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Abstract

In this study, a grid-free numerical model for the simulation of gravita-
tional water wave with vortex effect is proposed. The computational algo-
rithm is established by combining a potential flow field with a vortex flow
field. The potential at the free surface and the free-surface displacement are
solved by the time integrations. The vorticity field is the solution of the vor-
ticity equation, which is solved using the vortex method and the vortex sheet
method. The potential and velocity fields are solved by the boundary integral
method.

Two cases are applied to validate the proposed model, and the vortic-
ity shedding due to the rectangular obstacle in the linear wave is simulated.
These results show the ability of the proposed model for the simulations of
free-surface flows with vortex effect.

Keywords: gravitational water wave, vortex, boundary integral equation method,
vortex method, numerical simulation
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1 Introduction

Because of the demand for security of constructions and the complex phenomenon
in fluid dynamics, the research in wave interaction with structures, such as bridge
piers and submerged dikes, is an important topic for numerical simulation.

Water wave passing a structure causes wave reflection and diffraction as well as
the generation and shedding of vortices. Vortex shedding will lead to severe form
drag force, and the wave height will be influenced by the energy dissipation and the
vorticity near free surface. Owing to the complication of wave-vortex interaction
and the consideration for the computational efficiency, it is difficult to simulate the
water wave with vortex effect.

In this study, a grid-free numerical model using boundary integral equation
method for the simulation of gravitational water wave with vortex effect is pro-
posed. The computational algorithm is established by combining a potential flow
field with a vortex flow field. In the first year, we develop the vortex separating
mechanisms from rigid and free surface boundaries, and set up a two-dimensional
vortex model. In the second year, we will improve the boundary conditions; deduce
the boundary integral equations and calculating procedures to combine the two-
dimensional potential model with vortex model. This hybrid model will be applied
to the simulations of viscous water wave passing over a submerged dike.

The modern vortex method was born in the 1970s and the prominent investiga-
tors involved in its early development are A. Chorin, A. Leonard, and C. Rehbach in
France. Much interest in vortex methods during the early 1980s focused on math-
ematical aspects such as the convergence properties (Hald et al., 1978; Hald, 1979;
Beale and Majda, 1981, 1982a,b, 1985). Comprehensive reviews of the development
of vortex methods and their applications can be found in Leonard (1980), Spalart

(1988), Sarpkaya (1989) and Puckett (1993).



Recently, the difficulties of “N-body problem” for the particle vortex methods
has been successfully addressed by the application of the Fast Multipole Method
(Greengard and Rokhlin, 1987) for the calculation of the particle velocities, whereas
some workers have bypassed the problem with mixed Eulerian-Lagrangian formula-
tions such as the vortex-in-cell method (Couet et al., 1981; Rottman et al., 1987,
Smith and Stansby, 1988; Brecht and Ferrante, 1990; Ebiana and Bartholomew,
1996; Liu and Doorly, 2000; Liu, 2001), although at the cost of adding interpolation

eITrors.

2 Mathematical Formulations

2.1 General Formulations of Two-Dimensional Linear Wave
Problems

In the two-dimensional fluid domain V(¢) with boundary S(¢) (see Fig. 2 for
definitions), the linearized Navier-Stokes equations for incompressible fluid with
constant density p and kinematic viscosity v are expressible in terms of the velocity
u and the pressure p as

Ju

1 ~
a5 = —;Vp —gj+vV*u  inV, (1)

where j is the unit vector which points vertically upwards, and x = (z,y), u = (u, v).

Together with the continuity equation

V-u=0 in V, (2)

the Navier-Stokes equations form a set of three scalar differential equations (for
two-dimensional problems) sufficient for the determination of u and p, provided
that adequate initial and boundary conditions are known.

It is, however, advantageous to introduce the concept of the vorticity w =

(0,0,w) defined by

w=Vxu, (3)

and to consider the linearized vorticity equation



%—C: =vVw (4)

obtained from equation (1) by taking the curl of each term in that equation and using
equation (3). The set of equations (2) to (4), with u and w as dependent variables,
replaces the set of equations (1) and (2) in which u and p are dependent variables.
There are several reasons for using w in the formulation of the problem. The principal
one is that the set of equations in terms of u and w separate conveniently into two
aspects: a dynamic aspect which deals with the change of the vorticity field w
with time described by equation (4), and a kinematic aspect which deals with the
continuity of velocity field u governed by (2) and relates u at any instant to the
vorticity field w at that instant.

