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Abstract

In this research we have developed full-vectoria finite element method (FEM) mode
solvers for analyzing waveguides with arbitrary material anisotropy. The solves are based on
curvilinear hybrid edge/nodal elements with triangular shape and are incorporated with
perfectly matched layer (PML) absorbing boundaries. The solvers include the
three-dimensional (3-D) beam propagation method (BPM) version and the imaginary-distance
BPM version and have been generalized to the analysis of nonlinear optical waveguides
involving nonlinear materials. We have also successfully used the FEM to compute band
diagrams for 2-D photonic crystals having non-diagona material anisotropy and discussed the
complete analysis of such band diagrams. In addition, an imaginary-axis BPM combined with
the FEM has been proposed, which is useful to band-diagram calculation. We have also
completed detailed analysis of surface plasmon modes on triangular metal wedge structures.

K e y w oOptidas waveguides, anisotropic waveguides, nonlinear optical waveguides,
photonic crystals, finite element method, beam propagation method, surface
plasmon waveguides
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Abstract: A finite element method based eigenvalue algorithm is devel-
oped for the analysis of band structures of two-dimensional non-diagonal
anisotropic photonic crystals under the in-plane wave propagation. The
characteristics of band structures for the square and triangular lattices
consisting of anisotropic materials are examined in detail and the intrinsic
effect of anisotropy on the construction of band structures is investigated.
We discover some interesting relationships of band structures for certain
directions of the wave vector in the first Brillouin zone and present a
theoretical explanation for this phenomenon. The complete band structures
can be conveniently constructed by means of this concept.
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1. Introduction

Photonic crystals (PCs) are structures in which the materials are periodically organized to af-
fect the propagation of electromagnetic (EM) waves. With the photonic band gaps (PBGs), the
frequency ranges in which the EM waves are forbidden to propagate, resulting from the struc-
ture periodicity, PCs have inspired much interest and a lot of efforts have been devoted to their
possible applications [1,2]. Among varieties of PCs, two-dimensional (2D) PCs, characterized
by easy fabrication, have attracted special attention and have been widely employed in various
applications such as PC fibers, waveguides, and photonic cavities [3-6]. Most of these applica-
tions make great use of the property of PBGs to achieve an extremely high degree of control
over the propagation of EM waves. Consequently, accurate analyses of the band structures, and
thus the PBGs, are quite significant for the design of these devices.

In addition to the spatial configuration of materials, material property itself plays a prominent
role in the propagation of EM waves as well. The refractive index experienced by the EM wave
propagating in isotropic materials is independent of the electric polarization, whereas that in
anisotropic materials is strongly dependent on the electric polarization, which is further related
to the wave propagation direction [7]. Hence, by introducing anisotropic materials into PCs,
the band structures change and some interesting phenomena have been observed and studied
[8-10]. However, the intrinsic effect on the concept of constructing the band structures caused
by the introduction of anisotropic materials has not been discussed in any systematic way and
is our main concern in this paper.

There are various kinds of numerical methods employed to calculate the band structures of
2D PCs. The plane-wave expansion (PWE) method [3] and the finite-difference time-domain
(FDTD) method [11] are two usual schemes. In addition, the finite element method (FEM)
[12] was utilized for this analysis likewise. Recently, the finite-difference frequency-domain
(FDFD) method [13] and the pseudospectral method (PSM) [14] have also been demonstrated
to provide alternative good approaches to obtain the band structures accurately. Most of these
researches have focused on the structures made of either isotropic materials or anisotropic ma-
terials with diagonal permittivity and permeability tensors. But for many realistic applications,
the principal coordinate system of the anisotropic materials may not always perfectly coincide
with the coordinate system of the PCs [15]. Consequently, the development of a more general
numerical model which takes non-diagonal permittivity and permeability tensors into consid-
eration becomes a highly valuable issue. Based on this kind of numerical model, it becomes
possible to fully understand how the anisotropy influences the band structures and correctly
take advantage of anisotropy on the utilization of PBGs.

In this paper, an FEM based eigenvalue algorithm for the analysis of band structures of 2D
PCs formed by anisotropic materials is accomplished. The formulation is generalized to be able
to deal with non-diagonal permittivity and permeability tensors in the cross-sectional plane of
the PC for the in-plane wave propagation. For better accuracy and efficiency, the curved geom-
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etry in the structures is modeled by the curvilinear elements. The thorough derivation of this
FEM based eigenvalue algorithm, including the adopted elements and the periodic boundary
conditions (PBCs), is described in Section 2 in detail. Then the 2D anisotropic PCs with square
and triangular lattices, composed of parallel silicon rods surrounded by liquid crystals (LCs)
[10], are analyzed in Section 3. From these numerical results, we examine the relationships of
band structures obtained from all possible directions of wave vector in the first Brillouin zone
(BZ) and identify a guide for constructing the complete band structures of 2D anisotropic PCs.
From these analyses we learn that the construction of band structures for anisotropic PCs have
great differences from that for isotropic cases due to the intrinsic anisotropy which break the
structure symmetry condition. The conclusion is summarized in Section 4.

2. Formulation

Under the source-free condition and with a time (t) dependence of the form exp(jwt) being
implied, Maxwell’s curl equations can be expressed as

VXxE=—jou[u]H 1)
V x H = jogle|E 2

where  is the angular frequency, 1o and &y are the permeability and permittivity of free space,
and [u] and [g] are, respectively, the relative permeability and permittivity tensors of the
medium given by

[ My Hx
(] =| Wy My Hyz ®3)
| Hzx Hzy Hz

Ex &y &x
[e]=| &x &y &z |- (4)
Ex €y €z

For a 2D PC which is uniform along the z direction and periodic in the x-y plane, the wave
modes in the PC for the in-plane propagation can be decoupled into transverse-electric (TE)
and transverse-magnetic (TM) to z modes if the tensor elements tmn and gmn ((MyN) = (x,2),
(y,2), (z,x), and (zy)) are set to be zero.

