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Abstract

In a 2" x 3" mixed factorial experiment, we consider the orthogonal designs of median-resolution which can be used
to estimate the grand mean, all main effects and certain classes of low-order interactions involving at least one of few
specified factors, assuming that the other effects are negligible. Some classes of the desired designs constructed from the
class of parallel-flats designs are proposed in this paper. (©) 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

During the initial stages of experimentation, the 2-level, 3-level or mixed 2-level and 3-level factorial designs
was commonly used to estimate some factorial effects which were often specified according to the knowledge
of the investigator and the hierarchical ordering principle; see Wu and Hamada (2000). The specified set of
factorial effects may include the grand mean, all main effects and some low-order interactions. Wu and Chen
(1992) presented a graph-aided method designed to meet this requirement for the 2-level factorial designs. The
results were extended for the 3-level case in Sun and Wu (1994). Some of the earliest published works using
the similar approach can be seen in Taguchi (1987). However, the designs they discussed were confined within
the class of regular 2-level or 3-level fractional factorial designs. So these methods can only yield orthogonal
designs with the run sizes that are powers of 2 or 3.

The class of parallel-flats designs (PFDs) was first introduced by Connor and Young (1961). A general
theory of PFDs was presented in Srivastava et al. (1984) which was further developed in Srivastava (1987).
Then Srivastava and Li (1996) discussed the construction of orthogonal designs of median-resolution from
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PFDs. They presented three classes of orthogonal 2-level factorial designs which can be used to estimate the
grand mean, all main effects and some specified 2-factor interactions which can be classified into the following
three categories.

(I) 2-factor interactions within some subgroups of factors.
(I) 2-factor interactions between some subgroups of factors.
(IIT) 2-factor interactions within some subgroups of factors and 2-factor interactions between some subgroups
of factors.

Note that some of the designs in Srivastava and Li (1996) are not the designs with run size being a power
of 2. Liao (1999) extended the results for the 3-level case.

In this paper, we propose some classes of orthogonal 2" x 3"> mixed factorial designs of median-resolution
constructed from PFDs. The designs obtained are similar to the designs of category (III) described above. In
the next section, we introduce the notation used in the article; review the definition of PFDs; and describe a
lemma for the orthogonality of 2" x 3" mixed factorial designs. In Section 3, we presented some classes of
orthogonal designs based on the lemma.

2. Preliminaries

Let F,F>,...,F, denote the n; 2-level factors; and F,, 11, Fp +2,---,Fn +u, denote the ny 3-level factors.
The expression Fy'"F;" F::IF;IZQF,ZZ@ZF;TZ"Z will represent a general factorial effect with e;;’s being
over GF[2], Galois field of order 2; and e;;’s being over GF[3], Galois field of order 3. If ey; is not equal to
0 then the 2-level factor F; appears in the factorial effect; otherwise, it does not. Similarly, if e;; is not equal

to 0 then the 3-level factor F,,;; appears in the factorial effect; otherwise, it does not. The vector e = [e}, ex],

where e; = [ej1,€12,...,€e1,,] and e; = [e21,€22,...,€2,], is called the defining vector for the general factorial
effect F}"'Fy" ---F;:MF;,ZMF:??Z .. .F:lsznz. Without loss of generality, the first nonzero entry in e, is assumed

to be 1 for any effects involving 3-level factors. Note that any factorial effects involving 3-level factors have
2 degrees of freedom. The defining vector e=[0,0,...,0] is for the grand mean u. For more details regarding
the definition of factorial effects refer to Liao and Iyer (1998).

2.1. Parallel-flats designs
Fori=1,2,..., f, let Dy; be the set consisting of all #; = [#1,12,...,t1,,] satisfying
t, =z + Bvy,

where B, is an n; X k; matrix of rank k;; zj; is any n; X 1 vector; and v, ranges over all possible vectors of
length k; over GF[2] (there are 2% such vectors).
Similarly, for i =1,2,..., f, let Dy; be the set consisting of all #, = [t21, %22, ..., %y, ] satisfying

t) =2y + Byvs,

where B, is an n; X kp matrix of rank ky; zp; is any ny X 1 vector; and v, ranges over all possible vectors of
length k, over GF[3] (there are 3* such vectors).

