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Abstract

The paper deals with the problem of adaptive array beamforming using a uniform circular array (UCA) in the presence of
coherent interference. The well-known scheme of spatial smoothing (SS) widely used to tackle the coherent problem in the cases
of 1-D uniform linear array (ULA) and uniform rectangular array (URA) cannot work for the UCA case. This is mainly due to
the fact that the direction vector of each signal received by a UCA does not possess a Vandermonde structure. In this paper, we
present a method based on subarray beamforming in conjunction with an averaging scheme to effectively mitigate the effect due
to coherent interference in the UCA case. Theoretical analysis regarding the validity of the proposed method is also presented.
Several simulation examples are provided for showing the effectiveness of the proposed method.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

An adaptive array beamformer is designed for automatically preserving the desired signals while canceling inter-
ference and noise. The explosive growth of wireless communications stimulates the research efforts investigating the
design and analysis of 2-D adaptive beamformers using a uniform circular array (UCA) [1–8]. A 2-D array beam-
former can discriminate the signals overlapping spectrally and temporally from multiple mobile users. This ability
makes smart antennas very suitable for wireless communication systems in several aspects like capacity enhance-
ment, quality improvement in the presence of coherent or multipath signal sources, and the possibility to increase the
throughput at the network nodes that is limited by interferences from neighboring nodes. Several typical scenarios,
such as radar, sonar, and cellular phones, etc., involve all-azimuth angle coverage in the plane of the array without
significant change in either the beam width or the sidelobe level [1]. Among 2-D adaptive beamformers, the beam-
former with a UCA structure has been widely used because the UCA structure possesses symmetry and provides an
appropriate solution to scenarios wherein 360◦ field-of-view is required [2].

In the case without coherent interference, an optimum UCA beamformer works successfully for desired signal
reception and interference rejection. However, it has been shown in [3] that the performance of a UCA beamformer
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Fig. 1. The geometric illustration of a uniform circular array.

suffers from severe degradation in the presence of correlation between desired signal and interference, e.g., in a
multipath environment. To cure the problem of array performance degradation due to correlated signal sources, many
techniques [3,9–15] suggest to employ a transformation of the data format received by the actual array to a data format
received by a virtual array whose structure is suitable for using the conventional spatial smoothing (SS) scheme [16].
Due to that the steering vector of a transformed virtual array demonstrates the desired Vandermonde structure, the
SS scheme can therefore exploit the Vandermonde property to destroy the correlation between signal sources and
counteract the signal cancellation phenomenon. However, the proposed transformation scheme in general introduces
an approximation and results in an approximate Vandermonde form for the steering vector of the resultant virtual array.
As a result, some compromises in terms of the size of the virtual array are required. In contrast, the CSMA technique
of [17] employs a rotating circular array. The incident signal at each array element is sampled within an angular region
where the curvature of the circular array is assumed to be linear. The coherent signals can be decorrelated by taking
the average of the covariance matrix during a certain rotating time interval. Although the technique can alleviate the
effect due to signal coherence without using the above transformation, some conditions related to the UCA structure
must be satisfied in order to ensure the resulting covariance matrix is nonsingular.

In this paper, we consider the problem of adaptive beamforming using a UCA under the coherent interference.
A method based on subarray beamforming [18–20] in conjunction with an averaging scheme to effectively mitigate
the effect due to coherent signals is presented. A UCA is partitioned into overlapped subarrays with size L. Each
of the resulting subarrays is configured in a circular arc possessing the same radius as the original UCA. The data
correlation matrix of each subarray is computed and used for finding the optimal weight vector for the subarray.
The interference at the output of each subarray can then be suppressed considerably if the subarray size L is chosen
appropriately. Using the outputs of the subarrays, we carry out an adaptive virtual beamforming which enhances the
performance of the UCA. An efficient approach is presented to estimate the correlation matrix of the noise vector to
facilitate the virtual beamforming. The theoretical analysis showing the validity of the proposed method is presented.
Several simulation examples provide the illustration and comparison.

This paper is organized as follows. Section 2 formulates the problem of adaptive beamforming using UCA under
coherent interference. Section 3 presents a method for dealing with the considered problem. In Section 4, we present
a theoretical analysis for showing the validity of the proposed method. Section 5 presents simulation results to show
the effectiveness of the proposed method. Finally, we conclude the paper in Section 6.