2.1. TheTE and TM modes

For the TE mode which is composed of H, Ex, and Ey, components, the above curl equations
can be reduced to

JEy JEx .
ox Jy = —JouolzH, Q)
oH .
a_z = joeg(&xEx+ exyEy) (6)
y
oH .
_8_xz = jogo (exEx+ gyEy). (7

From Egs. (6) and (7) we can express Ex and Ey in terms of H. Substituting these expressions
into Eq. (5), we can obtain the governing equation for the TE mode as

(e M) 9 ex  OH,
OX \ EyxExy — ExxEyy Y X \ EyxExy — Exx€yy OX

S R VA a2 WA (R AN s B
ay (gyygxx_gxygyx 8y) 8y<gyyg)o(_gxygyx X ) = kglzH; (8)
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where kg = /L€ is the wave vector in free space.
A similar procedure can be applied to the TM mode. For the TM mode comprising E z, Hy,

and Hy components, Maxwell’s curl equations can be simplified to

JE .
8_yz = —jopo(luHx + txyHy) ©)
JE .
— 5 =~ ioto(tyHx+ iy Hy) (10)
% ay joegeLES. (11)

From Egs. (9) and (10) we can express Hy and Hy in terms of E,. Substituting these expressions
into Eq. (11), again we achieve the governing equation for the TM mode as

0 < Hyx 8Ez) 0 < L 8Ez)

—_ N —— _|__ e —

IX \ Hyxthy — txxtlyy 9y IX \ Hyxhixy — Mty 9X

J <—“W aEZ) J <—“XV aEZ) —RenEy  (12)

9y \yyhboc— oyl 9Y ) 9y \ tyybex— Hxyhiyx X
For clarity we can express Egs. (8) and (12) together in a concise equation as
J ( Pyx 8(l)z) J ( Pxx 8(l)z)
JR— . + JR— - =
IX \ PyxPry — PuxPyy 9y ) 9X \ PyxPry — PxxPyy 09X
J < Pyy 8¢Z) d < Pxy a¢z> 2
R (U ) A A [ [ A - 13
39 \ PryPoc— BPye 9y )~ 3y \Byboc— Prypyx 0x ) — 99%% (9
where
[ pxx Py Pxz &x &y O
Pl=1| Px Py Pz =] &x & O (14)
[ o Oxy Oxz Uxx  Uxy O
=] o Oy Oz | =| Ux Hy O (15)
| Ox Oy Oz 0 0 puz
for the TE mode (¢, = H) and
[ Px Py Pe I lyy O
Pl=1| Px Py Pz |=| Uyx My O (16)
| Px Py Pz 0 0 uz
[0 Oy O &x &y O
=] ax Gy Oz | =] & &y 0O 17)

for the TM mode (¢, = E;). Note that Eq. (13) applies to both magnetic and dielectric materials
with non-diagonal permeability and permittivity tensors provided that the TE and TM modes

are decoupled.

2.2. Finite element discretization

For the scalar EM fields, H; or E; in Eq. (13), the quadratic triangular element [16,17] with six
variables ¢,1—¢, one at each of its three vertices and the other three at the middles of its three
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sides, as shown in Fig. 1(a), is extremely suitable for the discretization of the FEM. Moreover, in
order to improve the accuracy and efficiency in the analysis, the curvilinear counterpart of Fig.
1(a), depicted in Fig. 1(b), is preferred and is adopted in our FEM based eigenvalue algorithm.
The six shape functions of the quadratic triangular element are given by

Ny Ly (2L —1)
(% L2(2L,—1)
o N3 | L3(2L3 — 1)
Ns 4l ,5L3
Ne AlLsl,

provided that the nodes are numbered as shown in Fig. 1(a). In Eq. (18), L; (i = 1,2, 3) are the
simplex coordinates defined as

1
Li= Z(a@ + bix+ciy) (19)
with
Qi = Xi+1Yi+2 — Xi+2Yi+1 (20)
bi = Viy1 — Vi1 (21)
Ci=X_1— X1 (22)

where x; and y; are the Cartesian coordinates of the ith vertex and A represents the area of the
triangular element, that is,

1 1
A= ’_(al+az+ae) E(bwlcifl_ bi-1Cit1)]- (23)

2
Here the index i in Egs. (20)—(23) assumes values 1,2, 3, cyclically, so that ifi =3, theni+1=
1.
In the curvilinear element, the Cartesian coordinates, x and y, can be approximated as

6

X= ZNJXJ (24)
j=1
6

y= > Ny (25)
=1

where Xx; and y; are the Cartesian coordinates of the jth node (j = 1-6) within each element
and N; is defined in Eq. (18). Noting that L; + L, + L3 = 1 and selecting L; and L, as the
independent variables, the relation of differentiation between the Cartesian coordinate system
and the simplex coordinate system can be written as

9 9

| =] % (26)

8—L2 ay

where [J] is the Jacobian matrix of the transformation given by

X dy

_| dL1 dL

I oy | @
dLy, dLy
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Fig. 1. (a) Quadratic triangular element. (b) Curvilinear triangular element.

Moreover, the integration of a function f(x,y) in the Cartesian coordinate system can be per-
formed in the simplex coordinate system through

1—-L
//fxydxdy / [/ " (L, Lo, La) |(L1, Lp, Ls)|dLa | dLs 28)

where |J] is the Jacobian, the determinant of [J]. Hence, the required computation for element
matrices associated with the governing equation can be obtained directly in the simplex coor-
dinate system.

