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ABSTRACT

Let R = klxy.x2,--- .2y]. Any zero dimensional Gorenstein ideal is of the
form
n n N\ . p/ o i \
((”LIWT"Z/ SR ) : ./f(“!l‘ .l',()/\

for some homogeneous polynomial f. There is a greater range in the possible number
of generators of such ideals.
In this note. we prove the following result. Let

_ 0100 R THW. ka ks Ay . 3 _
F =g as -3y (2 — 25 s -~ ) kg =kt -+ hno; 20,
and
Lk 1—1)k k- k —2)k 2k Dk k- ke
Pizscllk‘+3:§' )1x22~~~x1‘+x({ )1x2*2-~x,‘+'~-+x.§2‘~«r}ﬂ

Let 8(j) = j,ifj >0 ;=0,ifj <0. Forany n € Nand n > o, for all j =
1,2, 1, we write

fl*@j -1 :(IJA’J—{—Z)JOSbJ <]<'7

Let a = min{ai, a2, -+ ,a;}. Then

= XD T~
:(:U? al7Ig CY_’___’:C! "P?-PSV":PMQQ:(B:"‘-(]l)
where
f(n—a;—(a+1)k f(n—a;—(a+1)k
p; = :Cl(” a1 —(a+1) 1)Ij(n a;j—(a+1) _,)Pa?
f(n—oay—ak B(n—a;—ak
gy = Il(n o) —a 1)$j(” a;—a J)Pa_l.

We also give some related discussions in this note.

Keywords. Gorenstein ideal. ideal quotient. generators.
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ZERO-DIMENSIONAL GORENSTEIN IDEALS

§ 1. Introduction

The name Gorenstein comes from a dualitv property of Gorenstein rings that
has a special case a phenomenon concerning the singularities of plane curves that
studied by Daniel Gorenstein in his thesis[4] under Oscar Zariski. The theory was
cast in its current form through work of Serre and Bass. Gorenstein rings are
geometrically common and significant. as the title of Bass' paper * On the Ubiquity
of Gorenstein Rings” [1] attests.

The most basic geometric objects associated with a smooth variety are its
tangent and cotangent bundles. and various tensors derived from them. The most
important is the highest exterior power of the cotangent bundle, the canonical
bundle. If the variety is affine, then the sections of the canonical bundle form a
module over the coordinate ring. It is called the canonical module. It is locally free
of rank 1. If the variety has singularities. then there is still a canonical module, but
it may not be locally free. The local Gorenstein ring is the local ring for which the
canonical module is free.

Suppose that &k is a field and that 4 is a local zero-dimension ring that is a
finite-dimensional k-algebra. Define the canonical module w4 of A to be the injective
hull of-the residue class field of A. The functor M — D(AM) := Homa(M.wy) is a
dualizing functor on the category of finitely generated A-modules.

A zero-dimensional local ring A is defined to be Gorenstein if A = w,4. For
example, fields are Gorenstein: in fact, complete intersections are also Gorenstein.
More generally, let A be a local Cohen-Macaulay ring. A finitely generated A-
module w4 is a canonical module for A if there is a nonzerodivisor r € A such that
wa/Tw4 is a canonical module for A/(x). 4 is Gorenstein if there a nonzerodivisor
x € A such that A/(z) is Gorenstein.

A zero-dimensional local ring A is Gorenstein if and only if A satisfies one of
the following conditions: (a) A is injective as an A-module; (b) The socle of A is
simple; (¢) wa can be generated by one element.

One technique of constructing Gorenstein rings, Macaulay’s method of inverse
systems, 18 principally of interest in the zero-dimensional case.

Typeset by AaS-TEX



2 ZERO-DIMENSIONAL GORENSTEIN IDEALS

Let B = kag,-- 2] and S = /{[vrfl.--- ot K(R) = k(e .,) be
the polvnomial ring on the inverses of the ;. We make S into an R module as
follows: Let L C K(R) be the vector space generated by the monomials in the r;
that are not in 5. We identify the R-module A(R1/L with S by mcans of the maps
S C k(R) — KN(R)/L. More directly put: If v € R and n € S are monomials. then
m - n is the monomial mn € K (R) if this happens to lie in S. and 0 otherwise.

