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Introduction

“* Vector rotation is the kernel of various digital signal
processing (DSP) applications, including
“ Digital filters:
» Orthogonal digital filters, and adaptive lattice filters.
** Linear transformation:
» DFT, Chirp-Z transform, DHT, and FFT.

“* Matrix-based digital signal processing algorithms:

» QR factorization, with applications to Kalman filtering and QR
decomposition (QRD) based adaptive filtering.

“* Linear system solvers
» such as Toeplitz and covariance system solvers,...... ,efc.
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Rotational Operation

T out cosf —sinf Tin | A Tin
= f— R -
Yout sinff  cos® Yin
A
(xOMf’yOth)

=

(X in 4 in)

Rotational Circuit
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Digital Lattice Filter

% Low-sensitivity to coefficient quantization error
% Smaller dynamic range

Output ; :
« «——— - - ——— - - <

Input N E ; E
i — = = *—E :"' - = o

Lattice i Lattice | Lattice
———» Module [»z'[» == » Module »z'[» == > Module
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Normalized Lattice Section

+» Givens Rotation

i Lattice Module

ZLIJ:,.;_](Z) »1.!'1 — k‘,_? —k:,.; \IJ:_.;(E)
W3 (2) ki 1=k Vi 1(2)
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Fast Fourier Transformation

4-point DFT
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Fast Fourier Transformation

+»» Twiddle factor

—q T
Wﬂk — e J(2mnk/N)
A 4 -
=e ¥ =cosy+ jsingy,

G=S8 -WW¥ = (s,4+7-5;)-(cosp+ jsing)

= (8, - cosp — 8; - sinp) + j (8, - sinp + s; - cos ) .

Or cos@ —sing S

g; singp  cos S;
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Outline
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Basic Concept of CORDIC Operation

“+*To decompose the desired rotation angle (&) into
the weighted sum of a set of predefined elementary
rotation angles (9 (i), 1=0,1,2,...//)

“*Such that the rotation through each of them can be
accomplished with simple shift-and-add operation.
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Conventional CORDIC Algorithm
x(i+1)| |cosa —sma || x(i)
yi+1)| |sina cosa || y(@)
x(@+1) | » 1 —tana | | x(7)
i+ o Tana 1 | v06)

{x(i+l)}: 1 - U2"! {x(i)}
yG+ | |27 1 [Ly@)

where (@, =tan™ (27" = [/ tan™' 27)
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Conventional CORDIC Algorlthm |

“+ Ease-to-implementation (shift-and-add only)

----------------------------------------
0000

---------------
¢‘ Ye

— - * — - — - — -
n

Loyt 1 1 -2 Lin ,f"_\. 1 :f:m,r.f,
V1 +27% —1q :_ 14272 .
Yout : 27" 1 UYin : : Yout

---------------------
-----------------------------------------
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ACCESS IC

CORDIC

Iteration Index

Elementary Angle

Value in Radius

i —
i —

i —

7 = .
1 = 4
7 =i
1 =06

g =

a(0) = tan—1(279)
a(l) = tan—1(271)
a(2) = tan"1(272)
a(3) = tan—1(273)
a(4) = tan—1(27%)
a(5) = tan—1(27°)
a(6) = tan—1(279)
a(7) = tan"1(277)

0.785398
0.463648
0.244979
0.124355
0.062419
0.031240
0.015624
0.007812

Conventional CORDIC with N=I7=8

CHE X Fs
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Conventional CORDIC Algorlthm

e Sequentially performing of sub-angles, a(i)

Eucome 26| Sl 4l ={1-)

< Example:
% Rotation angle: 6 = /8 = 0.3927

V(3? ..........
= 1(0)a(0)+ (1)al1) %U

*u2)a(2)+ p3)al3) o — ve
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Generalized CORDIC

Circular .| v _. Vi)
o V(3)- v
il V(4) ......................
"""" - V(@)
V(0) >
BRSS! Linear
[ __2.'.'[0. 1) nt = ()
ﬂm[f} = -.,'l':? ‘li]n_l[‘l.,llp” E—Ifm.fjl _ .tan‘]z_-"'[l-'.] w1
.............. _ 2V(3 tanh 12750 =
............. V(Z)
| e V() m -0, Linear system ;
........... - ... V(0)
.......... m=1, Circular system ;