2. Problem formulation

Consider a uniform circular array (UCA) with M isotropic sensors located in the X–Y plane as shown by Fig. 1.
Let R be the radius and d be the spacing between two adjacent elements. Moreover, we set d = (2R) sin(π/M).
Assume that K narrow-band and far-field signals are impinging on the array with angles (θk,φk), k = 1,2, . . . ,K ,
where θk and φk represent the elevation and azimuth angles, respectively. The direction vector of the UCA with
respect to the center of the array for the kth signal with angel (θk,φk) and wavelength λ is given by

a(θk,φk) = [a1(θk,φk) a2(θk,φk) . . . aM(θk,φk)
]T

, (1)
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where am(θk,φk) denotes the phase delay at the mth array sensor and is given by

am(θk,φk) = exp

{
j2π

R

λ
cos

[
φk − 2π(m − 1)

M

]
sin(θk)

}
, m = 1,2, . . . ,M, (2)

where j = √−1. The signal received at the mth array sensor can be expressed as

xm(t) =
K∑

i=1

si(t)am(θi, φi) + nm(t), m = 1,2, . . . ,M, (3)

where si(t) is the complex waveform of the ith signal, and nm(t) is the spatially white noise with mean zero and
variance σ 2

n received at the mth array sensor. In matrix form, we can write the data vector received by the UCA as
follows:

x(t) = As(t) + n(t), (4)

where the matrix A = [a(θ1, φ1) a(θ2, φ2) . . . a(θK,φK)] with the direction vector of the kth signal given by (1),
the signal source vector is s(t) = [s1(t) s2(t) . . . sK(t)]T, and the noise vector is n(t) = [n1(t) n2(t) . . . nM(t)]T.
The superscript T denotes transpose operation. Assume that s(t) and n(t) are uncorrelated, the M × M ensemble
correlation matrix of x(t) is given by

Rx = E
{
x(t)x(t)H}= ARsA

H + σ 2
n IM, (5)

where the superscript H denotes complex conjugate transpose, Rs = E{s(t)s(t)H} denotes the signal correlation ma-
trix and has rank K if the K signal sources are uncorrelated, and IM is the identity matrix with size M × M .

Let the UCA use a weight vector w = [w1 w2 . . . wM ]T for processing the received data vector x(t) and the
array output be y(t) = wHx(t). Assume that the selective signal requirements are specified by assigning a gain
cp(0 � cp � 1) at the direction vector a(θp,φp) for p = 1,2, . . . ,P , where P is the number of the specified sig-
nals with gain constraint. Then, the optimal weight vector can be found from the following constrained optimization
problem:

minimize E
{|y(t)|2}= wHRxw, subject to GHw = c, (6)

where the matrix G = [a(θ1, φ1) a(θ2, φ2) . . . a(θP ,φP )] denotes the constraint matrix and c = [c1 c2 . . . cP ]T the
corresponding gain vector. The optimal weight vector for (6) is given by

w = R−1
x G

(
GHR−1

x G
)−1

c. (7)

Substituting (7) into E{|y(t)|2} = wHRxw yields the array output power as follows:

E
{|y(t)|2}= wHRxw = cH(GHR−1

x G
)−1

c. (8)

The beamformer formulated by (6) is referred to as the conventional UCA beamformer. In the presence of coherent
interference, the performance of the UCA beamformers will be deteriorated because the eigenstructure of the corre-
lation matrix Rx is destroyed. This is mainly due to the fact that the rank of ARsA

H is reduced by the coherence
between signal sources.

3. Proposed method

Here, we present a subarray processing method to deal with the problem of coherent signals. Research works on
subarray beamforming with some advantages over conventional beamforming using a ULA have been represented in
[18–20]. Fig. 2 shows the UCA beamformer with size L for each subarray and L− 1 array sensors overlapped for two
adjacent subarrays.

