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Abstract

In this paper, we show how several exristing soft-
ware reliability growth models based on nonhomoge-
neous Poisson processes (NHPPs) can be comprehen-
sively derived by applying the concept of the weighted
arithmetic, weighted geometric, or weighted harmon-
tc mean. Furthermore, based on these three weighted
means, we thus proposed a more general NHPP model
from the viewpoint of quasi—arithmetic mean. Under
this general framework, we can not only derive some
existing NHPP models but also can derive some new
NHPP models.

1. Introduction

Computer systems have been widely applied in the
control of many complex and critical systems, such
as nuclear reactors, space shuttles, chemical plants,
etc. The breakdown of a computer system, caused by
software errors, may result in tremendous damage for
social life. Therefore, it 1s very important to develop
a highly reliable software system, and software relia-
bility is one of the key 1ssues in the software product
development. Models, which are concerned with the
relationship between the time span of testing a pro-
gram and the cumulative number of errors discovered,
are called software reliability growth models (SRGM-
s) [1]. Many software reliability growth models have
been proposed and investigated [2-7].

Model unification is very useful for the study of gen-
eral models without making many assumptions. There
are some model unification schemes in the literature
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[8-10]. In this paper, we mainly discuss the unification
of SRGMs based on nonhomogeneous Poisson process-
es (NHPPs) from a new viewpoint.

The arithmetic, geometric, and harmonic means are
three well-known means. Based on them, we consider
three more general means — the weighted arithmetic,
weighted geometric, and weighted harmonic means
[11]. The purpose of this paper is to show how several
existing SRGMs based on NHPPs can be derived by
applying the concept of weighted arithmetic, weighted
geometric, or weighted harmonic mean. Moreover, we
propose a general NHPP model from the concept of
the quasi—arithmetic mean [11]. Based on this elegant
and comprehensive general NHPP model, we can not
only derive some existing NHPP models but also can
derive some new NHPP models.

In Section 2, several existing SRGMs based on NH-
PP models are reviewed. In Section 3, the weighted
arithmetic, weighted geometric, weighted harmonic,
and quasi—arithmetic means are reviewed. The gen-
eral models of the discrete and the continuous NHP-
P models from the viewpoint of the quasi—arithmetic
mean are proposed and discussed in Sections 4 and b5,
respectively. The conclusions are given in Section 6.

2. Nonhomogeneous Poisson Process Models

In this paper, we will show that several SRGMs
based on NHPPs can be treated as special cases of
our new general model. While other NHPP models
exist, it 1s our assertion that most SRGMs based on
NHPPs can also be treated as special cases of this
general model.

Let {N(t), t > 0} denote a counting process repre-
senting the cumulative number of errors detected by
time . An SRGMs based on an NHPP with the mean



value function m(t) can be formulated as [2]

P{N(t):n}:we_m(t), n=0,1,2---, (1)

n!

where m(t) represents the expected cumulative num-
ber of errors detected by time ¢. The mean value func-
tion m(t) is nondecreasing in testing time ¢ with the
bounded condition m(co) = a where a is the expected
number of errors to be eventually detected. Generally,
we can get different NHPP models by using different
nondecreasing mean value functions.
The intensity function at testing time ¢ is [2]

A(t) = m' (1), (2)

The software reliability, the probability that no fail-
ures occur in (s,s + t) given that the last failure oc-
curred at testing time s (s > 0, ¢ > 0), is [2]

R(t]s) = exp{=[m(t + 5) — m(s)]}. (3)

The error detection rate per error at testing time ¢ is
[12]

d(t) = m'(t)/(a — m(t)). (4)

The NHPP models with different mean value functions
are described in the following.

¢ Goel-Okumoto model [2]

The mean value function is

m(t) = a(l — e_bt), a>0,b>0,

where a is the expected number of errors to be eventu-
ally detected and b represents the error detection rate
per error.

¢ Gompertz growth curve model [6]

The mean value function is
t
m(t):akb, a>0,0<b<1, 0<k<l,

where a is the expected number of errors to be even-
tually detected.
e Logistic growth curve model [6]

The mean value function is

1

m(t) = gy

a>0,b>0, k>0,

where a is the expected number of errors to be even-
tually detected.

e Goel generalized NHPP model [13]

Goel [13] proposed a simple generalization of the
Goel-Okumoto model. The mean value function is

m(t) = a(l —e_btc), a>0,b>0,¢c>0,

where a is the expected number of errors to be even-
tually detected, and b and ¢ are constants that reflect
the quality of testing.