Dividing the structure domain into a number of curvilinear triangular elements, the field ¢ ,
in each element can be expanded as ¢, = {N}T{¢S}, where {¢£} is the variable vector for each
element, and T denotes transpose. Applying Galerkin’s method and assembling all element
matrices, Eq. (13) can be transformed into the matrix form as

KI{9} —§IM]{oz} = {w} (29)
with
_ P 9{N}O{N}T P O{N} I{N}T
_g'//< PyxPxy — PPy 9% dy PyxPxy — PxPyy IX  dX
Py I{N} 9{N}T Pry I{N} {N}T
PP — PxyPyx  dy 9y +pyypxx_pxypyx dy  IXx >dXdy (30)
[M]ZZ//(qzz{N}{N}T)dxdy (31)
N [e 99 20,
{"’}_%/ M pyxpxy oy )y pyxpxy el >
5 a¢’z 2¢; i
+y(loyylo —pxypyx{ }8y Pyy Pxx —pxypyx{ Fox )} (32

where | denotes the contour or boundary enclosing the area, A is its outward normal vector, and
> extends over all different elements. Note that Eq. (29) is not an eigenvalue matrix equation
due to the existence of the vector {y} on the right-hand side. Fortunately, this term can be
eliminated as a consequence of imposing the PBCs in our numerical model, as will be described
in the next subsection.
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2.3. Periodic boundary conditions for the 2D PCs

Due to the periodicity, PCs can be entirely described by the concept of unit cell along with the
PBCs. Therefore, the correct setting of PBCs in the numerical model is extremely important.
For a square unit cell, with the four sides labeled by I, 11, I11, and IV, respectively, as shown in
Fig. 2(a), the PBCs can be expressed as

9oy = e 194, (33)
99| _ o ikad9:
ox 1= axhn (34
99| _ o ikad9:
oy 1= Dyl (35)
0zl = € 19%;| |y (36)
99z _ ikaddz
ax = 7 ax v S
99z _ o ikaddz
oy =€ " oy liv (38)

where ky and ky are the wavenumbers in the x and y directions, respectively, and a is the lat-
tice distance. To adequately incorporate these conditions into the numerical model, the whole
boundary is grouped into three parts, as depicted in Fig. 2(a). The fields at the two vertical sides
are connected by Egs. (33)—(35), whereas those at the two horizontal sides are related by Egs.
(36)—(38). To demonstrate the application of Egs. (33)—(38) concretely, the elements in vectors
{¢,} and {y} in Eq. (29) are classified first according to the locations of the corresponding
variables and Eq. (29) can be rewritten in the following form

Kl Kl [Klig [Klig  [Klis {92}0
Kl (Kl [Klpg [Klag  [Klos {¢z}l
(Klgp [Klsy [Klgg [Klss [Klss {021
Kla Kl [Klag [Klag  [Klgs {02111
[K]Sl [K]sz [K]ss [K]54 [K]55 {¢’z}lv
My, M), [M]i3 Ml [Mgs {oz}0 {0}
Ml; Ml [Mly3 [M]yy My {02} {vh
k5| Mz Mls; Mlsz [Mlzg [M]ss {otn | =] {vhn (39)
Mgy My, Mlgg Mgy Mg {001 v
[M]51 [M]sz [M]ss [M]54 [M]55 {‘Pz}lv {‘l/}lv
where {¢;}o stands for the vector of variables in the interior region, the subscripts, I, 11, 111, and
IV, denote the sides at which the variables locate, and
B Py 092 P 0992
{wh—;/( PPy —pxxpyy{ Yoy i~ pyxpxy pxxpyy{ Vox >d| &8
B 8¢z 8¢z
wn=32/ (55 pwpyx{ et L1505 W) L I
0, 90,
=2 [ (52— }a"’y i W{ 1ol)e @
B 20, 20,
wiv=3 /(-5 pxypyx{ T Tt LI W LTS

#79272 - $15.00USD  Received 22 Jan 2007; revised 14 Apr 2007; accepted 17 Apr 2007; published 19 Apr 2007
(C) 2007 OSA 30 Apr 2007/ Voal. 15, No. 9/ OPTICS EXPRESS 5422



Note that columns 2 and 4 as well as columns 3 and 5 of matrices [K] and [M] in Eqg. (39) can
be combined through Egs. (33) and (36), respectively. Furthermore, if we divide row 2 in Eq.
(39) by e %2 and add it to row 4, {w} and {y} will cancel each other by the use of Egs.
(34) and (35). Similarly, {w} ) and {y}\/ can cancel each other when row 3 in Eq. (39) is
divided by e %2 and then added to row 5 with the help of Eqgs. (37) and (38). By means of
these operations, Eq. (39) becomes

LS - [Klgte la[k],, _
[ K1 + g=fa (Kl [K]44+eij.kxa[K]42+T([K] +e 9 [K],)
[K]51+—,1,W—a[K]31 [K]54+efjkxa[K]52+_rky_([K}s4+e HhalK]sy)
K]y + €192 [K]y5 {0:}0
(K45 + €792 [K] 45+ i ([Kl g5 + €792 K] 3) ] {0
[Klgs + € 192 [K]s3 + iga ([Klas + €192 [K]35) {¢z}1v

(M]3 My, +e 1M,
—k5 | Ml 1+_§L;kx_a[M]21 My +e J_X M4z + e (Mg + € 192 [M],)
M

]
Mls1 + T (Mlay  [M]ss € Toa [M]52+—W([M]M‘*‘e*jkxa['\/']sz)

_ [M]15+e 2 M]3 {¢z}0 {0}
[M]45+e7]_kya[M] = kaa([M]25+e K@M ) {om | =| {0} |. (49
[M]55+efjkya['\/|]53+—rky—([M]sere 2 [M]33) {¢z}1v {0}

Through this procedure, the information at sides | and 1l is conveniently associated with that at
sides 111 and 1V, and the matrices and vectors in Eq. (29) are correctly modified to obtain the
desired eigenvalue matrix equation of Eq. (44). Please note that, as every vertex belongs to a
vertical and a horizontal side simultaneously, it is proper that the fields at the four vertices are
linked together by the use of Egs. (33)—(38), as has been automatically included in the above
manipulation of Eq. (29). This idea is indicated by the arrows in Fig. 2(a).

