Transient Analysis of a
Propagating In-Plane Crack in a
Finite Geometry Body Subjected
to Static Loadings

In this study, a cracked body with finite boundaries subjected to static loading and
the crack propagating with a constant speed are analyzed. The interaction of the
propagating crack with reflected waves generated from traction-free boundaries is
investigated in detail. The methodology for constructing the scattered field by superim-
posing the fundamental solution in the Laplace transform domain is proposed. The
fundamental solutions represent the responses of applying exponentially distributed
loadings in the Laplace transform domain on the surface of a half-plane or a crack.
The dynamic stress intensity factors of a propagating crack induced from the interac-
tion with the first few reflected waves generated from the traction-free boundary are
obtained in an explicit closed form. The analytical solutions of dynamic stress intensity
factors are compared with available numerical and experimental results and the
agreement is quite good. We find one thing very interesting. the dynamic siress
intensity factor for a long time period is a universal function of the instantaneous
extending rate of a crack tip times the static stress intensity factor for an equivalent
stationary crack for the finite strip problem. It was also found that the reflected waves
generated from free boundaries always increase the stress intensity factor, and the
influence from reflected waves generated from the boundary, which is perpendicular
to the crack, are weaker than those generated from the boundary, which is parallel
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to the crack.

1 Introduction

When a static loading is applied to a cracked body and is
increased to a sufficiently large magnitude, the crack will begin
to extend. The most frequently observed phenomenon in the
experiments shows that the crack growth rate is constant during
the extending history except in the final unstable or arresting
stage. The crack propagating velocity measured experimentally
by Kalthoff, Beinert, and Winkler (1977) shows that the as-
sumption of a constant extending rate is acceptable. If the ex-
tending rate is high, the inertial effect must be taken into consid-
eration in the analysis. The inherent time dependence of a crack
propagation process makes the mathematical models more com-
plex than the equivalent quasi-static models.

The effect of reflected waves interaction with a moving crack
had only been discussed in numerical calculation and experi-
mental observations. Kobayashi and Wade (1972) studied the
problem of crack propagation and arrest in a tensile plate made
of Homalite-100 by using the dynamic photoelastic method.
The significant influence of the reflected stress waves generated
from the plate boundary was investigated. Experimental results
indicated that the reflected waves dominate the stability of crack
propagation. The possibility of crack arrest, acceleration, or
branching depends on the responses of reflected waves gener-
ated from the specimen boundary. Some significant numerical
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results were obtained by using the finite element method (see
Kishimoto, Aoki, and Sakata, 1980). At the same time, Nishi-
oka and Atluri (1980a, b) developed a moving singular element
of the finite element method to calculate the dynamic stress
intensity factor.

The theoretical analysis of crack propagation, due to general
static loading in an unbounded medium, was first addressed by
Freund (1972a, b). Freund proposed a superposition method in
the time domain to study the dynamic effect of crack propaga-
tion in which ‘a fundamental solution is proposed and is used
to develop the solution for the negation of the stress distribution
on the prospective fracture plane. But this method is valid only
for the semi-infinite crack embedded in an infinite medium.
Analytical solution for a crack in a finite geometry body is rare.
The only available results are provided by Nilsson (1973) and
Ma and Ing (1995) for a mode III crack propagating in a finite
strip and subjected to static and dynamic loading, respectively.

An interesting conclusion obtained in Freund’s paper
(1972b) is that the dynamic stress intensity factor has the form
of a universal function of an instantaneous extending rate of a
crack tip multiplied by the stress intensity factor of an equivalent
stationary crack for the unbounded medium problem. The equiv-
alent stationary crack is subjected to the same static loadings
and the crack length is equal to the instantaneous length of
the actual crack. Whether the above-mentioned result can be
generalized in the case of finite boundaries and how the dynamic
solutions converge to the corresponding static solution will be
discussed in this paper.

A powerful and efficient methodology for constructing the
scattered field by superimposing the fundamental solution in
the Laplace transform domain has been proposed in recent years
by the authors. The Cagniard’s method for Laplace inversion
is used to obtain the transient solution in a time domain. This
methodology was first addressed by Tsai and Ma (1991, 1992)
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in solving the problems of applying a buried dynamic point
body force in a half-plane and a dynamic point body force
interaction with a semi-infinite stationary crack. The solution
of applying exponentially distributed traction at the surface of
a half-plane or a stationary crack face in the Laplace transform
domain is considered as the fundamental solution. The reflected
and diffracted fields generated from a half-plane and crack tip
can be obtained by superimposing the fundamental solutions.

