Please cite this paper as follows:
Chein-Shan Liu and Hong-Ki Hong, Reconstructing J, Flow Model for Elastoplastic
Materials, Bulletin of the College of Engineering, National Taiwan University, Vol.57,
pp.95-114, 1993.



95

Bulletin of the College of Engineering, N.T.U., No. 57, Feb. 1993, pp. 95-114 v A TS

RUr4MASIESH BE+EHW REA+ZFZA HS5-14H

RECONSTRUCTING J, FLOW MODEL FOR
ELASTOPLASTIC MATERIALS

Hong-Ki Hong* Chein-Shan Liu**

EEEEMMEZ o REEN

HRE B EBT

wm =

AXEEER LHEEEARER > BRELARHY > HHHMBRG
WEER > LRASHEEHN AR —BEAFREKELCRTERZEME - X
| hEE R AR REE » # M  Kuhn-Tucker i o THBFARKE » &
3O B8 R 2 B AT HEAS R AT A0 D0 FE B R4 - ATRER AT NE R BRF 5B
BN ~ BB GEG  MRBREE - R ZEVIRE )‘CCFM’#E
MR EEEREEEM ARG E S EREROER

RAB2E3 - hnrE e - FRE RN lﬂiﬂﬁf#*ﬂi@ﬂ‘?zﬂ?‘]ﬁ B FERK
% o

Abstract

We reconstruct the constitutive relations for Jo elastoplasticity. From a few
ms we deduce a consistent model of elastic-plastic-damage-failure, which can
nsparently handle nonlinear softening and perfect plasticity as well as nonlinear
enmg in the combined-isotropic-kinematic sense. We assert maximum dissipation
in the set of admissible stress states and find out its Kuhn-Tucker conditions. In a
ral way, we discover the straining condition, irreversibility-reversibility criterion,
eak stability condition, strong stability condition, absolute failure condition, loading
re condition, and their close relationships. We also investigate material properties
explore their physical meanings in stress-strain curves of material tests.
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1. Introduction

In the development of the concept and constitutive theory of plasticity, the limit
concept emerged first and has been evolving into today’s various yield conditions. A
second but decisive stride taken in the development of the theory was the proposal of
incremental stress-strain relations, which has been developing into today’s plastic-flow
rules. The third important step may be the joint usage of the loading (and unloading
and neutral loading) conditions and the yield conditions, thus establishing loading-

] [3]. Other significant contributions include the replacement

unloading criteria (e
of rigidity by incorporating the elastic part, the enhancement of perfect plasticity by
introducing the rules of hardening, and the consideration of Bauschinger’s effect by

dividing stress into active and back stresses. Nowadays, despite there exist other variant
models and theories (31 (4], a conventional flow model of plasticity generally includes
such ingredients as the elastic part, yield condition, loading—unloading criterion, plastic

flow and hardening rule, and kinematic rule.

As parts of a single and integral model, the ingredients ar¢ necessarily interwoven -
r. To establish =

but, since they are separately specified, their interrelations aré not so clea 3
a correct theory, the specification of the ingredients should be consistent with each
other and in harmony with natural laws, and, if necessary, SOme closely related topics

such as material stability, damage, failure and so on should be treated. In the present

paper, W€, examining constitutive ingredients of J2 elastoplasticity, choose parts of
them as axioms and derive the rest. In doing so, W€ correct some inconsistencies in 8

conventional models and arrive at enlightening results regarding the nature of plasticity,
irreversibility, stability and failure.

We first in section 2 present the axiomatic part of the model including the first
and second laws of thermodynamics. Then, in the rest of the paper We deduce from
the axioms other important ingredients of the model and explore the properties of the -"

modeled materials. In order to complete the description of the model, we collect in 3

section 3 the nonaxiomatic ingredients which will later on be deduced from the ax

iomatic part. For convenience we also furnish a compendium of important propositions 4
to be proved in the paper in section 4, at the end of which previews of the sections -

that follow can be found.