Hyperbolic R m=-1, Hyperbolic system.
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Summary of CORDIC Algorithm

“+» Both micro-rotation and scaling phases

% Initialization

Given z(0),y(0), and z(0)
% Micro-rotation phase
FORi=0to N —1

z(i+1) | 1 —pu(i)27! x(7)
i =L P[00
% Angle updating
z(i + 1) = z(3) — p(i)a(i), where a(i) = arctan(2~%)

END
% Scaling phase

[E ] =P[ ’) ] B H:?i;ljw [ ’) ]
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Modes of CORDIC Operations

% Vector rotation mode (& is given)
T
% The objective is to compute the final vector [xf’y f]

% Usually , we set z(0)= 6

2(0)-z(N)=8-z(N)= Z Ha @)
z(V)| - 0 after the N-th iteration

Rotational Sequence v

M= sign of z(i)

CAE T3 ke pp. 17
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Usage of Vector Rotation Mode

* In below situations, one may choose to evaluate angle by
computing the rotational sequence in advance (off-line).

<+ For many DSP problem, 6, is know in advance (e.g., twiddle factor)

<+ The same @ will be used over and over.

< Store the corresponding set of Y;, instead of €. in the memory.

“ A particular advantage is that there will be no need to implement
the angle updating formula resulting in a one-third cost saving of
hardware.

Zinw =2~ Ha,(i)

ST £ FH pp. 18
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Modes of Operations (cont’d)

< Angle accumulation mode (9
IS not given)

“* Objective is to rotate the
given initial vector [x,,,]"
back to x-axis, and the angle
can be accrued.

V(O) [X 09 yo] !

L X-axis

“» Set z(0) = 0;
** Rotational Sequence
“* Wi = - sign x(1)y(1)

CHE X Fs

\ SN

V(l)
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Rotational Sequence 4 v.s. {4

% The selection criteria for U, are:
_{ sign of z(i) vector rotation mode

—sign of x(i)* y(i) angleaccumulation mode

** Note that the set of {,Ul-;i =0fon —]} can be regard as an

alternative representation of the rotation angle 4.

** Hence, even in the angle accumulation mode, often it is not
necessary to explicitly compute &

ST £ FH pp- 20
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Basic processor for Micro-Rotation

R

X-Reg X-Reg Y- Reg Y-Reg
- V
[ Barrel Barrel ]
shifter | | shifter
y y Y v y
mux mux mux mux

CHE X Fs

a(N-1)

¥

a(0 Z-reg
|

\4
Z(i+1)

| signof z(f)
=1 ign of (i) (i)

pp- 21



A C CE S S I C Graduate Institute of Electronics Engineering, NTU
[~ T —

Scaling Operation

“* Scaling operation is used to maintain the
“norm” of the original vector

Ay

—1

R, —1 V(1)
p:(H \/1+2—93ﬁ}) .

1=
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Conventional Scaling Operation

RH.—-1 g % 1 — E
Type 1 P = kj 279 ’ Pl
jgﬂ \\’ /
R.—1 ,\
Type Il P = [] (1+4k-27%),
j=0 1
SQNR(dB) =10 - log (—) .
r) P\ +&
(
#(G+1) = #() +k; 279 - 2(Rm)
Type I: <
k gy +1)=90) +k;j-27% - y(Rm)
f
T(G+1)=2(5) +k;-27% - E(j)
Type II: <
g +1) =90) + ki -27% - 5(5)
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Selective Scaling Operation

“» Combine Type-l and Type-Il scaling operation by
featuring
< Complementary distribution
% Off-line operation

! ! ! 1 1 ! ! !
X EEEDOCERDO O OGO O~ 0~ OO0 OO O 0 O 0D
] ] | 1 1 ] | | 1
0 0.1 02 0.3 0.4 05 06 0.7 0.8 0.9 1
(a)
! ! | 1 1 ! ! | 1
X @ o) 0 - OO0~ 000 O OElD O O DT NN
1 1 | 1 1 1 | | 1
0 0.1 02 0.3 0.4 05 06 0.7 0.8 0.9 1
(b)
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1/ 1/
¥ >
X ¢ Ye

CHE X Fs

Typel:
x'(G+1) =x'() +27" x(n)
IGRVESUORPASIO)

Type?2:
x'(G+1) =x'(G)+27 x'(n)
V(i +1) =y (i) +27y' (n)
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Advantages and disadvantages

-Simple Shift-and-add Operation.
(2 adders+2 shifters v.s. 4 mul.+2 adder)

-Small area.