In this paper, the above-mentioned methodology will be gen-
eralized and applied in the research of an extending crack. The
transient response for a propagating crack with constant velocity
in a finite geometry body is obtained by using the generalized
method. The orientations of a crack face considered in this study
are parallel or perpendicular to the boundary. The main purpose
in solving problems concerned with dynamic crack propagation
is to determine the dependence of characterizing parameters of
the crack-tip field on the applied loading and on the configura-
tion of the body. Since the stress intensity factor is the key
parameter in characterizing dynamic crack growth, we will fo-
cus our attention mainly on the determination of the dynamic
stress intensity factor,

When the stress intensity factor for a stationary crack sub-
jected to static loading reaches its fracture toughness, the crack
starts to extend with constant velocity. The diffracted longitudi-
nal wave (denoted by P) and shear wave (denoted by §) will
be emitted from the propagating crack tip. The P wave will be
reflected from the traction-free-boundary of a half-plane and
will generate reflected longitudinal waves and shear waves,
which are denoted as PP and PS waves, respectively. Similarly,
the S wave will be reflected from the boundary of a half-plane
and generate reflected longitudinal (SP) and shear waves (SS).
All these reflected waves will arrive at the moving crack tip at
a later time and interact with the moving crack. The diffraction,
for the second time, will repeat the forward reflection phenom-
ena. In this study, we will neglect the reflected effect on the
crack tip of the second time, the third time, etc., because the
first reflected waves are much stronger than the reflected waves
of later times.

Finally, the analytical solution of a finite cracked body of a
rectangular specimen subjected to static loading is obtained
without considering the effect of the reflected waves generated
from the boundaries perpendicular to the crack and the dif-
fracted- waves generated from the corners of the plate. The
experimental results obtained by Kalthoff, Beinert, and Winkler
(1977), and Hodulak, Kobayashi, and Emery (1990) are dis-
cussed and compared with the analytical prediction in light of
the present theoretical analysis.

2 Proposed Fundamental Solutions

The solutions of the problem considered in this study can be
determined by superposition of the following problems. Prob-
lem A treats a static loading applied to a cracked body in an
unbounded medium, at time ¢ = 0. The crack starts to grow and
a new crack propagates out of the original crack with a constant
velocity, which will induce a traction on the plane that will
eventually define the traction-free boundary of a half-plane. In
problem B, a half-plane is considered in which the boundary is
subjected to tractions which are equal and opposite to those on
the corresponding planes in problem A. Problem C considers
an infinite body containing a propagating crack in which the
crack face is subjected to the reflected waves which are gener-
ated by the half-plane boundary in problem B. The above-men-
tioned problems A, B, and C are superimposed to construct the
solution for propagating crack interaction with stress waves
generated from the boundaries.

From physical consideration, the reflected and diffracted
waves are generated to eliminate the stress induced by incident
waves on the traction-free boundaries. For most of the dynamic
problems the stress induced by incident waves can be repre-
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sented in an integral form of which the kernel is usually an
exponential function in the Laplace transform domain of time,
so that the solutions of applying exponentially distributed trac-
tion at the boundary (surface of half-plane or crack faces) in
the Laplace transform domain are considered as the fundamental
solutions. The reflected and diffracted waves can be constructed
by superimposing the predetermined fundamental solutions in
the Laplace transform domain. Some symbols are defined as
follows for convenience in the following derivation:

. = a.(N) = [a = M1 F av)]"?,
al =al(\) =(@x N,
a =a(d) =a,(MNa_(N), a®=a’\) =alM)e’),
B = B=(N) = [b £ N1 F bv)]'7?,
Be = BLN) = (b F N2,
B =B =L.NB-(N), B°=p°\)=p8LMB20N),

R =R(\) = (b*(1 — W)? — 2A%)? + 4)\%p
= Kk(d = N)*(c; — M)(e2 + NS (M)S-(N),

Kk =4(1 - a1 ~ bWHY2 — (2 — bAD?, d = 1/v,
ay=al(l +av), by =bl(1+ ), ¢ =c/(]+ cv),
a, = al(l —av), by, =b/(1 — bv), ¢, =c/(1 — cv),

S+ = 8.(N)

=exP<;1f"2v'tan-l[ gl ] de )
T Vay, (b*(1 ¥ &v)* — 2¢ )7- £

R°=R°(\) =R\ =0, S%=8L(N)=8:(M)]omo (1)
where a (=1/v;), b (=1/v,), and ¢ (=1/v,) are the slowness
of the longitudinal wave, the shear wave and the Rayleigh wave,
respectively. Here v,, v, v,, and v are the propagating speed of
the longitudinal wave, shear wave, Rayleigh wave, and the mov-
ing crack tip, respectively.

