia J; of joint 1 is 0.7916 Kg-m? ; reflected moment of
inertia J,, of joint 2 is 0.5940 Kg-m? ; moment of inertia J,; of
payload is 0.0375 Kg-m? ; and n, = n, = 1. Two static deflection
lines of a cantilever beam with only one concentrated force and
only one concentrated torque acting on the free end of each
link are selected as the vital shape functions [13]:

(I)iz(xi): 1.5 [(21+Xi)/91]2 —-0.5 [(2i+xi)/ii]3;

B (x)= [+ x)/H1? i= 1,2 (18)
where x; is the coordinate along the axis of beam i(x; = —£; to 0)
and £; is the length of beam i. With the selected shape functions
(18), the jk-th flexible stiffness Kjjx of ith link can be computed
[20): K., = 11567.407, K12 = Ky, = 8675.555, Kyzn =
8675.555, and K,,; = 2066.962, K,;, = K;,, = 1550.222,K;;, =
1550.222 N/m.

For the present two-link case, & = [qp;, Am2» 915 925 Q115
Uiz, Q21, Q2217 and x = (§Ts §})T = — 9mis 92 — Am2,
Q115 Q125 Q215 922, Ayts Am2> Q - ‘.lml, Q4 — dm2, Qu1, a2,
Q215 G22, Gm1, Am2)Y. In the nominal tracking control we set
wo = 4 radfsec. As for the perturbed stabilization control, we
take Ayxy = 10, Raxz = 1, Qi x 18 = diag [100Igx s 20I3x3
10 20 10Isx 51 and use the ORACLS programs [22] to compute
the feedback gain matrix S;x 3. In the simulation study, the
arm is required to track the trajectory

A ()= q () = — [1/(2n?)] sin 2nt) + (I/m)t +2/18 (19)
for 0 < t < 1 sec. To compensate for the quasi-static deflections
(X£,1, Xg2, - - - , X,6) along the nominal trajectory, the com-
mands required to generate the reference inputs are modified
as follows:

X7,4 = Q (1) — X531 —(xg3 + X£,4)/2
X4 = Q2 (1) — X2 —(Xgs +X1,6)/2,

—[®11(0) Xg,3 + @12 (0) X541 +(X5,3 +X5,4)/2, (20)
for 0 < t < 1 sec, where ®%;(0) means the slope of ®;(x;) at x; =
0. Two sets of simulations are selected and shown in Figs. 4 and
5, wherein X1 and X2 are the deflections of joint 1 and 2,

respectively; UE1 and UE2 are the tip deflections of link 1 and 2,
respectively; X7 and X8 are the positions of motor 1 and 2,
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respectively; XER and YER are, respectively, the x and y com-
ponents of the task space trajectory error compared to the rigid
arm counterpart with joint trajectory (19). In Fig. 4, only
partial linearization control is used. The input-output pairs
have perfect motor-based trajectory following, but the joint and
link deflections are oscillatory. In Fig. 5, both partial lineariza-
tion and perturbed stabilization control are applied. The
undesirable joint and link oscillations are actively damped out
by the LQR stabilizer. The perfect motor-based trajectory
following is perturbed, thus the suggested control strategy has
tradeoff between tracking and stabilization.

6. CONCLUSION

The effects of joint and link flexibility on the overall
dynamic performance of a flexible robotic system are very
significant. They are the sources of trajectory tracking errors
and undesirable oscillations of the end effector. In this paper we
have presented a design methodology based on the differential
geometric structure algorithm and linear quadratic regulator
theory. The proposed control strategy is tested via computer
simulation for a two-link flexible arm with both joint and link
flexibility. The simulation results indicate that large joint angle
control and significant reduction in vibrations can be achieved.
Even though the feedback control law is linear and simple, it
does require the access to all the flexible states. Its experimental
implementation deserves further investigation.
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