As for a hexagonal unit cell, the PBCs can be written as

ooy = e*“kxﬁfa*kv% v (45)
01 = %l (48)
% |- efjkya% (49)
?9_(32 n- Jkya%?/z 0
¢zl = el P o) Y02l (51)
% = m@afky%)% y (52)
98_(52 = j<kx@aky%>aa_‘i;2 y (53)

provided that the six sides are labeled as shown in Fig. 2(b). The whole boundary of the hexag-
onal unit cell is grouped into five parts, as implied in Fig. 2(b), for the implementation of the
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Fig. 2. (a) A square unit cell and its corresponding PBCs. (b) A hexagonal unit cell and its
corresponding PBCs.

PBCs. The fields at sides | and IV, Il and V, and 111 and VI are, respectively, connected by Egs.
(45)—(47), (48)-(50), and (51)—(53). Certainly, the six vertices should be considered separately
because every vertex has two adjoining boundaries. Examining the relative positions of the six
vertices carefully, the six vertices are partitioned into two independent parts, in each of which
any vertex is at a distance a from the other two vertices. In each part, the fields at the three
vertices can be linked together using Egs. (45)—(53). The arrows in Fig. 2(b) illustrate this idea.
Same as in the case of square unit cell, associating the information at sides I, I, and 111 with
that at sides 1V, V, and VI, respectively, will suitably modify the matrices and vectors in Eq.
(29), and consequently the desired eigenvalue matrix equation can be derived.

3. Numerical results

For the analysis and discussion, we consider two 2D PCs formed by square- and triangle-
arranged parallel silicon rods surrounded by nematic LCs (5CB) [18]. We choose the LCs as
our anisotropic material for the convenient change of anisotropy by simply rotating the LC
molecules. The components of the relative permittivity tensor [e,] of the nematic LCs we use
are given as

&x = N3+ (N2 — n)sin? 6; cos? (54)
Exy = &yx = (N2 — Nn2)sin? B;sin ¢ cOS P (55)
&z = Ex = (N3 — N3)SiN B COS B COS e (56)
gy = N2+ (N —nd)sin? Ocsin® o (57)
&z = € = (NZ — N3)sin O COS BSin e (58)
€2 = N3+ (N2 —n?)cos? 6, (59)

where ny = 1.5292 and ne = 1.7072 are, respectively, the ordinary and extraordinary refractive
indices of the nematic LCs, 6. is the angle between the crystal c-axis and the z-axis, and ¢
represents the angle between the projection of the crystal c-axis on the x-y plane and the x-axis,
as defined in Fig. 3. For the decoupling of the TE and TM modes in the 2D condition. The
angle, 6, is set to be 90° and thus the LC molecules will merely rotate in the x-y plane.

The band structures of these two kinds of lattices will be separately analyzed in the next two
subsections. For the TM mode, the electric field only possesses z-component and will regard
the anisotropic PC as an isotropic one. So we will focus our discussion on the band structures
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Fig. 3. Schematic definition of rotation angles for the LC molecule.

of the TE mode. From the numerical results we will explain the concept of constructing the
band structures for anisotropic PCs clearly.

3.1. Sguarelattice

The first structure under consideration is the 2D PC with square lattice, as illustrated in Fig.
4(a), consisting of square-arranged parallel silicon rods with relative permittivity €, = 11.56
and radius r = 0.2a in the background material of LCs. The unit cell of this structure is also
indicated by the square region in Fig. 4(a), and the corresponding first BZ of the reciprocal lat-
tice is depicted in Fig. 4(b). For isotropic PCs, a complete band structure can be conveniently
constructed by simply considering all the possible directions of the wave vector k restricted
in the irreducible BZ (IBZ) which is enclosed by points ', X, and M, as shown in Fig. 4(b).
The reliability and completeness of the band structure obtained from this IBZ for isotropic
PCs are fully based on the structure symmetry, including the rotation and reflection symmetry.
For anisotropic PCs, the situation becomes more complicated because the circumstance experi-
enced by the EM waves is highly direction-dependent. The anisotropy may break the structure
symmetry, which in isotropic cases can be totally determined by the spatial configuration of
materials. With this consideration, it is reasonable to inspect more band structures constructed
from different directions of k in the first BZ.

To illustrate this phenomenon specifically, we take the square-arranged 2D PC of ¢, = 30°
as an example. We compute the normalized frequencies for four distinct sub-zones in the first
BZ marked by T'-X-M, T-X'-M, T-X'-M’, and T'-X"-M’, as indicated in Fig. 4(b), which are
absolutely identical to isotropic PCs. The results are depicted in Fig. 5, in which the six possible

0 0@
v
e
& @ P
(a)

Fig. 4. () The cross-section of a 2D PC with square lattice in the background of LCs. (b)
The first BZ of (a).