2.1 Fundamental Solution of a Half-Plane. The solution
of applying an exponentially distributed loading in the Laplace
transform domain at the surface of a half-plane is denoted as
the fundamental solution of a half-plane. Consider a half-plane
as shown in Fig. L. An exponentially distributed normal traction
in the Laplace transform domain is applied on the surface of
the half-plane. The relation between the fixed and moving coor-
dinates is x;, = £ + vt. The boundary conditions on the half-
plane can be written as

72(£ 0, p) = e’ for
712(&,0,p) =0 for

(3)

where p is the Laplace transform parameter and is assumed to
be real and positive, and 7 is an arbitrary imaginary number.
The overbar symbol is used for denoting the transform on time

-*00<€<00’
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Fig. 1 Configuration and coordinate systems of a half-plane
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t. The solutions of stresses that satisfy boundary conditions (2)
and (3) can be expressed in the Laplace transform domain as

_ (P~ 2a%)(A — m)? + 29" (b1 — )* — 21%)

T R
— pecxy Hpm .____477 “afs —pBxypé
X e + e , (4
7y, = «2770((b2(1 - 771))2 - 2772) e~pax2+lm£
R
. 2na(b>(1 — nu)* — 2n%) e ~PPRIE (5
R s
5y = (1 — 77”)2 - 2772)2 PRI

R

+ 4a£772 e“l’ﬂ"‘;*‘/”lf‘ (6)

If the surface traction is applied in the tangential direction,
the corresponding boundary conditions are

72(£,0,p) =0 for (N
712(¢, 0, p) = " for (8)

The solutions of the siresses which satisfy boundary conditions
(7) and (8) are expressed in the Laplace transform domain as
follows:

5 = Z20BUH" = 20 = ) E ) e

—o0 < ¢ < o,

~% < £ < o,

R
+ —2nB((b*(1 — m)* — 2n?) e PP (9)
R
Ty = 477;;{,3 e_”“x2+pnf + (bz(] — an)Z - 2772)2 e-—pﬁxzﬂznf, (10)
Ty = —277/3(172(1 — "71))2 - 2772) e—pax2+pn£
R
+ 277:6(172(1 _an)z — 2772) efpﬁxzﬂ-pnf_ (11)

2.2 Fundamental Solution of a Propagating Crack.
The solution of applying an exponentially distributed load in
the Laplace transform domain on the propagating crack faces
is denoted as the fundamental solution of a propagating crack.
Consider a semi-infinite crack propagating with constant speed
v = 1/d in an unbounded medium as shown in Fig. 2. The
coordinate system (&, x,) is fixed with respect to the moving
crack tip and moves with a constant speed v. The upper and
lower crack faces are acted by opposite distributed normal trac-

—V
t=0 |
X2
L,
|
t>0 {e_ v —ﬁ‘_)v

Fig. 2 Configuration and coordinate systems of a propagating crack
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tions which yields the boundary condition in the Laplace trans-
form domain as follows:

72(E 0,p) =™ for —o < <O, (12)
712(§,0,p) =0 for —oo < g <o, (13)
(&, 0,p)=0 for O0<§{ <o, (14)

where 7 is a complex number. Applying the two-sided Laplace
transform with respect to £ and using the Wiener-Hopf tech-
nique, the full-field solutions can be obtained as follows:

7 = —Lf [SLOV)e PP §2(N\)ePbutme] g,
2mi

(15)
where
SHN) = ~((b* — 2aH)(1 — Ww)? + 2)\?)
X (b1 = W)? = 20 a () G(7, M)/, (N),
STV = BN a-(Ma.(MGn, V),
SHN) =202 (1 = W) — 20 a-(Ma (n)G(n, M),
SHN = —20*(1 = Ww)? = 2 a (M a, (n)G (7, N),
Su(N) = —(b*(1 = W)? = 2A)%a, () G(n, M/a, (\),
SH(N) = —4N BN a-(Na. ()G (n, N),
G(n, Ny = 1/(k(d ~ N)*(¢c, ~ \)
X (c2 + S-S (MmN — n)).

The associated mode I stress intensity factor expressed in the
Laplace transform domain is

=—_@ a.(n)
Vp I —av (e + WS, ()

(16)

K, (17)

3 Transient Analysis for a Propagating Crack Inter-
action With Boundaries

Consider a stationary semi-infinite crack subjected to a gen-
eral static loading, the crack tip is located at x; = 0 for r < 0.
Let the resulting normal stress o, along the crack-tip line x, >
0, x, = 0 be —p(x,), when the loading is increased to a suffi-
ciently large magnitude, the crack will begin to extend at a
constant speed and the normal stress —p(x;) will be released
from the growing traction-free surface of the crack along 0 <
Xx; < ut, x, = 0. The released stress will induce diffracted waves
radiating from the moving crack tip. According to the result
provided by Freund (1972a), the radiated stress fields o} and
the correspondence stress intensity factor K can be obtained
from the following superposition integral:

05(6,x2,1)=f 05§ = X0, X, t — Xo/0)p(Xo)dxo, (18)
0

vt
K#(t) = J; Ki(t — xo/v)p(x0)dxo (19)
where 0,(§ — xo, X3, t — xo/v) and K;(t — x,/v) are the transient
solutions of a crack extending at a constant rate v and subjected
to the dynamic concentrated forces of unit magnitude appearing
at the crack tip at time ¢ = xg/v.

