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Abstract

The three-dimensional time-dependent diffusion equation, subjected to a chemical reaction at the interface of the reacted layer and unreacted
core, used for simulating diffusion-controlled solid-state reactions is solved by a finite volume method in a body fitted curvilinear co-ordinate
system. The simulated reaction zone is seen to advance towards the center of a spherical particle. The concentrations of reactants and
product are also predicted. Within the reacted zone, the simulated diffusion rates at different spherical cross sections reveal a clear picture
of the unsteady diffusion process. The predicted kinetic curves at different conversion constants help to understand the kinetics of diffusion
controlled solid-state reactions in spherical particles.
© 2003 Elsevier B.V. All rights reserved.

Keywords: Diffusion-controlled; Solid-state reactions; Spherical particle; Diffusion rates; Kinetic curve; Conversion constants

1. Introduction

Recent advances in computer hardware technology and
computer aided engineering (CAE) software technique have
made numerical exploration of three-dimensional complex
physics feasible[1]. We are, therefore, motivated to nu-
merically explore the solid-state reaction kinetics in spher-
ical particles. Amongst the solid-state reaction models, the
diffusion-controlled model[2], the interface-reaction con-
trolled model[3] and the nucleation-controlled model[4–6]
are often referred to. In ceramic and metallic processes, the
solid-state reaction is the result of an intimate mixing of fine
powders. For an isothermal reaction, the diffusion of reac-
tants proceeds a slower rate than those in the other steps.
The formation of reacted zone depends, therefore, on the
rate of diffusion[7].

In 1927, Jander[2] proposed the diffusion-controlled
core-shell model using the planar diffusion assump-
tion to correlate the reacted fraction with time. The
three-dimensional diffusion assumption was made later by
Ginstling and Brounshtein[8] in their core-shell model.
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More recently, Carter[9] further took into account the mo-
lal volume difference of the reactant and product. Under
certain assumptions, this refined model can estimate the
degree of conversion of the powder reaction by deducing
the kinetic equations that relate the reacted fraction with
time. However, the steady diffusion assumption made in
a finite-thickness reacted layer can limit the applicability
and, at the same time, can deteriorate the predicted range
of conversion rate.

The objective of the present solid-state reaction study is
to develop a numerical model for solving the diffusing equa-
tion that subject to an interfacial chemical reaction. The fully
conservative finite-volume method is employed to solve the
diffusion equation in body-fitted coordinates[10]. This co-
ordinate transformation technique, which has been well ac-
cepted to simulate flow problems with irregular geometries,
is often employed together within the multi-block grid tech-
nique [11] to improve the prediction quality. In this study,
we consider an unsteady diffusion in a given thickness of re-
acted zone. Our aims are to estimate the degree of conversion
relative to the full course of reaction and the time-evolving
concentrations of reactants and product within the whole
particle.

The simulated results include the three-dimensional reac-
tion front that gradually advances towards the center of a
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spherical particle. The simulated diffusion rates at different
spherical cross sections in the reacted layer help to under-
stand the diffusion process. To validate the numerical model,
the simulated solutions are compared with the data of Gin-
stling and Brounshtein[8]. Furthermore, the degrees of con-
version obtained at different conversion constants are also
investigated.

2. Diffusion-controlled solid-state reaction

2.1. Conversion kinetics

In a spherical particle, the solid-state reaction A+ B →
AB is shown inFig. 1(a) and (b). Initially, the investigated
reactant B is surrounded by the reactant A. Aftert > 0, A
immediately reacts with B and produces a product layer AB
in a spherical shell which covers the unreacted core of B. In
the course of forming AB, A diffuses through the product
layer AB and then reaches the unreacted B, followed by a
continuous growth of product layer. During this solid-state
reaction, the diffusion speed of A is normally smaller than
the chemical reaction speed. As a result, the diffusion pro-
cess governs mainly the conversion kinetics. Usually, we call
kinetics of conversion the relationship between the reacted
fraction and the time elapsed. The degree of conversion,α,
is defined as

α = ABr

AB0
(1)

where ABr is the mole (or weight) of the reaction product
layer during the conversion process. As for AB0, it denotes
the total mole (or weight) of the product in the entire particle
at a time when the conversion process is complete.

Fig. 1. A diffusion-controlled solid-state reaction A+ B → AB: (a) at the initial state; (b) after a reacted layer produced.