3.1. Subarray beamformer

Let the UCA be partitioned into N subarrays. Each of the resulting subarrays is configured in an L-element circular
arc possessing the same radius as the original UCA. Let the number of array sensors overlapped for two adjacent
subarrays be L − u. The data vector received by the lth subarray is given by

xl(t) = [xl1(t) xl2(t) . . . xlL(t)
]T

, (9)
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Fig. 2. The configuration of a UCA subarray beamforming.

where xlq(t) = x(l−1)n+q(t) denotes the qth element of xl (t). Next, we compute the optimal weight vector for the lth
subarray, l = 1,2, . . . ,N . From (3), (4), and (9), the data vector received by the lth subarray and the corresponding
L × L ensemble correlation matrix can be expressed as

xl(t) = Als(t) + nl (t), Rl = E
{
xl (t)xl (t)

H}= AlRsA
H
l + σ 2

n IL, (10)

respectively, where Al = [al (θ1, φ1) al (θ2, φ2) . . . al(θK,φK)] with the direction vector of the ith signal given
by al (θi , φi) = [a(l−1)n+1(θi, φi) a(l−1)n+2(θi, φi) . . . a(l−1)n+L(θi, φi)]T, the signal source vector is s(t) =
[s1(t) s2(t) . . . sK(t)]T, and the noise vector is nl (t) = [n(l−1)n+1(t) n(l−1)n+2(t) . . . n(l−1)n+L(t)]T. Following (6)
and (7), the optimal weight vector for the lth subarray is given by

wol = R−1
l Gl

(
GH

l R−1
l Gl

)−1
c, (11)

where Gl = [al (θ1, φ1) al (θ2, φ2) . . . al (θP ,φP )] denotes the constraint matrix for the lth subarray. The output of
the lth subarray is given by

yl(t) = wH
olxl(t), l = 1,2, . . . ,N. (12)

The vector y(t) = [y1(t) y2(t) . . . yN(t)]T containing the outputs of the subarrays is expressed by

y(t) =
P∑

p=1

⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH
oNaN(θp,φp)

⎤
⎥⎥⎥⎥⎦ sp(t) +

K∑
p=P+1

⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH
oNaN(θp,φp)

⎤
⎥⎥⎥⎥⎦ sp(t) +

⎡
⎢⎢⎢⎢⎣

wH
o1n1(t)

wH
o2n2(t)

...

wH
oNnN(t)

⎤
⎥⎥⎥⎥⎦

= ys(t) + yi (t) + yn(t), (13)

where ys(t), yi (t), and yn(t) represent the desired signal component, the interference component, and the noise
component of y(t), respectively. Since there are L − u array sensors overlapped between two adjacent subarrays, the
noises in yn(t) of (13) are no longer spatially white.

3.2. Virtual beamforming

From (13), the N × N ensemble correlation matrices of ys(t), yj (t), and yn(t) are given by

Rs2 = E
{
ys(t)ys(t)

H}=
P∑

p=1

E
{∣∣sp(t)

∣∣2}
⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH a (θ ,φ )

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH a (θ ,φ )

⎤
⎥⎥⎥⎥⎦

H

,

oN N p p oN N p p
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Rj2 = E
{
yj (t)yj (t)

H}=
K∑

p=P+1

E
{∣∣sp(t)

∣∣2}
⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH
oNaN(θp,φp)

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

wH
o1a1(θp,φp)

wH
o2a2(θp,φp)

...

wH
oNaN(θp,φp)

⎤
⎥⎥⎥⎥⎦

H

, (14)

and

Rn2 = E
{
yn(t)yn(t)

H}=

⎡
⎢⎢⎣

wH
o1E{n1(t)n1(t)

H}wo1 . . . wH
o1E{n1(t)nN(t)H}woN

...
. . .

...

wH
oNE{nN(t)nN(t)H}wo1 . . . wH

oNE{nN(t)nN(t)H}woN

⎤
⎥⎥⎦ , (15)

respectively. According to the subarray beamforeming with successful interference suppression, the interference at
the output of each subarray is negligible if the subarray size L is appropriately chosen, e.g., L > K for the considered
case. Hence, we have the gain |wH

olal(θj , φj )| ≈ 0, for l = 1,2, . . . ,N, j = P +1,P +2, . . . ,K , and an approximation
as y(t) ≈ ys(t) + yn(t). To further enhance the signal-to-noise ratio (SNR) at the UCA output, we formulate an
optimization problem as

minimize wH
s Rn2ws , subject to GH

s ws = c, (16)

where Rn2 is given by (15), Gs = [z(θ1, φ1) z(θ2, φ2) . . . z(θP ,φP )] is the constraint matrix for the virtual
beamforming, the entries of Gs are given by z(θp,φp) = [wH

o1a1(θp,φp) wH
o2a2(θp,φp) . . . wH

oNaN(θp,φp)]T for
p = 1,2, . . . ,P . ws represents the virtual weight vector. The optimal solution for (16) is given by

wso = R−1
n2 Gs

(
GH

s R−1
n2 Gs

)−1
c. (17)

Note that we have to find Rn2 since the noise at the virtual beamforming is no longer spatially white. Next, an
efficient scheme is presented to estimate Rn2.