The diffracted waves emitted from the moving crack tip
will be reflected from the boundaries of the finite cracked
body. In order to extend Freund’s method to apply in the
analysis of a finite cracked body, the preliminarily required
solutions g (€ — xo, X2, t — xo/v) and K;(t — x,/v) with the
reflected effect are derived in detail in the following Sec-
tions 3.1 to 3.3. Then the stress intensity factor of a crack
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Fig. 3 Configuration and coordinate systems of a semi-infinite crack
embedded in a strip

in the finite body subjected to a general static loading and
extending at a constant speed can be obtained by the super-
position integral (19).

3.1 Diffracted Waves in Infinite Medium. A semi-in-
finite crack moving in a strip and moving in a half-plane is
considered in Fig. 3 and Fig. 4, respectively. The distance
from the crack tip to the boundary parallel to the crack is
denoted as H and to the boundary perpendicular to the crack
is denoted as L. The coordinate system (&, x,) is attached at
the moving crack tip and the extending rate is v. A concen-
trated force of unit magnitude is applied at the crack tip at
time ¢ = 0. Before the diffracted wave generated from the
moving crack tip reaches the boundary, the problem can be
considered as a semi-infinite crack propagating in an un-
bounded medium and the boundary conditions can be ex-
pressed as follows:

00(£,0,0) = —=6(§ +v)H(t) for —wo < €& <0, (20)
016 0,1) =0 for —oo < £ < oo, (21)
w(£,0,t) =0 for 0< & < oo, (22)

The boundary conditions represented in the Laplace transform
domain are

Tn(£,0,1) = —de’™ for —o < ¢ <O, (23)
712(§, 0, p) =0 for —oo <& <, (24)
B0, p)=0 for 0<E <o, (25)

The fundamental solutions for applying the exponentially dis-
tributed traction 7, (&, 0, p) = " at crack faces have been
obtained in Section 2, so that the radiated diffracted stress fields
from the moving crack tip can be obtained by taking n = d and
multiplying the magnitude —d to (15). The stresses expressed
in the Laplace transform domain are

X2

X1 X3

q ——

—L—

5|

Fig. 4 Configuration and coordinate systems of a semi-infinite crack
embedded in a half-plane

b 1 =28 (b*(1 — )2 — 2\
an =7 2 2

2wi d kd*(1 — \)?*(c; — N)S_(N)

2ha_(b*(1 — Ww)? — 2\?)

kd*(1 — W)*(c; — N)S-(\)

F( )\)e 'fpaa‘2+]1>\f

F(\)e PPtP gy, (28)

where

da+(d)

F(\) = .
(d = N)(e; + d)S.(d)

(29)

The associated stress intensity factor expressed in the Laplace
transform domain can also be obtained by taking n = d and
multiplying —d to (17) as follows:

AW2a. (d)

K = . (30)
T = w (e + )SL ()
The stress intensity factor in the time domain is
2
K, =, |— «(d), 31
vt

where

k(d) = d
V1 — ald (¢, + d)S.(d)

3.2 Dynamic Stress Intensity Factors due to Reflected
Waves Generated From the Boundary Parallel to the Crack.
The diffracted waves emitted from the propagating crack tip
will be reflected from the boundary which is parallel to the
crack at x, = H. From Eqs. (27) and (28), it is obvious that
the traction, which must be applied at x, = H to eliminate the
stresses 5 and 7%, induced at the boundary, can be represented
by the exponential function €”¢. The fundamental solutions for

F( )\)e —pnx2+p}\£

50 — 1 f((b2 — 2a2)(1 — )% + 2AH(H(1 — w)? — 2A2)Y)
= 3.
2mi

kd?a. (1 — W)*(c; — N)S-(N)

4N 3

- — F(N)e PParmegy,
kd*(1 — W) (er — N)S-(N)

(26)

1 (B2(1 — N)? — 202)2 .
=D _ F(\ peaxy+pA
05 = 2t ) wdlan(l = (e — s T
AN*e_f3

+ F(N)e " megn, (27
e (L= ) (e — Mys.(ny T (Me 27
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applying the normal traction e”" and tangential traction "™ at
the surface of the half-plane have already been obtained in (6)
and (11).