2. Jo elastic-plastic-damage-failure model: axiomatic part

The law of energy balance asserts that in a mechanical process,

0ij éij = VV SE A,

is strain, Oij €ij is the mechanical power, W is the str

in which oij is stress, €ij
d energy (density) or bri

energy (per unit volume or density), A is the dissipate
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the dissipation (density), and A is the dissipation (density) rate. For a function of one
argument, a superscript prime denotes a differentiation of the function with respect
to the argument, for example, k'(€?) = dk/déP, while a superimposed dot stands
especially for a material time differentiation. As usual, the stress deviator is denoted
- by s;; and the strain deviator is denoted by e;;. The dissipation rate A is postulated to
~ be nonnegative:
A>o, (2)

as the second law of thermodynamics implies. According to the Legendre transforma-

tion, the complementary energy (density) W€ is connected to the strain energy W by
the following relation:

Oij €5 = W + We, (3)

In the stress-space formulation, stress plays the role of independent variable and
divided into two parts, active and back (or kinematic):

— 0 b . — o b
Oij = 045 + 045, 8ij = 835 + 85, (4)

lastic-flow potential

e gh/;ﬁ(ap) = Z’-sgj 5% /h3(P), (5)
duced yield function [5]
f=o ai%. = 38, 5/%(e7), (6)
ield condition
=1 or Sefsfy=h2e) (1)

ned on stress space, and stress is permissible only in the unit level set [5]:

FS1 or Syt < (e?), (8)

nes the set of admissible stress states in stress space.
» corresponding to Eq. (1), the strain rate, the conjugate to stress, is postu-
composed of two parts:

. -~ 30 .p L == .p

perscripts e and p signify, respectively, the elastic and plastic parts. For
nall deformation is assumed throughout. The elastic part is governed by

2G(eP)eés; = sy, 3K(EP)éS, = ou, (10)
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where
c@?) 20, KEMNZ20 (11)
erial functions. The plastic part is governed by

are two experimentally determined mat
ie., the kinematic

the evolution rules for the back stress afj and the plastic strain e’,-’j,

rule: 9
8= '3'k’(ép)é€jv ob =0, (12)
and the plastic-flow rule:
ep = A————g = A————:"S?', ép ) e 0, (13
1) Ba% 2h‘2(ep) ] kk )
where
A=0 if f<l (14)
and ‘
k'(e?) =20, h(e?) >0 (15)
are two experimentally determined material functions.
The equivalent plastic strain €7,
1
~p E oo ) 0% 1 - 2 . P 2 .
0

is a time-like parameter because its time derivative & P is nonnegativ
indicator for irreversible change of material properties. The symbols to, 7 and t denote
the zero-value time, the initial time and (the current) time, respectively, andtg <7<t -
It is postulated that conceptually there is a time instant called the zero-value time to
pefore and at which all relevant values are zeroes [6]. As a consequence, the model

is thus general enough to deal with the problems of nonzero initial values if the initial
conditions of stress Jij and the equivalent 3

(1) (or strain €;(7)), the active Stress i; (1)s
plastic strain gP(r) atthe initial time T are prescribed. In particular, initial isotropy of =
plastic response [4] is not assumed. From the first-order differential equations (1) and -
(2) and Eq. (3), it is obvious that the three energy quantities, i.e., the strain energy
the complementary energy we, and the dissipated energy A, are uniquely dctermlne_tii_

up to an additive constant each, which leaves room tO the postulate of the zero-valu

state: W (to) = We(to) = A(to) =0 without loss of generality (5]. In fact more than
often the initial values of W (1), we(r), AT