¢ Delayed S—shaped model [6]

The mean value function is
m(t) = a(l — (1 +bt)e™"), a>0,6>0,

where a and b are the expected number of errors to be
eventually detected and the error detection rate per
error, respectively.

¢ Inflected S—shaped model [14]

The mean value function is

(1 — et

m(t) = am

,a>0,b>0,¢>0,
where a is the expected number of errors to be even-
tually detected while b and ¢ are the error detection
rate per error and the inflection factor, respectively.

e Modified Duane model [15]

The mean value function is

m(t) = a{l - (=)},

a>0,b>0, ¢>0,
b+t

where a is the expected number of errors to be even-
tually detected.

¢ Two types of software errors model [16]

There exist two types of errors: Type 1 (Type 2)
errors are easy (difficult) to be detected. The mean
value function is

2
m(t)=ay _pi(l—e"""),a>0,0<by<by<1,p1+pa=1,
i=1

where a is the expected number of errors to be even-
tually detected, b; is the error detection rate per error
of Type ¢ error (¢ = 1,2), and p; is the content pro-
portion of Type ¢ error (i = 1,2).

¢ Weibull-type test—effort function model [17]

Yamada et. al. [17] proposed a software reliability
growth model incorporating the amount of test—effort
expended during the software testing phase. The
mean value function is



m(t)za{l—exp{—b/o w(s)ds}}=a{l-exp{—bo(1l—~"" N},

where a,b,a, 3,7 > 0, « 1s the total amount of test—
effort required by software testing, [ is a scale param-
eter, v is a shape parameter, b is the error detection
rate per error, and w(t) is the test—effort function at
time ¢ which is described by the Weibull curve.

3. Weighted Arithmetic, Weighted Geometric,
and Weighted Harmonic means

In this section, we first review three well-known
means, the arithmetic, geometric, and harmonic
means. Next, the more general means are considered
[11].

Let « > 0 and y > 0. The arithmetic mean z of z
and y 1s defined as

1 1
z = §x + §y.
More generally, the weighted arithmetic mean z of z
and y with weights w and 1 — w is defined as

z=wr+(1-w)y, O0<w<l (5)

The geometric mean z of x and y is defined as

z = /xy.

That is,
1 —11 —1—11
nz=gle+ oy

Similarly, the weighted geometric mean z of x and y
with weights w and 1 — w is defined as

Inz=whe+(1—w)lny, 0<w<1l. (6)

The harmonic mean z of x aznd y is defined as

Similarly, the weighted harmonic mean z of z and y
with weights w and 1 — w is defined as
1

1 1
w4 (1l —w)s
z wx+( w)y’

0<w< 1. (7)
Proposition 1. [11] Let z1, 22, and z3 are the
weighted arithmetic, weighted geometric, and weight-
ed harmonic means of two nonnegative real numbers

z and y with weights w and 1 — w, and 0 < w < 1.
Then,

min(z,y) < 7 < 2 <z < max(z, y),

with equality holding if and only if z = y. a

A more general mean [11] than the above three ones
is considered in the following.

Definition 1. [11] Let g be a real-valued and strictly
monotone function. Let # and y are two nonnegative
real numbers. The quasi—arithmetic mean z of # and
y with weights w and 1 — w is defined as

z=g wg(x) + (1 —w)g(y), 0<w <1, (8

I'is the inverse function of g¢. a

where ¢~

Obviously, from Eq.(8), we can get the weight-
ed arithmetic, weighted geometric, and weighted har-
monic means for g(z) = #, g(¢) = Inz, and g(z) =
1/a, respectively.
Proposition 2. [11] Let z be the quasi—arithmetic
mean of two nonnegative real numbers x and y with
weights w and 1 —w, and 0 < w < 1. Then,

min(z,y) < z < max(z,y), (9)

with equality holding if and only if z = y. a

4. A General Discrete Software Reliability
Growth Model

For software reliability growth models, the calendar
time or the machine execution time is often used as the
unit of software error detection period. However, the
appropriate unit of the software error detection period
is sometimes the number of test runs [1]. Therefore,
Yamada et. al. [18] proposed a general description
of a discrete software reliability growth model based
on an NHPP, in which the random variable is defined
as the number of errors detected by ¢ test runs (i =
0,1,2,--4).