(b)
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Fig. 5. Comparisons of band structures for the 2D PC with square lattice of ¢. = 30°
between different sub-zones. (a) I'-X-M and I'-X’-M; (b) I'-X-M and T"-X’-M’; (c) I'-X-
M and T-X"-M’; (d) T-X’-M and I-X'-M’; (e) I-X'-M and T-X""-M’; (f) T-X’'-M’ and
r-X"-Mm'.

(c)

Fig. 6. Explanations for the equivalence of band structures of the 2D PC with square lattice
between certain directions of the wave vector in the first BZ.

comparisons for the four sub-zones are carefully examined in turn to figure out the relationships
between them. In this figure, we use different colors to distinguish the four band structures
obtained from the four distinct sub-zones defined before. In Fig. 5(a), the two band structures
from T-X-M and I'-X’-M are dissimilar to each other except for the segment M-T". This can be
easily understood because the segment M-T" is shared by I'-X-M and T"-X’-M. The consistency
of results for segments T'-X’ and M’-T" in Fig. 5(d) and (f), respectively, can be explained by this
same reason. We then proceed to Fig. 5(c) where we can observe that the two band structures
from I'-X-M and I'-X"'-M’ are exactly the same excluding the third part. The equivalence of the
segments I'-X and I'-X"’ can be visualized by the aid of Fig. 6(a). Although the direction of k ;
along segment IT"-X is opposite to that of k , along segment T'-X"/, the rotation symmetry of the
structure actually makes waves of these two wave vectors experience alike material property.
Thus the band structure from these two segments are identical to each other. The reason for the
equivalence of segments X-M and X''-M’ is quite different because now k ; along segment X-M
does not point to the contrary direction of k » along segment X”/-M’, and it cannot be attributed
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Fig. 7. The band structures of the TE mode for the 2D PC with square lattice of (a) ¢c = 0°,
(b) ¢c = 30°, and (c) ¢c = 45°.

to the rotation symmetry. Besides, the appearance of LCs rotating at ¢ = 30° also prevents
the reflection symmetry from a reasonable explanation. To explain what causes the identity of
segments X-M and X"/-M’, we appeal to the basic principle of periodic structures. For periodic
structures, every lattice vector R and reciprocal lattice vector G must satisfy the requirement
G-R =2nN where N is an integer [3]. Thus if k is incremented by G, the phase between cells
is incremented by G - R, which is equal to 2zN and does not really affect the mode. For every
pair of wave vectors, k1 and k», of segments X-M and X"-M’, the difference between them is
exactly a reciprocal lattice vector G, as depicted in Fig. 6(b), so it is no surprise that the band
structures of these two segments are the same. Next we examine segments X’-M and X'-M’,
another identical pair as shown in Fig. 5(d). The identity of this pair can be reasonably accepted
by applying the two reasons just mentioned above simultaneously. This idea is illustrated in Fig.
6(c) which reveals that the difference between k 1 and k is also exactly G. In Fig. 5(b) and (e),
no conditions mentioned above occur, and, consequently, the whole band structures from these
corresponding sub-zones are quite unlike.

When the LC molecules rotate to ¢. = 45°, another interesting behavior of the band structure
can be observed. With LC molecules orienting to this special direction, the resultant structure,
determined by the arrangement of silicon rods and the orientation of LC molecules, has reflec-
tion symmetry about the c-axis of LCs. According to this observation, it is absolutely reasonable
to predict that the band structures from I'-X-M and I"'-X’-M’ are identical to those from I'-X’-M
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and I'-X""-M’, respectively. The reflection symmetry of structures will vary with the rotation
angle of LC molecules, but the primary idea discussed above works well and can be considered
as a general principle applied to any anisotropic PCs.

We have demonstrated the possible relationships among the four distinct sub-zones in the
first BZ clearly and comprehended that there really exists discrepancy among these sub-zones
for anisotropic PCs. Consequently, to correctly construct the complete band structures of
anisotropic PCs with square lattice, all the independent segments in these four distinct sub-
zones should be considered collectively. We show the band structures of the TE mode for this
anisotropic PC with square lattice of ¢ = 0°, 30°, and 45° in Fig. 7 from which we can see
that there are no photonic band gaps for these different LC rotation angles. Notice that these
band structures are constructed from the four sub-zones and the shadowed regions represent
ignorable parts because they can be duplicated from unshadowed parts.

3.2. Triangular lattice

Fig. 8(a) shows the cross-section of the second structure to be analyzed, the 2D anisotropic PC
with triangular lattice. Except for the lattice configuration, the structure parameters are the same
as those of the square-arranged case. The unit cell for this 2D PC is a hexagon as indicated in
Fig. 8(a) and the corresponding first BZ of the reciprocal lattice is also a hexagon, as plotted in
Fig. 8(b). The analysis of band structures for this PC with triangular lattice is similar to that with
square lattice discussed in the last subsection. For a hexagonal BZ, it is necessary to consider
the six distinct sub-zones as marked in Fig. 8(b) for obtaining the complete band structures.
The understanding about possible relationships among these six sub-zones can be conveniently
accomplished in an analogous way as in the square BZ case.

We show the band structures of the TE mode for this PC of ¢. = 0°,30°, and 45° in Fig. 9.
To get an insight into the effect of the anisotropic material on the band gap, we concentrate on
Fig. 9(a), the case of ¢. = 0°, first. The red region, if exists, in every one of the six distinct
sub-zones stands for the band gap of the structure found from the corresponding sub-zone. For
¢c = 0°, I-M-K, I'-M-K/, and I'-M’-K’ are identical to I-M"-K""’, I-M"-K”, and I-M’-K"’,
respectively. Accordingly, it is obvious that the band gaps corresponding to these respective
pairs are exactly the same to each other. The main point worth emphasizing here is that the
normalized frequencies between which the band gaps exist for I'-M-K, I'-M-K’, and T-M’-K’
are different. So to describe the band gap of this structure suitably, we should find the normal-
ized frequency range appearing simultaneously in all distinct band gaps. Then this normalized
frequent range will stand for the correct band gap of the structure. Specifically, the band gap
found from I'-M-K falls between the normalized frequencies of 0.636 and 0.656, whereas the

- K
M
a M’

K”
Y ’ y "
é- e

K!H

(a) (b)

K!

