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ABSTRACT

Over the last decade, the potential of micro-miniaturization of analytical procedures
has been explored with the maturity of MEMS technology. Several sequential
experiments steps are integrated into a single automated process. These microfluid
chips can be applied to perform chemical reactions, mixing and separations,
biological detections, medical testing, and environmental monitoring, etc. The present
study is aimed at investigating theoretically the mass transfer and separation driven by
an electroosmotic flow (EOF) in a micropipette.

Many researches about electrical double layer (EDL), EOF and Taylor dispersion
have been published over the past five decades. However, the combination of a time
periodic EOF and the phenomenon of Taylor dispersion is first investigated

systematically in the present study.

A complex variable approach is used to solve analytically the solutions of the
velocity profile, the concentration distribution, and the mass flow rate. The results
show that the enhancement of mass transport rate, R,, arises first and then descends -
with the increase of the frequency of the electrical field applied. Parametric studies

2 2

. 1 7, r,
uncovered that three time constants, tw=—, tv=->,and tD, =
@ v

together

n

with the three eigenvalues in the governing equationsQ2, QS,,and K play
significant roles in the process of mass transfer. The effects of Schmidt number, S,
the thickness of EDL, K, Reynolds number, R,, the electrical potential on the
surface of the micropipette, ‘P,, and the intensity of the applied electrical field, E;
on R, are systematically analyzed and discussed. It is also shown that at low
frequency the oscillating EOF is conducive to the separation of species.
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CHAPTER 1
INTRODUCTION

1-1 Fundamental Physics

The development of lab-on-a-chip Microfluidics has been a major area of interest to
the analytical community for some years already [1~5]. The enhancement of
lab-on-a-chip technology makes the tests and experiments of chemical, biomedial, and
environmental systems faster, more accurately, and cheaper. It is thus worthwhile to
develop better approaches offered in these chips.

Here we analyze an electroosmostic flow (EOF) in microchannels which can be
used in these chips. The relationships of EOF in a circular capillary tube as well as the
mass transport of a neutral solved species and separation of two non-interactive
neutral species in the tube are the focus of our research.

Before constructing the physical model, certain fundamental physics, e. g,
electrical double layer (EDL), electroosmotic flow (EOF), and Taylor dispersion
related to the present study will be briefly discussed first in the following.

Electrical Double Layer [6, 7, 8] and Electroosmosis

Generally, most substances will acquire surface electric charges when they are
brought into contact with a polar medium. Some of the charging mechanism include
lonization, ion adsorption, and ion dissolution. The surface charges influence the ion
distribution in the polar medium, forming the electrical double layer (EDL). The
formation of EDL is because some species in the polar medium may have preference
for being near the surface. Ions of opposite charge (counter-ions) to that of the surface
are attracted toward the surface while ions of like (co-ions) charge are repelled from
the surface. The attraction and repulsion then leads to EDL. Therefore, the EDL
means the separation of charges that occurs at the interface between two phases, and
the EDL is viewed as the phenomenon of boundaries. And why it is called EDL is
because it consists, ideally, of two regions of opposite charge.

There are many models and theories provided to describe EDL (See Appendix A ).
A more elaborate theory called Gouy-Chapman-Stern theory or Stern’s theory is
proposed by Stern in 1942 [6, 7]. It is the most used theory to explain the




phenomenon of EDL. Here we introduce it briefly. In Gouy-Chapman-Stern theory,
shown in Fig. A.2-1, the problem is alleviated by dividing the charge into two regions:
one is the compact or inner layer, and the other is the diffuse layer. The compact layer
is very close to the wall, while The diffuse layer is further out from the wall where
Poisson-Boltzmann equation (See Appendix B ) may be expected. Because of the
interactions of forces between molecules, ions in compact layer are strongly attracted
to the wall and are immobile, but they are mobile in diffuse layer.

Stern Plane or OHP
Surface of Shear

o ®
@

IO
®

-1 - .
Compact Diffuse Layer
Layer

Fig. A.2-1 Structure of EDL established by Guoy-Chapman-Stern therory
(After [6, 7])

Now an external tangential electric field is applied to electrical double layer. Inside
EDL, the applied electric field can produce a small change in velocity over EDL, and
thus a shear stress or velocity gradient at the surface can produce electrokinetic effects.
That is, when mobile portion of the diffuse double layer and an external electric field
interact in the viscous shear layer near the charged surface, the electrokinetic effects
will arise. Helmbolta-Smoluchowski equation is the formula for the electroosmotic
velocity past a plane charged surface. This is the most general theory to estimate the
velocity at the “edge ” of EDL and means it “slips” at the wall. (See Appendix A)

Electrokinetic effects contain four phenomena: electrophoresis, electroosmosis,
streaming potential, and sedimentation potential. [7, 8] (See Appendix A ). Here we




focus on the explanation of electroosmosis.

Electroosmosis describes the motion of fluids with respect to a stationary charged
surface by an external electric field. When an electric filed is applied, an electrical
body force is exerted on the excess counter-ions in the diffuse double layer of the
EDL. The ions will move under the influence of the applied electric field, pulling the
fluid with them. The fluid movement is carried through to the rest of the fluid by
viscous force, resulting in an electroosmotic flow (EOF). [9, 10] .

The phenomenon of EDL is usually neglected in macroscale fluid mechanics
because the thickness of EDL ranges from a few nanometers up to several hundreds of
nanometers. It is too thin to consider. However it can not be ignored in microscale
systems. Due to the mobile ions in EDL under an applied electric field, the fluid will
be driven. As a result, we use EOF as the driving force in our system.

Taylor Dispersion
G L. Taylor [11~14] first analyzed the dispersion of one fluid injected into a circular
capillary tube in which a second fluid was flowing. The two miscible liquids are
contacted and mixed in a flow. So the miscible dispersion is called Taylor dispersion.
Taylor dispersion is caused by the coupling of diffusion and fluid flow. It can
frequently be described by the same mathematics used so effectively for diffusion.
However, they have much different physical origins. Here we illustrate the
mechanism of Taylor dispersion.
But we should know the assumptions made in Taylor’s experiment first:
The solutions are dilute.
The flow is laminar.
Mass transport is mainly by radial diffusion and axial convection. Other transport

mechanisms are negligible.

As shown in Fig. 1.1-1 (Nunge & Gill, 1969, when a patch of solute A is injected
into a fully developed laminar flow of a solvent B at ¢, = 0), the dispersion of A into
B takes place by pure axial molecular diffusion at very short time. This type of
dispersion is very short and we have no interest in it.

As time is greater, ¢, > 0, axial convection starts to distort the solute patch into a
parabolic shape because of the parabolic velocity field.

However, it is clear that axial convection establishes a radial concentration gradient.
Thus at higher time, ¢, > ¢,, radial molecular diffusion contributes to the dispersion
process. At the front end of the patch, solute A in the center of the tube tends to
toward the wall, thereby slowing the front end down. On the other hand, at the rear




end of the patch, solute A near the wall of the tube tends to diffuse toward the center
simultaneously, thereby speeding the rear end up. The radial diffusion thus inhibits the
dispersion induced by the axial convection. That is, the net effect of radial diffusion is
to compress the mixing zone, which axial convection is to elongate. The result is

therefore that there is a mixed zone of varying concentration.
As time goes on, ¢, >1,, the mixed zone becomes more uniform. Finally at still

larger time, ¢,, a quasi-equilibrium is established. Here, convection, radial diffusion,
and axial diffusion all contribute to the dispersion. With a further increase in time, the
effect is only to increase the length of the mixed zone. Again, the type of dispersion is

out of our interest.