Let {N(4), ¢ =0,1,2---} denote a discrete counting
process representing the cumulative number of errors
detected by ¢ test runs. An SRGM based on an NHPP

with mean value function m(%) can be formulated as
, m()" oy
P{N(z):n}:—'e yi,n=0,1,2,---,  (10)
n!

where m(4) represents the expected cumulative num-
ber of errors detected by 7 test runs.



In this section, we propose and discuss a general dis-
crete NHPP model. For the discrete Goel-Okumoto
model [18], suppose that the expected number of er-
rors detected per test run is proportional to the cur-
rent error content of a software system, that is,

m(i+1)—m(i) = bla—m(i)},a > 0,0< b < 1, (11)

where ¢ = m(o0) is the expected number of software
errors to be eventually detected and b i1s the error de-
tection rate per error which is a constant. Taking
w=1—10, we have

m(i+1) = wm(i)+(l—w)a, 0<w <1, a>0. (12)

FEq.(12) indicates that m(i+ 1) is equal to the weight-
ed arithmetic mean of m(¢) and a with weights w and
1 — w. That is, the discrete Goel-Okumoto model
can also be derived from the viewpoint of the weight-
ed arithmetic mean. Since the weighted arithmetic,
weighted geometric, and weighted harmonic means are
three well-known means, we thus try to apply the oth-
er two means to derived other existing NHPP models.
First, consider the case that m(i 4+ 1) is equal to the
weighted geometric mean of m(7) and @ with weights
w and 1 — w, then

1 1

1
it " wm(i)-l-(l—w)a,o <w<l1l,a>0. (13)

Next, consider the case that m(i 4+ 1) is equal to the
weighted harmonic mean of m(¢) and a with weights
w and 1 — w, then

Inm(i+l)=wlnm(i+H(1—w) In a,0 <w < 1,a>0. (14)

More generally, let ¢ be a real-valued and strictly
monotone function and m(i+1) be equal to the quasi—
arithmetic mean of m(é) and a with weights w and
1 — w, then

g(m(i+1))=wg(m(D))+(1-w)g@,0 <w<1l,a>0. (15)
Solving Eq.(15) yields
9(m(D) = wgn(OMH(1+ 0w+ +u'™)(1—w)g(a)
= wym(0)H(1—-w")g(a). (16)
Therefore,
m(i) = g~ (wg(m(0)) + (1 = w'g(a)),  (17)

where a = m(o0) is the expected number of errors to
be eventually detected.

Moreover, by Eq.(15) and Proposition 2, m(7) in E-
q.(17) is nondecreasing in ¢, that is, the growth curve
of the cumulative number of detected errors is nonde-
creasing. In the following, we show that three classical
SRGMs based on NHPPs can be derived by assigning
g(z) = =, g(x) = 1/z, and ¢g(z) = Inz in Eq.(17),
respectively.

¢ Goel-Okumoto model

Take g(z) = = (i.e., g7 (z) = ) and w = e, then
m(i) = wig(m(0)) + (1 = w')g(a) = a(l = ke™),

where k =1—m(0)/a, b>0,and 0 < k< 1. If k=1
(i.e., m(0) = 0), then

m(i) = a(l —e™"), a>0, b>0.

e Gompertz growth curve

Take g(z)=Inz (i.e., g7 (2)=¢") and w=>, then
m(i) = exp{w’ Inm(0) + (1 — w')Ina} = akbl,

where k = m(0)/a,a>0,0<b<1,and 0 < k < 1.
¢ Logistic growth curve
Take g(z)=1/z (i.e., g1 (z)=1/z) and w=e~?, then
1 a

M) = T (L= w0ja - T ke

where k = a/m(0) — 1,6 > 0, and k > 0.