3.3. Estimation of noise covariance matrix for the virtual beamforming

Let vn be the noise component in the output yn(t) of the nth subarray. In matrix form, the received noise vector is
expressed as

[v1 v2 . . . vN ]T = [wH
o1n1(t) wH

o2n2(t) . . . wH
oNnN(t)

]T
. (18)

The corresponding noise covariance matrix Rn2 is given by (15). For simplicity, we consider the case where the
number of overlapped array sensors is L − 1, i.e., u = 1, as shown by Fig. 2. Then, it is easy to show that the ij th
entry Rij = wH

oiE{ni (t)nj (t)
H}woj of Rn2, for i, j = 1,2, . . . ,N , is given as follows:

(i) Rij = σ 2
n

L∑
l=1

w∗
oilwojl (19)

since E{ni (t)nj (t)
H} = σ 2

n IL for i = j , where the superscript “∗” denotes complex conjugate. woil and wojl are the
lth entries of woi and woj , respectively.

(ii) Rij = σ 2
n

L−1∑
l=1

w∗
oi(l+1)wojl for i − j = 1. (20)

(iii) Rij = σ 2
n

(
L−1∑
l=1

w∗
oj (l+1)woil

)∗
for i − j = −1. (21)

(iv) Rij = σ 2
n

L−d∑
l=1

w∗
oi(l+d)wojl if d < L and Rij = 0 otherwise for i − j = d > 0. (22)

(v) Rij = σ 2
n

(
L−d∑

w∗
oj (l+d)woil

)∗
if d < L and Rij = 0 otherwise for i − j = −d � 0. (23)
l=1
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The value of woil which is the lth entry of woi , l = 1,2, . . . ,L, can be obtained from (11). As to σ 2
n , we present an

appropriate scheme to estimate σ 2
n if it is not available in practice. First, we estimate the number K of signal sources

from the received array data vector. Among the techniques available for this purpose, we adopt the most notable one,
namely, the AIC or MDL criteria proposed by [21]. Then, we perform the eigenvalue decomposition (EVD) of the
correlation matrix R1 of the first subarray data vector x1(t) shown by (9) and find the corresponding eigenvalues λi

in descending order for i = 1,2, . . . ,L. Finally, we take the average of the smallest L− K̂ eigenvalues as the estimate
σ̂ 2

n of σ 2
n , where K̂ is the estimate of K . According to the theoretical results regarding the AIC or MDL algorithm

presented by Wax et al. [21], it has been shown that the MDL criterion yields a consistent estimate of the number
of signals, while the AIC yields an inconsistent estimate that tends, asymptotically, to overestimate the number of
signals. Our simulation experience shows that the MDL criterion provides the correct estimate and the AIC criterion
provides either the correct estimate or over-estimate under the situations like Examples 1 and 2 of the paper. The
performance of the proposed beamformer under that the SNR of the signal sources is as low as 0 dB with several
hundred data snapshots is not sensitive to the effect of K , when it is over-estimate. The output f (t) of the UCA is
given by

f (t) = wH
so

[
wH

o1x1(t) wH
o2x2(t) . . . wH

oNxN(t)
]T =

N∑
n=1

w∗
nw

H
onxn(t), (24)

where wl denotes the lth entry of wso for l = 1,2, . . . ,N . In matrix form, (24) can be expressed as

f (t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

wo11
wo12

...

wo1L

0
...

0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ w2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
wo21
wo22

...

wo2L

0
...

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ · · · + wN

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

woN2
woN3

...

woNL

0
...