- Solute- Pure A
-E)_ 1_ _& E Solvent- Pure B
V7] Mixed Aand B

tA(Iorge)

Fig. 1.1-1 Schematic of Taylor dispersion (after Nunge & Gill 1969)

The process of Taylor dispersion between ¢, and ¢, is much similar the
mechanism of mass transport in our system. We then accept his points and use them to

explain the mass transfer in the research.




1-2 Motivation and Objectives

Over the last decade, the potential of micro-miniaturization of analytical procedures
has been explored with the maturity of MEMS and will play an important role on
biochemical experiments. Several sequential experiments steps are integrated into a
single automated process. This leads to the growth of the lab-on-a-chip technology. It
means the entire laboratory is crammed on to a chip by the technology. These
microfluid chips can be applied to perform chemical reactions, mixing and separations
[15, 16, 17], biological detections, medical testing, and environmental monitoring, etc.
Because of the micro-scale, the surface-to-volume ratio is so great that the reagents
acted on the experiment decrease. In combination with software, the analysis on these
chips lower sample consumption, reduce cost, save experimental time, and increase
data precision. The practical applications of lab-on-a-chip developed include, for
example, biosensors for clinical detections, the control and optimal systems of
chromatographic separations [18, 19], DNA analyzers based on capillary
electrophoresis, portable equipment for “point-of-care” monitoring to remote
healthcare of patients [4], and so on.

So far, capillary electrophoresis (CE) and capillary electrochromatography (CEC)
are used mostly in the present approaches of separation in microfluidic chips. In order
to offer a different method and to increase the efficiency and fasten the entire process
during the separation on biological molecules, the usage of oscillating electroosmotic
flow is proposed to enhance mass transport of solute and separation between different
species. As a result, this research is aimed at investigating theoretically the physics
and phenomena of mass transfer and separation of species by pulsatile electroosmotic
flow. The effects on the mass transfer and separation of species due to various
conditions will be studied systematically. The results will be helpful for the design of
biochips. Also, the research is significant and has challenges theoretically.




1-3 Background and Literature Review

Although researches about the mass transport and separation of species enhanced
by oscillating electroosmotic flows cannot be found so far, a number of discussions
and applications about electroosmotic flows and pressure- or wall-driven oscillating
flows to improve the mass transfer and separate species have been published in the
past five decades. We then describe briefly the background and applications of these
two fields.

Electroosmotic Flow

Researches of EOF in the early days focused mostly on the basic phenomenon of
flow in a simple geometric channel, e.g., a straight cylindrical tube or two parallel
plates. Recently, the further effects of inertia forces, pressure forces, and non-uniform
zeta potential, accompanied with heat transfer, are considered. And the geometries of
pipes are more complicated, for example, T-shape, U-shape, and so on. Unsteady EOF
was also the points in recent researches.

Pressure-driven fully developed flows and heat transfer under electrokinetic effects
in microchannels were discussed in 1997 and 1998. Mala et al. analyzed them in
microchannels of two parallel plates theoretically and experimentally [20, 21] and
Yang et al. in rectangular microchannels [22]. They researched streaming currents and
streaming potentials caused by the interaction of EDL and the flow and then an
inverse conduction current was induced. Later R-J Yang et al. investigated
electroosmotic flows from entry region to fully developed region in microchannels of
two parallel plates and 90° bend [23, 24] in 2001. It was found that the entrance length
of EOF was long than the one in the flow driven by pressure; And the thickness of
EDL in the entry region was thinner than that in the fully developed region. On the
other hand, in a research by Santiago, the effects of finite inertial and pressure forces
in electroosmotic flows in two-dimensional microchannels was focused on in 2001
[25]. The flow was driven by pressure in addition to an impulsively started electrical
field. In this research, the flow was divided into two regions: one was an inner region
dominated by viscous and electrostatic forces and the other was an outer region
dominated by inertial and pressure forces.

Effects of surface heterogeneity are also important phenomena in electroosmotic
flows. They are used to enhance the efficiency of mixing. Stroock et al. presented
EOF with patterned surface charges in rectangular microchannels in 2000 [26]. The
directions of variation of the patferned surfaced charge were two: along the direction
perpendicular to the electrical field and the one parallel to it. When the variation was

parallel to the electrical field, a recirculating cellular flow was generated. Their results




demonstrated EOF would be induced by the surface patterned with charges. Ren,
Escobedo and Li analyzed EOF in heterogeneous cylindrical microchannels [27] and
developed a mixing process with one solution displacing another solution [28].
Further they used the circulation discussed by Stroock et al. to enhance the mixing of
species in a T-shaped micromixer [29]. EOF with random zeta potential in a
cylindrical capillary tube was studied by Gleeson [30]. The random zeta potential
caused a plug flow of the mean velocity in the axial direction, like the results found
by Stroock et al.

The electroosmotic flows mentioned above mostly are in steady state. However the
unsteady EOF is more general in applications. S6derman and Jonsson investigated
velocity profiles in different geometries with both temporal and spatial resolution in
1996 [31]. The electric field is applied as a step-function. Gonzalez el at. discussed
EOF induced by non-uniform AC electric fields in electrolytes on microelectrodes [32,
33]. The non-uniform field was generated by the electrodes interacting with the
suspending fluid. Butta et al. solved the analytical solution of time periodic EOF in a
two-dimensional straight channel [34]. Their results were compared to Stokes’ second
problem and found that they are much similar except near the wall. Erickson and Li.
developed the steady time periodic velocity profile of EOF based on a Green’s
function formulation in a rectangular microchannel [35]. The oscillating laminar
electrokinetic flow in infinitely extended circular microchannels was published by
Bhattacharyya, Masliyah, and Yang [36]. A periodically external electrical field was
applied to drive the flow. And the solution can be applied in EOF or in streaming

potentials.

Dispersion and Pressure- or Wall-Driven Oscillating Flows

A pressure- or wall-driven oscillating flow in a channel can enhance the mass
transport of species filled in the channel. The mechanism to improve the transport is
similar to dispersion. We then discuss dispersion first.

Dispersion of soluble matter in solvent flowing slowly through a tube was first
described in laminar and turbulent flows by Taylor in 1953 [11, 12] and by Aris in
1955 [14]. The famous phenomenon was called Taylor dispersion. He discussed the
unclear descriptions in Griffiths’ paper and supposed that a soluble substance spread
out under the combination of molecular diffusion and the variation of velocity over
the cross-section. A coefficient governing the dispersion, which was similar to a
diffusion coefficient, was then derived. He then derived the condition under which
dispersion of a solute in a stream of solvent can be used to measure molecular
diffusion in 1954 [13]. Recently, an exact closed-form solution about dispersion of

solute in laminar flow through a circular tube was solved by Mansour [37].




