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Abstract

The Kingman coalescent is a continuous—time diffusion approximation of the times to common ancestry of a sample of
individuals drawn from a Wright—Fisher population. Here, we use the coalescent to answer a simple question: if we know the
ancestry of 2 randomly sampled individuals in the population, what does it tell us about the ancestry of 2 other randomly
sampled individuals? We show that there is a conditional dependency between the times to common ancestry between pairs
of randomly sampled individuals. We call this “coalescent entanglement,” and we demonstrate its effects through simulation.
The effects of entanglement extend beyond the coalescent to phylogenetic birth—death processes in general. Entanglement
also exerts its effects when the pairs of individuals chosen share no common lineages in the paths that connect the individu-

als in each pair.

Key words: coalescent, genealogy, phylogeny, entanglement

Genealogies, as most people know, depict the relationships
amongst individuals via the ancestors that these individuals
share. The times that separate individuals from their com-
mon ancestors, in turn, tell us something about the processes
that have shaped the populations from which these individ-
uals are sampled. For instance, if one randomly samples 2
individuals from a large population, one expects that a far
greater number of generations separate them from their
common ancestot, than if these 2 individuals came from a
small population. Intuitively, there should be a relationship
between population size and the time it takes for lineages
on a genealogy to meet, or “coalesce,” as one moves from
individuals sampled at the present time, to past ancestors. In
1982, John Kingman formalized this relationship between
genealogies and population size, and introduced the coales-
cent to population genetics (Kingman 1982). The coalescent,
as it was originally conceived, is a mathematical description
of the genealogy of a sample of individuals from a large
Wright—Fisher population. With the parallel expansion of
DNA sequencing and computational technologies in the 80s
and 90s, the coalescent has come into its own in population
genetic inference and now forms the foundation on which
most of our conceptual and methodological developments
are built.

86

The coalescent is a continuous—time diffusion
approximation of the distributions of times to common
ancestry of the lineages of individuals sampled from a
population, as one moves from the present to the past along
the genealogy of these individuals. For a constant-sized
Wright-Fisher population, these times are exponential
random variables, with expectations that are a function of
the size of the population, and the number of lineages that
have yet to coalesce. Arguably, one of the most significant
aspects of the coalescent is its utility as a heuristic: knowing
something about the structure of genealogies provides us
with the conceptual tools to think about how evolutionary
phenomena as diverse as migration (Nath and Griffiths 1993;
Wakeley and Lessard 2000), selection (Kaplan et al. 1988;
O’Fallon et al. 2010), recombination (Hudson and Kaplan
1988; McVean and Cardin 2005), and speciation (Hobolth
et al. 2007; Kondo et al. 2008; Motlon et al. 2010) have an
impact on biological identity and vatiation.

Here, we use the coalescent for just this purpose—to
investigate an apparently simple problem that happens to
have a counterintuitive solution. The question is this: if
you know the ancestry of 2 of your neighbors, what does
it tell you about the ancestry of you and your spouser
Formally, we can restate the problem as follows: what is the
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conditional expectation of the time to the most recent com-
mon ancestor (MRCA) of 2 randomly sampled individu-
als C and D (tMRCA(p), given that we already know the
time to the MRCA of individuals A and B (tMRCA ,pz)? If
we know no more about tMRCAp, given tMRCA 5, then
E[tMRCA¢p | tMRCA ;] = E[tMRCA(p], that is, the con-
ditional expectation of tMRCAqp given tMRCA 5 would
equal the marginal expectation of tMRCA¢p. More com-
pletely, the distributions of times to common ancestry of
C and D would be exactly the same as if we had not known
anything about tMRCA ;5. As we show below, this equal-
ity does not hold. Instead, we demonstrate analytically and
by simulation that E[tMRCA¢p | tMRCA 3] is a function
of tMRCA ,p. Furthermore, we show that beyond a cet-
tain time, E[tMRCAqp | tMRCA 5] increases linearly with
tMRCA 3.

We call this phenomenon of conditional dependency
between the times to common ancestry “coalescent entan-
glement” to draw the analogy between this process and
quantum entanglement, whereby 2 apparently independ-
ent quantum mechanical systems have persistent correlated
quantum states. We recognize that the qualitative results
presented here will not surprise population geneticists who
already work with the coalescent. Nonetheless, the precise
nature of the conditional dependencies between mutually
exclusive pairs of individuals has not, to our knowledge, been
characterized.