There is a one-to-one inclusion reversing correspondence between finitelv gen-
erated R-modules M C S and the ideals { C R such that [ C (z1. - .x.) and R/[
is a local zero-dimensional ring. given by

M — (0 :g M). the annihilator of M in R:
I — (0;sI), the submodule of S annihilated by I.

If M and [ correspond then M = wg/;. so the ideals I C (z;.---.x,) such that
R/I is a local zero-dimensional Gorenstein ring are preciselv the ideals of the form
I =(0:g f) for some nonzero element f = S.

For the sake of convenience for computations. we give another description of
the ideal I = (0 :5 f).

T f v \Vhere
E .

.nl T # BB

f € R and all terms of f do not have a common divisor. Set | = AR i< fhi -
Then

Lemma 1. Let f € S be a homogeneous polvnomial. we write f =

(0:r £)= (e g™ ) cp aT ey gl ),

Proof. Suppose g € R and

P ) - /_1 I+ 1=1 _l+1 I+1
gf‘z’l ]r") 7"‘1/ —h '“_T‘—h’f'l"r"lg(‘rl o BT >
Dividing it by xz{xh - zl. we get
9f =9, ]
L ~Aet2 7
L % &
€Ty L3 Ty
=M1 [t he gt
Since all terms in A o are zero in S. Thus gf = 0 and we have proved that
.I'l I)" '11,",‘

] + + +1- b=ty =5 e T
(0:r f) D (=7 as™ ) gy T ),



ZERO-DIMENSIONAL GORENSTEIN IDEALS 3
Conversely. let g € (0 :g f). Then

gf = Z arry'ry .-y =0 in S,
[

where, for cach [ = (iy.in. -+ ./,). there exists j such that i; > 0. So
Josly =1, F _ / I N
g, x T f = . T v ) B
By » on By
ot [
= gfel -l

= E apri™" gt € R,
I

For any I, there exists j such that [4+1; > 1+ 1. s0 x'ﬁ“ . x',"" € (r’IH, e .Il'r_l)
and we have g.rll—l‘ ozt fe (x['l‘*l. coe Lz,

Example 2. In R = k[z,y,2]. let f =x"ty~! +272 € S. We have

2 \

).

/

I'=(0:r f)=((z%4°,2%) s 2y(zy + 2°)) = (&%, v, x2, 92,29 — 2

David Eisenbud has proposed a project in [3]. Here we quote:

“Compute some ideals of the form [ = ((z3,---,z}) : p),where p is a ho-
mogeneous polynomial. It’s easy to do by hand the case 7 = 1 and the case p a
monomial, » =anything. Try the case r = 2 with more complicated p on the ma-
chine. How many generators does [ require? Next try r = 3, various p. Here there

is a greater range in the possible number of generators. Is there any restrictions?

Make a conjecture! How about with r =47 ... ... This is actually the first project
that involved me personally with computer algebra. David Buchsbaum and I were
interest in Gorenstein ideals around 1971-72. ... You can find the results inspired

by our computations in Buchsbaum and Eisenbud|2].”

Example 3 We first give some examples which are easy to do by hand.
(1) Let R = K[z} and f.g € R. Then (f : 9) = (gedggy):
(2) Let R = k[z1,z2, - ,z.] and f € R. Then ((z™): f) = (m)

(3) Let R = k[zy,z9. -+ ,z,] and my.--- .ms,n € R be monomials . Then
((my,--,myg)in) = (GCDT?riLl,n) 17T g GCDT};,.n))-

In this note. we restrict ourself to the case of f being a binomial.



4 ZERO-DIMENSIONAL GORENSTEIN IDEALS
& 2 Two variable case

In this section et R = k[z.y] and f £ R be any binomial. In the following

Theorem 4. we first compute the ideal (.07, y") ¢ f) for the special type of f =
i !
Tt =yt

Theorem 4. et

(s—1)1

s=2)1 21 sl

I ,
Pap = B 4= B y T ey

For any n € N, write n =/[s++t. t=1.2.---.l. We have
((z" ™) cah ') = (Pa. 2"y Peo1y).