The reflected waves generated from the boundary can be
obtained by superimposing the fundamental solutions as fol-
lows:
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O =

27 kd*a. (1 — W)2(c; — N)S-(MR

2mid o kd*(1 — W) (er — MS-(MR
_1_ _sza—ﬁ(bz(l - )\U)2 - 2)\2).2 F()\)e-—p,@H—paYz'i-p)\Ed)\’
2mid kd?(1 — A)2(er — MS-(MR

2mi kd*(1 — M)?(er — MS-(MR

It is noted that the traction, which should be applied at X; = H to eliminate the stress 7%, at the propagating crack face, is
represented by the function ¢™¢, The fundamental solution for applying the normal traction e at the crack surfaces has been
expressed in (17), so that the stress intensity factor induced by the reflected waves generated from the boundary can be
obtained by superimposing the fundamental solution as follows:

R _l_f —(b%(1 — Ww)? - (D1 — W) ~ 2% — 4)\,2aﬂ)F()\')engaﬁpafz—f-p)\de

L[ =8V e BB = N)? = DN s pannren g

1 J‘4)\2a*ﬁ((b2(1 - )\U)Z - 2)\2)2 - 4)\26!,3) F()\)efpﬂﬂ——pﬁfgﬂmﬁd)\‘

2022 — dafN?)

(32)

s 1 J‘ —2(b2(1 = )% = 2AD)2((P*(1 — W)? =
172

v1 — av R?

"7 2mip

— 2 2 w2 — 242
- mf 3N @b (L= W)® = N g gy,
2mip

V1 - av R?

2mip'" 1 — av R?

By using the Cagniard-de Hoop method for Laplace inversion, the stress intensity factors in time domain can be obtained,

and the results are

1" 1

: f 8afN2((P*(1 ~ W)? — 2\ — dafh’) F(\)e g\

— (P21 = Aw)® = ADA((P*(1 — AMv)® — 2M)* — 4aSADF (M) O

F(\)e *Hd\

(33)

K, =— Im
o 7?1"/?“7‘ [

L 1

dr
V1 — av R? 3T]

—16MaB(b>(1 — Mv)* — 2M)*F(N\) O

V1 — av R?

+ — Im
¥ Tps VI — T |:

1 ! 1

aT]dT

V1 — av R?

+ Im
27 Tss \/; - T |:

where

_ —2va’H + Wr? - a%?r? — 4a’H?

e 2H(1 — a®?) ’
_ —20b%H + T — b’ — 4b°H?
’ 2H(1 — bR?) ’

and \, is the root of &(MH + B(MH — 7 = 0. The arrival
times are Tpp =2 aa, H, TSS =2 blbg H, Tps = Tg'p, where
T is the corresponding value of 7 at which the imaginary part
of \; begins to vanish.

3.3 Dynamic Stress Intensity Factors due to Reflected
Waves Generated From the Boundary Perpendicular to the
Crack. Now, we consider the case that a propagating crack
interaction with the boundary which is perpendicular to the
crack as shown in Fig. 4. The diffracted waves expressed by
the moving coordinate system (£, x;) can be rewritten in the
stationary coordinate system (X, x) in Laplace transform do-
main as
1 ((b? — 2a®H(1 — \v)? + AN (BA(1 — W)t — 2xD)

2mi . (Oxd (1 = )¢ — NSER(L + W)

7 =
X F(X)efpno\xzh-px,r‘
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4N (P21 = Aw)? — 2M))? — 4aBN)F(Ns) %]df

ar (34)

_ AN 2o (M) BN
kd2(1 — )2, — N)2e, — DS (D1 + W)

X F(N)e P 1mlmngy, (35)

b _ Sgn (xz)f —2Xa_ (M) (h2(1 — W)?) — 28 2)
2 i kd?*(1 — W) (e, — N)S-(N(1 + W)
X F(R)e e lalor :
N (N)(b2(1 — Ww)? — 2\ %)
kd?(1 — \)2 (e, — NS (M) (1 + W)
X F(X)e Pl gy, (36)

where
<\
1+’
and sgn (x,) = 1 for x; > 0, sgn (x) = —1 forx, < 0. The

diffracted waves emitted from the crack tip will be reflected
from the boundary at some later time. It is obvious to see that
the traction, which must be applied at x; = L to eliminate the
stress o, and o5, can be represented by the exponential func-
tion e 725l ¢ 78751 The fundamental solutions for applying
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. . . _ 0 — O,
normal traction and tangential traction ¢ #¢'%! or e 7""1%2I  and