On the other hand, dispersion in EOF has been discussed in the last twenty years.
Martin et al. and McEldoon et al. investigated axial dispersion capillary liquid
chromatography with electroosmotic flow [38, 39]. In the paper by Griffiths and
Nilson, the dispersion of a neutral passive solute in EOF was considered. The
first-order concentration distribution and coefficient of axial dispersion were
determined [40]. They also analyzed EOF and late-time solute transport for large zeta
potentials analytically and numerically [41]. A

When dispersion is studied, we then consider the effects of oscillation on flows.
Harris and Goren focused on axial diffusion in a cylinder with pressure-driven pulsed
flow in 1967 [42]. The increase in the ratio of mass transfer in the system to that due
to pure molecular diffusion was discussed in this paper theoretically and
experimentally. Rice and Eagleton developed the mass transfer by laminar flow
oscillations in 1970 [43]. The flow was driven by pressure in addition to an oscillating
wall and then the two velocity distributions were solved in a complex way
respectively. The total velocity profile was superposed 180° out of phase from the
previous two profiles. Later the longitudinal dispersion of passive contaminant in
pressure-driven oscillatory flows in tubes was reported by Chatwin [44]. Diffusion in
oscillatory pipe flow was also studied by Watson in different cross-section tubes [45].
A research presented by Hydon and Pedley applied these well-developed theory on
the motion of gas transport in the airway of the lung [46].

Separation

Oscillating flows are further applied to separate species. Kurzweg and Jaeger et al.
published a series of researches about diffusional separation of gases or liquids by
sinusoidal oscillations [47~52]. They defined a “tuned condition” under which the
maximum mass transfer of gases occurred. And oscillations and a counter flow were
combined to enhance the separation. In one of their researches, the theory of
dispersion with oscillating flow was applied to analyze a rapid removal of
contaminants from groundwater. A device called Enhanced Mass Pump (EMP) was
used to improve the effectiveness.

In recent years, Thomas and Narayanan investigated the physics of oscillatory flow
and its effect on the mass transfer and separation of species [53]. The time-averaged
mass flow rate and the mass transfer ratio of faster diffusing species to slower one
were derived. In the procedure of separation, the total mass transport of each species
may be the same at some frequencies. These frequencies were called crossover
frequencies. Difference between the enhanced mass transfer in boundary and pressure
driven oscillatory flow was compared by Thomas and Narayanan in 2001[54].




1-4 Physical Models

Introduction of Our System [54]

Image a microscale capillary tube connecting a reservoir at each end. One of the
reservoirs, say the one on the right, is considered to hold the pure fluid called the
carrier while the other on the left holds a mixture of the carrier fluid with a dilute
amount of a passive and neutral species as show in Fig. 1.1-2. A periodic electric field
is applied along the axis. Suppose that the fluid in the tube oscillates with no net flow
from one reservoir to the other. When the electroosmotic flow, provided that the
frequency is not large, starts to work, a nearly inverse parabolic flow profile slowly
oscillates back and forth in the tube with the fastest moving region at the boundary
and the slowest region in the center. As shown in Fig. 1.1-3, in the first half of a cycle,
the inverse parabolic flow profile produced in the tube causes radial concentration
gradients. The dilute species then diffuse from the wall of the tube to the center, i.e.,
from the faster region to the slower one. The species thus moves from the mixture part
to the pure fluid. In the second half of a cycle, the flow profile is reversed and radial
concentration gradients in the pure fluid form. The species which have diffused in the
first half cycle now is drawn back a little and diffuses from the center to the boundary.
In the first half of the next cycle, the species in the faster region of the pure fluid is
then convected down the tube and diffuses radially toward the center again. The
species thus proceeds to move in this zigzag fashion down the tube and gives a higher
transport of it than by pure molecular diffusion.

So far we can find that the mechanism of radial diffusion and axial convection is

similar with the one in Taylor dispersion.

......

. .Species

.......

.......

.......

.......

Fig. 1.1-2 Schema of our system




Higher Lower
Concentration Concentration

Fig. 1.1-3 Dispersion mechanism for a dilute species in electroosmosis flow

Now if another passive and dilute species were added to the mixture reservoir, the
two species will transport in the same way but have different transferring time. Then
the time constants of the system become very important due to the different diffusivity
of the species, the frequency of oscillation, and the kinetic viscosity of the fluid. At
different frequencies, the transfer of the faster diffusing species may be higher, lower,
or the same as the slower one. We thus expect that at appropriate time constants we

can use the system to separate the two species.

We will start to analyze the detail of the system in Chap. 2 and Chap. 3 including
the physical model and mathematical analysis.

10




CHAPTER 2
ASSUMPTIONS AND FORMULATION

2-1 Assumptions

We have discussed the mechanism of our system in Sec. 1-1. Here our physical and
mathematical model is constructed under some necessary assumptions which match
the physical meanings

First of all, let us consider a symmetric capillary tube of radius r, with charged
surface forming an EDL. The length of the tube is much longer compared to the
radius, i.e., L >> r,. And the capillary tube is filled with a dilute binary symmetric
electrolyte solution with univalent charges. The coordinate system employed are
shown in Fig. 1.1-3. ‘

The following assumptions are made to simplify the mathematical manipulation

and analysis.

Temperature field
The temperature around the tube is assumed uniform over the entire system.
No heat transfer and heat sources/sinks exist in the capillary tube.

Electric field

Assume a periodic electric field with frequency, @, be applied along the capillary
tube, i.e., alohg the z-direction. Here the frequency is not large and the electric field
varies with time only, i.e., it is a spatially uniform, time-dependent electric field. [36]

And, the electrical potential across the EDL ¢ is assumed not affected by the
periodic variation of the external electric field [34]. By further assuming the charged
surface is homogeneous, and the zeta potential (see Appendix A) is uniform along the
axial direction, i.e., the electrical potential resulted from the EDL is independent of z.
Further the EDL around the capillary tube is not too thick to interact at the center of
the tube, i.e., 7, >4, inwhich A, isthe Debye length. Consider the EDL is thin.

The gravity is neglected, so the body force is resulted from electric field only.

Megnetic field, H
No magnetic field is applied and the characteristic time constant 7, of the system

11




is much larger than the characteristic time constant 7, for the electromagnetic wave
propagation. Consequently, any magnetic field induced by the variation of the electric
field is negligibly small. [36]

Flow field

An incompressible, Newtonian fluid with constant transport properties, e.g.,
constant viscosity, diffusivity, permittivity, etc., is considered. The flow is fully
developed so the concentration of the electrolyte solution is in thermodynamic
equilibrium. And the associated Reynolds number is small and then we neglect the
inertia term in the Navier-Stokes’ equation. Under the periodic assumption, there is no
net flow across the capillary tube in order to compare meaningfully with the pure
diffusion.

Concentration Field

No homogeneous chemical reaction in the bulk of the solution. Species in
reservoirs are well-mixed. The time-averaged concentrations at inlet and outlet are
constant and then the concentration difference is constant.

