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Abstract:  To solve the infinite-horizon linear quadratic reg-
ulation design for generalized systems Ei(t) = Az(t) + Bu(t),
Lewis (1985) has developed the generalized algebraic Riccati
equation (GARE). In order to obtain an analytic solution of
GARE, the Hamiltonian pencil is introduced in this note. Eigen-
vectors of the Hamiltonian pencil play the key role in solving
the mentioned problem. Our approach is a nature extension of
the optimal control in regular linear systems.
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I. Introduction

Generalized state-space systems or singular systems or de-
scriptor systems have received much attention (Verghese et al.
(1981), Lewis (1986)) due to extensive applications in large-scale
interconnected systems such as power systems,robotic manipu-
lators, economics systems and circuits systems. The problem of
the linear-quadratic optimal control for the generalized systems
is discussed in many papers also (Bender et al. (1987), Lewis
(1985), Wang (1991)). It is well known that the algebraic Ric-
cati equation (ARE) has played the key role in the design of
the infinite-horizon linear-quadratic regulator (LQR) for regu-
lar linear systems i(t) = Az(t) + Bu(t). In order to find the
appropriate state feedback gain of LQR, those stable eigenvec-
tors of the Hamiltonian matrix corresponded to the given ARE
can provide the analytical solution. ARE has been extended to
GARE (generalized algebraic Riccati equation) by Lewis (1985)
to solve the infinite-horizon linear-quadratic regulator problem
for generalized linear systems E(t) = Az(t)+Bu(t), in which E
may be singular. But, solutions of GARE were not proposed by
him. Arnold et al. (1984) and Lin (1989) have investigated nu-
merical solutions of GARE, however, their works are restricked
to the case of E being nonsingular, which is not the common
situation of generalized systems. In this note, we extend the
Hamiltonian matrix to a linear matrix pencil (named as Hamil-
tonian pencil), whose eigenvectors will solve the GARE.

In section II, we briefly introduce some fundamental concepts
of generalized systems as well as some important results of Lewis
(1985). In section III, the properties of the Hamiltonian pencil
corresponded to the GARE are investigated. From which, the
solutions of GARE and the optimal gain can be derived. A
numerical example has been provided in section IV. Finally,
conclusions are stated in section V.

II. Preliminaries

Let’s consider the generalized system

Ez(t) = Az(t) + Bu(t) (1)

where z € R*, u € R™, E, A€ R"™" and B € R™™, E may
be a singular matrix. The linear pencil (sE — A) is assumed to
be regular (i.e. det(sE — A) £0).
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The following terms describe basic properties of generalized
systems, which are defined by Lewis (1985).

Definition 1 The triple {E, A, B} is controllable if the
controllability pencil

[sE-—4 B (2

has no finite or infinite zeros.

Definition 2  The triple {E, A, B} is stabilizable if the con-

trollability pencil (2) has no infinite zeros and all finite zeros of

(2) are in the open left-half plane.

Definition 3  The triple {E, A,C} is observable if the ob-

servability pencil
[ sE—-A ]

c (3)

has no finite or infinite zeros.

Definition 4  The pair {E, A} is asymptotically stable (AS)
if all roots of A(s) = det(sE — A) = O are in the open left half
plane.

Definition 5 The pair {E, A} is impulse free if (1) exhibits no
impulse behavior. This is equivalent to the absence of infinites
zeros of (sE — A).

Remark 1 There are several other equivalent descriptions
of impulse free. For examples, {F, A} is impulse-free means
(sE — A)~! is a proper rational matrix, or there does not exist
any chained infinite eigenstructure in (sE — A).

The infinite-horizon linear-quadratic regulator problem of
generalized system (1) is to find the optimal control u*(t) such
that the performance index

J (Ezo,u()) = / (27 (£)Q(¢) + uT (&) Ru(t)]dt @
[
is minimized, where R = RT > 0, Q = QT > 0 and z, is
the initial state of (1) at time 0. Lewis(1985) has derived the
optimal control law

u*(t) = ~R™'BT PEz(t) (5)

where P is the positive definite solution of the generalized alge-
braic Riccati equation (GARE)

ETPA+ ATPE - ETPBR'BTPE+Q=0 (6

under the conditions described in the following:
1. {E, A} is impulse free.
2. {E, A, B} is stabilizable.

3. {E,A,C} is observable where C is decomposed from the
weighting matrix Q@ by Q = ETCTCE.

Also, Lewis (1985) has indicated that the closed-loop sys-
tem under optimal gain of (5) will be asymptotically stable and
impulse free.