-It needs n iterations to obtain 7-bit precision.
-Slow carry-propagate addition.

-Area consuming shifts (Barrel Shifter)

ST £ FH pp. 26



ACCESS IC

Enhancement of CORDIC

“» Architecture
“»Pipelined Architecture
“*Faster Adder (CSA)
“* Algorithm
“*Radix-4 CORDIC
+*MVR-CORDIC
+EEAS-CORDIC
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Pipelined architecture

“» Expand folded CORDIC processor to achieve the
pipelined architecture

* Shifting can be realized by wiring

Processors for scaling operation

Processors for micro-rotation

M A
f 5 - Y
&[0 *R ) =
— I-st —* —* R -th —— ™ (R+l)}th [* — R_-th SALTA
0 MVR-CORDIC | = = = « |MVR-CORDIC R} MVR-CORDIC | = = = « |MVYR-CORDIC
L Processor L —p  Pmcessor |l Processor | —w  Processor ViR
I
{a)
x10) iR
- 1-st i =] =} ™ H.ul-_m ) _-'I.I:_il {Rul-'hl:l_ﬂ-I ~ f=] f=] * RI.-'H'I- -—h-x r':l
0 MVR-CORDIC il- - -§| MWVR-CORDIC §| MVR-CORDIC | [3F = 43| | MVR-CORDIC
MO Processor | » Processor |l s Processor [ "l Processor FiR)
- . .—..
(h)

I N N e
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Faster Adder (CSA)

sign -
T + sum| ——>[ 4 |sum [+ Slqn
far G 1
3| + > T3 + /_4 + -
N > T + > + >
Ripple Adder CSA VMA

and its sign calculation and its sign calculation
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Critical Path of CSA

¢ In on-line approach, we want to get sign bit as soon as possible !

*» Redundant Number System to be used to obtain the sign bit quickly

sign sign
/) /3
:_'_, +/_; =+ > :_: +/_; >
T+ >| 4 > T+ > >
CSA VMA CSA VMA

RNS
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Radix-4 CORDIC

“* Reduce lteration Numbers
“*High radix CORDIC.(e.g. Radix-4, Radix-8)

* 1 stage of Radix-4 = two stages of Radix-2
“»Faster computation at higher cost

“* Employ the Radix-4 micro-rotations to
“*Reduce the stage number.

% But K, may not be constant.

n—1
K, =[] Ji+mp? a0 p={0x1,%
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Outline

*» Introduction
“» Conventional CORDIC Algorithm

< Enhancement of CORDIC
v Modified Vector Rotation (MVR)-CORDIC Algorithm
< EEAS-Based CORDIC Algorithm

“* Vector Rotational CORDIC Family
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Modification of CORDIC Algorithm

“* Skip some micro-rotation angles

“* For certain angles, we can only only reduce the iteration
number but also improve the error performance.

** For example, 6=174

(" Conventional /_I:[l, -1, 1, 1, 1, ]
CORDIC
£ =7.2%107

MVR-CORDIC Z=[1, 0, 0, 0, 0, -]
£=0

ST £ FH pp.- 33
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Modification of CORDIC Algorithm

** Repeat some micro-rotation angles

“+» Each micro-rotation angle can be performed repeatedly

“* For example, 6 =172: execute the micro-rotation of a(0) twice

% Confine the number of micro-rotations to R,

** In conventional CORDIC, number of iteration=W
% In the MVR-CORDIC, R, << W

“ Hardware/timing alignment

ST £ FH pp. 34
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Modification of CORDIC Algorithm

«» With above three modification

Ry —1

0= a(i)f(s(i) + &m,
i=0

where

= s(i) 0 {0, 1, 2, ..., W} is the rotational sequence that
determines the micro-rotation angle in the it iteration

= a(i) O{-1, 0,1} is the directional sequence that controls the
direction of the it micro-rotation

ST £ FH pp- 35



ACCESS IC

CORDIC

[teration Index

Elementary Angle

Value in Radius

P =
1 =1
P =
1=
P =
1=
1 =06

73 =

a(0) = tan—1(27°)
a(l) = tan—1(271)
a(2) = tan—1(272)
a(3) = tan—1(273)
a(4) = tan—1(27%)
a(5) = tan—1(279)
a(6) = tan—1(279)
a(7) = tan—1(277)