), and &P(r) are not known and Whiij
really matter are the relative values of W(t) — W(1), we(t) — we(r), Alt) - A(TX
and &P(t) — €P(7)- 3

e and hence is an



Hong - Liu: Reconstructing J2 flow model for elastoplastic materials 99

3. J; elastic-plastic-damage-failure model:
nonaxiomatic part

A mechanical model is displayed in Fig. 1 which may help understand, hopefully
- without misleading, the meanings of Eqgs. (4) and (9)~(14). The model proposed in
the preceding section is hardly different from conventional models except that the
onventional ones prescribe loading-unloading criteria whereas the proposed model
- merely prescribes A=0if f<1 (see section 6 for more discussions) and identifies
 the dissipation rate A in the plastic-flow rule (13) [5]. It is amazing and significant to
te that it can be proved as will be elaborated in sections 9 and 10 that, given only
se in the axiomatic part, there come out naturally a series of deduced rules: If the

terial is weakly stable, that is, if the weak stability conditions

(shear weak stability) G(e?) > 0, (17)

(bulk weak stability) K(e?)>0 (18)
: satisfied, the mechanical behavior of the material is governed by the proposed model
h the dissipation rate A abides by the following naturally deduced criterion:

A{>0 iff f=1 and Gs&é; >0

) (19)
=0 otherwise

&

sb e

S

Fig. 1 Mechanical model
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which may be termed the irreversibility-reversibility- criterion. As such, the conven-
tional loading-unloading criteria are not only artificial but also ambiguous or incorrect.
It is observed that the demarcation in the criterion (19) is simple and, the most impor-
tant, the criterion is versatilely applicable to perfect plasticity and softening as well as
to hardening without any additional effort; no modified versions have to be made as
the conventional ones, no discrimination between hardening and softening or perfect
plasticity and no difficulty in transition from one to the other. These advantages may be
attributed to the straining condition Gs§j €ij > 0 which can distinguish irreversibility
from reversibility even in the cases of softening and perfect plasticity, while the loading
condition s§j $ij > 0 used in the conventional loading-unloading criteria fails to tell.
In summary, with this natural criterion (19) and the two material functions k(eP) and
h(eP) in Egs. (12) and (13), the model is capable of describing the behaviors of nonlin-
ear hardening and softening and perfect plasticity in the combined-isotropic-kinematic
sense.

It is further observed that, being functions of the equivalent plastic strain which
account for the dependence of the shear and bulk moduli on the plastic deformation, the
material functions G(€P) and K (eP) reflect the phenomenon of progressive damage
through elastic-plastic coupling. Moreover, it will be shown in section 9 that the
material is alive in no case if the absolute failure conditions

(shear absolute failure) G(EP) =0, (20)
(bulk absolute failure) K(eP)=0 (21)

are satisfied. In addition to the preceding failure modes, perfectly plastic or softening
materials as analyzed in section 14 are more likely to fail in the so-called loading
failure mode: :

(shear loading failure) — 3G < I+ K<0 and f=1 and sfjs;>0. (22)

It is worth noting that the above failure conditions (20)~(22) are an integral part of
the proposed model, which is in harmony with the rest of the model. This cautions
any attempt to arbitrarily join a failure model to the elastoplastic model. "

4. Material properties

The proposed model employs totally four experimentally determined functions for
material properties, i.¢., the bulk modulus function K (€P), the shear modulus function
G(eP), the yield-stress function h(gP), and the back-stress function k(eP). Givel
only those axioms stated in section 2, the four material functions and the three energy.
quantities can be proved to hold the following important properties:

A= st é? = he® 20,
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a ag A p
f=a,~j&7 and {A=0 if f<1}=>{A—s €5k (24)
ij

{f:ﬁi‘%} and {A = s é! }=>{A 0 & <1}, (25)

{A=0 if f<1} and {A=s}é? }=>{ 1fA>0} (26)

. 09
1»]3 a

27 = rr;gx{2s%é% | f <1}, (27)
(W + K +3G)A=3Gs%e; if f=1, (28)
K +k +3G >0, (29)
G>0&h +k +3G >0, (30)