Furthermore, let D; be the set consisting of the treatment combinations for the 2" x 3" mixed factorial
experiment given by

D;={[t;,t2]|t; € Dy;,t; € Dy;}.
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A PFD determined by the pairs (B, Z;) and (B, Z,) for the 2" x 3" factorial experiment is obtained by
taking all the D; together for i=1,2,..., f. Here Z, is the n; X f matrix whose columns are zi1,Zzi2,...,%1f
and Z, is the ny x f matrix whose columns are z51,22,...,%7. Clearly, the PFD has N = f X 2k 3k
treatment combinations.

2.2. Orthogonality for a PFD

Let B denote the vector of factorial effects that are not assumed to be zero. We consider some specific type of
B which consists of grand mean g, all main effects and some low-order interactions. This B has the hierarchical
property considered in Liao (2000). Note that the hierarchical property stated here is somewhat different from
the term tree structure used in the literature. A f is said to have hierarchical property if whenever one
factorial effect occurs in the B, then any factorial effects involving any subset of the set consisting of all of
the factors involved in this factorial effect also occur in the B. In general, the tree structure just indicates that
at least one of the factorial effects involving some of the factors of the included factorial effect occurs in the
B. We thus apply the following lemma to construct the desired designs.

Lemma 2.1 (see Liao, 2000). In a 2™ x 3™ experiment, let a PFD be determined by the pairs (B, Z;)
and (By, Z,). For a given factorial effects vector B, which is assumed to have hierarchical property, we can
define the set of generalized defining vectors R as follows:

[e11,e12] and [ea1, ex] are defining vectors corresponding to two distinct ef fects
R:{[e“@eﬂ’eu@yeZZ] of B and y=1,2 over GF[J;]. "’ &
where the notation ® denotes the componentwise addition of two vectors over GF[2] or GF[3] without any
confusion. Then the PFD is orthogonal for the B if and only if
(1) for [e1,0] € R, e1 By, =0 implies that e, Z, is an OA(1);
(2) for [0,e;] € R, e;B, =0 implies that e, Z, is an OA(1);
(3) for [e1,e2] € R, e;B; =0 and e; B, =0 imply that

e Z
eZZz
is an OA(2).

Note that the notation OA(d) denotes an orthogonal array of strength d.

3. Orthogonal designs

In this section, we construct the desired orthogonal PFDs by appropriately choosing the rows of an OA(2)
as the rows of Z; and Z, matrices. Let Ly, (29! x 3%2) denote the mixed 2-level and 3-level OA(2). Formally,
Ly, (2% x 3%) is a (d| + d2) x Ny matrix in which all possible combinations of levels in any 2 rows appear
the same number of times (Rao, 1947, 1973). There are some Ly,(2¥' x 39) with economical run size are
available in the literature. For example, Li5(2* x 3), Lig(2 x 37), L3(2'" x 3'2) and L3s(2* x 3'3), see Wang
and Wu (1991). For convenience, we denote the rows of Ly,(29' x 3) as Iy, b,..., L1; L1, Ly vs- oy vay.
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Furthermore, we also describe the pair (B, Z;) as follows:

b ai
by, ap

Bl - ) Zl - )
b1n| alm

where the vectors by; and ay; are of size 1 X k; and 1 X f, respectively. Each pair of (by;,a;;) corresponds
to factor i, for i =1,2,...,n;. Similarly, the vectors b,;(1 X k) and ay;(1 x f') represent the ith rows of B,
and Z,, respectively, for i =1,2,...,n;. Based on Lemma 2.1, we have the following classes of orthogonal
designs.

Class 1. For a given Ly, (29" x 392), there is an orthogonal PFD with N = 2N, for the following B of
2" x 3™ factorial experiments.

ﬁ = {,Ll} U {FlaFZV“)Fn]} U{F711+]>Fn1+27°'~7Fi’l|+n2}
U{F\F; | Fj € Gi}

U{F]F,,H_j |] = 1,2,...,1’[2},

where G is a set consisting of some 2-level factors. Let the number of factors in G be |G| = ny;. Then
ny <di,n <2dy—n;+1 and ny < ds.