0.785398
0.463648
0.244979
0.124355
0.062419
0.031240
0.015624
0.007812

Conventional CORDIC with N=I7=8

CHE X Fs

pp- 36



ACCESS IC
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(a) Conventional CORDIC with N=I=4
(b) MVR-CORDIC with W=4 and R =3
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Summary of MVR-CORDIC Algorithm

“»» Both micro-rotation and scaling phases

% Initialization

Given z(0) and y(0)

% Micro-rotation phase
FOR+=0to R, — 1

[t )= Lo ™ 0]

END

% Scaling phase

[W]:P[ﬂﬁm)]: 1 lﬂf(Rm)]
yf y(Bm) 1Rt /1 +2-20) [ Y(Im)

ST £ FH pp. 38
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VLSI Architecture

¢ |[terative structure

C ROM & C
Control Unit
0 x(ior X¥(j) y(i)or y(j) 0
| (i) |
R or | i
¥ ¥ r 4 h 4 v
= MUX Barrel Shifter | Barrel Shifter MUX -
N 2 ) R A v
o, : | : -
P ; : y()
o \‘L O
}\ MUX M LIX /:
C

or \/
ki \ Adder

Subtractor

Adder
Subtractor

x(i+1), or X(j+1) y(i+1), or ¥(j +1)
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Outline

*» Introduction
“» Conventional CORDIC Algorithm

“* Enhancement of CORDIC
“* MVR-CORDIC Algorithm
v EEAS-Based CORDIC Algorithm

“* Vector Rotational CORDIC Family
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Extended Elementary Angle Set (EEAS

“* Apply relaxation on EAS of

Sy = {tan—l (r:r.* - 2—3’) ca* € {-1,0,1}, s* € {0,1,---, N — 1}} .

“* EAS is comprised of arctangent of single singed-
power-of-two (SPT) term

 Effective way to extend the EAS is to employ more
SPT terms

S = {tan_l (r}fﬁ 2750 4+ af - 2_”;) :

ap, oy € {—1,0,1}, 85,87 € {0,1,--- W —1}}.

CAE T3 ke pp.- 41
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Example of EAS and EEAS
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Elementary Angle

Value in Radius

Elementary Angle

Value in Radius

-0.785398
-0.463648
-0.244977
0.0

r(5) = tan~1(272)
r(6) = tan~1(271)
r(7) = tan=1(270)

0.244979
0.463648
0.785398

(a)

Value in Radius

Elementary Angle

Value in Radius

tan~!(—270 — 271
tan~!(—270 — 27%)
tan~!(—270)
tan~!(—271 — 272)
tan~'(—271)
tan~!(—272)
tan—1(0)

-1.107149
-0.982793
-0.896055
-0.785398
-0.643501
-0.463647
-0.244979
0.0

0.244979
0.463648

r(11) = tan= ' (271 +272) | 0.643501

0.785398
0.896055
0.982793
1.107149

Example of elementary angles of (a) EAS S,, (b) EEAS S,,

with wordlength W/=3.

CHE X Fs
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Constellation of EEAS

0.5

ob- ol

05 0.5

1t -1
4 -05 0 05 1 4 05 0 05 1

@ )

Constellation of elementary angles of (a) EAS S,,
(b) EEAS S,, with wordlength W=8.
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Summary of EEAS Scheme

“»» Both micro-rotation and scaling phases

% Initialization

Given initial vector of [2(0), y(ﬂ)}
% Micro-rotation phase

[ z(j +1) ] B [ 1 | —ap(j) - 27%00) — @y (j) - 2720 ] [ z(j) ]
yG+1) |~ | ao(j)- 9-50(j) + ay(j) . 9—s1(j) 1 y(j)
END
% Scaling phase

Tf :p[ (Rm)]_ . [m(Rm)]

v y(Rm y(Bom)

\/1+[ﬂ, . 9-50(J) +ﬂ*1() g—sl(j)f

S E XX K pp. 44
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VLSI Architecture

* lterative structure for one-stage rotational operation

ROM &
Control Unit
x(i) or ¥(m) ‘ y(i) or ¥ (m)
5,00 EX0) I A ENEY
or or or ar

ﬂ\x

MU){ — Mux "5

C C
Adder / </ \ Adder/
Subtractor ayii), o) Subtractor
or

S / b (my, K (m) S
Adder / + Adder /
Subtractor Subtractor
x(i+1) or X(m+1) y(i+1) or ¥(m+1)