G=0&h+k+3G=0=>h+k =0, (31)

83815 > 0= G s7; éij > 0, (32)
f=1 and s%3; >0=A>0, (33)
bl +k'>0=h +Ek +3G >0, ' (34)

S KA = 535 if f=1, (36)
: (37)

2G 5% éi;dt >0, | (38)

(39)
(40)

(41)

Se are to be proved below by taking advantage of the rule of reductio
3) is proved in section 5. An important comment on axioms is
6, where Egs. (24)~(26) are proved. Section 7 discusses the
s for the assertion of maximum dissipation rate, Eq. (27), in the
ress states. Eqs. (28)~(31) are proved in section 8, after which the
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absolute failure condition and the weak stability condition come out naturally in section
9. Then we find out the sufficient and necessary conditions for irreversibility and the
irreversibility-reversibility criterion in section 10. In section 11 we make comparison
between the straining condition and the loading condition, as & consequence Eqs. (32)
and (33) verified, with which we are able to categorize hardening, softening and perfect
plasticity in section 12 and also 10 discuss the strong and weak stability conditions in
section 13, verifying the propositions (34) and (35)- The important assertion (36) and
the loading failure condition are investigated in section 14. In section 15 the expansion
and shrinkage of the yield surface are briefly discussed. In section 16 Egs. (37) and
(38) are proved. Finally Egs. (39)~(41) are proved in section 17.

5. Constitutive law for the dissipation rate

From Egs. (16)2, (13), and (6), we have

(&P = A f. (42)

If f = 1, since h > 0,é? >0, and A > 0, we have A = hé?. Andif f < 1, in view
of Egs. (42) and (14) and h > 0, we have A = hi? = &? = 0. Thus, no matter which

case,

A = hé”. (43)
If f =1, it follows from Egs. (6), (13)1, (43), and (2) that
i fhom ot D0k = syely = b 20 (44
__-f ——Uijao'(.]‘. —-Sije,ij—' e £ Y )
ij

It is interesting tO know that even if f<1,the above equation still holds, because the
axiom (14) stipulates that A = 0 if f < 1 and because of Egs. (13 and (42). The
equation

" w
A = 8§ €5; (45)

is indeed the constitutive law for the dissipation rate.

6. A comment on axioms 1

A few words of comment on axioms follows. Among the three equations (6),?l
(14), and (45), the present paper has picked up Egs. (6) and (14) as axioms and then
with the aid of some other axioms derived Eq. (45): In fact, any twoO of the thre?{?,
equations can be chosen as axioms and then with the aid of some other axioms the’
third equation can be derived, as just shown in the preceding section and as will b&

shown in the rest of the present section.

e, Ay ]gﬁh
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If Egs. (6) and (45) are chosen as axioms, substituting the plastic-flow rule (13);
for e” in Eq. (45) and then using Eq. (6) give

: p) .
A=sfel = ,JaiA FA, (46)
or )

which renders the statement (14) upon considering the axiom f < 1.

If Eqs. (14) and (45) are chosen as axioms, we know from Eq. (14) and the axioms
f < 1land A > 0 that .
A>0= f=1, (48)

' and, on the other hand, substitute the plastic-flow rule (13); for e ;in Eq (45), giving

: ) 39 :
A= S:'j GZ- = S?jﬁA, (49)
1) .
dg \ .
(1 — S%W%)A = ) (50)
A>0=s829 (51)
Y god

t the relation between f and g exists only in the irreversibile stage. In the reversible
ge there is no need of g and, moreover, it is impossible to know 3;‘{,— theoretically
L)