0
woN1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

H

x(t). (25)

From (25), the equivalent overall M × 1 optimal weight vector is given by

wt = w1[wo11 wo12 . . . wo1L 0 . . . 0]T + w2[0 wo21 wo22 . . . wo2L 0 . . . 0]T + · · ·
+ wN [woN2 woN3 . . . woNL 0 . . . 0 woN1]T. (26)

The power gain G(θ,φ) in the direction vector a(θ,φ) is given by

G(θ,φ) = 10 log10

∣∣wH
t a(θ,φ)

∣∣2 = 10 log10

∣∣∣∣∣
N∑

n=1

w∗
nw

H
onan(θ,φ)

∣∣∣∣∣
2

. (27)

In the presence of coherent interference, the effectiveness of the UCA beamformer will be deteriorated because
the coherence between the desired signals and interferers will reduce the rank of AlRsA

H
l given by (10) and, hence,

destroy the eigenstructure of Rl , for l = 1,2, . . . ,N . To restore the desired eigenstructure of Rl , we compute the
optimal weight vector by replacing each Rl of (11) with the averaged one R̂

R̂ = 1

N

N∑
l=1

Rl . (28)

The matrix R̂ is also used instead of each Rl for finding the estimates K̂ and σ̂ 2
n .

4. Theoretical analysis

Here, we investigate the matrix A = [a(θ1, φ1) a(θ2, φ2) . . . a(θK,φK)] with the direction vector a(θk,φk) of
the kth signal given by (1). The following theorem shows that the direction vectors with the same elevation angle and
distinct azimuth angles are linearly independent.
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Theorem 1. Let the K narrow-band and far-field signals be impinging on the array with angles (θk,φk), k =
1,2, . . . ,K , have the same elevation angle θk = θ and distinct azimuth angles φk , for k = 1,2, . . . ,K . Then, the
matrix As = [a(θ,φ1) a(θ,φ2) . . . a(θ,φK)] with the direction vector a(θ,φk) of the kth signal given by (1) has rank
equal to K .

Proof. Consider the phase delay at the mth array sensor, which is given by (2)

am(θk,φk) = exp

{
j2π

R

λ
cos

[
φk − 2π(m − 1)

M

]
sin(θk)

}
.

Let the elevation angle θk = θ and 2π sin(θ)/λ = q . The phase delay becomes

am(θ,φk) = exp

{
jqR cos

[
φk − 2π(m − 1)

M

]}
. (29)

Hence, the matrix As = [a(θ,φ1) a(θ,φ2) . . . a(θ,φK)] can be expressed by

B =

⎡
⎢⎢⎢⎢⎣

a1(φ1) a1(φ2) . . . a1(φK)

a2(φ1) a2(φ2) . . . a2(φK)

...
...

. . .
...

aM(φ1) aM(φ2) . . . aM(φK)

⎤
⎥⎥⎥⎥⎦= [b(φ1) b(φ2) . . . b(φK)

]
. (30)

Using the modal transformation [1], we create a (2h + 1) × M transformation matrix T as follows:

T = 1√
M

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 T −h T −2h . . . T −(M−1)h

...
...

... . . .
...

1 T −1 T −2 . . . T −(M−1)

1 1 1 . . . 1

1 T 1 T 2 . . . T (M−1)

...
...

... . . .
...

1 T h T 2h . . . T (M−1)h

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (31)

where (2h + 1) � M and T is given by T = exp(j2π/M). After transformation, the entry b(φk) of B shown by (30)
becomes

b̃(φk) = T b(φk) = [b̃−h(φk) . . . b̃−1(φk) b̃0(φk) b̃1(φk) . . . b̃h(φk)
]T (32)

for k = 1,2, . . . ,K , where b̃�(φk) is given by

b̃�(φk) = 1√
M

M−1∑
m=0

{
exp(j2πm�/M) × exp

[
jqR cos(φk − 2πm/M)

]}
(33)

for � = −h, . . . ,−1,0,1, . . . , h. Since the term exp[jqR cos(φk −2πm/M)] is a periodic function, it can be expressed
by a Fourier series expansion as follows:

exp
[
jqR cos(φk − 2πm/M)

]= ∞∑
n=−∞

jnJn(qR) exp
[
jn(φk − 2πm/M)

]
, (34)

where Jn represents the first-kind Bessel function with order n. Substituting (34) into (33) yields

b̃�(φk) = 1√
M

∞∑
jnJn(qR) exp(jnφk)

M−1∑{
exp(j2πm�/M − j2πmn/M)