Initially, the flow is stationary. And the EDL is formed at a thermodynamic
equilibrium state near the boundaries. Therefore the whole electrical potential ¢

is only resulted from the EDL and then the ionic concentration is in Boltzmann
distribution. [23]

Under there assumptions, we start to develop the governing equations.

2-2 Flow-Charts

In our model, we confront equations governing three fields: the electrical field, the
velocity filed, and the concentration field of neutral species. Under the assumptions
described in Sec. 2-1, the three governing equations are decoupled and can be solved
analytically.

A series of flow charts are included in the following to illustrate the
inter-relationship and sequence of solving these equations*.

* The details of deriving these equations inside the blocks are shown in Appendix B.
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Fig. 2.2-1 The flow chart for solving the electrical field
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Fig. 2.2-3 The flow chart for solving the concentration field
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Fig. 2.2-4 The flow chart for solving the volume flow rate and mass flow rate

15




The meanings of the notations are listed below.

¢, : concentration of species i in the bulk flow, molar / meter® (mol/ m’)
¢, : concentration of species i, molar / meter® (mol/ m’)

¢, : concentration of a neutral species n, molar / meter’ (mol/ m3)

D : diffusivity or diffusion coefficient of species i, meter” / sec (m2 / s)

D, : diffusivity or diffusion coefficient of species n, meter? / sec (m2 / s)
E, : electric field intensity in z-direction, volt / meter (V/m)

z

f, : body force, Newton / meter’ (N / m’)

Jj": molar flux of species i, molar / meter’ - sec (mol/ mzs)
p : pressure, Pascal (Pa)

0., mass flow rate of species n, mole / sec (mols)
Q ,+ volume flow rate of species n, mole / sec (mol/s)

g7, : mass flux of species n, mole / meter’sec (mol/ mzs)

r : the direction where the electrical potential varies, meter (m)

T : absolute temperature, Kelvin (K)

t: time, sec (s)

u : mass average velocity, fluid velocity, meter/ sec (m/s)

u, : fluid velocity in the flow direction z, meter / sec (m/s)

z : direction of axis in cylindrical coordinate, direction of flow, meter (m)
z; : charge number of species i, dimensionless

@ : total electric potential, volt (V)
€ : permittivity, absolute permittivity, farad / meter (F/m)
x : Debye-Hiickle parameter, 1 / meter (1/m)

4, : dynamic viscosity of fluid, Pascal « sec (Pa-s)

v : kinematic viscosity of solution, meter” / sec (m2 / s)

16




p. : volume charge density, coulomb / meter’ (C/ m’)
p : mass density of fluid, (kg / m’)

v,: mobility of the particle i in solution, molar . meter” / joule - sec (mol m?[J -s)

Constant
e: elementary charge =1.602x10™, coulomb (C)
F : Faraday’s constant =96,487, coulomb / molar (C/mol)

k, : Boltzmann constant =1.381x107%, joule / Kelvin (J/K)

R : universal gas constant =8.3143, joule / molar - temperature (J/mol -K)

After realizing the relationship of the whole equations, the governing equations
applied in our model are then derived in Secs. 2-3 ~2-6.
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2-3 The Electric Field

Based on the flow chart, we know the governing equation of the electric field is the
linearized Poisson-Boltzmann equation. (See Appendix B)

Fe) c,z}
VO = *® with k= —gk—T—— (B.6-3)
b .

Under the assumption of a binary symmetric electrolyte solution filled in the
capillary tube, ie., z, =—z_=z, and c,,=c, =c,, the Debye-Hiickle parameter

+

becomes

2Fec,z? v
x=| K% @2.3-1)
&,T

where z, and z_ are charge numbers of positive and negative ions, and c,, and

c_, are concentration of positive and negative ions in the bulk flow in binary

symmetric solution respectively.

The total electrical potential now includes two sources: one is from DEL, the other
from the applied electrical field.
Let the applied periodic electric field be:
E,_(t)=E,(t)e, =E, cos(mt)e, (2.3-2)
Because of electrostatics, the external electrical field can be expressed by an electrical

potential ¢.
o =—VP= { e, +—ek) (2.3-3)

o¢

But E,, only has the axial component, the > term must be zero. Then

‘jf E, = ¢(z,t)=zE,(t)+ const (2.3-4)

So the electrical potential @ at location (r,z) at a given time ¢ is the

superposition from the EDL and the external field.
D(r,2,2) = p(r) + 4(z,t)= ¢ + (8, — 2E,) (2.3-5)
where ¢ is the electric potential resulted from EDL, and ¢, is the electrical

potentialat z=0

Substitution of Eq. (2.3-5) into (B.2-3) leads to the equation below.
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li(,_‘i‘ﬂ) k% (2.3-6)

The boundary conditions of the linearized equation corresponding our model are:
olr) =0, (2.3-7)
9(0)= g, :finite (2.3-8)

Equations (2.3-6), (2.3-7), and (2.3-8) are thus the simplified ones we solve
practically in our model.

2-4 The Velocity Field

Based on the flow chart in Sec. 2-2 also, the momentum equation we need is
derived from the Navier-Stokes’ equation, volume charge density, Boltzmann
distribution, and the total electrical potential solved. Now we do the procedure.

Because of incompressible flow and constant properties, the modified Navier-Stokes
equation is:

Du
Dt
The meanings of these notations have been mentioned previously.

p—=-Vp+uVu+f, (2.4-1)

In our model, the body force is resulted from the electrical field only. And the
electrical force in the flow field is Lorentz force. [7]:

for =PE==pNO=-pV(p+9) 24-2)
Here the total electrical potential is the one appeared in Sec. ().

Further because the flow is fully-developed, the radial velocity vanishs and the
inertial term disappears for small Reynold’s number.

Equation (2.4-1) in z-direction then becomes:
ou, (r1) _ _LG_P+V1£(,%)+&( E, _6_¢) _ _ig‘ewli(,iu_zj vPep

ot poz ror\  or P oz poz ror\ or P
(2.4-3)
The boundary conditions are:
no-slip: u, i 0 (2.4-4)
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2 =0 2.4-5
or|,_, ( )

Equations (2.4-3), (2.4-4), and (2.4-5) are then the ones we solved practically.

2-5 The Concentration Field of a Neutral Species

Again based on Sec. 2-2, the concentration equation we need is derived from the
convective-diffusion equation in addition to the flow velocity solved.

The convective-diffusion equation of a neutral species is:

aac; +u-Ve, =DV, (2.5-1)

where ¢, is concentration of a neutral species n and D, is diffusion coefficient of

the species with no chemical reaction.

Because of u, =0 in the fully developed flow, Eq. (2.5-1) becomes:

2
oe,(nz) ()% =, li(, oc, J + 25 2.52)
ot Oz ror or ror4

The corresponding boundary conditions are:

c’l

no penetration : =0 (2.5-3)

r=ry

c

n

o : finite 2.54)

We also must specify the conditions at the “ends” of the tube. Know that the length of
the tube is L with L >>r,. We then take:

(cn> =C,, at z=0 2.5-5)

(€,)=Cpou 8t z=L

Here the variable with brackets denotes its time averaged value.