It is quite obvious, solution of (6) is necessary to accomplish
the optimal control law. One more point, PE will be enough
to compute u*(t) in (5). Comparing PE in GARE (6) with P
in ARE (7)




PA+ ATP-PBR'BTP+Q=0 "
there exist two major differences:
1. PE is not necessary symmetric but P is always symmetric.
2. PE is always singular if E is singular but P is not necessary
singular.

Hence, to develop a method for solving GARE is an interest-
ing problem. We will discuss it in the next section.
II1. Main results
Hamiltonian matrix
A -—-BR'BT
[ % ] ®

corresponded to (7) has a great help in solving ARE. Hence, we
construct the following pencil
A

- o)
and call it as the Hamiltonian pencil. It will be shown later

that the eigenvectors of Hamiltonian pencil can solve GARE
{6). Some properties of sF — H are discussed first.

—AT

—-BR™'BT

.sF—Hgs[ AT

Lemma If A is a finite eigenvalue of the Hamiltonian pencil
(9), then —A is also a finite eigenvalue of it.

Proof: Let [ ::1 ] be the eigenvector associated to A.
2

Then ]}[ ]=0

J[E ][4
0o ET -Q
It is equivalent to

AEv, Avy - BR™'B v,
AETy, —Quy — AT v,

—-BR'B”
—AT

vy
vz

Take transpose on both sides
2] ET v AT - oI BR'BT
vl E -vfQ-vlA
They can be arranged into the matrix form
E o
Y ur][o o
A -BR'BT
- 4 )

-Q —AT
It is equivalent to

1 (2 2]

= [0 o]

—of

-BR'BT
—AT

A
-Q

of

I

Hence — is also a finite eigenvalue of (sF — H).

[m]
Remark 2 Under the conditions {i) {E, A} impulse free,
(ii) {E, A, B} stabilizable and (iii) {E, A, C} observable just as
described in the previous section, Lewis (1985) has shown that
the optimal closed-loop system is asymptotically stable, whose
finite poles are those left half-plane eigenvalues of the Hamil-
tonian pencil. Also, the result of optional control is impulse

free. It means that there exist q(g rank E) finite eigenvalues
and (n—¢) infinite unchained eigenvalues in the closed-loop sys-
tem. Hence, there are 2q¢ finite eigenvalues and 2(n — ¢) infinite
unchained eigenvalues associated to the Hamiltonian pencil.

Note that (sF — H) and (sH — F) have the same set of eigen-
vectors but their eigenvalues have the reciprocal relationship.
Hence, infinite eigenvalues of (sF — H) become zero eigenvalues
of (sH -FH‘). Instead of considering (sF — H), we investigate the
gencil (sH — F). Let’s assume the eigenstructure of (sH — F)

e
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A -—BR1BT T, Tz A 0
-Q —AT Tay T 0 —-A
_ | E 0 T T
= [ 0o ET ] Tan T ] (10)
Tn T A 0 .
where [ Ty Tu | |0 -A are constructed by the eigen-

vectors and eigenvalues respectively, and A contains q finite left
half-plane eigenvalues and (n — g) zero eigenvalues. From (10),
we get

AT A-BR'BTT,A = ETy, (11.a)
~QTA-ATTyA = E™Ty, (11.b)
If Ty, is invertible then
ATUATR! - BR'BTT, AT = E (12a)
—QTUATS! - ATTy TRITUATE! = ETTyTh! (12.b)
Set
Y £ TyuATh! (13)
X & m,Ty (14)
Then (12) can be simplified as
(A-BR'BTX)Y = E (15)
(-Q-ATX)Y = E'X (16)
Let (15) be left multiplied by X7,
(XTA- XTBR™'BTX)Y = XTE an

(17) subtracted from (16) becomes
(XTA+ ATX - XTBR'BTX+Q)Y =X"E-E'X (18)
Comparing (18) with GARE (6) it can be easily checked that if
weset X = PE, then the right side of (18) is (PE)TE—ETPE =
0. Hence, (18) becomes
(ETPA+ ATPE - ETPBR'BTPE+Q)Y =0

where PE = T T(;! as defined in (14).

(19) tells us that T3, 777" is a necessary solution PE of GARE.
Since Y £ Ty, ATy, will be a singular matrix if E is singular, we
can not remove Y from (19). In order to make sure the answer
is correct, we need check the result by substitute T3, 77, into
(6). The optimal gain then will be —~R~!BTT;Ty;' as shown in
(5)

(19)

At the end of this section, the computational procedures for
generalized systems linear-quadratic regulator design are sum-
marized below.

Step 1: Construct the Hamiltonian pencil (sF — H) from E,
A, B and Q, R as shown in (9).