Kuhn-Tucker conditions for maximum dissipation rate

dtis observed that Eqs. (13),, (47), (2) and (8) constitute the Kuhn-Tucker con-

s [7] for the following constrained optimization problem: minimize —2s e”J

to Eq. (8). In other words, the plastic-flow rule, the equality (f — 1)A = 0,
inequalities A >0 and f <1 are sufficient and necessary for the assertion of
um dissipation rate in the set of admissible (active) stress states. Because these
ns are either axioms or deduced statements of the model, we have proved
rtion for the associated model investigated. The associativity refers to that
CF%— where c is a positive real. In the present model ¢ = 2. As an extension,

neral associated model, the convex function to be minimized is —ca{‘] ef], and

ch = max{eaf; & | f < 1}. | (52)
"J
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Substitutin

(85 — 8%) + 835 = S (54)
yields f‘-,
2
et §(k’ + 3G)é’i’j = 2G éij, (55) 1
or* g |
~ From Eqs. (7) and (43), the consistency condition is f=0if f=1 i.e.
2 ,:
8% 8% = gh’A if f=1 (57)
From Egs. (56), (57) and (45),
(58)

Bulletin of the College of Engineering, N.T.U., No. 57, Feb. 1993

8. Nonnegativity of R+ Kk + 3G

By virtue of Eqs. (10); and (9),
5;=20é%=2G&; - 2G.é%;. 53)

g Egs. (4), (12) and (53) into the identity

(h’+k'+3G)A=3Gs‘,?‘jé,~j if f=1

Now we are ready to prove Eq. (29). In the case of f =1 and G s; éij > 0 it
follows from Eq. (58) that (K + Kk + 3G)A > 0. This would imply A < 0, which
would contradict Eq. ), A2 0, if we should assume K+ k' +3G <0. Thus we

have proved that
R +k +3G20. (59)
Rewritten as v /3
d(¥=2h 3 3
_b__iiﬁ > —2G, (60)
4 Ber)

a thin-walled ':

onal-shear test of
us

he curve of shear stress VErs
ds, the shear Sress versus
k in the direction =

undly that in a torsi
otation the slope of
han —2G; in other wor
annot snap bac

the assertion (59) means profo
circular tube under monotonic T

plastic shear strain is not smaller t
shear strain curve goes down at most vertically and €

of shear strain [6], as illustrated in Fig. 2.

We are now going to prove W+ k+3>0= G > 0. The premis¢ is 8
W + k' + 3G > 0. In the case of f = 1and A > 0, since b + K + 3G > 0
Eq. (58) says (' + k' + 3G)A = 3G s3; éij > 0- Should G = 0, it would follow that
3G si; éij = 0. Contradiction. Since G > 0, the conclusion is G > 0. Thus we ha\{.
proved that h’+k’+3G>0=>G>0. :



Hong « Liu: Reconstructing Jz flow model for elastoplastic materials 105

)
50
.
s
< I 2c¢(0) 2¢(@)

7 7 ‘_d(gh+§/c)<20(é’)d(§§?)
)
s 26(2)aBe) > Bhe
Stz

S P - / gk(@d

Strai
___ld(BéF) Bhe s
- < % az=-e/z
= SIZ
en-Ge— 1= 20ie)
€ T

Fig. 2 Relations of material functiops and constraints

v t, we are to prove G > 0 = h' + k' + 3G > 0. The premise _is G > 0. In the
= land s; é;; > 0, since G > 0, Eq. (58) says (h'+k'+3G)A = 3G 85 €ij >
ild h' + k' + 3G = 0, it would follow that (k' + k' + 3G)A = 3G s8 é;; = 0.

j
liction. Since h' 4+ k" 4+ 3G > 0, the conclusion is ' + k' + 3G > 0. Thus we

dthat G>0=h' +k'+3G > 0.