Equations (2.5-2), (2.5-3), (2.5-4), and (2.5-5) are the ones we solved.
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2-6 Volume Flow Rate and Mass Flow Rate

Volume Flow Rate
It is easy to solve the volume flow rate along the axial direction when we have the
velocity of flow.

Qf =27 f u, rdr (2.6-1)

Because there is no net flow across the capillary tube, taking the time average, we

have;

(0,)=0 (2.6-2)

Mass Flow Rate
Before we derive the equation of mass flow rate along the axial direction, the axial
mass flux should be known first as shown in the flow chart.

The instantaneous axial mass flux of the concentration filed is contributed form
diffusion of the species and convection by the flow field. [53, 54]

dc,

q.,=—D,

n

+u.c, (2.6-3)

However we are out of interest in the instantaneous values but the time averaged

values.
Than taking the time average, we have
(g5 (ro2,0)) =-Dn—a<c—"(;;’2’—t»+<u, (rt)e,) (2.6-4)

Therefore the total rate of mass transfer is found by integrating the mass flux:
Q.. =2x [ gl rdr (2.6-5)
Also taking the time average:

<an (z, t)> =27 J:o (q; (7, z,t))rdr (2.6-6)

Equation (2.6-6) is than the object of our paper.
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CHAPTER 3
DIMENSIONAL ANALYSIS
AND ANALYTICAL SOLUTIONS

3-1 Nondimensionalization

3-1.1 Governing Equations and Boundary Conditions
All the governing equations and boundary conditions of this model has been

derived in Chap. 2.

1d ( d(o)

- K'e _

rdr\ dr (2.3-6) ~ (2.3-8)
o(r, )=, and ¢(0)= g, :finite

auz(r’t) 1 al, ( ) pe E (t)
o “rar (2.4-3) ~ (2.4-5)

=0

r=0

(6c,  ac, 16( ac,) &%,
+u =D,|——|r +
a o ror or ) a2’

no -slip : uz|r=r =0 and 3
’ r

=0, and ¢,|  :finite  (2.5-2) ~ (2.5-5)

r=rn

:

or

(c,,)=c,m.,l at z=0
\(c,>=cnm at z=1

Now we do the dimensional analysis to simplify our calculation.

First define the dimensionless variables:

characteristic length of the system: r, = R= —r—,Z =Z (3.1-1)
To To
. 2Fc,,z,fe v
Debye-Hiickle parameter: « = T = K=«r, (3.1-2)
b
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characteristic electrical potential: @ = AT = VY= @ = —zﬁq) (3.1-3)
z,e ¢ kT
e . ~ k

characteristic electrical field: E, = 2l = E,= §‘ =2 E, (3.1-4)
z,er, E kKT

characteristic concentration of species n: ¢, ;,-C, ., = C, = — (3.1-5)

' Crin~Cnout

characteristic velocity: #, = U, Eli—’— (3.1-6)
uz

characteristic pressure: p = P E{l (3.1-7)

p

characteristic time: 7 = 7 E‘ti— (3.1-8)

characteristic current density: g, = o, E—',?} (3.1-9)

characteristic volume flow rate: Qf =0 ;= & , (3.1-10)

9
characteristic mass flux of speciesn: g., = Q. = Z% (3.1-11)
characteristic mass flow rate of species n: Qm = Qc,. = Lo (3.1-12)

—~
cn

Here R is the direction of radius in dimensionless cylindrical coordinate, Z is

the direction of axis in dimensionless cylindrical coordinate, and ¢, , ~c,,,, isthe

difference of concentration between the inlet and outlet of the tube. K means the
ratio of the radius of the tube to Debye length. The larger K is, the thinner the

diffuse layeris. W = -'—z”—e-(p means the ratio of the electrical force to the thermal
b

force of the ions in EDL . At Small ¥, we can use the Debye-Hiickle approximation

E, = ﬁE, means the electrical intensity compared to the one established by

b

EDL.

~
~ .

Other variables, @, , 5 , 7 , P, » O, » Go >and Q,, ,will be defined

later when the dimensionless equations are presented.
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Below we then derive the whole dimensionless equations by using these

dimensionless variables.

Linearized Poisson-Boltzmann Equation

1 d aCE) kT
(R R)—2f __ |= 22y
(n,R) d(r,R) d(r,R) z,e
1 d dl{] 2 2
— R |~ (0, VY =KW 3.1-13
L4 (r2E)-0) (3.1-13)
(3.1-14)

BCs: Y(1)=%¥, and ¥(0) :finite

where W, is dimensionless electric potential from EDL in the bulk flow and

¥  is dimensionless electric potential on the wall of the capillary tube.

s

Momentum Equation

a(alez) = _l a(ﬁp) +v 1 a ((rOR) a(izzUz)J_’_ (ﬁep)( ka E )

o)  pAnZ)  (nR)A(nR) o(r,R) P zen
2 - ~
::éL@Q=~f“9£+lﬁ{Rmﬂ)+fjﬂh%E,
tv 0t u,pu, 0Z ROR\ OR ) u,pcz.e

2 ~ ~
ry - pr k,Tr, . .
o —Pho f ¢b_ 9 are dimensionless

(3.1-15)

) ~ ~
~ Iy U -~ u,z,eu
= 7=0 5= "uf,peE “s€Hy
v r, k,Tr,
On the other hand,

_ 2 _ 2 :
P, = 2Fc,z e 0= 2Fc,z, e k, T — 2Fc,z,W
k,T k,T z,e

pe___ karO _ karO (—ZFCbe\P)=

=> Qe =:”- T~ e~ ~ ~
Pe U pze U pze U, pe

—2Fck,Tr, p
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—2Fc,k,Tr, .

' ¢,,V are dimensionless = is dimensionless

U, e
d (3.1-16)
=7 = 2Fc,k,Tr,
Hee
o, =Y
LU, P 10 (RaU')—\PE, (3.1-17)
ot 0Z ROR OR
BCs: U,|, =0 and LA/ B (3.1-18)
- OR |peo
2 u u,z,e ~
Here T=-2, D= "uf, D, E—’i—'u—/,andﬁz = 2akTn are defined. t
v 7, k,Tr, Hse

means the characteristic diffusion time of fluid particles. #, means the velocity of
fluid particles drawn by the ions which are driven by the thermal energy. p means

. ~ Fc
the pressure produced by these ions. p, = —2z,e means the total volume charge
e

density in the bulk flow.
2

Further we define Q= N . This is the square of Womersley number which is the
12

ratio of the characteristic diffusion time of fluid particles to the characteristic time of
oscillation. A small Q means that the transport by diffusion is slower than by

convection driven from oscillation.

Concentration Equation

3(Crin =t JC.) (o = o JC)

aU
a(r; r/v) +@U.) a(r,2)
=D 1 ( ) ( _ "‘"”k‘) (Mn_cn,outk'n)
(R) O R) ° a(r,R) o(r,R)*
2
_, 2.9,  nd, Uzac” =l£(R5C~ L0 c2
D dr D, *0Z ROR\ OR) oz
oc, ~ oC, 1ao(, oC,) 98°C
C+EpU, — = R ; 3.1-19
“or 2 gy RBR( BRJ oz* 3-1-19)
: o, =0 and C,|,_, :finite (3.1-20)
R=1
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(Cn>=Cﬂ-iﬂ at Z=0’ <Cn>=Cn,out at Z=£ (31'21)
o

~

’;;" is Peclet number of diffusion. C,

n

where §, is Schmidt number and ﬁw =

and C

n,oul

are dimensionless concentrations of species n at the inlet and outlet of the

capillary tube respectively.