First Proof. Let g, € ((z”.y") : ' — y') be a homogeneous polynomial of degree
m. It is clear that g,, =0form=20.1.2.--- .n—-1-1

Now we consider the case n—1 < m < 2n —1—-2. Let g,, = agx™ +a1x™ ty+
agxm"2y2 + -+ an,y™, we have

! l 241 m_ 1, l ) m=+1
gm(z’ —y) =aox" T+t wx"y ot anT YT A+ amay

_ (a/_[l,m—%l o+ (7,0.1:’"‘9'/ NS a,,,,_/ﬂ:ly"" 4+ amy;—,‘,,*l)
m+1
— Z(akt = al\;—-l)l'm/_%-/_kyk c (In‘ yn)
k=0
where a; =0 if £t #0,1,--- . m. so
By == By m-n+Il+1<k<n-1.
Thus we can rewrite g,, as the following
m—n—l—/ [n.—}—k]
Gy == I”f + Z ak( Z Im—k—z.lyl.:—r-lz) + ynh fe h e K'{I'y}

T -~

f L] . -
We introduce another ideal : Let Ay =5 ;4 bym—koily R+l and define

I'= ("™ y" hppn—-I<m<2n-1-2m-n+1<k<m~-n+lk2=20,
n—1-—~k

1s7+1[ ]

] < m).
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Thus we have proved that . if m < 2n -7 — 1. theng,, € [. it m > 2n—1—- 1.

,Z”_II n,~—l)

for any g,,. we have g,,,,(;rl —yh e (" y"). But g, € (" y" "y
Pom—alim—nsl = ;r”"’y""'. Thus ((x7.y"): o=yl
Let .J := (Ps.x'y' P,_1 ) for simplicity. Now we want to prove [ C .J. Since

C [ since

s—1

prsl i ,l/l_f-'ff,?jfps—q_/ = 3" 4 i 'I,/S—/l.——f’ljll . Z I’(S*U“/i*‘-fy/(i*—l)
=1 1=0
="
g1 s—1
ytPsl - l‘[—f.rf"nyS_l‘/ ="+ Z LL_is—Iz}/Ii—t - ZIIS_L}LQIH#
1=0 +=0
= "

we have z™.y" € J. To show that h,,; € J. we separate into 3 cases.
Case 1. m — k >lIs.

s
xm,—kr—lsyktpsl — E xm,—L:~l7,yL'—l1
1=0

rn—1—hk3
= s
— ‘2 Im,—L:—/iyL:-li. + § Im.—k:—liyk—}—lzl
= {n,—}—k]+1

= hmi +y"p(x.y).

p(z,y) € k[x,1], since [2=3=£] = [Ls=t=1=k] < 5 and the power of y in the second

term = & +1i > k + [([2==E] + 1) > b +1(2==L 4 1) = n.
Case 2. m — k < ls and k > t.

.:L'Tn_Ar_(n_l)yk—-tﬂft'ytpg__1_1 _ § Im.—k:—n—é—[(s—i)+tylc+lll
:=0
s—1

— Z rm,—l\:——liyl\:—g—f.i
i=0
= Nk + ynp/(x’y)
p'(z,y) € k[z,y], since Z==% < 5 . so [2=1=£] < s — 1, and the power of y > n by

the similar arguments as case 1.
Case 3. m — k < ls and k < t. In this case.
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n—1-—=% [s +1—1—Fk

b+ 1] 1 | =k+]] 7 "}2/1'+[.5>m.

n n {

contradicts to the last condition in the definition of 7. Thus ((z". y™ : 2/ — ') <
[ C J and the proof is complete.
Second Proof. Let pi = Py and ps = x'y" P,_; and

I / s=—11i/ (s—1) -~ .
Qi =pilx’ — ") =27 U e ™),

Q'} = [)2(:-17/ . Ul) — .I'n}jf _ 'l_fyn. = (In ynf)‘
Now let f e ((x".y"): 2! —y') be a homogeneous polynomial of degree k and

let
g=f( -y e 2"y

By long division with respect to z.