2.2. Diffusion equation

In the diffusion-controlled solid-state reaction, the diffu-
sion process of A in the product layer AB can be simulated
by solving the time-dependent species transport equation,
which needs to be supplemented with the appropriate bound-
ary and initial conditions. In a notation-free coordinate, the
unsteady diffusion equation can be expressed as

∂(ρCA)

∂t
− ∇ · (ρD∇CA) = 0 (2)

wheret is time,ρ the particle density,CA the concentration
of A, andD the diffusivity of A in the product layer. Under
the constant-coefficient assumption, equation(2) turns out
to be the equation known as Fick’s second law:

∂CA

∂t
− D∇2CA = 0 (3)

As depicted inFig. 1(a) and (b), the particle is surrounded
by reactant A. Therefore, a fixed concentration value for A
is prescribed on the outer surface of the particle. Initially,
the particle under the current investigation contains only the
reactant B. No reactant A or product AB is seen at that
moment.

2.3. Interfacial chemical reaction

Considering an immediate reaction A+ B → AB, the
interfacial concentrations of two reactants (CA, andCB) and
one product (CAB) can be calculated as

CA = max(0, C∗
A − C∗

B) (4)

CB = max(0, C∗
B − C∗

A) (5)

CAB = C∗
AB + min(C∗

A , C∗
B) (6)
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In the above,C∗
A, C∗

B and C∗
AB denote the concentrations

of A, B and AB, respectively, at the interface before the
chemical reaction starts.

3. Numerical model

3.1. Finite volume numerical approach

The current simulation involves applying a conservative,
unstructured, finite-volume code in a body-fitted coordinate
system[10]. All variables are stored at the volume center.
The equation (3)is integrated over each control volume to
obtain a discrete equation that connects the primary vari-
ables at the volume center with its neighbors. By integrating
the workingequation (3)over an arbitrary domain� and
applying the Gauss divergence theorem, we have∫

Ω

∂CA

∂t
dV − D

∫
∂Ω

∇CA · �n dS = 0. (7)

In the above equation,V denotes the control volume,S the
control surface, and�n the unit normal vector. All spatial
derivative terms are discretized by the second-order cen-
tered scheme while a fully implicit backward time stepping
scheme[12] for the time derivative term.

Within the geometrically symmetric and physically
uniform framework, one octant of the spherical particle,
schematic inFig. 2, is sufficient. The investigated domain
was subdivided into four blocks. Within each block, there

Fig. 2. Schematic of the computational domain: (a) subdivided multi-blocks; (b) distributed hexahedral grids.

are hexahedral grids, as shown inFig. 2(b). To acquire an
adequately resolved solution, computations with increasing
grid density are performed.

The present numerical simulation starts with application
of a commercially available CAD (Computer Aided Design)
tool CATIA [13] to create the solid geometry of the spherical
particle. Then, the species properties, boundary conditions,
initial conditions and chemical reaction conditions are pro-
vided. This is followed by using ICEM-HEXA[14] to cre-
ate the physically meaningful multi-block grids. The finite
volume code CFX-4[15] is then applied to obtain solutions
for the working equations. The results obtained at differ-
ent grid densities are compared for confirming whether or
not the grid-independent solutions have been obtained. The
predicted growth of product layer is visualized by virtue of
a post-processor FIELDVIEW[16]. Finally, we discuss the
simulated concentration distributions, diffusion rate through
the spherical cross section, degree of conversion and the
complete conversion timetc (whenα = 1.0).

3.2. Model for comparison

The numerical results are compared with the data obtained
from the Ginstling and Brounshtein’s model[8]:

1 − 2
3α′ − (1 − α′)2/3 = Kt, (8)

Note that the above kinetic equation was derived under
the steady diffusion assumption in a finite-thickness reacted
layer. In Eq. (8), α′ is the degree of conversion, which
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Fig. 3. Effect of grids on the simulated complete conversion timetc.

represents the ratio of the reacted volume to the particle vol-
ume. As for the conversion constantK, it is defined as

K = 2DC0

εr2
0

, (9)

wherer0 is the radius of a spherical particle andC0 is the
concentration of the reactant A on the particle boundary sur-
face. For the reaction condition A+ B → AB, the propor-
tional coefficientε is equal toC0. The conversion constant
K is, thus, a function ofD andr2

0.

Fig. 4. An illustration of the reacted zone proceeding towards the particle center at: (a)t = 1.0 h; (b) t = 2.0 h; (c) t = 3.0 h.

4. Results and discussion

In this study, the diffusion controlled solid-state reaction
in a spherical particle withr = r0 (particle radius) is simu-
lated. According to the stoichiometric coefficients involved
in the reaction A+ B → AB, the concentration specified
on the particle boundary for A isCA = C0. The initial con-
centration of B inside the particle has the same value asC0.
Thus, the maximum concentration of AB produced in the
particle isCAB = C0. According to the conversion constant
K defined in Eq. ((9)), different ratios of the diffusivityD
to r2

0 are chosen to render several values ofK for simulating
the diffusion of A into the spherical particles and its reaction
with the reactant B.