We also demonstrate that this conditional dependence is
seen when the branching lineages of individuals are modeled
by a birth—death process, similar to that used to model spe-
cies’ divergence times on a phylogeny (in which case, a more
appropriate term may be “phylogenetic entanglement”). We
show that even when pairs of individuals are chosen such
that they share no lineages in the paths that connect individu-
als within each pair, there is still a conditional dependence
between the times to common ancestry.

The Model

The simplest model of the coalescent assumes a panmictic,
haploid population with a constant number of individuals,
N, discrete generations, and an absence of selective forces
acting on the population. If we sample 2 individuals from
such a population at the present time, #), the probability that
both will share their MRCA at time 7, which is £ generations
before the present is given by the geometric distribution:

1 1)
P(t,e)—[N][l—E] . )

If # individuals are sampled (where 2 <# < N), then
the probability that there will be 1 common ancestor in the
preceding generation is

n(n—1)
Py ="0"1 2
W==3 )
and the probability that the first MRCA of any of these
n(n — 1)/2 paits will be at time 7, is

Wau et al. « Coalescent Entanglement

P(l‘k):[ N N )

As N — 00, we can obtain a continuous-time approxi-
mation for the probability density of 7, (Kaplan et al. 1988):

P(t,) = [”(;’Nl) ] exp [— ”(Z;) k] @)

To simulate genealogies of a sample, 7, under a constant
population size, N, we use the following algorithm:

ﬂ(ﬂ—l)][l_ n(ﬂ—l)]/ﬁ_]

1. Select two individuals at random from the number of
individual lineages, 7, that have yet to coalesce.

2. Obtain a coalescent interval by drawing a random vari-
able from Equation (4), and join the two lineages drawn
in Step 1, after the interval has elapsed. Set 7 to » — 1.

3. If n=1, stop; otherwise, return to Step 1.

The time to common ancestry of the entire genealogy is
the sum of all coalescent intervals.

Results

To illustrate the phenomenon of coalescent entangle-
ment, we simulated 10 million genealogies of 4 individ-
uals, A, B, C, and D. For each genealogy simulated, we plot
tMRCA(p against tMRCA i (Figure 1A). We also plot
E[tMRCA - | tMRCA 5] against tMRCA 5 (Figure 1B).
As noted above, the time (in generations) to common ances-
try between any 2 lineages is distributed as an exponential

"
random variable with rate parameter [2] N. It is conveni-

ent to express coalescent times in units of N, in which case,
times are drawn from an exponential distribution with rate

”
parameter [2] Hence, under the coalescent, the time (in

units of N) to common ancestry of 2 randomly sampled
individuals (e.g., C and D) is exponentially distributed with
rate 1. Indeed, with our simulations, the marginal distribution
of tMRCA(p, taken over all values of tMRCA 43, recovers
this expected exponential distribution, as does the marginal
expectation of tMRCA 4y (Figure 1A). This is important: in
the absence of any knowledge about tMRCA sp, the distti-
bution of tMRCAp, is no different from what we would
expect under the standard coalescent model. For any given
tMRCA y, however, E[tMRCA -, | tMRCA ] vaties curvi-
linearly with tMRCA 5 (Figure 1B); the curve has a minimum
at approximately 0.75IN, and then tends to increase lineatly.
With a proportion of simulated genealogies, the tMRCAp
is exactly equal to tMRCA . This accounts for the values
that fall on the diagonal in Figure 1A. How is this possible?
The answer lies with the ordered histories of A, B, C, and D
(Figure 2). An ordered history is a topology in which both the
pattern of branching and the order in which the branchings
occur uniquely identify the topology. In Figure 2, we have
grouped the 18 possible ordered histories (obtainable with
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Figure |. Plots of (A) tMRCAp and (B) E[tMRCAp | tMRCA 5] against tMRCA 5. Here, 10° simulations were performed
using K, in which genealogies of A, B, C, and D were randomly generated under a constant-sized coalescent model. Time is scaled
in units of N generations. In (A), the estimated densities of tMRCA yp and tMRCA( are plotted as frequency histograms above
and to the right of the scatterplot, respectively; black lines represent the marginal exponential distribution with rate parameter 1,
as expected. In (B), to estimate E[tMRCAcp | tMRCA 3] for a given tMRCA 5, all values of tMRCAp obtained in the interval
tMRCA yp £ 0.001 were averaged. The dashed line shows the analytical results for E[tMRCAqp | tMRCA 3] derived in the
Supplementary Material online.
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Figure 2. All possible ordered histories for A, B, C, and

D. These have been grouped into classes, depending on how
A and B share common lineages with C and D. Frequencies
of these classes, as a function of tMRCA 5, are given in
Table 1 and can be computed analytically from the derivations
presented in the Supplementary Material online.