}
. (35)
n=−∞ m=0
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Applying the result

M−1∑
m=0

{
exp(j2πm�/M − j2πmn/M)

}=
{

M, if n − � = iM, i = integer,
0, otherwise,

(36)

we rewrite (35) as

b̃�(φk) = √
M

∞∑
i=−∞

j�+iMJ�+iM(qR) exp
[
j (� + iM)φk

]
. (37)

In the case of M � qR, the dominant term in the infinite series of (37) is the one corresponding to i = 0 while all
the other terms corresponding to i �= 0 can be neglected. Moreover, the asymptotic property of the Bessel function
Jn(qR) for n � qR provides the following approximation

Jn(qR) ≈ 1√
2πn

(
eqR

2n

)n

. (38)

An appropriate approximation expression for (37) is given by

b̃�(φk) ≈ √
Mj�J�(qR) exp(j�φk) (39)

for � = −h, . . . ,−1,0,1, . . . , h, if M � qR. (39) reveals that b̃�(φk) possesses a phase �φk depending on the signal
angle φk and a factor

√
Mj�J�(qR) independent ofφk . A (2h+1)× (2h+1) diagonal matrix U is formed to preserve

only the source angle-dependent phase for (39):

U = √
M

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

j−hJ−h(qR) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 j0J0(qR) 0
...

...
... 0

. . . 0
0 · · · · · · 0 jhJh(qR)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (40)

From (30), (31), (39), and (40), we construct a (2h+ 1)×K matrix B̄ containing the transformed direction vectors
with only the source angle-dependent phase as follows:

T B ≈ UB̄, (41)

where B̄ has the form given by

B̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

exp(−hφ1) exp(−hφ2) · · · exp(−hφK)
...

... · · · ...

exp(−φ1) exp(−φ2) · · · exp(−φ2)

1 1 · · · 1
exp(φ1) exp(φ2) · · · exp(φ2)

...
... · · · ...

exp(hφ1) exp(hφ2) · · · exp(hφK)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (42)

In order to ensure that the transformation given by (41) is useful, the conditions of J�(qR) �= 0, for � = −h, . . . ,−1,

0,1, . . . , h, must be guaranteed. Accordingly, we note from (40) and (42) that U and B̄ have ranks equal to (2h + 1)

and K , respectively. In contrast, the matrix T of (31) has rank equal to (2h+1). Therefore, it is clear from (41) that the
rank of B must be K which is the number of signal sources. Hence, the matrix As = [a(θ,φ1) a(θ,φ2) . . . a(θ,φK)]
with the direction vector a(θ,φk) of the kth signal has rank equal to K . This completes the proof. �
Theorem 2. The averaged correlation matrix 1

N

∑N
l=1 AlRsA

H
l of (28) has rank equal to min(L,N).

Proof. From (9), we note that each subarray has size L and the number of array sensors overlapped for two adjacent
subarrays is L − u. Hence, R̂ can be rewritten as follows:
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R̂ = 1

N

N∑
l=1

Rl = 1

N

N∑
l=1

AlRsA
H
l + σ 2

n IL, (43)

where Rs = E{s(t)s(t)H} denotes the signal correlation matrix and Al = [al(θ1, φ1) al(θ2, φ2) . . . al(θK,φK)] the
L×K matrix with the direction vector of the kth signal given by al(θk, φk) = [a(l−1)n+1(θk,φk) a(l−1)n+2(θk,φk) . . .

a(l−1)n+L(θk,φk)]T. Hence, Al can be rewritten by

Al =

⎡
⎢⎢⎢⎣

a(l−1)n+1(θ1, φ1) a(l−1)n+1(θ2, φ2) . . . a(l−1)n+1(θK,φK)

a(l−1)n+2(θ1, φ1) a(l−1)n+2(θ2, φ2) . . . a(l−1)n+2(θK,φK)
...

...
. . .

...

a(l−1)n+L(θ1, φ1) a(l−1)n+L(θ2, φ2) . . . a(l−1)n+L(θK,φK)

⎤
⎥⎥⎥⎦ . (44)

Accordingly, the first term in (43) can be expressed as follows:

1

N

N∑
l=1

AlRsA
H
l = 1

N
[ A1 A2 . . . AN ]

∑
[ A1 A2 . . . AN ]H, (45)

where Σ is a block-diagonal NK × NK matrix given by

Σ =

⎡
⎢⎢⎢⎣

Rs 0 . . . 0
0 Rs . . . 0
...