In the following, we consider the more general case
that w in Eq.(15) is not a constant for all ¢. That is,
let m(i 4 1) be equal to the quasi-arithmetic mean of
m(7) and a with weights w(?) and 1 — w(i). Eq.(15)
can be generalized to be

g(m(i+ 1)) = w(i)g(m(i)) + (1 — w(i))g(a). (18)

Solving Eq.(18) yields

g(m(1)) = H w(i)g(m(0)) + (1 = T w(5))g(a)
= uig(m(0)) 4+ (1 — wi)g(a), (19)
where ug=1 and Ui:Hj’ﬂ w(j) for i>1. Therefore,
m(i) = g~ (uig(m(0)) + (1 — us)g(a)), (20)

is the general discrete NHPP model if g 1s a real-
valued and strictly monotone function. By Eq.(18)
and Proposition 2, m(¢) in Eq.(20) is nondecreasing in



t. Obviously, 0 < u; < 1 for ¢ > 1 and wu; is decreasing
to 0 as ¢ — oo. In addition, Eq.(20) can be interpreted
that m(é) is equal to the quasi-arithmetic mean of
m(0) and a with weights u; and 1 — u;.

For g(z) = « in Eq.(20), we have

m(i) = wym(0)+ (1 —u;)a = a(l — (1 —m(0)/a)u;)
= a(l — kw), (21)

where k =1 —m(0)/a and 0 < k < 1.
For g(z) = Inx in Eq.(20), we have

i =o("0)" arr.

a

where k = m(0)/a and 0 < k < 1.
For g(z) = 1/« in Eq.(20), we have

a a

T T+ (a/m(0)— Dy 1o ku;’

m(i) (23)
where k = a/m(0) — 1 and &k > 1.

Since the Goel-Okumoto model, the Gompertz
growth curve model, and the Logistic growth curve
model have been discussed in the above subsection,
we will show that some other SRGM based on NH-
PPs can also be directly derived from Eq.(21) in the
following.

¢ Goel generalized NHPP model
— b (i

Take g(z) = = and wu; ie, w(i) =

e—b{i" = (i— 1)6}), and then

m(i) = a{l—ke ™} a>0,0>0,¢>0 0<k<1.

Furthermore, if £ =1 (i.e., m(0) = 0), we have
m(i) = a{l_e_bic}a a>0,0>0,¢>00<k<1.

In this model, w(¢) is increasing in i if ¢ < 1, w(¢) is a
constant if ¢ = 1, and w(¥) is decreasing in ¢ if ¢ > 1.
e Delayed S—shaped model

Take g(x) = = and u; = (1 4 bi)e™" (ie., w(i) =

1rbi .,
- d th
1—|—b(i—1)}e ), an en

{
m(i) = a{l—k(1+bi)e ™™}, a>0,6>0,0<k< 1.
Furthermore, if £ =1 (i.e., m(0) = 0), we have

m(i) = a{l — (1 +bi)e™™}, a>0, b>0.

In this model, w(7) is decreasing in ¢.

e Inflected S—shaped model

1 —bi
Take gfx) ): z and u; = % (i.e., w(i) =
L+ ece—tC-D
{W}e ), and then
1 —bi
m(i)za{l—k%},a>0,b>0,c>0,0<k§1.

14 be=
Furthermore, if £ =1 (i.e., m(0) = 0), we have

1— e—bi

- 450,550, c>0.
14 ce— ¥

m(i) =
In this model, w(7) is decreasing in ¢.

5. A General Continuous Software Reliability
Growth Model

In this section, we propose and discuss a general
continuous NHPP model. As the above discussion in
the discrete case, let m(t + At) be equal to the quasi-
arithmetic mean of m(t) and a with weights w(t, At)
and 1 — w(t, At), and then

g(m(t+AL) = w(t, At)g(m(t) H(1—w(t,At))g(a), (24)

where 0 < w(t, At) < 1 and g¢ is a real-valued, strictly
monotone, and differentiable function. That is,

g(m(t + Ai)f—g(m(t)) _ 1—% A0 (4(a) - g(m(t).

Suppose (1 — w(t, At))/At — b(t) as At — 0, we get
the differential equation

L gm(1)) = b {alw) —glm()}. (25)

For g(z) = = in Eq.(25) (i.e., the weighted arith-
metic mean considered), we have

9
Zm(t) = b(t)(a = m(1)). (26)

Here, b(t) is the error detection rate per error [18].
Furthermore, if 6(2) = b, then the Goel-Okumoto
model can be derived from Eq.(26). The differential
equations for g(z) = Inz and g(x) = 1/ can also be
derived from Eq.(25), respectively.