G>0&eh +k +3G >0 (61)
+3G > 0and G > 0, Eq. (61) is logically equivalent to

G=0&h+k+3G=0=>h"+k'=0. (62)

9. Absolute failure and weak stability

K +3G = 0and G = 0, 5;; = 0 due to Eq. (10), and Eq. (58) is trivial.
ining condition G s;; €ij > 0 can no longer be valid so that we cannot
rther without failure in any case, and the shear stress-shear strain
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curve drops down vertically, since the shear stress-shear plastic strain curve declines

at a slope of —2G (6], ie.
d(Lh+ Bk)
A3” " 3~ =-2G. (63)
d(Fe?)
t at the time the model breaks down completely and the

Therefore, we conclude tha
material fails in all cases. Hence

G=0oh+k+3G=0® shear absolute failure (64)

at a particular value of &P denoted by éﬁf or at a particular value of A denoted by
A,y indicates shear absolute failure, as illustrated in Figs. 3 and 4. On the other hand,
once K =0, oy =0 dueto Eq. (10)2 and the spherical stress-volumetric strain curve
declines to be trivially horizontal. Therefore we conclude that

K = 0 < bulk absolute failure (65)

at a particular value of &P denoted by gl Orata particular value of A indicates

bulk absolute failure. On the contrary, if 0<er< é"c’l £ then

G>0eh+k+3G>0e shear weak stability, (66)

. = =P
and if 0 < €7 < € ik then

K > 0 < bulk weak stability (67)

ns of the proposed model do have chances to work, and

such that the governing relatio
d (67) are the weak stability

we say that the material is weakly stable and Egs. (66) an

conditions.

10. Sufficient and necessary conditions for irreversibility

If weak stability is ensured, b’ + k' +3G > 0 and G > 0, and it is easily seen =
from Eq. (58) that

if f=1, then A>0&Gsjjéi> 0. (68)%

Upon considering f < 1 and A > 0, Eq. (68) and the axiom (14) together give

Asba f=1 and G sjj€ij > 0, (69)

that is, the sufficient and necessary conditions for irreversibility are the yield conditio i

f =1 and the straining condition

G stéij > 0. (70)
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In view of Eq. (2), the proved statement

(69) is logically equivalent to the following
irreversibility-reversibility criterion:

[>0 iff f=1 and Gste. g
A Ll (71)
=0 otherwise

~ Referring to Eq. (71), the process in which A

> 0 is referred to as in the irreversible
 stage and the one in which A = 0 as in the re

versible stage.

Stress

@ r'+k’>0
@ h'+k'=0
@ -3c<h’+k'<0
@ 2¢(e)>0
L_(Is) 3C(ely)+h'(ely ) +k’ (et )=0
|

I
Strain
eﬁ:% By i) Ex=e,
~©® c(e&)=0
—_— e ,

'Fig. 3 Stress-strain diagram exhibiting hardening (1), perfect plasticity 2),
s softening (3), yielding (1,2,3), probable failure on loading (3),
4 absolute failure (5), and degradation of moduli

2G sj; €ij = % $i5 + 2G %67, = 85 8ij + 2G A.

i€ (72)
0 Egs. (72), (2) and (11),,
2G 7 é55 > 8§ 3ij. (73)
lows immediately:
s 81 > 0= G s &y > 0, (74)
> KNown as the loading condition. On the other hand, if Gs?j éi; > 0,
Il the sign of se

ij Sij in view of Eq. (73). Therefore, loading implies
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straining, but straining doesn’t correspond to loading, as shown schematically in Fig. 5.

Combining Egs. (74) and (71) gives
A>0 if f=1 and s58i;>0 (75)

13T

yie\;d loading failure

strong
stability

weak stability

Fig. 4 Stability and failure

Therefore, we conclude that the loading condition sg; 8ij > 0 and the yield condition
f = 1 are sufficient conditions for irreversibility, A = héP > 0, but not necessary 3
conditions, whereas the straining condition G sj; €ij > 0 and the yield condition f=k
are sufficient and necessary conditions for irreversibility, A = hé? > 0. In this
me conventional criteria are cumbersome because they employ the correct -
but partial statement (75), etc. and, even worse, some others, ignorant of the role Of -
the loading or straining condition, use the wrong statement that A>0if f=1, etC'
Figure 5 illustrates why in a material softening case the loading condition does not
work as is supposed to do, while the straining condition works, since it is capable
of distinguishing irreversibility from reversibility no matter softening Qr hardening:
. Due to strain determinacy and stress indeterminacy for perfect plasticity and soften
( depicted in Fig.5 the straining condition replaces without doubt the conventional roles

of the loading condition.

regard, SO

> 0 is easier to handle, since G(€P(t)) and s%,

The straining condition G s3; éij
n-controlled process.