...
. . .

...

0 . . . 0 Rs

⎤
⎥⎥⎥⎦ . (46)

Next, we consider the worst case for the coherent problem. Let all of the signal sources be coherent. Then, the matrix
Rs has rank equal to one and can be decomposed as [22]

Rs = (Rs)
1/2(RH

s

)1/2 = rrH, (47)

where the K × 1 vector r = [r1 r2 . . . rK ]T with rk �= 0, k = 1,2, . . . ,K . Since the rank of ZZH (denoted as
rank(ZZH)) for a nonzero matrix Z is equal to rank(Z) [22], we have

rank

([
A1 A2 . . . AN

]
Σ
[
A1 A2 . . . AN

]H)= rank

⎛
⎜⎜⎜⎜⎝
[
A1 A2 . . . AN

]
⎡
⎢⎢⎢⎢⎣

r 0 . . . 0

0 r . . .
...

... . . .
. . . 0

0 . . . 0 r

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

= rank
([A1r A2r . . . ANr]). (48)

Moreover, the L × N matrix [A1r A2r . . . ANr] can be rewritten by

[
A1r A2r . . . ANr

]= K∑
i=1

riBi , (49)

where the L × N matrix Bi is given by

Bi =

⎡
⎢⎢⎢⎣

a1(θi, φi) an+1(θi, φi) . . . a(N−1)n+1(θi, φi)

a2(θi, φi) an+2(θi, φi) . . . a(N−1)n+2(θi, φi)
...

...
. . .

...

aL(θi, φi) an+L(θi, φi) . . . a(N−1)n+L(θi, φi)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

a1(θi, φi) an+1(θi , φi) . . . a(N−1)n+1(θi, φi)

a1(θi , φi − 2π/M) an+1(θi, φi − 2π/M) . . . a(N−1)n+1(θi, φi − 2π/M)
...

...
. . .

...

a1(θi, φi − 2π(L − 1)/M) an+1(θi, φi − 2π(L − 1)/M) . . . a(N−1)n+1(θi, φi − 2π(L − 1)/M)

⎤
⎥⎥⎥⎦ .

(50)
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(a)

(b)

Fig. 3. Beam pattern without coherence using proposed method for Example 1.

Equivalently, we can view that the N × L matrix BT
i contains the direction vector ã(θi, ϕ�) = [a1(θi, ϕ�) an+1(θi,

ϕ�) . . . a(N−1)n+1(θi, ϕ�)]T of the �th signal with angle (θi, ϕ�), � = 1,2, . . . ,L, where ϕ� = φi − 2π(� − 1)/M , and
all of the L signals have the same elevation angle θi . Applying Theorem 1, we note that each Bi possesses rank equal
to min(L,N), i = 1,2, . . . ,K . As a result, the rank of (45) is equal to rank(

∑K
i=1 riBi ) which is given by min(L,N).

This completes the proof. �
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(a)

(b)

Fig. 4. Beam pattern without coherence using conventional method for Example 1.

Theorem 2 shows that rank(R̂) can be greater than or equal to K which is the number of signal sources if we
set min(L,N) greater than or equal to K . In other words, the rank of the correlation matrix Rx can be restored by
applying the proposed method.
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(a)

(b)

Fig. 5. Beam pattern with coherence using proposed method for Example 1.

5. Simulation examples

For simulations, we use a UCA with the ratio of inter-element spacing d to the wavelength λ of the desired signals
equal to 0.5. The simulation results are obtained by using 500 data snapshots and averaging 100 independent runs
with independent noise samples for each run. All signals used are binary phase shift keying (BPSK) signals with
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(a)

(b)

Fig. 6. Beam pattern with coherence using conventional method for Example 1.

rectangular pulse shape and SNR = 0 dB. The noise received by the UCA is spatially white. To facilitate plotting array
beam patterns, we adopt the angle (U,V ) instead of (θ,φ), where sin(U) = sin(θ) sin(φ) and sin(V ) = sin(θ) cos(φ).

