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Abstract—A decentralized consensus protocol refers to a process for all nodes in a distributed system to collect the information/status
from every other node and reach a consensus among them. Two classes of decentralized consensus protocols have been studied
before: the one without an initiator and the one with an initiator. While the one without an initiator has been well studied in the literature,
it is noted that the prior protocols with an initiator mainly relied upon the one without an initiator and thus did not fully exploit the intrinsic
properties of having an initiator. By exploiting the concept of multilayered execution, we develop in this paper an efficient multilayered
decentralized consensus protocol for a distributed system with an initiator. By adapting itself to the number of nodes in the system, the
proposed protocol can determine a proper layer for execution and reach the consensus in the minimal numbers of message steps
while incurring a much smaller number of messages than required by prior works. Several illustrative examples are given and
performance analysis of the proposed algorithm is conducted to provide many insights into the problem studied. It is shown that the
decentralized consensus protocols developed in this paper for the case of having an initiator significantly outperform prior schemes.
Specifically, it is proven that 1) the ratio of the average number of messages incurred by the proposed algorithm to that by the prior
method approaches zero as the number of nodes increases and 2) the proposed algorithm is asymptotically optimal in the sense that
the message number required by the proposed algorithm and that of the optimal one are asymptotically of the same complexity with

respect to the number of nodes in the system, showing the very important advantage of the proposed algorithm.

Index Terms—Consensus protocol, distributed systems, multiport communication, performance analysis.

1 INTRODUCTION

T has been an important issue on how to link together

many powerful and autonomous computers to build a
distributed processing system for better availability and
cost performance. In such a system, instead of using a
shared memory and a global clock, all synchronization and
communication among the processing nodes can be done
via message passing [1]. One important scheme in
distributed computations is the consensus protocol, which
refers to a process for all nodes in a distributed system to
collect the information/status from every other node and
reach a consensus among them. Applications of consensus
protocols include the extrema finding, coordination of
distributed checkpoints [13], acquisition of a new global
state [7] and the broadcasting of various system-dependent
messages [12], [14].

As pointed out in [6], unlike a centralized system where
there is a centralized coordinator to collect the information
from all participants, a decentralized system is based on
decentralized message passing, and does not rely upon the
use of a coordinator. Though easier to design, centralized
applications are apt to suffer from such drawbacks as the
need of a coordinator, longer protocol execution time due to
less parallelism and the vulnerability to a single point
failure. Free of these drawbacks, decentralized applications
have drawn a considerable amount of research attention [4],
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[5], [6], [9], [13], [18]. Performance of the consensus
protocols is usually assessed by the number of message
steps required to reach a consensus by all nodes in a
distributed system, and also the total number of messages
incurred during the execution of the protocol [9], [10], [13].
Several studies have been conducted to minimize the
number of message steps (or time) and the number of
messages for various communication networks/distributed
environments [5], [6], [8], [13], [15], [16], [18]. A related
survey can be found in [10]. Clearly, there is a trade off on
the number of message steps required and the number of
messages incurred for a consensus protocol. To reduce the
overhead of the scheme without compromising its effi-
ciency, we would naturally like to complete the consensus
protocol in the minimal number of steps while incurring as
few messages as possible.

Two classes of decentralized consensus protocols have
been studied before: the one without an initiator and the one
with an initiator. In the former (without an initiator),
synchronization is usually assumed to be achieved a priori,
and all processing nodes concurrently participate in the
consensus protocol when the protocol is started.! In the
latter (with an initiator), it is assumed that each node,
except the initiator, will not participate in the consensus
protocol until it is informed to do so by receiving a message
from some other node. While the one without an initiator
has been well studied in the literature [4], [10], [16], it is
noted that the prior protocols with an initiator mainly relied
upon the one without an initiator and, thus, did not fully
exploit the intrinsic properties of having an initiator. As the

1. More precisely, the need of synchronization depends on the upper
layer applications. Readers are referred to [3] for an instance of using a
consensus protocol without an initiator while not requiring specific
synchronization.
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Fig. 1. A decentralize consensus protocol without an initiator (7-port).

practical importance of many related distributed applica-
tions increases nowadays, it is essential to devise an
efficient decentralized consensus protocol with an initiator,
which is consequently taken as the objective of this paper.

The system considered is completely connected with
synchronous communication. In the proposed algorithm,
both I-port communication, which means that every node
in the system can send out one message at a time, and the
general case, k-port communication, meaning that every
node can send out k messages in one step, are considered.
All nodes in the system are assumed to have the same
number of communication ports, and every message sent
takes one communication step. This model is the same as
those in most related works [10]. To facilitate the presenta-
tion, we use the identification (id) of each node to denote
the information that this node wants to send to every other
node via the consensus protocol. In the end, consensus is
reached at every node after each node receives all the id’s
from all other nodes.