Theorem 1. Let dg(m(t))/0t = b(t){g(a)—g(m(1))},
where ¢ 1s a real-valued, strictly monotone, and dif-
ferentiable function. We have

m(t) = g~ (g(a) + [g(m(0)) — g(a)]le”P),  (27)



where
B(t):/o b(u)du. (28)

Proof: Product () to both sides of Eq.(25), then

PO L ym(1)) + PO (1)) = P Ob(1)g(a).
Therefore,

L (P Ogm(n) = (gl ),

Hence,
g(m(t)) = g(a) + ce= B,
Since B(0) = 0, then ¢ = g(m(0)) — g(a), (i) of Theo-

rem 1 can be proved. a

Note that m(?) in Eq.(27) is the general model of
the continuous NHPP models if ¢ is a real-valued,
strictly monotone, and differentiable function. In ad-
dition, by Eq.(24) and Proposition 2, m(t) is nonde-
creasing in t. The intensity function, the software re-
liability, and the error detection rate per error of this
general NHPP model are

At)=—{g' (m())}~ g(m(0))—g(a)b(t)e P, (29)

R(t]s) = exp{g™" (g(a)+[g(m(0)) —g(a)]e~P))
_g_l(g(a)+ [g(m(0)) —g(a)]e_B(H's))}’ (30)

i) = A I), 61)
The values of m(t), A(t), R(t|s), and d() for g(x)=x,

g(z)=1/z, and g(z) =Inxz can be easily obtained in
the following three Corollaries, respectively.

Corollary 1. From the viewpoint of the weighted

arithmetic mean, take g(z) = # in Eq.(27) and let
k=1-—m(0)/a, then

(i) m(t) = a(l — ke~ B(t))
(ii

a>0, 0<k<1;
\(1) = akb(tye= P,
(ii)) R(t|s) = exp{—ak(e~P) —
(iv) d(t) = b(1).

Proof: This Corollary can be easily proved. a

)
)
) e Blts)));
v)

Corollary 2. From the viewpoint of the weighted
geometric mean, take g(z) = Inz in Eq.(27) and let

k = m(0)/a, then

—B(t
(i) m(t) = ak® © a>0, 0< k<l

(i) AQt) = —a(lnk)b(t)e
(i) R(t| 5) = eXp{—a[k'e—B(H—S) B ke_B(S)]};
(iv) d(t) = b(t)m(t)(In @ — Inm(1))/(a — m(1));

(v) if b(¢) is nondecreasing in ¢, then d(¢) is nonde-

—B(t) e B,

creasing in t.
Proof: To prove (v), let

m(t)(Ina — Inm(t))
a—m(t)

h(t) =

In the following, we want to show that h(t) is nonde-
creasing in t.

m' ¢){ (na—Inm@)—1)(e—m)+m

(OIna—nm(@)}
t)y= TETTOE . (32)

The numerator of Eq.(32) is equal to
m'(1){m(t) + a(lna —Inm(t) — 1)}.

Let
f@&)=m{t)+a(lna—Inm(t) — 1).

By a simple calculation, it can be shown that f/(¢) < 0
and limy_.., f(t) = 0. Hence, we have f(t) > 0 for al-
1¢. Since m/(t) > 0 and [a — m(t)]*> > 0, we have
h'(t) > 0, that is, h(¢) is nondecreasing. Thus, (v) of
Corollary 2 can be proved. a

Corollary 3. From the viewpoint of the weighted
harmonic mean, take g(x) = 1/2 in Eq.(27) and let
k =a/m(0) — 1, then

. 1
(1) m(t):am, Cl>0, k’>0,
.. akb(t) _B
() Mt) = G mpye© “;
1

(i) R(tls)=exp{—a{{—prry ~

(iv) d(t) = b(t)m(t)/a;

(v) if b(¢) is nondecreasing in ¢, then d(¢) is nonde-

1—|—k’e B(s )}}

creasing in t.