=1
have been just obtained and €;(t) is prescribed in a strai
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perfectly suitable for stiffness formulations, on which

most matrix structural analyses
and finite element methods are based [2] [5].

S'tress

@ unloading but straining
@ unloading and unstraining

/ e

\ —
/ @
@

)0

@—— -0

Strain

Fig. 5 Strain determinacy and stress indeterminacy for a softening case

12. Hardening and softening

- the yield condition f = 1 and the loading condition 835 8i5 > 0 are satisfied,
4) indicates that the straining condition is also satisfied. Thus, strain increases
tress; the material is said hardening. At the time, 83 8ij = s 3% + sf &% =

K)A > 0, and A > 0; therefore, A’ + k’ > 0. Hence we have the following
on for categorizing material behaviors: ‘

hardening & A 44’ >0, (76)
perfect & B 4k = 0, (77)
softening & -3G <A +k' <0, (78)
absolute failure & —3G =h' + k' = 0, (79)
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fore, we call Eq. (76) the strong stability condition, i.e.
B! 4+ k' > 0 «» shear strong stability. (80)

It qualifies unconditionally stable states and is a stable condition in Drucker’s sense (8]
[9]. It cannot be overemphasized that the material which is perfectly plastic or softening
is not necessarily unstable and stability is not always hardening. For examples, for a
strain-controlled process, Or straining process, an unstraining process or an unloading
process, 2 material in the states of Egs. (77) or (78) is stable, but it is unstable for
a loading Or reloading process, failing as soon s yielding. This explains Why shear
failure may occur at any value of &P € [€ i ghy) with el satisfying both K+k'=0
and f =1 and éﬁf satisfying both h' + K +3G =0 and f = 1, a8 shown in
Fig. 4. Nevertheless, the material may survive up to right before eh f in some Cases
and survives in no case at éﬁ I In other words, the material in the states of Egs. (77
or (78) is conditionally stable. Therefore, Eq. (17) is called the (shear) weak stability
condition.

Since G > 0, it is easy to show that

h’+k’>0=>h’+k’+3G>0, (81)

which asserts that strong stability implies weak stability and that
é’,’f <éehp (82) =

as depicted in Fig. 4.

14. Loading failure

In the foregoing section, we have mentioned probability of failure before absolute"i
failure if the material is perfectly plastic and/or softening. We have known in section
12 that

%(h’ LKA =sgey E F=L (83)

It is clear that the above equality breaks down in the case of simultaneous softening
yielding, and loading. Hence

3G <h+k <0 and f=1 and & >0 shear loading failure, (84

which may be called the (shear) loading failure condition. Figure 4 displays the produ
space of stress and &P in which three curves, the elastic boundary f=1,1he stro -
stability boundary B + k' =0, and the weak stability boundary h' + k' + 3G =08 :
plotted. The two curves f = 1 and K+ k+3G= 0 separate the forbidden from. \
set of weakly stable states, which i indeed a fiber bundle, fibered into elastic regl
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for various irreversible stages and f = 1 being the base manifold. The loading failure
curve (or hypersurface)

{(V/3J2,6P) | f=1 and —3G <h +k <0} (85)

represents probable loading failure, the states on which do not lead to failure unless
oading is the case, whereas the absolute failure point (or hypercurve)

{(V373,6") | f=1 and h'+k'+ 3G =0}, (86)

resents absolute failure as depicted in Fig. 4.