Example 1. Here, we set M = 9,L = 7, and N = 9. Three signal sources are impinging on the array from angels
(θ,φ) = (55◦, 90◦), (10◦, 210◦), and (85◦, 0◦), respectively. Assume that the desired signal is the first signal with
(55◦, 90◦) and gain c1 = 1 and the others are the interferers with c2 = c3 = 0. Fig. 3 plots the simulation results
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(a)

(b)

Fig. 7. Beam pattern using proposed method with averaging scheme for Example 1.

in terms of the array beam patterns using the proposed method of (26). For comparison, the results of using the
conventional method of (7) are shown in Fig. 4. The array output signal-to-interference plus noise power ratio (SINR)
obtained by using the proposed method and the conventional method are 8.3505 and 8.3227 dB, respectively.

Next, let the interferer with (85◦, 0◦) be coherent with the desired signal. Figs. 5 and 6 show the simulation results
in terms of the array beam patterns. The output SINRs obtained by using the proposed method and the conventional
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Fig. 8. The output SINR versus the number of snapshots for Example 1.

Fig. 9. The output SINR versus the power of desired signal for Example 1.

method are 0.2201 and −0.1163 dB, respectively. After applying the averaging scheme, the simulation results are
depicted in Fig. 7. The output SINR of using the proposed method is 7.5595 dB. Fig. 8 plots the array output SINR
versus the number of snapshots, while Fig. 9 depicts the array output SINR versus the power of the desired signal with
the SNR of the interferers fixed at 0 dB. The simulation results show that the proposed method works very well in the
main-beam case.
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(a)

(b)

Fig. 10. Beam pattern without coherence using proposed method for Example 2.

Example 2. Here, we set M = 11, L = 9, and N = 11. Five signal sources are impinging on the array from angels
(θ,φ) = (85◦, 0◦), (40◦, 300◦), (10◦, 150◦), (65◦, 80◦), and (25◦, 200◦), respectively. Assume that the desired signals
are the first three signals with (85◦, 0◦), (40◦, 300◦), (10◦, 150◦) and gain c1 = c2 = c3 = 1, and the others are the
interferers with c4 = c5 = 0. Figs. 10 and 11 plot the simulation results in terms of the array beam patterns using the
proposed method of (26) and the conventional method of (7), respectively. The output SINRs of using the proposed
method and the conventional method are 8.7331 and 8.5058 dB, respectively.
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(a)

(b)

Fig. 11. Beam pattern without coherence using conventional method for Example 2.

Next, let the interferer of (65◦, 80◦) be coherent with the desired signal of (85◦, 0◦) and the interferer of (25◦, 200◦)
be coherent with the desired signal of (40◦, 300◦). Figs. 12 and 13 show the simulation results in terms of the array
beam patterns. The output SINRs obtained by using the proposed method and the conventional method are 1.5295
and 1.2875 dB, respectively. After applying the averaging scheme, the simulation results are depicted in Fig. 14.
The output SINR of using the proposed method is 8.5051 dB. Finally, the array output SINR versus the number of
snapshots is plotted in Fig. 15, while the array output SINR versus the power of the desired signals with the SNR
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(a)

(b)

Fig. 12. Beam pattern with coherence using proposed method for Example 2.

of the interferers fixed at 0 dB is depicted in Fig. 16. The proposed method shows its effectiveness in the case with
multiple-beam constraints.

6. Conclusion

This paper has presented an effective method for adaptive UCA beamforming under coherent interference. The
proposed method utilizes a subarray beamforming in conjunction with an averaging scheme to effectively mitigate
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(a)

(b)

Fig. 13. Beam pattern with coherence using conventional method for Example 2.

the effect due to signal coherence. For processing array data, a UCA is partitioned into several overlapped subarrays.
Each of the resulting subarrays is configured in a circular arc possessing the same radius as the original UCA. The
overlapped subarrays are used for performing subarray beamforming and the averaging scheme. A procedure has been
proposed to estimate the correlation matrix of the noise vector for facilitating a virtual beamforming which enhances
the array performance. Theoretical analysis has shown the validity of the proposed method in dealing with the co-
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(a)

(b)

Fig. 14. Beam pattern using proposed method and averaging scheme for Example 2.

herent interference problem of a UCA. The effectiveness of the proposed method has been confirmed by simulation
examples.
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Fig. 15. The output SINR versus the number of snapshots for Example 2.

Fig. 16. The output SINR versus the power of desired signal for Example 2.
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