Consider the PFD, with f = N, constructed from the following steps.

Step 1: For this B, all 2-factor interactions involve the 2-level factor F). Partition the remaining (n; — 1)
2-level factors F,Fs,...,F, into two distinct sets Sy and S; such that Sy contains Gy; and neither Sy nor
G U S] contains more than d; factors.

Step 2: For B, matrix, let by =1 and b; = for F; € S,, « =0, 1. For B, matrix, let b,; =0 for all i.

Step 3: For Z, matrix, let a;; be the zero row over GF[2]. Then assign each of the remaining a,;’s one
of the first d; rows of LND(Zd‘ x 3%2) such that the ay;’s corresponding to the factors in each set of Sy and
S1UG; are all distinct. This leads to that n; < 2dy —ny; + 1. For Z, matrix, let ay; =1y, 4, for i=1,2,...,n,,
where n, < d,.

It can be easily verified by Lemma 2.1 that the FPD generated is orthogonal for the above B and has
N =Ny x 2 x 39 =2N,.

Example 1. Consider a 26 x 3 factorial experiment. Let F|,F5,...,Fs denote the six 2-level factors and F
denote the 3-level factor. Suppose the nonnegligible factorial effects set f is given by

B=A1F\,Fr,F3,F4,Fs,Fe; F7; F1Fo, F\F3,F1Fya; F1 F7}.

We can use the following L;5(2* x 3) to construct a PFD orthogonal for this p.

I 00000O0T1 10011
A 010101010101
Lp@*x3)=|L|=]0 01 11100100 1. (3.1)
A 0110101007101
5] o000 1 1 11222 2]
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Step 1: Let Sy = {F>,F5,F4,Fs} and S = {Fs}. Clearly, Gy = {F,,F3,F4} which is contained in Sj.
G US| ={Fy,F3,F4,F¢}.
Step 2: B; =[1,0,0,0,0,1] and B, = [0].

Step 3:

a1l [0
ap I
a l

z =" =17, Z, = [ay ] = [§5].

ay L
as Iy

| @16 | | L |

The PFD determined by these pairs (B, Z;) and (B,, Z,) is orthogonal for the f and has N =12 x 2 x 3°=24
runs for estimating p = 14 parameters.

Example 2. Consider a 22 x 37 factorial experiment. Let Fy, F, denote the two 2-level factors and F3, Fy, ..., Fo

denote the seven 3-level factors. Suppose the nonnegligible factorial effects set B is given by
B=A{1;F1,F2;F3,F4,...,Fo; F\Fao; F1F3, F\F4, F\Fs,F 1 Fe, F1F7, F1 Fg, F1Fy}.

We can use the following L3(2 x 37), see Wu and Hamada (2000), to construct a PFD orthogonal for this .

m 0 0000O0OO0OO0O0OTT1TT1TT1TT1T1T1T1:1
m, 00011 12220001T11222
m; 601 20120120T12H01?2°¢012
my 01 2012120201120 2°0°1
Lig(2 x37)= = (3.2)
ms 01 21200122201201120290
mg 0601 212020T1T1%2W0O012201
my 601 220112012%02¢01°012
| mg | 012201 20101212012 0]
Step 1: Let Sy = {F,} and S| = ¢ (empty set).
Step 2: B; =[1,0]" and B, =[0,0,0,0,0,0,0]".
Step 3:
_a21- _mz_
a ms3
a3 my
a 0
Z = = , 2= |ay | = | ms
ap m
as mg
ax my
| 427 | | ms |

This PFD is orthogonal for the p and has N = 36 runs for estimating p = 32 parameters.
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Switching the roles of 2-level factors and 3-level factors in the construction steps of Class 1, we have the
following class of designs.

Class 2. For a given Ly, (2% x 3%), there is an orthogonal design with N = 3N, for the following p of
2™ x 3™ factorial experiment.