4.1. Grid-independent test

The calculations are performed on a personal computer.
In this simulated problem, no exact solution is available to
confirm the prediction accuracy. For this reason, a series of
computations should be performed by continuously refining
the mesh to determine the grid-independent solution. In this
study the simulated complete conversion timetc at K =
4×10−5 s−1 is used as the benchmark value.Fig. 3illustrates
the effect of grid resolution ontc. The minimum allowable
number of grids to obtain the grid-independenttc is found
to exceed 20,000. A typical analysis conducted in this paper
involves 32,000 grids. The resultanttc is 3.90 h.

4.2. Concentration distribution

Fig. 4(a)–(c)present the reaction front propagating to-
wards the particle center att = 1.0, 2.0, and 3.0 h,
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Fig. 5. The simulated normalized concentrations (Ci/C0, i = A, B, or
AB) for reactants A, B and product AB, which are plotted against the
normalized radial distancer/r0, measured from the center of the spherical
particle at: (a)t = 1.0 h, (b) t = 2.0 h, and (c)t = 3.0 h.

respectively, with the conversion constantK = 4×10−5 s−1.
At t = 1.0 h, the reactant A diffuses into the particle and
reacts with B, thus producing a product layer AB. In the
course of forming AB, reactant A keeps diffusing through
the product layer AB and reaches the surface of unreacted
B. The solid-state reaction occurs instantaneously on the
interface and the three-dimensional shrinkage of the re-
action interface continues, as shown inFig.4(b) and (c).
For a spherical particle with uniformly specified initial
and boundary conditions, it is seen that the shape of the
unreacted core remains spherical.

The normalized concentrations (Ci/C0, i = A, B, or AB)
of reactants A, B and product AB against the normalized
radial distancer/r0, measured from the center of the spher-
ical particle, at 1.0, 2.0, and 3.0 h are illustrated inFig. 5. It
is seen from these figures that the reactant A diffuses within
the product layer. The concentrationCA decreases gradually
from the outer surface of the particle towards the interface
between the product layer AB and the unreacted zone B. This
concentration gradient enables A to diffuse into the product
layer. The concentration of B (CB) remains unchanged in the
unreacted zone and is, however, zero in the product layer. In
between AB and B, B has a residual value since the reaction
has not yet completed. The concentration of AB (CAB) is

0.0 0.2 0.4 0.6 0.8 1.0
r / ro

0.0

0.2

0.4

0.6

0.8

1.0

C
A

/C
o

K = 4.0 E-05 s-1

t = 0.25 h
t = 0.50 h
t = 1.00 h
t = 2.00 h
t = 3.00 h
t = 3.90 h

Fig. 6. The simulated normalized concentrations for A against the nor-
malized radial distancesr/r0, which are measured from the center of the
spherical particle, at different periods of time.

equal to that of the reacted B (CB). In addition,Fig. 5(a)–(c)
shows that the thickness of AB increases with time.

In Fig. 6, the normalized concentrations for A at six dif-
ferent conversion periods are obtained atK = 4×10−5 s−1.
It can be observed from this figure that the concentration
gradient of A becomes smaller with time. This implies that
it is comparatively difficult for A to diffuse into the thicker
product layer as time keeps going.

4.3. Diffusion rate

The normalized diffusion rateQ/Q0 is presented as a
function of the normalized radial distance to the particle
centerr/r0 in Fig. 7. Here,Q shown below represents the
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Fig. 7. The simulated normalized diffusion ratesQ/Q0, which are
e0xpressed as a function of the normalized radial distancer/r0 to the
particle center, for A at different periods of time.
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Fig. 8. A comparison of simulated and Ginstling and Brounshtein’s kinetic
curves.

diffusion rate of A due to the molecular diffusion through a
spherical cross section (with a radius ofr) at t

Q = 4πr2D
�CA

�r
(10)

where�CA is the concentration difference for A between
two ends that are distanced with a length of�r. The quantity
Q0 represents the initial diffusion rate of A through the outer
surface of the spherical particle, defined as

Q0 = 4πr2
0D

C0

�r
(11)

It is worthy to note that the diffusion rates for A obtained
at differentt are all gradually reduced from the outer sur-
face of the particle to the front of the product layer. This
enlightens that a net gain of the diffusing reactant A is seen
in the product layer as time marches. The diffusing process
in each product layer is, thus, unsteady. It is also noticed
that in the direction towards the particle center, the diffusion
rate becomes smoothly varying. The implication is that the
investigated diffusing system has almost reached a steady
state at the end of the conversion. Also note that the diffu-
sion rate at any spherical cross section within the product
layer decreases as the conversion proceeds. Up to this point,
the diffusion of A into the product layer can be reduced.
In addition, the step-up rate of the degree of conversion is
slowed down.