Fig. 8. (a) The cross-section of a 2D PC with triangular lattice in the background of LCs.
(b) The first BZ of (a).
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Fig. 9. The band structures of the TE mode for the 2D PC with triangular lattice of (a)
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two numbers obtained from I'-M-K’ and T-M’-K’ are, respectively, 0.635 and 0.640, and 0.634
and 0.639. As a result, the correct band gap of this PC for ¢ = 0° will exist when the normal-
ized frequency falls between 0.636 and 0.639. In Fig. 9(b) and (c), there are two parts, obtained
from I'-M-K’ and I'-M’-K’, that do not have band gaps, and hence there do not exist band gaps
at all directions for ¢. = 30° and ¢c = 45°. With these examples, we can see that the anisotropy
indeed has a great effect on the behavior of band structures and should be taken into account
for constructing a complete band structure.

4. Conclusion

We have successfully developed an FEM based eigenvalue algorithm for analyzing the band
structures of 2D anisotropic PCs when the TE and TM modes are decoupled. To demonstrate
this algorithm, two 2D anisotropic PCs, the square- and triangle-arranged lattices composed
of parallel silicon rods and nematic LCs, are analyzed. The relationships among the distinct
sub-zones of the first BZs for these two structures are examined carefully. The concept of
constructing complete band structures for isotropic PCs considering only the IBZ should be
modified for anisotropic PCs by taking into accounts enough necessary sub-zones in the BZ to
ensure the correctness and completeness of band structures. In closing, we like to remark that
we have also developed a more general FDFD based eigenvalue algorithm that can treat the PCs
discussed here and the numerical results presented in this paper completely agree with those
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computed by the FDFD algorithm. Such agreement confirms the correctness of the present
analysis. The FDFD work will be published elsewhere.
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Abstract — A finite-element imaginary-time beam propagation method is developed for the band
structure analysis of two-dimensional photonic crystals. The correctness of this scheme is verified by the
analysis of a square-arranged photonic crystal.

Introduction

The imaginary-distance beam propagation method (ID-BPM) is often used for the eigenmode analysis
in longitudinally invariant optical waveguides [1,2]. In the ID-BPM, the propagation direction is selected
along a spatial imaginary axis, and the specific eigenmode can be extracted from the initial input field
by choosing the appropriate propagation step size. Following this idea, we try to develop an imaginary-
time beam propagation method (IT-BPM) for the analysis of band structures of two-dimensional (2D)
photonic crystals (PCs). To obtain the eigen-frequency of every mode for the construction of the band
structure, the propagation direction is selected along a temporal imaginary axis. Then the appropriate
propagation time step size is determined in a similar way as in the determination of the propagation
step size in the ID-BPM for extracting the specific eigenmode from the initial input field. In this work,
we adopt the finite element method (FEM), which can treat problems with curved material boundaries
easily, to realize the IT-BPM, and analyze a square-arranged PC to show the correctness of this IT-BPM.

Formulation

For a 2D problem with geometry defined in the z-y plane, the following equation can be derived from

Maxwell’s equations:
o (0%, 0 (0wY e "
oz \Poz ) "oy \Pay ) 109 ~

with p = 1/€,, ¢ = p, for the TE mode (® = H,) and p = 1/u,, ¢ = €, for the TM mode (® = E,),
where g and € are, respectively, the permeability and permittivity of free space, and p, and €, are the
relative permeability and relative permittivity of the medium, respectively.

Assuming ®(z,y,t) = ¢(x,y, t)exp(jwot) and ignoring the second derivative term, Eq. (1) becomes

0 0 0
630 < aj) + — ay <p8¢> — Ho€oq (JQWO (f w0¢> (2)

Applying the finite element technique to the z-y plane and using the periodic boundary conditions
(PBCs) as required in the 2D PC, we can obtain the following matrix equation:

omoeal M2 (K] — poealM) 0} = 10) ®)

with

W=3 | [ (S i R e @

M=y [ [ atyinyrasay (5)

where {¢} is the global electric or magnetic field vector, {N} is the shape function vector, {0} is a null
vector, ), extends over all different elements, and 7" denotes transpose.
Utilizing the two-point recurrence scheme, Eq. (3) is written as

{o}ivs —{¢}i

Al + ([K] = winoeo[M])(0{¢} 41 + (1 — 0){o}:) = {0} (6)

J2wopoeo[M]
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which can be rearranged as

[A]i{¢}it1 = [Bli{s}i (7)

with
[A]; = 2wopocolM] + OAU(K] — wipzoco[M]) (8)
[Bli = j2wopoco[M] — (1 — ) At([K] — wipoeo[M]) (9)

where At is the time step size, 6 is set to be 1 in our analysis, and the subscripts ¢ and (i + 1) denote
the quantities related to the ith and (i 4+ 1)th time steps, respectively.