The linearized free surface boundary conditions are

1. Kinematic free surface boundary condition:

%—/U'
ot

2. Dynamic free surface boundary conditions, normal stress:

ov
— 2 —:—S'
p+ Hoy = P (6)

3. Dynamic free surface boundary conditions, tangential stress:

ou Ov 71°

DT (7

dy Or pu
where ((z,y,t) is the vertical displacement of the free surface from its unperturbed
configuration consisting of the xy-plane, p® is the atmospheric pressure, 7° is the
wind stress, and p is the dynamic viscosity. Because the vorticity w = dv/0dx —
Ou/0y, (7) can be rearranged to give the vorticity on the surface,

ov 71°

—or T
w o (8)



2.2 The Application of the Helmholtz Decomposition The-
orem

The Helmholtz decomposition theorem states that, an arbitrary differentiable
velocity field u can be decomposed into its irrotational part u. and rotational part

u, as

u=u,+u,, (9)

and there exists a scalar function ¢, called the scalar potential, and a vector function,
B, = (0,0,¥) (for two-dimensional problems), called the vector potential, which

satisfies

U, = V¢, (10)

and

u, =V xB,. (11)

From the continuity equation in the incompressible flow, the scalar potential ¢
satisfies the Laplace equation

V2o =0. (12)

From the definition of vorticity, we get that W satisfies the Poisson’s equation

VU = —w. (13)

Substituting the decomposition (9) to (11) into the linearized Navier-Stokes equa-

tions, we get

0
g = _a_f ~ 9y, (14)
and
%—f = V0. (15)

Using (13), (15) can be rewritten as



ov
ot

Substituting for the surface vorticity from the shear stress boundary condition (8),

—vw. (16)

at y = 0 the above equation becomes

Also, we can substitute (5) into (17) and have

ov ¢ T
E__%ataf? at y=0. (18)

These are equivalent to the stress boundary condition, and can be regarded as the

boundary condition of W at the free surface.

Applying the decomposition (9) to (11), the KSFBC (5) can be expressed as

a¢ 0 OV B
% oy or at y=0. (19)

and the normal stress boundary condition becomes
¢ 0%¢ p° 0%
— — 2= =——+2
ot 96 e p * V@x@y

The results are summarized below. The problem requires to solve

at y=0. (20)

V2 =0 (21)

and the linearized vorticity equation

aa—j = vViw (22)

in the flow field, and at y = 0 the associated boundary conditions are

ov 5 ¢ Tt

ov _ (a 2
ot Voror T (23)
o 06 O
9¢ _ 99 0¥ 24
ot oy Ox’ (24)
¢ P26 p P
A WA Y (25)

ot Ox? ) dxdy



Now we focus on the special case where the wind stress 7° is zero. From (8) the

vorticity at the free surface is

% 0*W
=2 - 2— 26
“ Oxdy Ox?’ (26)
and (23) can be integrated with respect to time
¢
UV=-2v—->+4+VY t y=0. 27
var+ % aty (27)

If the fluid was initially at rest, the constant of integration W, can be taken to be
zero; therefore
a¢

U =-2v— ty=0. 28
Vo aty (28)

When these are substituted into (24), it becomes

o 06 0%
— = — + 21/@

= =0. 2
o~ oy at y =20 (29)

2.3 Integral Representations

2.3.1 Irrotational Flow Field

The governing equation of irrotational velocity field u,. is the Laplace equation
(12). Applying the Green’s second identity, the integral representation of Laplace

equation (12) can be obtained as

Q¢(X) == /S (¢0VOG — GVO¢O) g dS[) y (30)

where the subscript “0” indicates a variable, or a differentiation, or an integration
evaluated in the xy space. « is the solid angle at x, n is the unit outward vector
normal to S, ¢ and G are finite and continuous and possess continuous first and

second partial derivative in V. G is the fundamental solution of Laplace equation,

—% ln% for two - dimensional problems

G = (31)

41? for three - dimensional problems

where r is the magnitude of the vector (x — xp).