=q@Q1+91, deg.g1 < (s+ 1)L

Case 1. degg=k+I1>n+1-1
Thenn+1—1-(s+ 1)l =t~ 1,50 deg,g; >t — 1 and we divide g1 by Qo:

g1 = @Q2 +g2. deg,ga <n-—1

Note that g» € (™, y™). Thus y™|g?. Moreover. ' —y'ga. So we write
_ong ] !
g2 =y"(x' =y )gs

and

g=qQ1+ 0Q2+y"(x' —y)ga.

f=aqp1+qp2+y g

On the other hand,

sl+t

Yt =y =y’ p — 2 o

So f € (p1,p2) and our theorem is proved in this case.
Case 2. degg=k+I<n+1-1
Write
g ::z:”(n,o:z:-j +a! Tty o+ n.j_lgzzyj_l + a,jyj)

+y"(bor! + b1z Ty by’ T+ by,



ZERO-DIMENSIONAL GORENSTEIN IDEALS

Since degg=n+j<n+l—1.s0j</-2.

{ )t ) —f— ) . t=+ ) — , 3
g=x"*(agt’ ™ +a T Ty 4+ u,»_l.l: byl mh e agaty))

" (box? +brrd Ty 4 b ey TR b)),
Case 2.1. If j +t < [. then

a3 g+t a=t=1 L j.o =1 F1 B gy
g =y~ lapx + a1 Ytoos fRpY A oo FBGLE R +a;ry’)

+y"(bor?! + b1 Ty by T+ bjyj) = 0(mod(z' — y')).
Since all exponents of x are less than /. so when j > t. we have
b +a; =0.b; + a1 =0.--- ,bj_t“{_a,j = 1}

and all other coefficients ag, -+ ,a¢—1,bj—r=1.--- .b; are 0. Therefore

n—rvj

g =ai(z y -y IJ>+ar+l( nij_f_l‘yr—j—l—f _lgnﬁl) +O'J< "yl — l.fyn J—t

Since

n+j—t—i, t+i 1, n—1

e y’”~3:j_'y

t—i. 1 t.n

=) 7"y "y - 2Ty i<y -t

Hence Q2|9 and pa|f.
If j <t then all coeflicients a;,b; are zero and g = 0.
Case 2.2. If 7+t > [, then

9=y (00 Ty o ay? T ez T T

ar1z? Y T a2’y ) + Yy (b + - 4 byy))
—1

-+ atrjyt-i—

ls =1 jat—i+1 ot i—1 t+1 £
=y (ajt—112 Y +odady a7 YT 4+ ey +

t—1, 1 AN
aox? T Ty o ay iy T+

=1, n—t=l—1 Jt—l n—t+l

(boz’y™ + -+ b’ Ty L by Tyt by

Hence we have

).
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ao +bi—t =0.ay +b 42, =0.-- ity +b; =0,
bo+ar=0.--- b,y +a, =0. ift <.

and all other coefficients a; .-+ a,_. bj_+—1.bj—t—) are zero. Thus

g ==t =i 'r.j—/—r—/!/n—'-/—f'—/

b Y

:'l‘j—/*/‘—f n—l—t n—l—f)

y'( —y
:J,‘)—/*f—/‘Ule’
So g€ (Q1.Q2). and f € (py.p2).

Remark. In the above Theorem. if f = ax’ — by'. then we replace Py bv
aszs + o lbgle DIyl e 2p2p s 20 4 Ly b*y*'. The results are the same as
before and the proof is similar.

By the above remark. for any binomial in kfz,y]. we may assume that it has
the form z%y™(z' — y'). In the following we let # to be the Heaviside function :
(1) =0, fi<0;, =4, ifi>0.

Theorem 5. Let F = z*y™(z! — y') € k[z.y]. Suppose k > m. Define N =
max{k,m+I}.d = k—m and define s. t as the following: n = N+ls+t.t =1.2.- - .[.
Then we have

(1). n
(yotd=N=t 0= p, h(z.y)), n> N

VA

((:rn’yn) s .Ifkym(l'] _ yl)) — {

and
[ xR it —d) =0

T\ Py if6(E—d) > 0.