FAEE TR KR pp- 45
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Comparison of Rotation Schemes

Algorithm (R =2, R,=2)

Hardware Full Adder SQNR
Requirement| (FA) Count |Performance

Direct Implementation 4 g/l Xléldpgfsr& 1,056 98.7dB

Conventional CORDIC About
Algorithm 43 Adders 688 97.4dB

Angle Recoding (AR)

Technique (R, =6, R.=6) 24 Adders 384 93.3dB
EEAS-based CORDIC | sy 4401 256 95.1dB

Comparison of existing approaches/algorithms performing
vector rotation in 2D plane, where the wordlength, W, is 16.

CHE X Fs
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Outline

*» Introduction
“» Conventional CORDIC Algorithm

*s» Enhancement of CORDIC
“* MVR-CORDIC Algorithm
“» EEAS-Based CORDIC Algorithm

v Vector Rotational CORDIC Family
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Family of Vector Rotational CORDIC

Algorithm

Vector Rotation Rotation Elementary Miero- Angle Quantization
Algorithms Sequence Angle Set | rotations 0; Na
CORDIC W
pe{-1, 1} EAS S Complete 0; = pli)a(i)
Algorithm Fixed
Angle Recoding o N’
' " pe{-1,0,1} | EASS, | Selective || 6; =tan! (af(i) - 2725()
Technique Variahle
MVR-CORDIC , Ry
ae{-1,0,1} EAS & Selective || 6; =tan' (i) - 2_23{*})
Algorithm Fixed
EEAS-based ag, o #; = tan~! (aﬂ[i) . 2~ 2s0(i) R,
FEAS 8 Selective .
CORDIC Alg. e{-1, 0, 1} + aq (i) - 2720(0) Fixed
Generalized g, v, g | EEAS 8y f; = tan~! (rx{}[i} .9 2s0(d) R,
Selective .
EEAS Alg. e{-1,0, 1} d>3 ot g (6) - 272a-1) | Fixed

CHE X Fs
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Set Diagram of VR CORDIC Family

*+ Relationship among members in Vector Rotational
(VR) CORDIC family can be represented as

Generalized EEAS Scheme
EEAS Scheme

AR Technique

MVR-CORDIC

Algorithm

ST £ FH pp. 49
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Angle Quantization

“» Approximation is applied on “ANGLE”
*» Decompose target angle into sub-angles

A Na—1
f’m =0 — Z Ht-‘l:«
=0

da

ST £ FH pp. 50
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Angle Quantization (Cont.)

\/

% Two key design issues in AQ process

1) Determine (construct) the sub-angle, and each sub-angle
needs to be easy-to-implementation in practical
Implementation.

2) How to combine sub-angles such that angle quantization
can be minimized.

0=~6,+60,+.40y
I

~ TN
Rotation Rotation Rotation
X module # 0 module # 1 module # N,-1 Xour
—» —» > e o ® ® —» —»
v, of subangle of subangle of subangle Voo
0, 0, 6 Nyl
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Angle Quantization (Cont.)

“ AQ process is conceptually similar to Sum-of-Power-
ot Two (SPT) quantization

x(n) D D D D ceee x(n-k)

CAE T3 ke pp. 52
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Angle Quantization (Cont.)

“» Correspondences between AQ process and SPT
(CSD) quantization process

Canonical Signed Digit
(CSD)

Angle Quantization

(AQ)

Target of Approximation
Basic element
Basic operation
Approximation equation

Coefficient, hy,
Non-zero digit, 27
Shift-and-add operation

- Np—1 i

Rotation angle, 6
Sub-angle, 6;
Shift-and-add operation

= Na—1,

CHE X Fs
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Conclusion

*+ Rotational Engine plays an important role in modern
DSP systems

“* The conventional CORDIC is an interesting idea to
reduce VLSI hardware cost in implementing the
rotation operation (as well as other arithmetic
operations).

“* The idea of Angle Quantization is firstly introduced in
Ref. [4,5]. It is analogous to the SPT concept in
gquantizing floating-point numbers.

“* Most CORDIC-related algorithms can be explained
using the AQ design framework
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