Step 2: Find the eigenstrure of (sH — F) as shown in (10).

Step 3: Substitue PE by T5,T[;! (14) into (6), to verify the
solution.

Step 4: The optimal control u*(t) = ~R'BTT, T z(t).

IV. Example

One numerical example is given to show our computational
procedure for the optimal control.
Example:

Given

Ei(t) = Az(¢) + Bult), J= /o 127 (€)Qa(e) + uT () Ru(®)]at

where



1 000 01 00
o010 _lo 0o 01
E=loooo|" 45|11 00
0 0 00 0 -1 11
00
00 010 -1
B= =
100 € [o 00 1 ]
01
0 000
o TATAm_ |0 0 00 10
Q=FE"CTCE=|, o 1 o|" R-[OI].
0 000
Find the optimal control law.
Solution:
Construct the Hamiltonian pencil (sF — H), where
E o
F o= [o ET
1000 0000
0010 0000
0000 0000
0000 0000
0000 1000
0000 0 00O
00 00 0100
0000 000O0GCO
A -—BR'BT
H =
s
61 00 0 0 0 O
0 0 o0 1 0o 0 0 O
11 0 0 0 0 -1 0
0 -1 11 0 0 0 -1
0 0 o0 O 0 0 -1 0
0 0 o o0 -1 0 -1 1
00 -10 o0 0 0 -1
0 0 0 O o -1 0 -1

The eigenvetors and eigenvalues matrices of the pencil (sH — F)
are

T, T
V= 1 412
Tn Tp
0.1196 -0.5152 0 O 0.2053 —0.3067 0 0
—0.2211 0.3947 -1 0 0.3793 —0.2347 0 0
04451 04922 0 O 0.2274 -0.0389 0 0
—0.8225 -0.3767 0 1 0.4202 -0.0298 0 0
—0.0549 -0.1579 0 0 —0.3164 0.7073 0 0
0.1563 02788 0 0 —0.2682 -0.1660 0 0
-0.1014 —0.1209 0 O 0.5846 -0.5414 1 0
—0.1563 —0.2788 0 0 0.2682 0.1660 0 1
A O
p-[s 5]
< (1) 00 0 0 00
0 —5eess 0 O 0 0 00
0 0 00 0 0 00
0 0 00 0 0 00
1
g 0 00 &= ? 00
0 00 0 Gwm 00O
0 0 00 0 0 00
0 i} 00 0 o 00
Take
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0.1196 -05152 0 O
I, o | 02211 03047 -1 0
1151 04451 04922 0 O
-0.8225 -0.3767 0 1
-0.0549 -0.1579 0 O
I, = | 01968 0218 0 0
271 01014 -0.1208 0 0
-0.1563 —0.2788 0 O
0.1502 0 -0.1637 0
—-0.1637 0 03951 O |,
H — —1 _
Substitue PE =TTy = | 0135 0 —0.2315 0 into
0.1637 0 -—0.3951 O
(6) to verify the result being zero.
Then the feedback gain
_ p-1gT _[00137 0 -02315 ©
K=k BPE_[O.IG:W 0 -0.3951 o]
and the optimal control is u*(t) = —K=z(t). The colsed-loop
system will be
1000 0 1 0 0
001 0]. 0 0 0 1
0000 i(t) = 0.9865 1 02315 0 =(¢)
0 00O —0.1637 -1 13951 1

Its finite pole are s; = —1.8478 and s; = —0.7654 which are
coincide with those stable eigenvalues of Hamiltonian pencil as
shown in D matrix.

V. Conclusion

In this paper we provide an analytic solution to general-
ized systems infinite-horizon linear-quadratic regulator prob-
Jem. The solution of GARE is obtained from the eigeustruc-
ture of the Hamiltonian pencil. If the E matrix happens to be
identity, then our result become the typical method for regular
linear-quadratic design as in Anderson et al.(1989). Bender et
al.(1987) attack the same problem by coordinate transformation
to separate the finite and infinite subsystems. The requirement
of the given plant being impulse free is not needed in their work.
But, all interesting compatible properties, such as GARE vs.
ARE, Hamiltonian pencil vs. Hamiltonian matrix, E matrix
vs. I matrix can not be found in Bender’s(1987) paper due to
the destroyed structure caused by bases changing.

In the derivation of analytic solution derivation, numerical
reliable consideration is not discussed. Arnold et al.(1984) rec-
ommended the numerical stabled Schur method to solve ARE.
To adopt the orthogonal Schur method in computation the
eigenspace of Hamiltonian pencil needs further studies.
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