Assuming that the frequency of the rth eigenmode is w, and that the corresponding field is {f,},
they must satisfy the following equation

[K]{f+} = winoeo[M]{ [, }. (10)
After a propagation time of At using Egs. (7)—(10), the field distribution of the rth eigenmode yields

F2wopoeo — (1 — O)At(w2pgeg — wipioco)
J2wolp€o + OAL (W2 poeo — Wi o€o)

{fv"}i+1 = {fv"}z (11)

If m eigenmodes exist in the PC, the field {¢}; at the ith time step can be expressed by

{¢}z = ZAr,i{fr} (12)

where A, ; is the amplitude of the rth eigenmode. Selecting At as

J2wo
At~ ——— 13
7?7 "
and after a sufficiently large number of i time steps, {¢} converges to the rth eigenvector {f,.}. The
frequency of this eigenmode, w,., is obtained by

2 AIK{es
" poco{ o} [M]i{o}:

at the ith time step with 7 denoting the complex conjugate and transpose.

As one eigenmode is solved through the process introduced above, we can obtain another eigenmode
easily by using a new input field, in which the previously-solved field component is eliminated, to initiate
the same process, that is, following the Gram-Schmidt process. By repeating this procedure, the band
structure of a 2D PC can be constructed systematically.

(14)

Numerical Results

To demonstrate the correctness of this IT-BPM, we consider a 2D PC with square lattice, as shown
in Fig. 1(a), formed by parallel alumina rods with relative permittivity e, = 8.9 and radius r = 0.2a
in the air, where a is the lattice distance. Because of the periodic geometry of the PC, only the unit
cell of the PC, as indicated by the dashed lines in Fig. 1(a), needs to be considered with the PBCs.
The corresponding first Brillouin zone (BZ) of this PC structure is shown in Fig. 1(b), in which the
irreducible BZ is marked by I'-X-M.

Fig. 2(a) and (b) shows, respectively, the band structures of the TE and TM modes for this square-
arranged PC. The circles denote the results obtained using the IT-BPM, and the solid lines are those
calculated by the FDFD method [3]. It can be seen that the circles match quite well with the solid lines
for both TE and TM modes of this PC structure, showing the reliability of the IT-BPM for the band
structure analysis of 2D PCs.

Conclusion

Following the concept of the well-known ID-BPM, we have successfully developed an IT-BPM based on
the FEM to calculate the band structures of 2D PCs. The formulation of this method is straightforward.
Through the band structure analysis of a square-arranged PC, we can see that the results from this
method agree with those from the FDFD method [3] very well, and the correctness of this work is
validated clearly.
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Figure 2: Band structures of (a) the TE mode and (b) the TE mode for the 2D PC with square lattice.
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Abstract: A full-vectorial imaginary-distance finite-element beam propagation method based on curvilinear
hybrid edge/nodal elements with triangular shape is applied to study surface plasmon modes on plasmonic
waveguides. Triangular metal wedge waveguides are in particular investigated in detail in this work by
considering different wedge angles and two different wavelengths. Not only wedges rounded with an arc radius
but also the ideal sharp wedges are analyzed. The latter ideal structures obviously possess better mode

confinement near the tip and significantly larger losses.

1. INTRODUCTION

Surface plasmons (SPs), or surface plasma
polaritons, existing at an interface between a metal
and a dielectric at optical frequencies with
electromagnetic fields evanescently decaying away
from the interface in both media have been
well-known phenomena and find many new
applications in nanophotonics [1]. From the optical
wave guiding viewpoint, SPs along a planar interface
are two-dimensional (2-D) guided-wave modes. To
make SPs more useful in optical signal transmission
applications or in  achieving  high-degree
miniaturization of integrated optical circuits, one
needs 3-D waveguides with further mode field
confinement in the other transverse direction. Such
3-D waveguides have recently been investigated
experimentally and theoretically, including those
with finite metal-strip cross-section for obtaining
long-range SP modes [2]-[4] and those with a
groove on a metal surface for achieving
subwavelength waveguides [5]—[7]. Due to their
highly localized field distribution and vector-mode
characteristics at the metal-dielectric interfaces, the
SP waveguides are more difficult to analyze
compared to conventional optical waveguides for
obtaining accurate complex propagation constants.
The method of line [2], the integral equation method
[5], and the finite-difference time-domain (FDTD)
[6], [7] have been employed for studying 3-D SP
waveguides. Recently, SPs on triangular metal
wedges [7], or A-shaped metal corners, (called wedge
plasmon polaritons) have been analyzed in detail
based on the finite element method (FEM) [8]. The
FEM has the advantages of better treating material
interface boundary conditions through adaptive mesh
distribution, as compared to traditional FD methods
using orthogonal grid meshes.

We have established an imaginary-distance
finite-element beam propagation method
(ID-FE-BPM) for solving optical waveguide modes
[9], [10], which is a suitable method for analyzing SP

modes on various plasmonic waveguides. In this
paper, we apply the analysis method to investigate
the behavior of SP modes on triangular metal wedges
[7], [8]. In [8], the triangular wedges were assumed
to be rounded with an arc of 10-nm radius. Here we
examine the effect of different values of such arc
radius, including the ideal sharp-wedge case (zero arc
radius) as shown in Fig. 1(a). We are able to do so
thanks to the hybrid edge-nodal elements employed
in our method.