2.3.2 Rotational Flow Field

The second Green’s identity for vector states that, if vectors P and Q are single-

valued, finite, and have continuous second derivatives, then

/[P-(VxVxQ)—Q-(VxVxP)]dV
\%4

(32)
:/n{QxVxP—PxVxQM&

S
where S is the boundary of the fluid region V', n is the unit normal vector on S

directed outward from V. If we let

Q=B, and PzVX(%),

where a is a constant unit vector, we can get the integral presentation of the rota-

tional part of velocity vector from equation (32) as (Wu and Thompson, 1973)

o — / wo X VoG dVi — / (g - 10) VoG — (g X 1) X VoG] Sy, (33)
Vv S

here the subscript “0” indicates that a variable or an integration is in the rg space,

G is the fundamental solution of Laplace equation. The gradient of G is

(x —xp)
2(d — V)ymrd’

where d = 3 for three-dimensional problems and d = 2 for two-dimensional problems.

VoG = — (34)

Thus, the general expression for the rotational part of velocity is of the form

(%) = 1 [/V wo X (X —Xo) dvo_/s(uw'no)(x—xo) ds,

+/ Uy 0 - 0 dSO}.
S |x — X

The category of flows which were studied in Wu and Thompson (1973) is fluid
in infinite domain bounded internally by a moving solid surface. In other words,
besides the free stream velocity, the flow field is only driven by vorticity, and the

boundary condition is simply the no-slip condition on the solid surface. In the



viscous wave problem, there exists an important potential effect — pressure gradient
due to gravity waves, and the boundary conditions are more complicated. Owing
to this, we have to formulate the relationship between the integral representation of
potential flow and that of rotational flow.

In the present research, we find that the irrotational part of velocity can be

expressed as

(%) = —iv « /Smxo)vo (%) « 1 dSs (36)

where p(xg) is the strength of dipole located at xo. In other words,

u.(x) =V x B, (37)

where

1

1
Be = _E S'U(XO)VO (;) X 1y dSo . (38)

The above corollary indicates the result: the irrotational velocity field can also be

expressed as a solenoidal field

u. =V x B,

i.e., the velocity field can be expressed as

u=Vx(B.+B,)=VxB

without loss of generality. Therefore, we can let Q = B instead of Q = B, in (32),

and get the integral representation of velocity field u as

u = / wp X VOG d% — / [(UQ . no)VQG — (UO X l’lo) X VOG] dSo . (39)
\% S

This indicates that if the vorticity field in the domain and the velocity on the
boundaries are known, the velocity field in the domain can be evaluated from the

integral equation (39).



3 The Vortex Methods

The potential ¢ at the free surface and the free-surface displacement ( are solved
by the time integrations of (25) and (29) respectively (ignoring the effects of wind
stress and atmospheric pressure). The vorticity field w is the solution of the vor-
ticity equation (4), which is solved using the vortex method and the vortex sheet
method. The potential field ¢ and the velocity field u are the solution of the integral
representations (30) and (39) respectively, solved by the boundary integral method.

The flow chart of computational scheme for two-dimensional linear wave prob-
lems is shown in Fig. 1, and the brief introductions of numerical methods for vortex

field simulation are shown in the following subsections.

3.1 Vorticity Layer Approximation

For convenience, in this subsection we only consider the vorticity-induced flowfield,

1.e.

u=u,, u.=20.

For problems of external flow past finite bodies, we can consider the region V' in
Eq. (35) to be the entire (infinite) region occupied by the fluid. Then the boundary
S is divided into two parts: the fluid—solid interface on which the no-slip condition
(u = 0) applies and a surface infinitely remote from (and enclosing) the body on
which the free-stream velocity boundary condition (u = u,,) applies. The surface

integrals in Eq. (35) can then be evaluated, giving

909 = 5y, S e (1)

The above equation can be recognized as the Biot-Savart law of induced velocities.
Now we divide V' into two regions: an interior (or exterior) region V; located

away from S and a vorticity layer V, located adjacent to S. In V,, the vorticity
_ Ou,  Ou,
0s  On’

where s and n is the tangential and normal coordinates in V;. From the boundary

w (41)

layer theory, we know that

10



0s < on Vo
therefore, we have
dus
we == i V. (42)