Proof. Case 1. m = 0 . In this case. N = max{k,l},d = k. We will prove by
induction on k. When % = 0, it holds by Theorem 4. Let f € ((z™, y™) : 2% (2! —y')),
then fz € ((z™, ™) : 2"~ 1(z! — "))

Case 1.1. 1 <k </ Inthiscasee. N=In=1+Is+t. Ift <k—1.then

hixz.y)

o= ger/S + ha"—h+L

which implies z|g . We write ¢ = zg’. so f = ¢'y'Pis + ha" ™% € (y' Pis. ™).
If t > k,then
fr= gy’:ct“/";lP/s + hP ..
f=gyz P+ B Prsi € (45" TP Prsi),
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If t = k.. then
fo=gy'aePy+hP ..
We write h = zh'. so
f =9y Ps+hP
=gy' Pis + ' (z'C7Y — ) Py € (Y Py ™R,
Case 1.2. l<k. Now N =k.n=k+1Ils+¢t. Ift <l —1.then

f.I' :gyl.:—/~1-7‘PIS & h:rn——k-l

f :g/y/u—/*fpls + h,,'l,'n—k c (yd—/—rfpl‘S~ ',L.n——/w>'

Ift =1 then

fI :gyk—l-l-?—IP{(SJ—l) + hl,n—/v-%l.
f :g/ykr—l(rl(s+l) __ ytpls> + hl_n—}.:
:g/yk—lxn—k . g/ykP/s + h/.flfn_}" c (ydthP/s,- xn-—/c).

Case 2. General Cases. If m > n.then I = (1) and NV > n, so the result holds. Now
we assume that n > m. The following two formula are clear.

((In7yn> : IT?)ynl,) o (’(l:nﬂ-rn.yn—m);
((xn’yn) ; l'kym(l’l _ y/)) - ((In-—m’yn,—m) : xk—m,(x1 _ yl))
Now we apply the results in Case 1. to the ideal

(In—m,. yn——m,) : ‘/L,A'——m (‘.'l,'/ . g/))

\

In this case. set N = max{k—m.l} = N —m and fromn—m = N' +1s' +t.
it is clearly that s’ = 5.t/ = t. Moreover.n — m > N’ if and only in » > N. Thus
we have

n—m n—m) A'-—n)( { /3 ) (1) B 1L S ‘Vl
"oy Ty T (2 — = 4 .
( Y Y ) (ye(d—/)+fil,()(t—d)}jslj h/(Iy)) n—m> N’

. where h'(z.y) = h(z,y). Hence the proof is finished.

§ 3 Three variable case
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Lot F=uay 2" (F —yla™) k=14 m. L. > 3.y > 0. Define

]), — .];lk - 'L.(i—lrkv[// :m T ¥ .(/H:(m.

P_1=0. Forany n € N and n > a.J.~. we write

n—oa—1=aph+0y. 0<b <k:
n—3—1=asl + by 0 <by <I:

n—-~-—1=azm+ bs. 0 < by < m.
Let a = min{a;.as,a3}.

Theorem 6

((In.yn.zn) ; Iay‘j’:w(l_' 2j/_/m»

:<:En—047 yn—;37 Zn—‘y, IQ(n—a—(a«Uk)y@(n,—3—(avl)I)P ‘ r9(7“),— (a+l)k) B(n—n a*l)m)P

G(n-a-ak)yc’)(n-B—al)P

B(n—a—ak) G(n—~—am)
a-—la'r( ) )Pa 1)

&

Proof. We write

P = x@(n—a-—(a—z—l)k:)ye(n~—3—(a-3—1)[,)Pa'

Note that 6(i) > i and P, F = z@yPz7(zlo~DF — ylarDiy(aslim) Thyg

f(n—a—(a+l)k)+a 9(n—8——(a~—l)/‘,‘—3(\I(a*l)k . y(a+l)13(a—+—l)m) e (xn.yn 7n>.

mb =z y 2

f(n—a—(a+1)k), G(n—w—xa 1ym) f(n—a—ak) 9(77,-3—al)P

a—1-

Similarly, let p» = x 'Py, ps == Yy

py = gfn—a—ak)b(n—y—am)p  Then p;F € (z".y™ z").i = 2,3,4.
Now given any f € ((:t"y ,2™) 1 F). we have to show that f € (z*~,y"~ 9,277, p

.p2.p3.py). We prove it by induction on deg,f. Firstly. we may assume that

deg,f <n-—a,deg,f <n—J.deg f <n—~. Let

f=qx' +qz' '+ +q v +q. q#0,q € klz,yl

g :fF:__ 0 IL:+i,—+—a?/,3:‘w + g IA:-%—L’—-l—-rayJ:v o e Bt lL-’r—Om—lyB '

l.,m

((H — gg Ul 71)) i,—é-ay;?: ((]L4_1 ~qy ~m>l - -ly3 RS (q, — Gy )

n

IA:+ayﬁz‘y+< T Ul~rrr)‘/At-y-a—ly,3:7«+.H+(_qiylz )’C yﬁ~/ E( J,’:n)
(*)
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Case(I). Now we assume that @ = a;. Note that n —a — (a + D)bh = ah+ by +1 -
(a+Uk=b+1~-£k<0. Then

pL = {/6’(;;7v«3~§a—l)l}P
T a

and
9(n.—*.—i\a-l)m,)P

a

p2==z

Thev have r-degree ak.
Case 1. ak < deg,f < n—a.thatis ak </ <ak + by.