at the surface of a half-plane were proposed by Tsai and Ma PR o x 0 _o,v
(1991). So that the refiected waves can be obtained by superim- (f B a(Z\), (f = a(h), ? = o (M),
posing the fundamental solutions as follows: B =8N, B=paRX), B°=p°N),
R _I_J‘ —((b? = 2a¥)(1 — N)? + 2N (P21 — W)? — 2K ) (b* — 2" (b2 — 2ADF(N)
27 2m a, (Nkd*(1 — W)*(e; — N)S_ (V) (1 — W)R%(a”)
B 4gh(b*(1 — W)? — 2XDa- (N a’8°(a”) (b — 2N F(N) e,,Ql,”‘;Wld)\
kd*(1 — Av)?*(cy — N)S_(XN)(1 = MR (a?)
__l_f 8((b* - 2512)(1 — )_\v)_2 + 2X2)(£92(1 - )2 — 2)\2)aﬁ(7\))\2ﬂ"2F(X)e_]mo(ﬁo)ll_l,x,jmld)\
27i a (Nkd* (1 = W) (e = N)S_(N)(1 = a*(BY)vIR"(B")
_1_J‘ —8N28(N)a_(N)(b? — 28°(a®)?)(h? — zxz))\F(X)e,,,ﬁo(ao)k,,m,m]d)\
i d kd?(1 — )2 (¢, — MS_(N)(1 — B%a”)v)RY @)
LJ‘ —16X2B(N)a_(MNE2a(BY) — 4NN(P*(1 — W)* — 28 D)a_ (M) B (% — 2)\2)F(X)e*l’“*l’x-".d)\ (37)
2mi kd*(1 — W)2(e; — MS_(X)(1 — WYR(B%)
_ - A . as(\) .
where A= , F'(MN) = F(N), (40
N L - N @ s,y - 60
N =
1 - and
for the first and fourth terms, and \
0 0 _ A0 0 X = — )
N L (- B O I 2w
1 —a®(8%v 1 - B°%a"

for the second and third terms. for the first and fourth terms of (38),

In order to obtain the stress intensity factor attributed to the

reflected waves, the reflected waves must be transformed to the K= -a’(f8°) N = ~B%a")
moving coordinate system (&, x;) by using the transformation 1 —a®B%v’ 1 - B%a%v’
principle. The stress intensity factor induced by reflected waves
generated from the boundary can be expressed as follows: for the second and third terms of (38). By using the Cagniard-
\/5 de Hoop method, the stress intensity factors can be obtained in
K =——= ] Gi(N)e PMd\ the time domain as follows:
27”p 172
L ON
2 s phpaBOy (1 K = — ————Im[G()\)—']d
PAL-—pa( v T
gt | Gre (=l P el =
2 O L AN
+ G:(\)e PAL-pAR@y (1 xv)Ld)\ __f b
27_”.191/2 3( ) + 7r3/2 o dt — 7 Im Gz()\z) 7 dr
2
+ \/.—],2 f Ga(N)e #MdN, (38) S | O
2mip + —-ﬁf ——TIm | G3(\3) — |dT
T T Nt — T or
where

GiOn) = ((h? — 2a®)(1 — A)? + 2R3 (B*(1 — €v)? — 2RD)a_(b* — 2a°) (b — 2NHF ' (V)
nee kd* (1 — W) (e, — MS_(M(1 — W)(1 — w)R(a®)
AN = fv)? = 28D a_a8%(a) (b? — 2XHF ' (V)
kd?(1 — )2(e; — DS_(M(1 — )1 — )R (&%)
—8R2B2((b? — 2a*)(1 — Ww)? + 2R (h2(1 — \)? = 2RB)F'(N)

G = kd*(1 — )&, (c; — N)S- (M1 = a®(BOHvIRY(B) (1 ~ W)
GiO\) = sffﬁ”m(bl - 2ﬁ"5a‘>)2)(b2 — 2XHXF'(N)
kd*(1 — X)2(c, — NS ()1 — BY@H)RY(@) (1 — )
GOV = 16X2ﬁ‘a,5°2a°(5"3X + 4X(b~2(] —jw)z —_2)12)&._X/7°(b2 - ZXZ)F’(X)’ (39)
kd>(1 — Xv)2(e; — S (ML = ) (1 — aw)RY (B
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Fig.5 Stress intensity factors of an embedded crack in a strip subjected
to a pair of concentrated forces applied at x, = 0

I Im[G4(>~4)%]dT, (a1)
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where \; = Ay = (7/2L) and \, and A; are the roots of
AL+ a®(B°)(1 — W)L -7 =0,

and
A+ %@ (1 — W)L -7 =0,

respectively. The correspondent arrival times are

Tep = 2a\L, Tps =

+ b L,

1

aL
1+ b
bL

T =
U+ a

+ a]L, TS‘S = 2b1L. (42)