2. THE FINITE ELEMENT MODE SOLVER

The FEM based electromagnetic solution schemes
have been very powerful techniques for waveguide
mode analysis. Its flexible nonuniform mesh-size
assignment is particularly useful for saving memory
storage. Our full-vectorial FE-ID-BPM is
incorporated with perfectly matched layer (PML)
absorbing boundary conditions (ABCs) for
calculating the real and imaginary parts of the modal
propagation constants. In the FE analysis, the
waveguide cross-section is divided into curvilinear
hybrid edge/nodal elements with triangular shape.
Such elements are particularly useful for imposing
the continuity of the tangential fields. Linear
tangential and quadratic normal (LT/QN) basis
functions are employed. The H-formulation is
utilized. The use of the curvilinear hybrid elements
makes it possible tocalculate the six field
components (that is, Ey, Ey, E;, Hy, Hy, and H,) from
obtained eigenvectors, to efficiently adjust the mesh
density to properly fitting the shape of the waveguide,
and to derive eigenmodes without extracting spurious
solutions. The flexibility of the element size also
allows us to increase the mesh density in a specific
area, resulting in a more accurate description of a
local area without sharply increasing the
computing time. With the slowly varying envelope
aprroximation and the Fresnel approximation in
the algorithm of the BPM, the ID-BPM can extract
desired modes without directly solving the


admin
Appendix III


eigenvalue equation and thus avoid the difficulty in
guessing an initial value for numerical iteration.
Therefore, the ID-BPM is an efficient method in
analyzing a waveguide that is difficult to predict the
modal index that is the propagation constant divided
by the free-space wavenumber, as in the present SP
problem.
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Fig. 1. (a) Sharp air/silver wedge. (b) Rounded
air/silver wedge. (b) Schematic of the
computational domain with PML regions.

3. THE TRIANGULAR WEDGES

We consider both the sharp and rounded air/silver
wedges, as depicted in Figs. 1(a) and (b), respectively,
where 2r in Fig. 1(b) is the diameter of the tip arc.
According to the Drude model, the complex
dielectric constant of silver is — 15.9149 — j0.7477
at the wavelength, A = 0.633 um, and — 111.0137 —
710.5657 at A = 1.55 pum. Due to the geometrical
symmetry, we can consider only half of the
cross-section with the symmetry plane replaced with
a perfect magnetic conductor (PMC), as indicated in
the computational domain shown in Fig. 1(c), where
PML regions of thickness 1 um are placed around the
three sides. Fig. 2 shows the mesh division of the
computational domain for the case of a sharp wedge
with angle oo = 50°, with X =3 pm and Y = 6 um in
Fig. 1(c). The number of unknowns corresponding to
the division shown is 24764. Fig. 3 shows the
enlarged views of the mesh near the wedge tip when
the numbers of unknowns are 8899, 9945, 24764,
respectively. The triangle side length can be as small
as 1 nm near the tip. To examine numerical
convergence of the calculated SP modal index versus
the number of unknowns, we use the o, = 50° case as
an example and the obtained results are plotted in Fig.
4 for r =0, 5, and 10 nm, where the effective index
means the real part of the modal index and the loss in
dB/mm is derived from the imaginary part of the
modal index. Good convergence behavior is seen for
each line.

With carefully checked numerical convergence, we

obtain the effective-index and loss characteristics
versus the wedge angle, a, for r =0, 5, and 10 nm at
A =10.633 pm and 1.55 um, and are presented in Fig.
5. The r = 10 nm results agree with those presented
in [8]. It is seen that at smaller wedge angles, the
modal index characteristics depend drastically upon
the r value. As r decreases, the mode is more
localized near the tip top as evidenced by the increase
in the effective index, while the modal loss gets
larger much rapidly.
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Fig. 2. Finite element mesh division for the
computational domain for the case of a sharp
wedge with angle o = 50°.
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Fig. 3. Enlarged views of the mesh near the
wedge tip when the numbers of unknowns are
8899, 9945, 24764, respectively.
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Fig. 4. Numerical convergence of the calculated
SP (a) effective index and (b) loss versus the
number of unknowns.

We examine in detail the mode field profiles
among different r values for the structure of o = 25°
at A =1.55 um. Fig. 6 shows the H profile along the
y axis. With the inset, the wedge tip tops that are
located at y = 0.3600 um, 0.3419 pum, 0.323 um,
respectively, are marked by the three corresponding
arrows. Although the maximum of Hy occurs at the
tip top for both r = 5 nm and 10 nm cases, it is not
the situation for the r = 0 nm structure for which it is
observed that the maximum occurs below the tip with
the ratio of the Hy magnitudes at these two locations
being 1.03 : 0.982. It is interesting to see that the
field profile is wider for the r = 0 nm structure,
revealing better localization of the SP mode. We also
present in Fig. 7 the corresponding H,, Hy, and H,
profiles along the horizontal lines passing respective
wedge tip tops for the three different r cases. The
profiles for r = 0 nm obviously have larger peaks.
Note that Hy is symmetric with respect to y = 0 while
Hy and H, are anti-symmetric. Finally, the H,, Hy, and
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Fig. 5. (a) The effective-index and (b) the loss
characteristics of SPs versus the wedge angle
for different r values at A = 0.633 and 1.55 pum.

H, contours in the Xx-y plane for the o =25 and r =0
nm structure at A =1.55 pum are plotted respectively
in the three panels of Fig. 8.

4. CONCLUSION

We have employed a full-vectorial ID-FE-BPM
based on curvilinear hybrid edge/nodal elements with
triangular shape to study SP modes on plasmonic
waveguides. The complex modal propagation
constants are accurately obtained with their real parts
giving modal dispersion characteristics and the
imaginary parts predicting the losses. We have in
particular investigated in detail triangular metal
wedge waveguides by considering different wedge
angles and two different wavelengths at 0.633 um
and 1.55 pum, as in [8]. We, however, have analyzed
not only wedges rounded with an arc radius but also
the ideal sharp wedges. It is observed that the latter
ideal structures obviously possess better mode
confinement near the tip and significantly larger
losses.
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Fig. 6. The H profile along the y axis for the
structure of o = 25° at A =1.55 pum. The wedge
tip tops, as illustrated in the inset that are
located at y = 0.3600 pum, 0.3419 um, 0.323 pm,
respectively, are marked by the three
corresponding arrows.
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