So the dimensionless governing equations and boundary conditions are:
_l__d_(Rﬁdi(E)) = (Kro)z‘P =Ky
R dR dR

¥(1)="¢,,¥(0): finite

(3.1-13), (3.1-14)

z

U, (R.7) =_?£+_l_-a_(R_a_U_2)_\pE
or  oZ ROR\ R

aU,(0,7)
,r)=0—=22"2=¢
U,(,r) R

(3.1-17), (3.1-18)

( _ 2
S, —————ac"(R’Z’T)+PeDU,2?—"—=l—?— 13(%’")+a C;"
or 0Z ROR OR oz
4?&@:0’ C"(O’Z,z'):ﬁnite (3.1-19) ~ (3.1-21)

OR
<Cn (R’O’ T» = Cn,in > <Cn (R’ L/rO ’T)> = Cn,aut

N
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3-1.2 Volume Flow Rate and Mass Flow Rate
Volume Flow Rate

0, =27 ['urdr = 0,0, =27 [ @U ) R)(rR) = 2227, [U,RdR

4nFc,,k Tr;
Le

Q, ()= [ U,RdR

Qf =2mlu,

where (), means the reference volume flow rate.

Mass Flux

o(cu = Cuou )C.)

a(r,Z)

" ~n
adem = _Dn

aﬂ — Dn (cn,in - cn,out)

C’l=
0

q., =

ac, ﬁzro __0C, 3
» OR Z,5)=="r 4" U.C, ) =22+ By(UG,)
where ¢, means the mass flux by pure diffusion.
Then
" oC, ~ oC,) ~
(an(RsZ:T)>=<— 3z oD UzCn)>=— <aZ>+P¢D(UzC")
Mass Flow Rate
0, =27 [ grdr = Q,0,, =27 [ (QLT YR} (R)
é = 27”023;1 27”‘02 D" (c"'i" — c"""" ) = 2W0Dn (cn,in - cu,oul )
)

- Qu(2,7)= [ OLRaR

where ch.. means the mass flow rate by pure diffusion.
Then
(2,7)) <£Q RdR> [(0s)RaR

+ (1'71 Uz X(cn,in -

(3.1-23)

(3.1-23)

2 o

(3-1.24)

(3-1.25)

. (3-1.26)

(3-1.27)

(3-1.28)

(3-1.29)

Therefore Egs. (3-1.23), (3-1.26), and (3-1.29) are the dimensionless equations we

need. In the following sections, we will solve the exact solutions from these

equations.

27




3-2  Some Definitions for Simplification

Before solving the governing equations actually, we define some notations which
appear repeatedly in our calculating process. Using them in the analytical procedure,
we can read the equations much clearly. (See Appendix C)

Coefficients
Here we use simple notations to represent the eiganvalues of the Bessel finctions

and some calculations of these eiganvalues.

a, =iQ = & =J-iQ (3.2-1)
a, =V-iQ = @, =iQ (3.2-2)

B, =.iQS, = B,=,/-iQS, (3.2-3)
B, =-S5, = J, =05, (3.2-4)

cfal(Q) = i (3.2-5)
cfa2(§2) =g = fa2(Q)= e iiQ (3.2-6)
fa3(Q, Sc) = cfal —cfa5 = é - iQISC (3:2-7)
fad(Q, S, )= cfa2 — cfa6 = 7 iiQ T —liQSc (3.2-82)
Sab(0,8.) = fa ~fa6 = 1 :-iQ K +1iQSc (:2:50)
1
cfas(Q, 8, )= 5, - (3.2-9)
fa6(Q,S,) = 7{7:155 = Fab(Q,S,)= —K2++QS (3.2-10)
cfbl(Q)_ 1 1 (3.2-11)

T -a Ko
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cbe(Q,SC)E-I—{—%:’;— or = (I_K)z_i TS :iQSc (3.2-12)
ofb3(Q) = - I_Kz or =— _z_liK)z = iQ—1K2 (3.2-13)
cfb4(Q) = o l-sz or = az"_lo_‘} = 2;9 (3.2-14)
eb5(Q,S,) = o 1_ 7 or =3 '_1_12 < (11+S ) (3.2-15)
o6(Q, S, ) = /7%’ or = ;% (3.2-16)

cb(Q, S, ) = —cfb2 + ¢fb5 — cfb3
1 1 ~1 (3.2-17)
= - + -
K:+iQS, iQ(+S8.) K?-iQ
cb8(Q, S, ) = ¢fb6 + cfb5 —cfb3
1 1 -1 (3.2-18)
= — + -
QS iQ+S,) K2-iQ
eI, S, ) = cfb6 + cfb5 - cfbd
1 1 1 (3.2-19)
= — + -
QS iQ+S,) 2iQ
cfb10(Q, S, ) = —cfb2 + ¢fb5 + cfbl — cfbé
1 1 1 1 (3.2-20)
=— + + -
K*+iQS, iQ+S,) K*+iQ 2iQ

Some Bessel Functions
During the analytical procedure, some relations of Bessel functions appear
repeatedly. We then use some simple notations to represent these relations in order to

simplify the equations.

I,(KR) _J,(iKR)
LK) JoK)

Io(KR) - Jo("' iKR)
LK) Jo(-iK)
I,(@,R) _ Jy(a,R) L,@R) _J,(@,R)
Io(al) JO(aJ) IO(EI) '{3(‘71) B
rnns) SO M) o Brnas)= - ST

(3.2-23)

= bf1(R)= (3.2-21)

b 1(R)=

= bf2(R,Q)= (3.2-22)

bf2(R,Q)=
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o KB _~@WK) o KL(K)_ (iKY () 6224

AT L) " A
5= ) T > T R O
o = T gy oo
e A - Ay = TR =ty oo

brs,5)= Sl <0 = T ‘B,I(Iﬂﬂ)) ﬁ,}’.((% 6.228)

Some Integrals about Bessel Functions
We also encounter repeating integrals of Bessel functions. Again, we use simple
notations to represent them. (See Appendix C)

ibf _al= [ (5f)RdR = bf's (3.2-29)
iof _a2= [(F1)rdr =175 (3.2-30)
ibf _a3(Q) = [(bf2)RdR = bf 7 (3.2-31)
itf _ad(@)= [(b72)rdR = b7 (3.2-32)
ibf _a5(@,5.)= [(673)RdR = b6 (3.2-33)
itf _b1= [ (r1)r1JRaR = -%[1 —bfdbys] (3.2-34)
ibf _b2(Q)= [(bf1fer2)RaR = ebi{br 4~ 576) (3.2-25)
ibf _53(Q.5,)= [ (b 1N6F3)RaR = efv2(by 4578 - 1) (3.2-26)
ibf _b4(Q)= [(br2)e71)RdR = efb3{er 6 - brd) (3.2-27)
itf _b5()= [ (b 2(62)RdR = e/pa{e 6 - 576) (3.2-38)

ibf _b6(©,5,)= [ (o 2)e73)RaR = e/bs(er 6B78-1) (3.2-39)
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2 1
ibf _cl= [ RdR = 52- 1 (3.2:40)

[}

Afetr these functions are defined, we can analyze the mathematical calculation
more conveniently. These definitions are then used in later sections.
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3-3 The Electrical Potential

We first solve the analytical solution of the electrical potential resulted from EDL.
l ._d_ R .d;p_(.le_)) -K 2‘~I—’ =0
R dR dR

¥(1) =P, ¥(0): finite

(3.1-13), (3.1-14)

The equation has the form of Bessel’s equation of order zero with the eigenvalue

Ay ==K? <0. So the solution is the modified Bessel function of zero order:
¥(R)=",I,(KR)+¥,K,(KR) (3.3-1)

where /, and K, are the first and second kind modified solutions of Bessel

function of zero order respectively. ¥, and ¥, and integral constants.