4 Numerical Results

With the analytic solution constructed in the previous section,
we now perform the numerical investigation of the dynamic
stress intensity factor for a propagating crack interaction with
stress waves reflected from boundaries. In this study, Poisson’s
ratio v is assumed to be equal to 0.25 which gives ratios of the
slowness of b = V3 a and ¢ = 1.884a. First, the results of an
embedded semi-infinite crack contained in a finite strip and in
a half-plane, as shown in Figs. 3 and 4, are investigated. At
time ¢t = 0, a concentrated force of unit magnitude is applied
at the crack tip, and the crack begins to propagate along the
crack tip line with constant speed v. The extending rates v =
0.1v;, 0.2y, (i.e., slowness ratios d/a = 10, 5) are chosen for
numerical investigation.

For the case of a semi-infinite crack which is embedded
parallel to the boundaries of the strip (i.e. Fig. 3), the diffracted
waves will be emitted from the propagating crack tip and will
be reflected from the two boundaries of the strip. The transient
results for the dynamic stress intensity factors are shown in Fig.
5. At the time ¢t = 2.04aH (=2.0laH), the reflected PP wave
for the extending slownesses d/a = 5 (=10) arrives at the
propagating crack tip. The reflected waves from the boundaries
will enlarge the stress intensity factor. The dash line represents
the stress intensity factor without considering the reflected
waves from the boundaries, i.e., a semi-infinite crack propagates
in an unbounded medium.

In order to understand how dynamic transient response ap-
proaches the corresponding static value the long-time behavior,
which accounts only the first few reflected waves, is calculated
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Fig. 6 Dynamic and static stress intensity factors (KY, K7) of a crack
embedded in a strip subjected to a pair of concentrated forces applied
atx;, =0

and shown in Fig. 6. The dynamic stress intensity factors K¢
divided by the universal function x(d) are presented by solid
lines that are evaluated without considering the reflected waves
of the second time, the third time, etc., from the horizontal
boundary. The dash lines represent the equivalent static solution
K; at which the point loading is applied at a distance vz from
the crack tip. It is shown that these two lines will approach
each other as time is large. Even though the reflected waves of
the second time, the third time, etc, are neglected in the numeri-
cal calculation, it is reasonable to concluded that the long-time
behavior of a stress intensity factor of a propagating crack in a
strip has the form of a universal function «(d) of an instanta-
neous extending rate of crack tip multiplied by the stress inten-
sity factor for a stationary crack with the instantaneous length
of the actual crack subjected to the same static loadings. Hence,
Freund’s result (1972b) is shown to be valid for the finite strip
problem also. It is also concluded that the result is accurate
enough to evaluate the dynamic stress intensity factor without
considering the reflected waves of the second time, the third
time, etc., and only when taking the first reflected waves into
consideration. The result will cause only a small tolerance
(about six percent) in the calculation of dynamic stress intensity
factor.

For the case of a semi-infinite crack which is embedded
perpendicularly to the boundaries of a half-plane (i.e., Fig. 4),
the numerical results of transient stress intensity factors are
shown in Fig. 7. The dashed line represents the value without
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Fig. 7 Stress intensity factors of an embedded crack in a half-plane
subjected to a pair of concentrated forces applied at x, = 0
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Fig. 8 Specimen configuration of rectangular double cantilever speci-
men investigated by Kalthoff et al. (1977) and Atluri et al. {1985)

considering the contribution from reflected waves. At time ¢ =
1.67aL (=1.82aL), the reflected PP wave generated from the
boundary for the extending slownesses d/a = 5 (=10) arrives
at the propagating crack tip. Unlike the case of an embedded
crack in a strip as discussed in Fig. 5, the reflected effect for
this case is relatively small.

Next, experimental results reported by Kalthoff, Beinert, and
Winkler (1977) and the numerical results reported by Atluri
and Nishioka (1985) are discussed, and both results will be
compared with the present analytical solutions. A rectangular
double-cantilever specimen made by photoelastic material Aral-
dite B, as shown in Fig. 8, is considered. The material properties
of Araldite B are density p = 1047 kg/m>, Poisson’s ratio
v = 0.33, Young’s modulus £ = 3.38 GPa, which yield the
longitudinal wave speed v; = 1903 m/s, shear wave speed v; =
1102 m/s, and Rayleigh wave speed vy = 1081 m/s. When a
static loading is applied and is increased to the the fracture
toughness K. = 2.32 MPa \/;, the crack begins to extend at a
constant speed v = 295 m/s during the early 300 us.