4 individuals) on the association of A and B with C and D,
as well as the timing of the (A, B) coalescence. In particular,
with ordered histories in Class 6, it is apparent that tMRCA ,5
must necessarily equal tMRCAp, because both (A, B) and
(C, D) coalesce at the same point, that is, the root of the
tree. This explains the simulated genealogies that fall on the
diagonal in Figure 1A.

However, other ordered histoties also constrain tMR-
CA¢p. For instance, lineages C and D coalesce before A
and B in ordered histories belonging to Classes 2 and 4;
hence, tMRCAp must necessarily be less than tMRCA 5.
Conversely, in Class 1, tMRCA-p must be greater than
tMRCA »p. Interestingly, the relative proportions of these
classes of ordered histories change as tMRCA 4y increases
(Table 1 and Supplementary Material online). When tMR-
CA,p 1s small, the most common ordered histories ate in
Class 1, where A and B coalesce before C and D. This is
because there is only a very small probability that there will
be a coalescent event eatlier than the one between A and B.
In contrast, when tMRCA 3 is large, it is unlikely that there
will be a coalescent event that occurs after A and B have
coalesced, in which case, histories in Classes 4 through 6
dominate. In short, the fact that A, B, C, and D are part of
the same evolving system imposes the conditional depend-
ence of ancestral times. By taking into consideration these
changes in the frequencies of ordered histories, the ana-
Iytic formula for E[tMRCA | tMRCA 5] can be derived
(Supplementary Material online). We plot this analytical rela-
tionship (dashed line) in Figure 1B alongside the mean of the
simulation results.
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Table | Proportion of different classes (from Figure 2) of
ordered histories for a given tMRCA yp

tMRCA,z Class | Class 2 Class 3 Class 4 Class 5 Class 6
0.1 0.606 0.071 0.284 0.0075 0.015 0.015
0.2 0.366  0.098 0.406 0.027 0.051  0.052
0.4 0.142 0.1 0.415  0.07 0.136  0.137
0.6 0.05 0.083 0.336 0.106 0.211 0.214
0.8 0.02 0.061 0.235 0.141 0.272 0.271
1 0.007  0.04 0.174  0.157 0.301  0.321
1.2 0.002 0.027 0.123  0.17 0.341  0.337
1.4 0 0.02 0.087  0.18 0.359  0.354
1.6 0 0.014 0.053 0.191  0.377 0.365
1.8 0 0.008  0.036  0.19 0.373  0.392

It is interesting to consider what happens when, instead
of sampling 2 individuals A and B, we sample £ individuals
(&> 2) to begin with. Imagine that we now know the geneal-
ogy of all £ individuals, including the times of all coales-
cent events. As before, we sample 2 new individuals, C and
D, and ask what can be said about tMRCA¢p in the light
of the knowledge of the genealogy of £ previously sampled
individuals. We know that, as £ increases, the probability that
the time to the MRCA of the entire population, tMRCA”,
equals the tMRCA of the sample is (£ —1) /(£ 4 1) (Saunders
et al. 1984). For instance, with £ = 19, the probability that
the MRCA of the sample is the same as the MRCA of the
population is 0.9, and with &£ = 39, the probability is 0.95.
Hence, as £ increases, the probability that tMRCA(, will be
greater than the tMRCA for all £ (previously sampled) indi-
viduals will tend to 0. If we only consider 2 most distantly
related individuals from amongst the & mdlvlduals and call
these A and B, then tMRCA 5z — tMRCA" as £ increases.
In this case, tMRCAp <tMRCA 5 and we can use the
last 3 terms of Equation S16 in the Supplementary Material
online to obtain E[tMRCAp |[tMRCA 5] in the limit as
k& — 00. If the last 3 terms of Equation S16 are used to plot
E[tMRCAp | tMRCA ;] against tMRCA ,5(= tMRCA"),
the relationship is very close to a straight line. This, at least,
accords with our intuition: the time to common ancestry of
any 2 individuals is likely to be related to the time of com-
mon ancestry of the whole population.

Up to this point, we have discussed the conditional
dependence of times to common ancestry within a popu-
lation where the genealogies of individuals are described by
the coalescent. Nonetheless, entanglement should exert its
effect whenever the units we study have an underlying tree-
like history and branching events occur stochastically at some
well-defined rate that applies across all lineages. Under these
conditions, a given time to common ancestry will tend to
exert an influence on other times, depending on the geneal-
ogy, by constraining the ranges or the limits of these branch-
ing times. In this regard, it should not matter whether the
units are genes, individuals, species, or higher taxa. We illus-
trate this by conducting the same simulation as before, except
that now the ordered histories of A, B, C, and D are simu-
lated with times to ancestry modeled as a birth—death process,
with a combination of different birth and death parameters.
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Figure 3. Plot of E[tMRCAp | tMRCA .5 ] against tMRCA 3 for phylogenies simulated under a birth—death process, with
different combinations of birth and death rates. For each combination, 10° simulations were performed using R. The axes are

scaled in units of time.