Suppose deg,q0 > O(n — 3 — (a+ 1)) or deg.qo > 8(n —~v — (a+ 1)m). we can
divide f by p; or pa. respectively. and get

f=ap;+h j=12

deg.fi < degf and fi € ((z”.y",2"): F). Then the statement is proved by induc-
tion. Thus we may assume that

O<n—-38—-(a+1) and deg,qo<n—-3-(a+1).

O<n—-~v—(a+1)m and deg.gqo<n-—=~—(a+1)m.

Since 1 < ak +b; =n—a—1<n, Thus from (x) we have

m. g

! 1 [ 21 _2m il _im
Q= qoy 2. qog, = Qk?JIZ = fjoyjll7 v QG = QoyJ[3]m~

al ,am.

In particular. g.x = qoy*'z

Now ak < i.and from i < ak+b; <ak+k—1.s50ak > i—k+1 and gy must
be one of q;.q;=1.--- . or q,_1-1. Hence the coefficients of z&™*~%* in (%) must be
zero. That is,

3 (a+l)l+33(a—1—1)'m,'—+—~/ & (\yn’zn)'

l.m v
Qoky = Y = = qoYy

It has y-degree < n—3—(a+1)I+5 < n and z-degree < n—~v—{a+1)m+~ < n.
A contradiction.
Case 2. a >0 and (e — 1)k +b; + 1 < deg,f < ak.

Similar to case 1, we have

~1)l_(a=1)m
Qa—1)p = qoy'®~ D 2le= ™,
and we may assume that

deg,q0 <n — 3 —al. deg.qo <n—v—am,
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otherwise f can be divided by p3 or py. Now i <ak—1s0i—h+1<(a— 1)k and
12 (a=1)k+b+12> (a—1)k.Thus qq_1)x must be one of ¢;.qi—y,- -+ . OF —g+1.
Therefore we consider

~ al+=3 jam—~

. lom 3.~ N
h=qa—1wy 2"y’ 2" = qoy =

deg,h <n — 3 —al+al + 3 =nand deg.h < n. A contradiction.
Case 3. ap>landi<n—k—a=1(a,— L)k +b +1
In this case. qoy° 2" € (y™. z™). which implies ¢o = 0. A contradiction.

Hence the proof of the case a = a; is complete.
Case(II). Now we assume that

a=as <ap.a> < as.

O(n—a—(a+1) A)P B(n—a—(a+1)k)

In this case. p1 =z 2. which is monic in . p; = x
Zn=y—lexlim) b Note that po is a multiple of p;. f(n—a— (a+1)k) = (a, —a —
1)k+b,+1>0.

Case 1. Ifdeg,.f > (a; — 1)k +b; +1 =n—a — k. then f can be divided by p; and
deg. f is reduced.

Case 2. Let deg,f <n—a—k.

g = Ff — qol,k-;..z—o;yﬁ:v 4. (In’yn’ zn).
deg,g=i+a+k<n—-a-k+a+k=nanddeg,g. deg.g < n.sogqgy=0. A
contradiction.

In case a = as.the proof is the same as the case a = as. The proof is complete.
§ 4 Discussions
More generally. we have the following result. The proof is the same as that of
Theorem 6.
Let
F=g®a® x5 (3:];‘ — rﬁ)ré‘f . ~-.1:,L”). ky = ka4 -+ ke 2 U,
and

2k LA ke
PR R S SRR J
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Let A()) be the Heaviside function. For any n € Nand n > ;. forall j = 1.2, [,
we write
n—o; —l=ajk; +0,.0<b; <k,

Let a = min{ay.as.- - a1}

Theorem 7.