The function p(x,) as shown in (18), which is the resulting
negation of the stress o, ahead of the crack tip before extension
occurred, is calculated by the finite element method. Then sub-
stitute the numerical result of p(x,) into (18), the stress inten-
sity factor can be obtained based on the analysis in the previous
section and the result is shown in Fig. 9. Since the reflected
effect generated from boundaries perpendicular to a crack and
reflected waves of the second time, the third time, etc., are small
enough, only the first few reflected waves generated from the
boundaries parallel to the crack are considered in the analysis.
The results based on the theoretical solution are consistent with
the finite element results of Atluri and Nishioka (1985) and
experimental results of Kalthoff, Beinert, and Winkler (1977).
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Fig. 9 Dynamic stress intensity factor of a propagating crack as shown
in Fig. 8

Journal of Applied Mechanics

]‘— 29_;|l_

134

. 72

e 55—

Fig. 10 Specimen configuration of rectangular double cantilever speci-
men investigated by Hodulak et al. (1980)

The equivalent static stress intensity factor for the given crack
growing length referred to in Kalthoff (1985) is also presented
in Fig. 9.

At the instant of crack propagation, the stress intensity
factor jumps from 2.32 MPa vm to 2.07 MPa Jm with the
decreasing ratio x(d), where d = (v,/v)a = 6.45a. Because the
kinetic energy is radiated into the specimen, the dynamic stress
intensity factor is smaller than the equivalent static stress inten-
sity factor for the given crack growing length (i.e., K¢ <
K7). As the crack continuously propagates, the distance be-
tween the loading point and crack tip will increase, and the
stress intensity factor will decrease. After the first reflected PP
wave arrives at the crack tip (i.e., at time ¢ = 67.55 us), the
tensile effect of the reflected waves will slow down the decay
effect of the stress intensity factor and make K¢ > K.

Finally, a similar photoelastic specimen of material Araldite
B, as shown in Fig. 10, which is studied by Hodulak, Kobayashi
and Emery (1980), is considered. When the loading is increased
up to the the fracture toughness K. = 2.0 MPa \/gi;l , the crack
begins to extend at a constant speed v = 240 m/s. By using the
same procedure as mentioned in the foregoing problem, the
finite element method is applied to obtain the stress distribution
function p(x;) along the crack-tip line, and the dynamic stress
intensity factors are shown in Fig. 11. The theoretical results
presented in this study are consistent with the finite element
results and experimental results by Hodulak, Kobayashi, and
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Fig. 11 Dynamic stress intensity factor of a propagating crack as shown
in Fig. 10
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Emery (1980). At the instant of crack propagation, the stress
intensity factor jumps from 2.0 MPa \/r; to 1.81 MPa \/r—n with
the decreasing ratio «(d), where d = (v/v)a = 7.93a. At time
t = 28.07 us, the reflected PP wave returns to the crack tip and
induces a tensile effect for the crack which will slow down the
decay behavior of the stress intensity factor.

5 Conclusion

A powerful method for the theoretical formulation of a crack
propagating in finite boundaries and subjected to general static
loading is proposed in this study. The effects of reflected waves
generated from boundaries and their interaction with a propagat-
ing crack have been successfully obtained and are shown to be
in good agreement with the existing experimental and numerical
results.

Freund’s remarkable result (1972b) for crack propagating in
an unbounded medium is shown to be valid for the finite strip
problem also. For the finite boundary problem, we have shown
that the long-time behavior of the stress intensity factor pos-
sesses the form of a universal function x(d) of an instantaneous
extending rate of a crack tip multiplied by the stress intensity
factor of an equivalent stationary crack. The equivalent station-
ary crack is subjected to the same static loading and the crack
length is equal to the instantaneous length of the actual crack.
It is also concluded that the result is accurate enough to evaluate
the dynamic stress intensity factor without considering the con-
tribution for reflected waves of the second time, the third time,
etc., and only when taking the first reflected waves into consid-
eration, which will result only in a small tolerance (about six
percent) in the calculation of the long-time behavior.

The reflected waves generated from the boundary, which is

- parallel to a crack, have a stronger influence on the stress inten-
sity factor of crack propagation than that generated from the
boundary perpendicular to a crack. The reflected waves usually
behave as a tensile effect, the dynamic stress intensity factor
will generally increase after the reflected waves generated from
a free boundary arrive at the crack tip.

There still are many unanswered questions in dynamic frac-
ture and this work may provide a useful technique for further
investigation in more complicated dynamic fracture problems,
especially on the crack propagation event. The proposed method
in this study has already béen extended to solve more difficult
‘problems of crack propagation in a finite geometry body sub-
jected to dynamic impact loadings, and the results will be shown
in a future paper.
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