ﬁ: {,U} U {FI)FZ)“‘)FTI]} U {F711+]>Fn1+27~~~7Fl’l|+n2}
U{FiF11j=12,...,m}y U{Fy (Fj,Fy 1 F; |F; € G},
where G| is a set consisting of some 3-level factors. Let |G| =np;. Then ny; < da, np < 2dy —mp; + 1 and

np < dl.

Example 3. Consider a 2* x 32 factorial experiment. Let F, F,, F3, F4 denote the four 2-level factors and Fs,
F¢ denote the two 3-level factors. Suppose the nonnegligible factorial effects set B is given by

B = {1 F1,F2, F3,F4; Fs, Fo; F1Fs, FyFs, F3Fs, FyFs; FsFg, FsF¢ ).

The desired orthogonal design can be obtained from the following steps.
Step 1: Let Sy = {Fs} and S; = ¢. G| = {Fg} which is contained in Sp. Gy US| = {F¢}.
Step 2: B, =[1,0]" and B; =[0,0,0,0]".
Step 3: L15(2* x 3) of (3.1) is used to construct the Z, and Z; matrices as follows.

a h

ZZ_laﬂ]_[O]’ Z - a; _ L
ay Is ap; L

a4 I

This orthogonal design has N = 12 x 2° x 3 =36 runs for estimating p =21 parameters.

Example 4. Consider a 2 x 3'° factorial experiment. Let F'; denote the 2-level factor and F», F3,..., F|; denote
the ten 3-level factors. Suppose the nonnegligible factorial effects set f is given by

B = {1 Fi;F2,Fs,...,Fi1; F1Fo; FaF3, FoF3, FaFy, FaF7, FoFs, FaF 2, FyFe, FyF 2, FyFr, FyF2 ).

The desired orthogonal design can be obtained from the following steps.
Slep 1: Let S() = {F3,F4,F5,F6,F7,F3,F9} and S1 = {F10,F11}-
Step 2: B, =11,0,0,0,0,0,0,0,1,1] and B; =[0].
Step 3: Lig(2 x 37) of (3.2) is used to construct the Z, and Z; matrices as follows.

"y ] F 0
a mp
a ms
@ my
Z, = S . , Z) = [ay1] = [my].
@6 mg
axy my
asg mg
a9 my
La2,10 | L msg |

This orthogonal design has N = 54 runs for estimating p = 43 parameters.
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Class 3. For a given Ly,(2¥1 x 392), there is an orthogonal design with N = 4N, for the following B of
2" x 3™ experiments:

ﬂ:{,u} U{F17F27"'9Fn1} ) {Fn1+1aFn1+29---an1+nz}U {FIFZ} U {Fle|Fj S Gl}
U{Fsz |Fj S Gz} @] {FanlJrj,FZFnlJrj |j= 1,2,...,}'12},

where G| and G, are two sets consisting of some 2-level factors. Let |G| =ny1, |Ga| =ni2, G2 =G UG,
and |G12| = ny. Then ny < dl, n < 4d1 —ny — Ny +2 and n < dz.

The desired design can be obtained from the following approach.

Step 1: For this B, all 2-factor interactions involve F; or F,. Partition the remaining (n; —2) 2-level factors
F3,Fy,...,F, into four distinct sets Spo, So1, S10 and Si; such that Sy contains Gp»; and none of the sets Syo,
G1 USp1, G» USyp and S;; contains more than d; factors.

Step 2: For B; matrix, let b =[0,1], b1 =[1,0] and by; = [0y, 2] for F; € Sya,, 01,00 =0,1. For B,
matrix, let h,; =0 for all i.

Step 3: For Z, matrix, let both a;; and a;; be the zero row vector over GF[2]. Then assign each of the
remaining a;;’s one of the first d; rows of LNO(Zdl x 3%2), such that the a;;’s corresponding to factors in each
set of Spp, G1 U Sp1, G2 U S19 and Sp; are all distinct. This leads to that n; < 4dy — n;; — n1p + 2. For Z,
matrix, let ay = Iz, 4;, for i =1,2,...,n,, where ny < d».

It can be verified by Lemma 2.1 that the obtained design is orthogonal for the § and has N =N, x 2% x3°=4N,
runs.

