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Abstract

Global dynamics behavior of a damped
flexible connecting rod is considered in this
paper with emphasis on the effects of the
rigid crank length. Nonlinear equations of
motion in terms of axial and transverse
deflections are derived based on Lagrangian
strain formulation. When the crank length is
small compared to the connecting rod, it is
found that only one periodic solution exists
in the speed range up to 1.5 times the first
bending natural frequency of the connecting
rod. As the crank length increases, however,
multiple solutions may exist and the
associated domains of attraction can be
identified by cell-to-cell mapping technique.
Moreover, the steady state response may
become chaotic, which renders precise
prediction of the dynamics response
meaningless. The onset rotation speed of
chaotic vibration decreases when the crank
length increases. This result shows that
previous researches utilizing simplified or
linearized model can predict the dynamics
response of the flexible connecting rod only
when both the crank length and the rotation
speed are small.
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I ntroduction

The flexible connecting rod of a
slider-crank mechanism can be considered as
a beam undergoing large rigid body motion
and may deform in both the axial and
transverse directions. Previous researches of
interest include transient vibration, steady
state response, and dynamic stability
analysis. A complete formulation should
take into account the coupling effect of the
axial and transverse vibrations. However,
due to mathematical complexity, it was very
common in the past to adopt various
assumptions in the formulation to facilitate
analytical study. The simplest approach is to
assume that the axial load in the connecting
rod is a function of time only and can be
obtained by assuming that the connecting
rod is rigid. The resulted equation of motion
in terms of the transverse deflection is an
inhomogeneous Mathieu equation [1].

The second approach is to relate the
axial force to the transverse displacement by
integrating the axial equilibrium equation.
This formulation is an improvement of the
previous one, and has been adopted by
Viscomi and Ayre[2].

The third approach is to consider the
effect of axial vibration, but assume that the
axial force is proportional to the linear axial
strain [3]. The two equations of motion
involve both the axial and transverse
deflections. To simplify the solution
procedure the coupled equations of motion
are then linearized by deleting all the terms
containing products of deflections.

Recently Chen and Chen [4]
reformulated the equations of motion of the
flexible connecting rod by assuming that the
axial force is proportional to the Lagrangian
axial strain, which involves both the axial
and transverse deflections. They found that
previous simplified or linearized



formulations considerably overestimate the
transient response, especially when the crank
speed is comparable to the first bending
natural frequency of the connecting rod
because terms of significant order of
magnitude are ignored inadequately. In most
of the publications cited above, the length of
the rigid crank is assumed to be smal to
facilitate analytical study. To our best
knowledge, the effects of crank length on the
dynamic response of the connecting rod have
not been discussed in detail yet.

In this paper we extend Chen and
Chen's work [4] to consider the global
dynamics behavior of a damped flexible
connecting rod with emphasis on the effects
of therigid crank length. Complete nonlinear
equations of motion in terms of axial and
transverse deflections are derived based on
Lagrangian strain formulation. Bifurcation
diagrams based on Poincare mapping are
presented. Multiple steady state solutions
and the associated domains of attraction are
studied by cell-to-cell mapping technique.
Possible chaotic responses of a flexible
connecting rod with moderate and long
crank lengths are demonstrated. It is
believed that this interesting phenomenon
has not been reported in the literature.

Equations of Motion
The dimensionless equations of motion of a
flexible connecting rod can be written as
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It is noted that by this scaling method the
small parameter e arises naturally, which
can then be used to compare the order of
magnitude of each term in the dimensionless
equations.
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We assume a one-mode approximation
for vand vasfollowing,

u(x 1) = f(t)s‘n%x ©)
U, 1) = g(f)sinpx (4)

After substituting Egs.(3) and (4) into
Egs.(1) and (2), multiplying Egs.(1) and (2)
by sin(px/2) and sinpx , respectively,
and then integrating by parts from x=0 to 1
we abtain
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Short Crank Length, a=0.1

Equations (5) and (6) are two nonlinear
coupled equations with periodic coefficients
and forcing terms. In the following sections
we use Runge-Kutta method to study the
steady state solutions of the flexible
connecting rod. The time interval of the
integration is chosen to be one-hundredth of
the crank rotation period. Satisfactory
convergence is aways checked and ensured.
We first choose the following parameters for
a dider-crank mechanism with relatively
short crank: e€=0.05 , m=0.024 ,

m,=0.1, a=0.1. After specifying initial

conditions for f, ?,g,@ at certain crank

speed W, we examine the Poincare map of
the response in the g- § space. The
deflection is recorded when the crank is in
the direction of the dlider motion. If there
exists a periodic steady state solution with
frequency W, the points in the Poincare
map converge to n separated points. We call
this periodic steady state vibration a P-n
solution. With damping ratio m= 0.024 the
steady state solution can be reached after
300 cycles. We record these steady state



solutions in Fig.1 for another 100 cycles. In
other words, each point for a periodic
solution in Fig.l actualy represents 100
points at the same location in the Poincare
map. In the case when a=0.1, Fig. 1 shows
that the P-1 solutions bifurcate to P-2 at
W=1.05, and then change back to P-1 again
a W =137. The W increment in the
bifurcation diagram is 0.01. To examine
whether different initial conditions result in
different steady state solutions we choose

four points  in f-¥ space,
(f, 5‘) =(x3£3). For each of these points
in - § space, we choose 25 evenly-
separated points in g- § space within the
ranges |9 £4.5 and |§£4.5. For these

100 different initial conditions the solutions
settle to the same steady states in this case.
In other words, no multiple solution can be
found in the specified range of initia
conditions.