15. Expansion and shrinkage of yield’ surface

Since the yield condition, Eq. (7), defines the yield (hyper)surface in stress space
correspondingly the unit level set, Eq. (8), defines the set of admissible stress
', we can observe the relationship between the sign of A’ and their size in stress
s follows:

expanding & A’ >0, (87)
igd o R =0, (88)
shrinking < R’ <O0. (89)

Nonnegativity of modulus-weighted active work
_in the large

G > 0 and k' > 0, we immediately have

k' +3G > 0. (90)
d(Lk)
—2— > 2@, 91
d(Ler) ~ (51)

0) means profoundly that, in a torsional-shear test of a thin-walled
under monotonic rotation, the back stress versus shear strain curve goes
ically and cannot snap back in the direction of shear strain.

6) and (43),

2G 53 65 = 8§ 8% + (K +3G)A. (92)
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Consider a closed cycle (or path) of active stress in the time interval [t1,t2] in which
s&i(t) = s%;(t2). Then the first integral in the right-hand side of the following equa-
tion:
t2 . t2 - il 2., .
(% 56y 6t = f s¢ 5% dt + f 2 +30)h (93)
1 t1 t1
vanishes and the second integral is nonnegative because poth k' + 3G and A are
nonnegative. Accordingly, we have proved that

t2
4 2G S?j €ij dt > 0, (94)
1

which asserts the nonnegativity of the modulus-weighted active work in a closed cycle
of active stress (Or in the large). Itis somehow similar t0 but different from [lyushin’s
postulate (10]. For comparison purposes, Eq. (45) is recalled that

dA = s& de; 2 0, 74 dA = f % de; 2 0, (95)

which assert the nonnegativities of active plastic works both in the small and in the
large.

17. Nonnegativities of strain and complementary energies
and dissipation

To prove Egs. (39) and (40), consider a case near the zero-value state under
pure volumetric deformation exx(t) # 0, in which, since given K (eP) =2 0, w(t) =
wei) = K (0)e2(t) 2 0. This would contradict the assumption. Thus we have j
proved that W = 0 and W€ > 0. y

Since given A >0 and Alto) =0, itis clear that

t

At = | MEE20. (96)

Thus we have proved Eq. (41).

18. Conclusions

In the present paper, we have reconstructed the Jo flow model for elastoplastid
materials by distilling axiomatic ingredients and derive from the axioms a consistents

model of elastic-plastic-damage-failure and investigating the properties of the mode 5

The model accepts as its founding stones and thereby satisfies the first and sccofl"
laws of thermodynamics. It has been found that any two of (1) the relation betweels
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the yield function and the plastic-flow potential function, (2) the sufficient condition
for reversibility, and (3) the constitutive law for the dissipation rate can be chosen as
axioms and with aid of some other axioms the third one can then be deduced. The
assertion of maximum dissipation rate in the set of admissible stress states has been
proved and its Kuhn-Tucker conditions formulated.

Egs. (58) and (83) are two very enlightening assertions which reveal much of the
~pature of the modeled materials concerning irreversibility, straining, loading, stability,
and failure. It has been found that if weak stability is ensured, the yield condition and
he straining condition are sufficient and necessary for irreversibility. It is worth noting
that instead of arbitrary assignment the stability conditions and the failure conditions
merge naturally in the deduction of the model. We have identified two shear failure
des: loading failure and absolute failure. The loading failure occurs on simultane-
ous softening, yielding, and loading. The absolute failure means material loss of weak
ility. For a hardening material, there is no loading failure mode. The nonnegativ-
s of h' + k' + 3G and k' + 3G have been proved and found profound meanings in
ess-strain curves. It is interesting to note that the modulus-weighted active work in
arge is nonnegative but that in the small may be nonnegative or negative, while
the active plastic work either in the small or in the large is known to be nonnegative.
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