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ABSTRACT( Key words: sedimentation, po ential.double
layer polarization,suspension)

The sedimentation behavior of a concentrated
suspension of charged spherical particles is investigated
theoretically. The sedimentation potential is evaluated
taking the effect of double layer polarization into account.
A cell model is adopted to describe the present multi-
entities system, and a pseudo-spectral numerical scheme is
used to solve the governing electrokinetic equations, which
comprise a Navior-Stokes equation for flow field and a
Poisson equation for electric field. Severul interesting
phenomena, which are absent if double layer polarization is
neglected, are observed. For example, the -atio (E/U"),
E* and U* being respectively the scaled sedimentation
potential has a minimum if the electrical potential is low,
and has a maximum if it is high.
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Gravitational sedimentation of charged particles is
one of the basic electrokinetic phenomena of colloidal
suspensions. It is similar to the electrophoresis of charged
particles, and sedimentation potential is founi to correlate
with electrophoretic mobility, the so-called Onsager
relation.'? If the concentration of particles i;; appreciable,
the interaction between adjacent particles may play a
significant role, and the problem becomes complicated.
Levine and Neale’ discussed the electrophoresis of
concentrated spherical particles at low electtical potential
by adopting the cell model proposed by Kuwabara.* This
model assumes that the system under consid¢ration can be
simulated by a swarm of cells, each comprises a particle
and a concentric spherical shell of liquid phasc.  Assuming
low surface potential and thin electrical double layer, ie.,
the interaction between adjacent double layers is negligible,
Levine et al.’ were able to derive an analytical expression
for both the sedimentation potential and th: velocity of
particles of a concentrated colloidal suspension. Under
the same condition, Ohshima® derived the ¢ ectrophoretic
mobility of a concentrated colloidal suspension. The cell
model was also used to derive the electrophoretic mobility
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of a concentrated spherical dispersion under the condition
of thin electrical double layers.”® A more general analysis,
which is based on an arbitrary level of surface potential and
thickness of double layer, was presented recently by Lee, et
al’?

Compared with the electrophoresis, relative attention
has been paid to the sedimentation behavior of a colloidal
suspension, presumably due to the fact that the effect of
double layer relaxation involved cannot be neglected at the
first place as in electrophoresis. The result of Levine et
al.’ for sedimentation potential are consistent with limited
experimental data, and thus provided an indirect evidence
for the applicability of cell model. However, in order to
obtain an analytical expression, they made several
simplifications that reduced the generosity considerably.
First, using the linearized version of the Poisson-Boltzmann
equation which describes the spatial variation of electrical
potential is suited for a surface potential lower than 25 mV.
Second, the terms involving the electric effects in the
hydrodynamic equation are neglected. Third, the double
layer interaction between adjacent cells is neglected, which
is reasonable if Ka >>1, a and 1/k being respectively the
particle radius and double layer thickness. Levine and
Neale® pointed out that it is necessary to develop a more
general model for the case of higher potentials and smaller
values of Ka in which the effect of double layer
polarization becomes much more significant. In a recent
study, Ohshima'® was able to derive an Onsager relation
between electrophoresis and sedimentation under the same
condition of Levine et al.®

In the present study, the analyses of Levine et al.* and
Ohshima' are extended to the case that the surface
potential is not necessarily low and the effect of double
layer polarization may be significant.
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We consider identical, non-conducting, spherical
particles of radius a in a z,:z, electrolyte solution, z, and z,
being respectively the valences of cations and anions. If
we let a=-z,/z,, then the electroneutrality in the bulk liquid
phase requires that ny,=n,/o , Referring to Fig.1, the cell
model of Kuwabara' is used where each particle is
surrounded by a concentric spherical shell of liquid phase
of radius b. The spherical coordinates, (r,0,q), with its
origin located at the center of the particle are adopted in the
following analysis. Due to an electric field E is induced in
the z-direction (6=0). Suppose that the liquid phase is
incompressible and has constant physical properties.  Also,
the motion of particles is slow so that the system under
consideration is at a quasi-steady state.  Then, the



conservation of ions leads to
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where V denotes the gradient operator. z and ¢ are
respectively the elementary charge and the electrical
potential, V represents the fluid velocity, k and T are the
Boltzmann constant and the absolute temperature
respectively, and n;, D;. and z are the number >oncentration,
the diffusivity, and the valence of ion species _ respectively.

If the time scale for double-layer relaxation is much
smaller than that of the motion of a particle, then the spatial
variation of the electrical potential can be described by the
Poisson-Boltzmann equation

Vip=- % Zienj

=1 %
where € denotes the permittivty of the liquid phase.