Example 5. Consider a 2!' x 3 factorial experiment. Let F1,Fy,...,F|; denote the eleven 2-level factors and
F1, denote the 3-level factor. Suppose the nonnegligible factorial effects set f is given by

B={F\,F....F11;F12; F1Fy F1F5, F\Fy, F1 Fs, F\Fe; FoF3, FoFa, o Fs; F1F1p, FoF 1o b

A PFD orthogonal for the above B can be obtained from the following steps.

Step 1: For this B, Gy = {F5,F4,Fs5,F¢} and Gy = {F3,F4,Fs}. Let Soo = {F3,F4,Fs,Fs} which contains
G2 =G1 UGy ={F3,F4,Fs,Fs}, So1 =, Sio={F7} and Sy, ={Fs,Fo,Fi0,F11}. So G1USy1 ={F3,F4,Fs,Fs}
and G, U Sjo = {F3,F4,F5,F7}.

Step 2:

i bll T _0 1_
by 1 0
b3 0 0
b4 0 0
bis 0 0

Bi=|bs |=|0 0], B, = [by]=[0].

b17 1 0
big 1 1
b9 1 1
bl,lO 1 1
b1,11 _1 1_
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Step 3: L15(2* x 3) of (3.1) is used to construct the Z; and Z, matrices as follows:

[ a7 0
ap 0
a3 h
a4 h
ais L

Zi=|ae |=|UL]. Z, = an] = [Is5].
a7 L
ag I
ao b
ai o L
Lai,11 ] _l4 ]

The orthogonal design obtained has N = 12 x 22 x 3% =48 runs for estimating p = 27 parameters.

Example 6. Consider a 2'# x 3 factorial experiment. Let F|, F>,...,F4 denote the fourteen 2-level factors and
F15 denote the 3-level factor. Suppose the nonnegligible factorial effects set f is given by

B=A{F\,Fa,....Fi4;F\5; F\Fy; F\F3,F\F4, F>Fs,FoFg; Fi1Fis,FoF s}

A PFD orthogonal for the above B can be obtained from the following steps.
Step 1: Let Soo = {F3,Fs, F5,Fe}, So1 = {F7,Fs}, Sio = {Fo,Fio} and Si1 = {F11,F12,F13,F14}.
Step 2:

" by T -

, B> = [by]=[0].

S

(=2}
— e e e e = OO O O OO = O
e = R == T S A e B s B« S e S e S
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Step 3: L15(2* x 3) of (3.1) is used to construct the Z; and Z, matrices as follows:

a 0
a;n 0
as A
a b
as L
a6 Iy
2= |21 Z—fe-m
ag I/
ap I3
ai o L
ap L
a2 b
a3 L
| a@1,14 | | 14 ]

The orthogonal design obtained has N =48 runs for estimating p = 26 parameters.
Class 4. For a given Ly,(2¥1 x 392), there is an orthogonal design with N = 4N, for the following B of
2" x 3™ factorial experiments.

B={u}U{F1,F5,F5,....Fy } U{Fy 11, Fn 20 oo Fuygny } U{F1F2, F\F3, F2F3, FIF) F3 }
U{F]Fj |F] S G]} ] {FzFi |Fj S Gz} U {F_O,Fj |FJ S G3} U {F]Fn]+j,F2Fn]+j,F3Fn]+j |]: 1,2,...,}12},

where G, G, and Gj; are three sets consisting of some 2-level factors. Let |Gy|=nyy, |G2|=n12 and |G3|=n;s.
Also, let G123 = G; U G, U Gz and |G123| =ng. Then ny < d; —1,n <4(d, —1)—n;; —n;p—n;3+3 and
ny < dz.

The desired PFD can be constructed from the following approach.

Step 1: For this B, the interactions involve at least one of Fy, F, and F3. Partition the remaining (7, — 3)
2-level factors Fy,Fs,...,F,, into four distinct sets Soo, Soi1, Si0 and S;; such that Spy contains Gp3; and none
of the sets Spy, G1 U Sp1, Go U Syp and G3 U Sy; contains more than d; — 1 factors.