Applying the boundary conditions:

¥(0)is finite ..\, =0 because K,|,  is infinite 3.3-2)
P1)=",I,(KR)="¥, .., = ¥ (3.3-3)
A0 s A Io ( K)

Therefore,
I,(KR) _ o(zKR)
LE )

where J, the first kind solution of Bessel function of zero order.

P(R)="¥, -2 =¥ bf1 (3.3-4)
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3-4 The Velocity Profile

After knowing the distribution of the ionic electrical potential, the following
quantity analyzed is the fluid velocity. The resulting expressions are similar with those
obtained by Uchida [55].

The dimensionless governing equation and boundary conditions of the flow field

are:

or  oZ ROR\ R

7)=0, oU (0 r)
OR

oU,(R,r) 9P 1 a(RaU) _E,
(3.1-17), (3.1-18)

Complex variables are used to seek an analytical solution of the velocity profile

[See Appendix C].
Define
E,(r,Q)=Re|E; (Q)e™ | (3.4-1)
_OPZ,m Y (2 r,Q) RelP" (Z,0)e™ | (3.4-2)
U,(R,7,Q)=Re|U; (R, Q)™ | (3.4-3)

where E., P’,and U, are all complex functions (See Appendix C).

Substitute above into the dimensionless momentum equation:

(iQXU;eiQr)= P“eiﬂt a (]2 eiﬂr +— 1 aU iﬂr
~ OR R R
o’U, 10U,
= +—
oR* R OR
oU;(0,7,Q) 0
oR

It can be seen this is a non-homogeneous modified Bessel function of zero order with

* Qr
-YE,e

=-P +VE, (3.4-4)

U.(1,7,Q)=0,
L

the eiganvalue «, =iQ or a, =+/-iQ . Then the solution has the form:

U =U L \iQR)+U,K,(ViQR)+ U,

or =U J,V=iQR )+ U,Y,(V=1QR)+ U,

2y () o, e 2o

where U, and U, and integral constants.

33




We find the particular solution 1s

. P VE,

Uu,, =— 3.4-5
z,pt Q Kz _ IQ ( )

L

Check:
Substitute the particular solution into Eq.(3.4-4)

o'U,, 109U,
L~ -iQU, ,
OR R 6R

OR? R OR iQ K*-iQ
E (% 1% . (P VE
= 3 + -8 —+ T .
K*—iQ{ OR® R aR iQ K -iQ

E, [ o, IQVE;
=K2_l_Q(K2‘P) (P TRLLLL. J

(P P' YE P‘ YE
Q x-io) 1l - ,O{P' wE' J
= +— —iQ —+———

(3.4-6)

K -iQ
=-P +VE,

Then

—iQ

ot -valmhes (G )

n-

:*-'U(*/l—ﬁ)l(w/ﬁlf) (g (ViaRr)e— E,__o%

—iQ 0R

~u, (V) (Jk)-u, (R ), (iR ) —Ex .Q(w i)

" L(K)

Applying the boundary conditions:

ou,
R

=0: U, =0 because X,| _ is infinite and 7,(0)=0. (3.4-7)

R=0

. P WE P VYE
U =UIWiQ+| —+ UJW-iQM| —+—=2_|=0
z A O( 1 ) (lg Kz"'lQ) A 0( l ) [IQ KZ_IQ) (348)

Ly o] P'+ Y E, -1 (P V.E,
4 ]oi\/i_gﬂ i K*-iQ J(\f—iﬂ) iQ K*-iQ
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Therefore ’
P ILWiQr) (P* WE
U.&.0)= (:Q Kz—iQJ ((J@) (:Q K? -—zQ)
P(_1, (JE@)J (1 .(KR) 10(«/551@))
_iQ\ Vi) X o L) 1,[Vie)
_P_‘( 1, (aIR)) (1 (KR) IO(aIR)]
ol I(e) K’—iQ (k) I(a) ) (3.49)
N (J:ﬁR)J v E" (Jo(zKR)_Jo(J:TﬁR)J
_iQk V=ie) ) k* - 1K) J,-)

P J (a,R)) . Kz,_ lQ ( J GKR) U, (a,R))

=—]1-

iQ\ Jy(e,) JGK)  Jo(e,)
(bfl bf2)
Define U, =U,,P' +U_E,
then
1 Jzﬁ
J,W-iQR
1- 3.4-10
IQ( JoW=-iQ J ( )

= cfal(l-bf2)

Y, (IO(KR)_IO(«/i—ﬁR)J
k*-io| (k) 1,lVia)
v (J,(kR) J,W=iQR
K’—zQ(J(zK) ((J-IQ))J G4

=¥ cfa2(bf1-bf2)

U:E (R’ Q) =

As aresult, the exact velocity distribution, U, = RclU e J, is obtained after the
U, isknown.

z

35




3-5 Concentration Field

The dimensionless governing equation and boundary conditions of the
concentration field are:
(. oC,(R,Z,7) ~ oC 18 ( ac,,) 8*C,
—_—t =— R +

S, FoU, —

° or oz RoR\" @R ) oz
ac, (1 :
<—%;ez’i) =0, C,(0,2,7): finite (3.1-19) ~ (3.1-21)

(C.(RO.2)=C, . (Cu(R L/, 7)) =C, 0

Again, complex variables are used.

Here we focus first on why the two equations, the momentum equation and the
concentration equation, are decoupled. In order to solve the concentration, it is
assumed that after a long time the concentration is comprised of a linear combination
of mean and fluctuating parts. The mean part (steady diffusion) is expected to vary
linearly with axial distance [42 ~ 45, 53] and is the solution of

o°C teady
—Tmsteady _ 3.5-1
2z (3.5-1)
Since the gradient of the concentration along the axial direction is constant, the
fluctuation part of the concentration is independent of Z.
With the boundary conditions
r
Crsieaty(Z2) =C, 5 +(C, oy = C, . )—L‘-’~Z (3.5-2).

Therefore define

C,(R,2,7,9Q,8,)= [c,,,., +(Cpou —Co )2—0 z] +Re[CL (R, S, k] (3.5-3)

n

where C, isacomplex function.