Proof: This Corollary can be easily proved. a

Proposition 3. Let ma(t), mg(t), and mg(t) are
three mean value functions defined by Eqs.(26), (27),



and (28), respectively. Moreover, suppose the values
of a, m(0), and b(¢) in the above three mean value
functions are all equal. We have:

mA(t) > mg(t) > mH(t)
Proof: It can be easily proved by Proposition 1. U
In the following, we show that some classical S-

RGMs based on NHPPs can be directly derived from
Corollary 1, 2, or 3.

¢ Goel-Okumoto model

Take g(x) = « and b(¢) = b, then from Corollary 1,

m(t) = a(l —ke "), a>0,b6>0,0<k<1.

If k=1 (i.e,, m(0) = 0), then

m(t) =a(l—e ™), a>0, b>0.

In this model, b(¢) is a constant.

e Gompertz growth curve

Take g(x)=Inx and b(¢)=b, then from Corollary 2,

—bt
m(t) =ak® |, a>0b>0, 0<k<l.

In this model, b(t) is a constant.

¢ Logistic growth curve

Take g(x)=1/r and b(¢)=b, then from Corollary 3,

1

m(t):am, a>0,b>0,k>0.

In this model, b(¢) is a constant.

e Goel Generalized NHPP Model
Take g(x)=z and b{t)=bct*™, then from Corollary 1,

m(t) = a(l—ke ") a>0,6>0,¢>0 0<k<1.
If k=1 (i.e,, m(0) = 0), then
m(t)=a(l—e ), a>0b>0, ¢>0.

In this model, b(t) is increasing if ¢ > 1, b(?) is a
constant if ¢ = 1, and b(t) is decreasing if ¢ < 1.

e Delayed S—shaped model

Take g(z) = x and b(t) = b* /(1 + bt), then from
Corollary 1,

m(t) = a{l—k(1+bt)e™"}, a>0,6>0, 0<k<1

If k=1 (i.e,, m(0) = 0), then

m(t) =a{l—(1+ bt)e_bt}, a>0,b>0.

In this model, b(¢) is increasing in ¢.

e Inflected S—shaped model

Take g(z) = = and b(¢) = b/(1 + ce™*?), then from
Corollary 1,

1 —bt
m(t)=a{l - k%},a>0,b>0,c>0,0<k§1.
If k=1 (i.e,, m(0) = 0), then
1— —bt
m(t) = aﬁ,a >0,b>0,e>0.

In this model, b(¢) is increasing in ¢.

o Modified Duane model

Take g(z) = = and b(t) = ¢/(b+t), then from
Corollary 1,

b
m(t) = af{l-k(;=7)},a>0,6>0,¢>0,0<k < L.
If k=1 (i.e,, m(0) = 0), then

m(t) = a{l - (;—/=)},

a>0,b>0,¢>0.

In this model, b(¢) is decreasing in ¢.

e Two types of software errors model
Take

g(2) =z and b(t) = (372, pibie™"")/ (022, pie™"),
then from Corollary 1,

2
m(t) = aZpi(l — ke, 0< k<1

i=1

If k=1 (i.e,, m(0) = 0), then

2
m(t) = aZpi(l — e_b’t),
i=1
where a>0, 0<ba<by <1, p1+p2=1, 0<p1 <0, 0<
p2<1. In this model, b(t) is decreasing in ¢ [16].

e Weibull-type testing—effort function model
Take g(z) = « and b(t) = bafyt?~te=F" then
from Corollary 1,

m(t) = a{l — kexp{—ba(l —e P*"}} 0 <k <1.
Furthermore, if £ =1 (i.e., m(0) = 0), then

m(t) = a{l—exp{=ba(l—c"""}}, a, b, o, 3, 7 > 0.



6. Conclusions

In this paper, we first show how several existing
software reliability growth models based on NHPPs
can be derived by applying the concept of the weighted
arithmetic, weighted geometric, or weighted harmonic
mean. Next, we proposed a general NHPP model from
the viewpoint of quasi-arithmetic mean, a more gen-
eral mean of the above three weighted means. Many
existing SRGMs based on NHPPs can be derived as
special cases of this general NHPP model. Further-
more, while other NHPP models exist, it is our asser-
tion that most SRGMs based on NHPPs can also be
treated as special cases of this general model.
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