Moderate Crank Length, &0.4

We next consider a dlider-crank
mechanism with moderate crank length
a=0.4 while the other parameters remain the
same. Figure 2 shows the bifurcation
diagram from Poincare sampling similar to
Fig.1. The same 100 initial conditions as in
Fig.1 are used in the calculation. It is noted
that multiple periodic steady state vibrations
exist. For instance, in the speed range
042<W<046 there exist two P-1
solutions. In Fig.3 we choose the initial point

( f, ¥ )=(0505 and use cdl-tocel
mapping technique to identify the domains
of attraction of these two steady state
solutions in the g- § space when

W=0.43. The g- § space is divided into

150" 150 cells. The attractors for the two P-
1 solutions are denoted by black dots. It is
noted that the basin boundary of the two
attractors changes as the rotation speed of
the rigid crank changes. Therefore, by fixing
an initial point and changing rotation speed,
the response may settle to different attractor
for different speed. Although it is
impractical trying to locate al the attractors
in the entire state space, the 100 initial
conditions should cover most of the
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responses for those initial pointsin the state
space of interest. More initia points can
aways be examined whenever faster
computing facility becomes available.

In the higher speed range W>0.86, it is
noted that the response becomes chaotic.
After identifying chaotic response we record
the deflections for 500 cycles in Fig.2. In
other words, each black strip in Fig.2
represents 500 points on the Poincare map.
In the speed range 0.86<W<0.96 one P-1
attractor and a chaotic attractor coexist. The
onset of chaotic response at W=0.86 is so
abrupt that typical period doubling
phenomenon was not observed even by an
W increment of 0.0005. After ignoring the
solutions of the first 300 cycles, the Poincare
map at W=0.9 with 60000 points is shown
in Fig.4. The typical fractal distribution can
be observed.

In the speed range 0.96<W<0.99 the
response becomes periodic again. We
magnify this speed range with W increment
of 0.0005 in the left inset of Fig.2. These
solutions belong to a single attractor
undergoing period bifurcation from chaos to
P-12, P-6, P-3, and back to P-6, P-12, and
chaos again.

Conclusions

We examine the steady state
vibrations of a damped flexible connecting
rod. Lagrangian strain  formulation
considering both the axial and transverse
vibrations are performed to derive the
coupled nonlinear egquations of motion. The
results from linear strain formulation are
aso presented for comparison. Severa
conclusions can be summarized in the
following.

(1) When the crank length is small
compared to the connecting rod (&=0.1),
only periodic solutions exist in the speed
range up to W =15. The periodic
solutions can be P-1 or P-2. Linear strain
formulation gives satisfactory results
when W<0.6.

(2) For a moderate crank length (a=0.4),
there exist multiple steady state
solutions. Moreover, the response can
become chaotic when W>0.86. Linear
strain formulation gives satisfactory
results when W<0.3.



References

[1] Neubauer, A.H., Cohen, R., and Hall,
A.S, “An Anaytica Study of the
Dynamics of an Elastic Linkage”
ASVIE Journal of Engineering for
Industry, Vol .88, pp.311-317, 1966.

[2] Viscomi, B.V., and Ayre, R.S,
“Nonlinear Dynamic Response of
Elastic Slider-Crank Mechanism,”
ASVIE Journal of Engineering for
Industry, Vol .93, pp.251-262, 1971.

[3] Jasinski, PW., Lee, H.C., and Sandor,
G.N,, “Vibrations  of Elastic
Connecting Rod of a High Speed
Slider-Crank Mechanism,” ASVIE
Journal of Engineering for Industry,
V0l.93, pp.636-644, 1971.

[4] Chen, J.-S,, and Chen, K.-L., “The Role
of Lagrangian Strain in the Dynamic
Response of a Fexible Connecting
Rod,” submitted to ASVIE Journal of
Mechanical Design.

Transverse deflection g
=
",

o1 03 as o7 09 1L i3 15
Rotation speed Q

Fig.1

4/

I" i H
Magnified in

loft insat ™

-

Transverse deflection g

[iA) 03 035 11 13 13

07 0.9
Rotation speed &

Fig.2

450

Velocity §
w

Velocity &

.00
Deflection g

Fig.3

Deflection g

Fig.4



	page1
	page2
	page3
	page4