Again, it is apparent from the simulations (Figure 3) that
E[tMRCA - | tMRCA ] depends on tMRCA .

As noted above, coalescent entanglement is not only a
consequence of those ordered histories in which the lineages
of A and B intersect those of C and D but also applies when
there are no common lineages between (A, B) and (C, D).
It is possible, however, that the times to common ancestry
of these “phylogenetically independent” pairs are also corre-
lated. To illustrate this effect, we isolated only those histories
in Classes 1, 2, and 4 (where pairs [A, B] and [C, D] have no
common lineages), and plotted tMRCApy against tMRCA 4
for both coalescent and Yule simulations in which “births”
of lineages occur at some nonzero rate, without any lineage
“deaths” (Figure 4). Note that in these simulations, the diag-
onal line (representing genealogies where both [A, B] and [C,
D] have the same MRCA) is no longer present. Nonetheless,
we again see that for both the coalescent and Yule simulations,
E[tMRCA - | tMRCA ;] varies with tMRCA »p.

Discussion

Things that evolve—genes, viruses, organisms, species, lan-
guages, and cultures—share common histories. It should
come as no surprise that 2 pairs of apparently unrelated units
that are part of the same evolving system share information
about their entangled ancestries. Indeed, it is precisely for this
reason that statistical procedures that take account of under-
lying evolutionary histories have been developed to analyze
the variation in measurable biological quantities, whether these
relate to the genetic correlates of disease (Hughes et al. 2008)
or the association of different phenotypic traits (Eyre-Walker
2010). It is important to note that entanglement is not only a
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consequence of the fact that genealogies contain information
about shared evolutionary history. Entanglement is also the
result of a functional relationship between each interval of
time between coalescent events (=times to common ances-
try) and the previous such interval. The relationship between
successive coalescent intervals imposes the correlation struc-
ture on the times to common ancestry across the genealogy.
Recently, Heled and Drummond (2012), in a study on a related
issue, explored the mechanics of Bayesian divergence time
estimation when the divergence time is known on 1 node of
a 3-taxon tree evolving under a Yule process. In their analysis,
they show that the prior distribution of times on the node
where no divergence time estimate is available, is not inde-
pendent of the known time of divergence for the other node.

Here, we have only studied the effects of coalescent
entanglement in a simple, constant-sized population model.
One may speculate on the strength of the entanglement in
other populations. For instance, with a growing population, we
hypothesize that the correlation between tMRCA and tMR-
CA g may be stronger, because both (A, B) and (C, D) will tend
to have long terminal branches, and coalesce closer to the root
(Slatkin and Hudson 1991). When the population is subdivided,
the effects of entanglement are likely to depend on the rates of
migration between demes and the sizes of the subpopulations
from which A, B, C, and D atre drawn. In some instances, it is
difficult to intuit the effects of entanglement—what would we
expect in different selective regimes, for example?

Coalescent entanglement adds another dimension to the
extraordinary utility of the coalescent in thinking about the
identity and diversity of individuals in a population. In this
case, the relationships of distant individuals somehow tell us
something about relationships closer to home, for example,
the ancestors we share with our spouses and friends. In fact,
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Figure 4. Plot of tMRCA(, against tMRCA 5 for ordered
histories of Classes 1, 2, and 4 (Figure 2) simulated under

(A) the coalescent with axes scaled in N generation units and
(B) a birth—death process with birth rate of 3 and death rate

of 0 (=a Yule process) with axes scaled in units of time. The
bold lines represent E[tMRCA - | tMRCA 5] for a given
tMRCA , obtained by averaging values of tMRCA obtained
in the interval tMRCA 5 £ 0.001.

the probability that 2 randomly chosen individuals share the
same common ancestor as 2 other individuals, sampled pre-
viously at random, may be as high as 30-40% (see Table 1,
relative frequencies for Class 6 ordered histories). In a let-
ter to Max Born, Einstein, who was not enamored with the
idea of quantum entanglement, referred to it as “spukhafte
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Fernwirkung” or “spooky action at a distance.” If we accept
the analogy, we may think of coalescent entanglement as
“spooky relations at a distance.”

Supplementary Material

Supplementary matetial can be found at http://wwwjhered.
oxfordjournals.org/.
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