4.4. Kinetic curves

The kinetic curves (degree of conversion (α or α′) ver-
sus time (t)) at K = 4 × 10−5 and 2× 10−5 s−1 are plot-
ted inFig. 8. This figure shows that the kinetic curves have
the parabolic form. The slopes of the conversion are seen to
gradually decrease when the conversion is nearly complete.
The explanation for this is due to the decreasing diffusion
rate of A when the thickness of the product layer is in-
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Fig. 9. A comparison of simulatedtc with that of the Ginstling and
Brounshtein, which is obtained at different conversion constantsK.

creased. Moreover,Fig. 8 shows a comparison between the
results of simulation (α− t) and Ginstling and Brounshtein’s
model (α′ − t). For the case withK = 4 × 10−5 s−1, the
calculatedtc is 3.90 h, while 2.31 h using the Ginstling and
Brounshtein’s model. As compared with the numerically
simulatedtc (7.79 h), the Ginstling and Brounshtein’s model
needs only 4.63 h for the case withK = 2 × 10−5 s−1. It
appears that our simulated result agrees with the Ginstling
and Brounshtein’s data either in the very beginning of reac-
tion process or for a case considered at a larger conversion
constantK.

The simulatedtc versusK is also compared with that
by Ginstling and Brounshtein’s model inFig. 9. Our sim-
ulated result has a good agreement with the Ginstling and
Brounshtein’s data when the conversion constantK is
greater. A possible reason is due to the steady diffusion as-
sumption made by Ginstling and Brounshtein in the reacted
zone. Therefore, from the results shown inFigs. 8 and 9,
their model is valid only in the initial period of the conver-
sion and for a diffusion system which can quickly reach the
steady state.

As shown in Fig. 10, the kinetic curves are obtained
at differentK. According toEq. (9), the conversion con-
stant K is proportional to the ratio of diffusivity (D) to
the square of particle radius (r2

0). In other words, for the
diffusion-controlled solid-state reaction in spherical par-
ticles, the same kinetic characteristic can be obtained as
long asD/r2

0 remains at a fixed value. With this recogni-
tion, the key value for evaluating the conversion kinetics
of the diffusion-controlled solid-state reaction in spherical
particles isD/r2

0 or K. In Fig. 10, it is obvious that the
degree of conversion is higher for the case with a larger
value of K. Useful information for evaluating the effect
of K on the degree of conversion (α) versus time is, thus,
obtained.



P.G.-Y. Huang et al. / Materials Science and Engineering B107 (2004) 39–45 45

0.0 2.0 4.0 6.0 8.0
time t ( h )

0.0

0.2

0.4

0.6

0.8

1.0
D

eg
re

e 
of

 c
on

ve
rs

io
n 

K = 1.0E-04 s   
K = 8.0E-05 s   
K = 6.0E-05 s   
K = 4.0E-05 s   
K = 2.0E-05 s   
K = 1.0E-05 s   

-1

-1

-1

-1

-1

-1

Fig. 10. The degree of conversion against time for the cases obtained at
different conversion constantsK.

5. Conclusions

A numerical model for simulating the diffusion-controlled
solid-state reaction in spherical particles is developed. This
model can accurately predict the characteristics of the con-
version system and is, thus, useful in determining the degree
of conversion versus time. Moreover, the simulated result
clearly shows the propagation of product layer towards the
particle center. The unreacted core is seen to remain spheri-
cal for a spherical particle with uniform initial and boundary
conditions. The computed concentrations for reactants and
products can extend our knowledge about the diffusion pro-
cess of the reactant and the growth history of the product
layer. The decreasing concentration gradient of the reactant
reveals the difficulty for a reactant to diffuse into the prod-
uct layer. The diffusion rates of reactant obtained at different

spherical cross sections in the reacted layer reveal that the
diffusion rates of the reactant are all gradually reduced from
the outer surface to the interior. This implies that the diffus-
ing process in each product layer is unsteady. It is, therefore,
expected to have a net gain of the reactant A in the prod-
uct layer as time goes by. However, the diffusion rate of the
reactant on any cross section decreases as the conversion
proceeds. An inadequate supplement of the diffusing reac-
tant to the product layer is known to result in a decreased
conversion. For the diffusion-controlled solid-state reaction
in spherical particles, the key value that can affect the con-
version time isK (the ratio of diffusivity to the square of
particle radius). Spherical particles with a larger value of
K will cause the degree of conversion to increase. Further-
more, the same value ofK(orD/r2

0) will result in the same
kinetics of the diffusion-controlled solid-state reaction.
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