Step 2: For By matrix, let b;; =[0, 1], b12 =[1,0], bi3=[1,1] and by; = [o1, 2] for F; € Sy,0,, 01,00 =0, 1.
For B, matrix, let by; = 0 for all i.

Step 3: For Z; matrix, let both a;; and a;; be the zero row vector over GF[2] and a;3 =[;. Then assign
each of the remaining a);’s one of b, 5k, ...,1I; such that the a;;’s corresponding to factors in each set of Sy,
G1 U8y, G, US o and Gz U Sy, are all distinct. This leads to that n; < 4(d1 —1)—ny —npp —n3 + 3. For
Z, matrix, let ay; = 1,4, for i=1,2,...,ny, where n, < d,. - This PFD has N = N x 22 x 30 = 4N,.

Example 7. Consider a 2° x 3 factorial experiment. Let Fy,F>,...,Fy denote the nine 2-level factors and Fig
denote the 3-level factor. Suppose the nonnegligible factorial effects set f is given by

B={;F1,F>2,Fs,...,Fo; Fio; F1F, F\F3,F>,F3, F\F,F3;

F\F4,F\Fs,F\Fg; FyF4, F>Fs; F3F4; F 1 Fio, F2Fro, F3F 10}
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A PFD orthogonal for the above f can be constructed from the following approach.

Step 1: For this B, G| = {F4,F5,F6}, G, = {F4,F5} and G; = {F4} Gipn=GiIUG UGy = {F4,F5,F(,}. Let
Soo = {F4,F5,F6} which contains Gi,3, So1 = ¢, Sio= {F7} and S}, = {Fg,Fg}. Thus, Gy U Sp1 = {F4,F5,F6},
G, US| = {F4,F5,F7} and Gz US| = {F4,F8,F9}.

Step 2:

[ 511 ] [0 1]
by, 1 0
b3 1 1
by 00

Bi=|bs|=]|0 0], B, = [by] = [0].

by 0 0
by, 1 0
bg 1 1

| 19 | |1 1]

Step 3: L15(2* x 3) of (3.1) is used to construct the Z; and Z, matrices as follows:

[ a 1 [0 ]
ap 0
a; h
ay L

Zi=|as|=|h]|, Z, = [ay] =[]

ais L
a; A
as L
a9 _14

This orthogonal design has N = 12 x 2% x 3% = 48 runs for estimating p = 28 parameters.

Example 8. Consider a 2° x 3 factorial experiment. Let F},F»,...,Fs denote the six 2-level factors and F
denote the 3-level factor. Suppose the nonnegligible factorial effects set f is given by

B={F\,F>,Fs,...,Fs;F7, F\F>, F\F3,F,F3, F1F2F3; F 1 Fy, F\ Fs, F\ F;
FyF4, FyFs,F>yFg, F3F4, F3Fs, F3F; F\Fq, F2Fq7, F3F7}

A PFD orthogonal for the above B can be constructed from the following approach.
Step 1: Let Spo = {F4,F5,F6} and Sp; = S0 =511 = ¢

Step 2:

_bll i _O 1-
b, 1 0
bis 1 1

B, = = , B, =[by ] =[0].

by 0 0
bs 0 0

| D16 |10 0]
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Step 3: L15(2* x 3) of (3.1) is used to construct the Z; and Z, matrices as follows:

T 01
a;n 0
a3 I
Z = = , Z, = [ay ] = [I].
ay b
as L
Lais] L]

This orthogonal design has N =48 runs for estimating p = 28 parameters.

4. Concluding remarks

Similarly, the results of Class 1 can be applied to the case that the 2-factor interactions involve one
specified 2-level or 3-level factor. And Class 3 and Class 4 can also be easily extended to the cases that the
nonnegligible interactions involve at least one of two and three specified 3-level factors with run size N =9N.

The classes of designs presented in this paper exactly belong to those of inter-effect orthogonality for
the hierarchical models discussed in Dey and Mukerjee (1999). As proved in their paper, these designs are
universally optimal for estimating the B within the class of designs with the fixed N.
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