n

(27,23, - .x]): F)

n—C n—a-y 11— E
=(r) "y Xy Thpaap3c PG g3 L Qi)
where
_ Br—ai—{(a-1)k;) O9(n—a;—(a+l)k,)
py =1, e P,
_ Bn—ai—ak)_B(n—a,—ak;)
q; = I x; e e T

Remark 8. The ideal ((z™,y™) : 'y’ — 2*y').i+j = k+1. in Theorem 5 is always
generated by 2 elements. But the ideal

((x7 25, ,xp) zfas (e - ) ki =k + o+ Ry,

in Theorem 7 need 3/ — 2 generators. As / = 3.3/ — 2 = 7. In fact, the number of
generators can be reduced in some special cases.
Now we consider

I=((z"y"™ 2z : 2" —¢y'z™). l.m 0. k=14+m.
y

In thiscase, k >[.son—1=ak+b,0<b<k. Let

Olam-+b+1-1) P
a-

2=y

p3 = y9(al‘—b‘—1—m,)Pa‘
g = l,b-elyamq_-b-i-lpa_l‘
Q3 = $b+13a1-~b-:—lpa_l_

Then [ = (™. y", 2", p2,P3.92.G3).
We first give two fundamental identities:

k I _m
B.=3"4+y35"P,;

: l .
— ..”CA Pa—l + ya ~am.
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(DWhen a # 0.0 < (a4 1)l or n < {a+ 1jm. we have
am+b+1—-Il=ak—-al+b+1~-1l=n-(a+ 1)L

So pa = P, or p3 = P,. Moreover .

B ek — )
Pa..lfb b "4 y B oy g g e .I,‘b l'(/(/:am
and
q‘zy(a«;l)/—n:m — In——l«y/?m NI ‘L,b—lya/:am,'

—1)/—=n .m

Then 7™ = Poxb+! — goyle- 2™, Thus
I={y". 2" . q2.q3. P,).

(2) When n > (a+1)l.n > (a+ 1)m and b = k + 1. we have

l_aktyanz+k—l + x.(a—l)kyamé—k?,m + I(a—Q)A:ya.m-—k-i—l.ZQm, 44 y(aﬁj-l)lw—/,za’m‘

e = =
g = l_akyam,—i-l« + I(a—l)ktyam,*ktflzm, + I(a—‘Z)/\:yam—t—Ar—;—‘leQm, I y(av-l)l.t—lz(a—l)n7..
So

n ,,am

/ .
Q2 =Py — Y =
qz = p3x" = 2"y

al

Hence [ = (x".y", 2", p2.p3).
(3) When a = 0. we have

I ’__(J:n,~ yn’ :77‘ yb—l—[‘ :b+l—m,)

:(In‘ yb—l-/. :b—l—m)‘

Remark 9. In the cases discussed above. the upper bound of the numbers of the
generators of the ideal (7. 25, -+ ,2]) : F) is independent of n. But it is not true
in general. The followings are examples computed by MACAULAY 2.

Example 9.1. Let F = 1y — zw. Define P, = r%y® + 2% 1y o + - - 4 2%0°,
Let

il e 1 I —1—i
]),‘:.I'n 1:77 IP/-(]J/:I” i /“"n 1 [P/l:

rp =y TP g = Ty P <<~ 1L



ZERO-DIMENSIONAL GORENSTEIN IDEALS 15

((x".y". 2" ™) ey — zw)
r

; n n ) . ! . A
Y T PO o T0 S0y PL QL LS P2 Q2 T2 Sn—2, Pr_1).

It is generated by 4n + 1 elements.

3 2 : 2 B —1.2 2
Example 9.2. Let F = 1%y —2?w. Define P, = r2%y%+ 22072y 122+ o 7%,
Let
) D ) M —1—
D :xn, 2 I,ZT?, 2 I'PL\(];', :In 2 /wrl, 1 ]vP[:l
mand] e D FA —_] - R .
P :yn 1 zzn 2 ]P];7'SZ, :yn 1 /U)n 1 LP[:,O S i S n — 1
Then
2 2
((z™y", 2" w™) x%y — z7w)
n .n _n n . . .
:<‘r Y 2, W, P0,490,70, 50, P1: 41T ST -p{__"':zjt(J[”‘;‘Z]:r!"";r‘)]’3["';2}7}31%)’)'
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