Substitute above into the dimensionless concentration equation:

( . *  iQr oy * iOr Cn,au _Cnin a2C’: T 1 ac; T
(IQ)SC(CRe’Q )"'Peo(U,en )( ¢ - ! )"o _ 6R2R £ +E—3—RRe‘n

n

| 2C 10,

+ —iQS C =P .UC 3.5-4
aRz R 8R l ¢ nR eD™ z~ns ( )

%g}(;’_g) =0,C.,(0,Q): finite
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L

(c

n,out

n,in )rO

with C,,

It can be seen that the particular solution is this is a non-homogeneous modified
Bessel function of zero order with the eiganvalue S, =,iQS, or 8, = {-iQS, .

Then the solution has the form.

Cox = C I JIQS, R)+ C, K, |iOS, R)+ Cp .

or —;-CAJO( '—l'QScR)"’CBYO( "iQScR)J'-C;R,P'

2 -, S e e

where C, and C,and integral constants.

We find the particular solution is

*

-VE,
— 2 3.5-5
s ) 0

+ +
iQS, K?-iQS,
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CHAPTER 4
RESULTS AND PARAMETRIC DISCUSSIONS

en,DF

In this chapter, the increase of mass transport rate, —-1=R,, together with
the velocity profiles and the concentration distributions are studied parametrically and
systematically. The following data are employed for numerical calculations and
demonstration of the related transport phenomena.

® 7, =10(um)=10"(m), L=10(cm)=10.01(m)

® T=25°C=298.15K

n, =12x102(1/m*)= ¢, =22 =2x10™*(mol/m*
) KClinwater:>4 ’ (/ ) * N, ( / )

g, =783 at 25°C
\luslouﬁon = 10—3 (N'S/mz) = V:ofution = lO-G(mz/s)

° In oreder to obey Debye - Huckle approximation, assume ZI:e]? =0.01~0.05
b

@ =-25mV ~ -125mV
® E =5x10*(V/m)~10°(V/m)
® (cn,our - cn,in ) = _1 , C,, N = 2 x 10—4
L 9!

Consequently, the values of the relative dimensionless parameters are Re = 0.1,

K=15, ¥, =-1~-5, E, =20~400, C,, =-0.001,and C,, =2.

Before discussions, the three time constants and the three eiganvalues in the
governing equations, which are critical to the transport phenomena, will be stated

once more in the following:

1 ) vy e
t, =—: the time of oscillation,
w
r 2
t, =2 the response time during which momentum diffuses from the wall of
v
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the tube to the center,
2
7, : : : : :
lpy = _DL : the response time during which species » diffuses from the wall of

n

the tube to the center,
K : the thickness of EDL,

Q : the square of Womersley number,
QS : the square of Womersley number of diffusion.

4-1 Variations of The Velocity Profiles and The Concentration

Distributions
As shown in Fig. 4.1-1, it can be seen that for the flow situation with S, =2,

P, =02, K=15, E, =400,and ¥, =-5 the enhancement of the mass transport

rate of species n increases first and then decreases with the dimensionless frequency,
Q. The profile indicates a peak value at a specific frequency, i.e., Q, =4.8. Sucha
variation with  can be illustrated through the observation of the variations of the
velocity profiles and the concentration distributions.

For flow situation with both Q and QS, smaller, e.g., Q=0.25 in Fig. 4.1-4, the
relationship of the three time constants is 7, <, <¢,.Physically, it means the
momentum and mass diffusions are fast then the variation of the electrical field. The
velocity and concentration profiles remain almost uniform across the micro-tube,
resulting therefore a negligibly small increase of mass transport rate due to the
oscillating flow motion. , resulting a larger concentration gradient and thus a larger
mass diffusion near the boundary.

As Q increase such that ¢, <t, <¢, ,e.g., €=0.75 in Fig. 4.1-5, the fluid
particles still have enough time to diffuse momentum from the boundary to the central
region, but the diffusion of species n does not. Consequently, the mass transport rate
increases.

When Q is greater than unity so that: ¢, <, <t,,, both the fluid particles and
species n do not have enough time to diffuse momentum and mass from the boundary
to the center. Thus the velocity profile becomes concave form at center, i.e., the flow
is slower at center, as shown in Fig. 4.1-3. A radial concentration gradient is also
formed near the boundary and leads a diffusion of species n toward the center. That is,
the diffusion is from a region with a higher velocity and near the boundary to a region

with lower velocity and concentration at the center, resulting an increasing of R, .

As Q keeps increasing, e.g., =10 as shown in Fig. 4.1-7, the flow direction in
the central portion might be opposite to that near the boundary during the periodic
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motion. The enhancement of the mass transport rate due to the oscillating EOF is thus
suppressed and even reduced, resulting a peak value at a certain specific Q. When
Q becomes even large, e.g., Q=100 in Fig. 4.1-11, the velocity at the center portion
remains nearly quiaescent and the concentration distribution therein does not vary
with the flow. The effects of EDL on the velocity and concentration distributions are
then limited to a region close to the boundary. The time-averaged mass flow rate is
therefore not enhanced by the flow.




CHAPTER 5
CONCLUSIONS AND FUTURE WORK

5-1 Conclusions
A time periodic electroosmotic flow has been used to drive the flow in micropipette.
The phenomenon of electrical double layer was investigated and the theory of Taylor
dispersion was studied. The complex variable approach has been applied to attain the
velocity profile, the concentration distribution and the mass flow rate in a
micropipette driven by an oscillating EOF.
It was demonstrated that the enhancement of the mass transport rate,

Q.,
< ) —1=R,, increases first and then decreases with the frequency of the electrical

Q cn,DF

. . . . 1
field applied. Parametric studies uncovered that the three time constants, ¢, = —,
T o
r2 r2
t, == and t,, = D° together with the three eiganvalues in the three governing
|4 n

equationsQ, QS ,and K played significant roles in the process of mass transport.

The results indicates that the velocity profile, the concentration distribution , and,
consequently, the mass transport rate, R, deper'lds significantlyon Q and QS,.
The Schmidt number, S, , and the thickness of EDL, K also affect the variation of

R, . Furthermore, it has been shown that at low frequency the oscillating EOF is

conducive to the separation of species.

5-2 Future Work
‘'The model of this study is restricted to the flow region with in small Reynolds
numbers, and small electrical potential on the surface of the tube. It can be extended
by removing these restrictions to study the effects of inertial effects on mass transport.
Moreover, the effect of heterogeneity with non-uniform zeta potential is also very
interesting and important in the species mixing. Numerical simulation may then be
needed to study such a transport phenomenon.
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Fig. 4.1-9 (a) The velocity profile, (b) the concentration profile, and (c) the concentration profile between 7 = 0.9
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Fig. 4.1-10 (a) The <o_oomQ.E.om_o. (b) the concentration profile, and (c) the concentration profile between r =0.9 ~1 in the microtube mﬁ Z=500, S, =2,
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Fig. 4.1-11 (a) The .<o~oo=< profile, (b) the concentration profile, and (c) the concentration profile between r = 0.9 ~1 in the microtube at Z = 500 , S, =2,

P, =02, K=15, E, =400,and ¥, =-5, under the dimensionless frequency Q =100 during Qz =0~z