From Eq. (72), we can get the tangential velocity on the interface of V, and V; is

5
us(s,n) = —/0 w(s,n)dn, (43)

where ¢ is the thickness of V,. Besides, the strength of vortex layer v in Vj is

From Egs. (43) and (44), we know that

(s5,8) = —(s).. (45)

Otherwise, from Eq. (40) and the vorticity layer approximation, the velocity com-

ponents are

1 wo(y — Yo)
(ry) = — — Vi
otz (2, ) 27T/v;- (x —x0)% + (y — yo)? °

(46)
1 ’Yo(y - Z/o)
S dS + 1,
o1 Jor (@ — w0l + (y—wo)? 0
1 wol(r — o)
)= — dvi
Culn )= o v (@ =)+ (y—w)? (47)

1 Yo(x — x0)
+ — dSo + uy°,
27 /S+ (= 20)% + (Y — 40)? ’ Y

where S is the interface of V; and V.
3.2 Vortex Blob Representation

The vortex method is a particle method in which fluid particles carrying concentra-
tions of vorticity are followed as their positions and concentrations evolve with the

motion of the fluid.

11



The vorticity field is represented by

w(x,t) = Z Ljyslx = %;(1)] (48)

where 7; is the vorticity distribution within the vortex located at x; with the nor-

malization

/ v;(x)dV = 1. (49)
v
We assume that the differences in the distributions between the vortices depend

only on a parameter o;, i.e., 7; is given by

%&—&%=%fci;ﬁ5 (50)

0
where the shape or distribution function f is common to all vortex elements. The
quantity o; is clearly a measure of the spread or core size of the vortex. The velocity

induced by the vorticity field is given by the Biot-Savart integral:

N
1 (x —x;) x &, g(|x — x4|/0;)
P j j /9 1
) i 51)

where ¢ is given by

Yy
o) =2 [ fz)zds (52)
0
A number of core distribution functions been employed. For example the Gaus-

sian distribution

1

100 = — exp(— /o). (5)

3.3 Vorticity Creation and Shedding

Besides the diffusion of vorticity in the flow field, another important viscous
effect is the vorticity creation at the boundary. At the free surface, amount of
vorticity creation is determined by (26). At solid boundary, the creation of vorticity
is to maintain the no-slip condition at the surface. While the vorticity field in the

domain V' (t) (except the boundary) is solved from the step 2 shown in Fig. 1, and

12



the vorticity distribution at the free surface is determined from (26), the vorticity

distribution at solid boundary can be solved from (39).

4 Numerical Methods for Linear Wave Problems

The steps of computational scheme for two-dimensional linear wave problems (ignore
the effects of wind stress and atmospheric pressure) is illustrated as a flow chart
shown in Fig. 1, and is briefly described in the following subsections.

Free surface boundary conditions (25) and (29) are integrated at time ¢, to
establish both the new wave height and the relevant boundary conditions on the
free surface, at a subsequent time t + At (with At being a small time step). From

the Taylor series expansion, we have

ot + AF) = B(t) + aqgi At + 82;;2” % + O(AY? (54)
for the potential, and
Clt+ AL = C(t) + ag(t I At aig ) <A2t) + O(A? (55)

for the wave height. The last terms in (54) and (55) represent truncation errors.
The first Lagrangian time derivatives of ¢ and ( can be computed from (25) and

(29). The second time derivatives are

0%¢ 0%u
ge _ _ 9, 2 %
gz = It (56)
PC 0y Dy
= 2v—=2 .
o2~ oy o (57)
Here
82u . 02¢,t i
oxot  \ 022 = Oxdy)’
¢
— —g(+2
O 96+ 2w (8 * axay)
(s
U, = —2v—-
Ox

13



5 Results and Discussions

5.1 Uniform flow over a rectangular obstacle

Here we show flow simulation results over a rectangular obstacle, to validate the
rotational part of the present model. The rectangular obstacle of height 1.4 m and
width 3 m was placed on the bottom. The inflow velocity is 1.0 m/s in the =
direction.

Figs. 3 to 10 show the developed flow velocity field. The flow separates at the
windward corner and clockwise recirculation eddies form and grow on the roof of the
obstacle. Compared to the experimental result (Van Dyke, 1982), the flow pattern

is reasonable.