The flow field is described by the Navier-Stokes
equation in the creeping flow region

Vev =0

NV39-Vp-pVé=0
In these expressions p,  , and p denote respectively the
pressure, the viscosity, and the density of fluic..

Suppose that ¢ can be decomposed as $=¢,+¢, where
¢, and ¢, represent respectively the electrical potential that
would exist in the absence of the induced electric field, and
that outside a particle arising from the induced electric field.
Then the effect of double-layer polarization is taken into
account by considering the expression'?

zje(d) +¢2 +¢;) =12
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where g; denotes a function which accounts the effects of

fluid flow on concentration, i.e.. the effect of double-layer

polarization. If ¢, and g are small. Eq.(6) can be

linearized as
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where, ¢ =¢/C, ,g'j=gj/qa and the surface poteniial of a
particle is characterized by,Z, zeta potential at the particle
surface.

The ratio g*/u", which is a measure for the induced
sedimentation potential per unit sedimentatio1 velocity, can
be evaluated based on the fact that the sedimentation of
particles generates no net current, or the net flow of current
across any horizontal plane vanishes, the condition of
streaming potential.  We apply this condition to the
horizontal plane.6=n/2 If we define the net current as <i>,
then
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where i, is the 6-component of current 1.
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and v, is the B-component of the flow_velocity of the jta
ionic species,v, The 8-component of 1 is used since itis
the normal component of the current density to the plane
O=n/2.and v, the flow velocity of the whole electroiyte
solution. According to O’Brien and White,"? the problem cf
solving (8)-(13f) can be decomposed into two sub-problems:
(a) a particle moves at a uniform velocity U in the absence
of the induced electric field, and (b) the particle is held
fixed in the induced electric field. These problems are
denoted as problems ! and 2 hereafter. The net current
across the plane ©=mn/2 in problem 1, <i>|, can be expressed
as<i>, =0U, and net current across the plane 6=n/2 in
problem 2, <i>,, as <i>=BE. The condition of streaming
potential  implies  that  <{>=<i>+<i>=0, and,
therefore, E/U=-8/p 2

Figure 2 shows the variation of (E*/U*) as a function
of xa at various scaled surface potential ¢,. As can be seen
from this figure, for a fixed$, , (E/U") approaches a
constant value for both ka—0 andka—ow. If §, is low, the
variation of (E’/U") has a minimum at a medium xa, as
shown in Fig.2(a). On the other hand, if ¢, is sufficiently
high, the minimum disappears, and a maximum may occur,
as illustrated in Fig.2(b). The rationale behind these
observations is e¢laborated below.  According to its
definition, (E*/U*)=-3/B, & and P being the net currents
across the plane 0=mn/2 in problems 1 and 2, respectively.
suggests that Io(r") comprises two parts: the current due to
the convective motion of liquid phase, I,.and that due to the
diffusion of ionic species, 1,4, Define
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For problem 1, the spatial variation of ¥ at two levels of ka
is summarized in Table 1, and the corresponding variatiorss
in G, and G, are presented in Figs.3(a) and (3b)
respectively . Table 1 suggests that circulation flow
occurs. Also. (8¥/cr) is insensitive to the variation in
ka. On the other hand, both G, and G,.are relatively
sensitive to the variation in ka, as suggested by Figs.3(a)
and 3(b). Note that in this problem, the boundary
condition for \y at r*=1, Eq.(13e), is nonhomogeneous,
and the boundary conditions for G, and G, at r*=a/b,
Egs.(13b) and (13d), are homogenous. If xa—0, the
double layer is thick, and the variation in ‘¥ as r* varies 1s
insensitive.  Also. as pointed previously, (a\P/ar*) 18
also insensitive to the variation in xa. According to
Eqgs.(20a) and (21a), suggests that &, is alimost a constant.
Furthermore. if xa—0, implies that 3, is negligible, and,
therefore, 8is roughly constant. The fact that 3, 8., and &
all approach constant as ka—0 are shown in Figs.4(a) and
4(b). As ka incrcases, the variation of ¢, as r* varics
becomes steeper. and the contribution due to the term



[exp(d,d”)-exp(od,d’)]  in  Eq.(20a) becomes  less
significant.  According to Eq.(21a), d.decreases with xa,
as can be scen from Figs.4(a) and (4b). The:se figures also
reveal that if ka is further increased, S, may change its sign
and have a minimum. This is because that if ka is large,
the contribution to 8, by the term [exp(d,¢",)-exp(ad.d™))] is
significant for the intcrval r*<l/ka only. In this case a
slight variation in (G / Cr ) with xa becomes important.
It can be inferred that 5,50 as xa—oc. Figures (4a) and
(4b) also reveal that §; may have a maximurr. as ka varies.
This is because that the gradient of equilibrium
concentration increases with «a, and, therefore, the effect of
ionic diffusion is enhanced. However as xa increases,
since V¢,, or the electric field, also increases, it is harder
for ion cloud around a particle to be polarized. The net
effect is that &, exhibits a local maximum. “he fact that 5
has a minimum, and. therefore, (E/U") has ¢ minimum. is
due to these behaviors of 3, and d,.