5.2 Generation of surface waves by point vortex

A point vortex with constant strength I' is moving at constant velocity U in the
direction perpendicular to z axis and at a fixed distance below the undisturbed
free surface, as shown in Fig. 12. The problem is to determine the surface waves
generated by the point vortex. Utilizing this problem, we can validate the surface

wave computation of the proposed model, by compared with the analytical solution.

5.2.1 Analytical Solution

A two-dimensional coordinate system moving with the vortex is used, with the y-
axis pointing upward and the z-axis located in the undisturbed free surface, with z
positive in the direction of the vortex motion. It is assumed that the fluid is inviscid.

Formulating this problem in terms of the stream function ¢ (z,y), one has that

1 satisfy the Laplace equation

wmx + wyy =0 for Y < C(J?) (58>

everywhere in the fluid domain except at the point (0, —b) where v is required to

be logarithmicly singular. The boundary conditions are:

1. Kinematic free surface boundary condition

14



2. Dynamic free surface boundary condition

SIVUP + 0= S0 on y=C(@) (60)

3. Bottom boundary condition

kx Vi =—-Ui as y— —oo (61)

—

where k = 7 x j

4. Lateral boundary condition

ExVip=-Ui as x— 00 (62)
((z)=0 as = — o (63)

and let
Y(x,00=0 as = — (64)

Far downstream there is a train of periodic waves with unknown wave length

A

Y(z,y)=v(@x+Ny) as x— —o0 (65)

It is assumed that the point vortex is a weak disturbance so that in the neigh-
borhood of the free surface the perturbations about the uniform flow are everywhere
small, the stream function can be expanded by the regular perturbation method in

terms of a perturbation parameter e

¥ (z,y) = Uy + W + 9@ & 4 (66)

where 1™ is of O (€?). The free-surface elevation ¢ (z) has the expansion
C(a)=¢W+¢P+¢®+ .. (67)

15



and that the uniform-stream velocity U is an unknown of the problem with the

expansion (Wehausen and Laitone, 1960).

U=u+uY+u® 4 . (68)

where (™ and u™ are both of O(e?)

The first-order solution of the stream function is (Salvesen, 1969)

-T ] z eik’u
(1) - _ 4 _ : 9 —ikz
W) o Re |In(z —ib) — In(z + ib) + 2e /oo =" Z_bdu} (69)
where k = g/u? is the wave number. If we define
I(()=e B (¢ = 64/ %du (70)
—<

where E) is the exponential integral, (69) can be expressed as

P = ;—:Re [In (2 — ib) — In (= + ib) + 21 {ik (= + ib)}] (71)

Since

Re [In (2 — ib) — In (z + ib) + 21 {ik (= + ib)}],_,
= Re[In (z — ib) — In (x +ib) + 21 {ik (x +ib)}]
= 2Re [I {ik (x + ib)}]

the first-order wave elevation is

nt = _—FRe [T {ik (x +ib)}] (72)

u

The uniform-stream velocity is

1
U=u (1 + §k2a2) (73)

where « is the first-order wave amplitude far downstream

a= Ee’kb (74)
u

and

lim ¢W(z) = —asin(kz). (75)

T—r—00

16



5.2.2 Numerical results

The field length of numerical simulation was selected to be 17 m, and the water
depth is 5 m (see Fig. 13). The strength of circulation I' = 7, and the velocity
of point vortex is 3 m/s. The point vortex moved from (—6,—1.5) to (0,—1.5).
The initial condition is given analytically. The downstream boundary conditions
are assumed to be no mass flux. The boundary conditions at upstream boundary
are given from the periodic wave (75).

Figs. 14 to 16 demonstrate time histories of water elevation at various points,
where Point A is at x+ = —2.1, Point B at x = —0.1 and Point C at z = 1.9. It
has been observed that the numerical results obtained by the proposed model agree
with the the analytic solution very well. Figs. 17 and 18 are the velocity vector plots

at time = 1.0 sec. and 1.7 sec., respectively.

5.3 Linear wave over a rectangular obstacle

The rectangular obstacle of height 0.125 m and width 0.25 m was placed on the
bottom. The water depth is 0.25 m. Linear wave of amplutide 3.2 cm and period 1.5
sec. were generated. 180 panels with width 0.0125 m were placed on the boundary.
Time interval of computation is 0.001 sec.

Figs. 19 to 28 demonstrate the instantaneous vortex particle paths and the corre-
sponding velocity vectors. These figures show that when a wave crest arrives in front
of the obstacle, vortices starts to form above the front corner of the obstacle. These
vortices propagate to the downstream and form a larger eddy behind the obstacle,
and interacting with the vortices formed from the back corner of the obstacle due

to the change of velocity direction.

6 Conclusions

In this study, a grid-free numerical model combining potential and vortex flow fields
for the simulating of gravitational water wave with vortex effect is proposed.

Two cases are applied to validate the proposed model: uniform flow over a
rectangular obstacle, and the generation of surface waves by point vortex. Good
agreements are found in the water elevation and vortex patterns between numerical

and experimental/analytical results. The flowfield of vorticity shedding due to the

17



rectangular obstacle in the linear wave is simulated. These results show the ability

of the proposed model for the simulations of free-surface flows with vortex effect.
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Input data and data preparation.

1. Time Integrations of ¢, and (.
Solve ¢ and ( on the free surface.

2. Vorticity Transportation.
Perform Euler convection and
viscous diffusion of core radius

of all discrete vortices.

3. Vorticity Creation and Shedding.
Evaluate the vorticity on boundaries.
Shed the discrete vortices into flow field.

4. Potential Flow Computation.
Solve the Laplace equations:

Vzgf) =0 and Vzgf)’t = 0.

Advance time by At.

Figure 1: Flow chart for numerical methods
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Figure 2: Definition sketch for water wave problems.

U=1.0, B=3.0, H=1.4, Re=1000000

Time = 1.0 sec.

Figure 3: Numerical simulation of a uniform flow passing a rectangular dike (time
= 1.0 sec)
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U=1.0, B=3.0, H=1.4, Re=1000000

Time = 5.0 sec.
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Figure 4: Numerical simulation of a uniform flow passing a rectangular dike (time
= 5.0 sec)

U=1.0, B=3.0, H=1.4, Re=1000000

Time = 10.0 sec.

Figure 5: Numerical simulation of a uniform flow passing a rectangular dike (time
= 10.0 sec)
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U=1.0, B=3.0, H=1.4, Re=1000000

Time = 15.0 sec.

P e ) 5

Figure 6: Numerical simulation of a uniform flow passing a rectangular dike (time
= 15.0 sec)

U=1.0, B=3.0, H=1.4, Re=1000000

Time = 20.0 sec.

Figure 7: Numerical simulation of a uniform flow passing a rectangular dike (time
= 20.0 sec)
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U=1.0, B=3.0, H=1.4, Re=1000000

Time = 25.0 sec.

Figure 8: Numerical simulation of a uniform flow passing a rectangular dike (time
= 25.0 sec)

U=1.0, B=3.0, H=1.4, Re=1000000

Time = 30.0 sec.

P T TN T

Figure 9: Numerical simulation of a uniform flow passing a rectangular dike (time
= 30.0 sec)
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U=1.0, B=3.0, H=1.4, Re=1000000

Time = 40 sec.

G

Ny 2 e s

Figure 10: Numerical simulation of a uniform flow passing a rectangular dike (time
= 40.0 sec)

Figure 11: Experimental result of a uniform flow passing a rectangular dike (Van
Dyke, 1982)
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Figure 12: Schematic diagram of the surface wave generated by a point vortex
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Figure 13: Setup of the simulation of surface wave generated by a point vortex
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Figure 14: Time histories of water elevation at point A
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Figure 15: Time histories of water elevation at point B
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Figure 16: Time histories of water elevation at point C
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Figure 17: Velocity vector plot at time = 1.0 sec.

Figure 18: Velocity vector plot at time = 1.7 sec.
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Figure 19: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 0)
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Figure 20: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 1/10)
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Figure 21: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 2/10)
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Figure 22: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 3/10)
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Figure 23: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 4/10)
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Figure 24: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 5/10)
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Figure 25: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 6/10)
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Figure 26: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 7/10)
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Figure 27: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 8/10)
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Figure 28: Wave over a rectangular dike: instantaneous particle paths and velocity
vectors (t/T = 9/10)
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