Figure 5(a) illustrates the spatial variazion of Y in

problem 2 at two levels of xa. and the corresponding
variations in G, and G, are presented in Figs 5(b) and (3¢)
respectively.  Contrary to the results of problem 1,
(@¥/é&r") is sensitive to the variation in xa in problem 2,
but G, and G, become relatively insensitive to the variation
in ka. In this problem, the boundary condition for \y at
r*=1, Eq.l3¢), is homogeneous, and the boundary
conditions for G, and G, at r*=a/b, Eqs.(13b) and (13d), are
nonhomogenous. Figures 6(a) and 6(b) illustrate
respectively the variations of B and f, as a function of ka at
two levels of ¢, As can be seen from Fig.6(a), |3
approaches a constant as ¢,. This can be explained by
employing the reasoning adopted in problem 1 for the
variation of 3. This is why (E"/U") in Fig.2 approaches a
constant as ka—0. Figure 6(a) reveals that |B| decreases
with the increase in xa. This is because tlat 3.<<f,, as
can be judged from Figs.6(a) and 6(b). and p=p,.
Similar to the behavior of 3, |B4ldecreases with the increase
in xa. Figure 6(b) reveals that, if xka—0, the1 f=0. This
is mainly due to the behavior of the spatial veriation of
in problem 2, illustrated in Fig.5(a). Smilar to the
variation of &, |B,] becomes more appreciable if xa
becomes larger. However, a further increases in ka leads
to a smaller, and aska—c,|3,|—0.
If ¢, is low, the minimum in the (E*/U*) aguainst xa curve
shown in Fog.2(a) is mainly due to the behavior of 8. which
has a mimimum as xa varies, as illustrated in Fig.4(a).
However, as ¢, increases, the effect of f on (E*/U*)
becomes more significant.  According to Fig.6(a). |B]
decreases with xa. and therefore. the mirimum in the
(E*/U*) against ka curve is less appreciable, and may even
vanishes if ¢, is sufficiently high. Also, at a sufTiciently
high ¢, and large xa, the effect of the m:ximum of J
exceeds that of the minimum of 5. Ths lcads to a
maximum in the sum 3=3,+9, . as shown in Fig.4(b). and,
therefore, a maximum in (E/U") against Ka curve as
illustrated in Fig.2(b).

Figure 7 shows the variation of (E*/U*’ as a function
of ¢, at different xa. This figure reveuls that for a
fixed xa. (E*/U*) incrcases with the increisc in ¢, as
expected.  Also. for a fixed ¢, . (E*/U¥*) incrcasces with
the incrcase in ka. This is because that the larger the

ka, the thinner the double layer, and the greater thz
concentration gradient. '
Figures 8 illustrates the variation of (E*/U*) as a
function of ka at two different volume fractions of
particle, measured by H (=(a/b)’). As suggested by this
figure, the effect of the volume fraction of particle on thz
behavior of (E/U") is only quantitative, i.e., the qualitative
behavior of (E'/U") against Ka curve at a high H is similar
to that at a low H. A comparison between Figs.8(a) and
8(b) reveals that for a fixed ¢, , (E*/U*) increases with thz
volume fraction of particles.
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Fig.1. Schematic representation of cell model, where a particle of radius a
is surrounded by a spherical liquid shell of radius b. The sedimentation of

particles induces an electric field E in the z-dir
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Fig.2. Variation of E*/U* as a function of K@ at various scaled surface
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Fig.4. Variation of OC s Od and O asafunction of K@ for the case
H=0.5, (I)r =1, (a),and (I) r=3,(®). Key: same as Fig.2.

potential d)r for the case H=0.5. Key: O =1, P¢;=¢,=0.01.
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Fig.3. Variations of G, (a), and G,, (b), as a function of r* at different values of

KQ in problem 1 for the case H=0.5 and () r=1. Key: same as Fig.2.
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Fig.5. Variation of ‘i"z as a function of r* , (a), that of Gy, (b), and that of G,
(c), at different values of K@ in problem 2 for the case H=0.5 and q)r =1
Key: same as Fig.2.
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. Table 1. Variation of ‘¥, as a function of r* at different values of xa for the
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Fig.7. Variation of E*/U* as a function of Q)r attw) different Ka for

the case H=0.5 and (Dr =1. Key: same as Fig.2.
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