The problems studied in this paper can be best understood
by considering the case of reaching a consensus among five
nodes.” A node having all the information from other nodes is
called an expert [10]. We use black nodes to denote experts,
and white nodes to denote those that still have incomplete
information. Without an initiator, as shown in Fig. 1 for 1-port
communication, the five nodes reach a consensus after three
steps, with a total of 12 messages. The information collected
so far after each step is shown in the bracket next to each node.
An arrow pointing from node N; to node N; represents N; is
sending what it knows thus far to N;. The case of having an
initiator for 1-port communication is shown in Fig. 2 where,
without loss of generality, node N; is the initiator. It can be
seen that the five nodes reach a consensus after six steps, with
a total of nine messages.

As pointed out earlier, although decentralized consensus
protocols with an initiator were proposed in [6], those
protocols mainly relied upon the one without an initiator
and thus did not fully exploit the intrinsic properties of
having an initiator. To remedy this, we shall address the
development of efficient consensus protocols with an
initiator in this paper. By exploiting the concept of multi-
layered execution, we devise in this paper an efficient
decentralized consensus protocol, referred to as algorithm

2. Examples in Fig. 1 and Fig. 2 are extracted from [5].

(b)

ML (standing for Multi-Layered), for a distributed system
with an initiator. By adapting itself to the number of nodes
in the system, algorithm ML is able to determine a proper
layer for execution and to reach the consensus in the
minimal numbers of message steps while incurring a much
smaller number of messages than required by prior works.
Several illustrative examples are given and performance
analysis of algorithm ML is conducted to provide many
insights into the problem studied. It is shown that algorithm
ML significantly outperforms prior schemes for the case of
having an initiator, and the performance improvement
achieved by algorithm ML increases as the number of nodes
in the system grows. Specifically, for a system of p nodes
with k-port communication, the ratio of the average number
of messages incurred by algorithm ML to that by the prior
method is proved to be of the complexity O(log™! p) which
approaches zero as the number of nodes p becomes large.
Furthermore, algorithm ML is proved to be asymptotically
optimal in the sense that the message number required by
algorithm ML and that required by the optimal one are
asymptotically of the same complexity with respect to the
number of nodes p in the system. It is worth mentioning
that though results of limited applicability have been
derived before [4], [10], [16], the issue of deriving the
minimal number of messages required for a decentralized
consensus protocol with k-port communication to complete
in the minimal number of steps is still an open problem due
to its inherent difficulty. Algorithm ML devised in this
paper goes beyond prior schemes not only for its generality
for k-port communication but also for its asymptotic
optimality.

This paper is organized as follows: Preliminaries includ-
ing the system model and descriptions of prior related
protocols are given in Section 2. The multilayered decen-
tralized consensus protocol with an initiator, i.e., algorithm
ML, is described in Section 3. Performance analysis is
conducted in Section 4. This paper concludes with Section 5.

2 PRELIMINARIES

A system model considered in this paper is given in
Section 2.1. Then, prior related protocols are presented in
the remaining subsections to facilitate our later presentation
of algorithm ML in Section 3. For better readability, we shall
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Fig. 2. A decentralized consensus protocol with an initiator (1-port).

present the case of 1-port communication first and then the
case of multiport communication. Specifically, we shall
describe briefly the decentralized consensus protocol without
an initiator for 1-port communication (i.e., Gy, in Section 2.2),
the one with an initiator for 1-port communication (i.e., Gz, in
Section 2.3), the one without an initiator for k-port commu-
nication (i.e., G3,in Section 2.4), the one with an initiator for k-
port communication, (i.e., G4, in Section 2.5) in that order.

2.1 System Model

We use the identification (id) of each node to denote the
information that this node wants to send to every other node.
Note that depending on the applications, the real content of id
can be very general, such as a personalized information/
database, the numbers to be sorted, a vector describing the
local state of a node, and a “yes” or “no” vote of the commit
protocol in a distributed transaction, to name just a few. Also,
the information at each node means the set of id’s that node
collects thus far, and the content of the message of a
transmission is referred to as the information of the sender
at the time of transmission. One message might contain many
id’s. The system model we consider is similar to the one in [4],
[6], [10], [12], [18], and is summarized as follows:

Model M

1. The system is completely connected with synchro-
nous communication.

2. Every message sent in the system takes one
communication step.

3. k-port communication means that each node is
capable of sending k messages out in one step.
(There is no restriction on the number of messages
each node can receive in one step.)

4. All nodes in the system are assumed to have the
same communication capability (i.e., same number
of communication ports).

A node is said to become an expert if that node has

received all id’s of the nodes in the system [10]. The system
is said to reach consensus if all nodes in the system are
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experts. Note that we do not exclude either the possibility of
two-way transmission between two nodes, or the capability
of each node to participate in both sending and receiving
messages in one communication step, thus distinguishing
our work in this paper from the one in [17]. The input port
assumption of Model M can be justified by the sufficient
input buffer space and also the simplicity of the CPU
operation to handle the incoming data. Explicitly, it is noted
that when users write message passing codes in the put/get
(i.e., send /receive) model, we would usually have software
bottleneck in puts rather than gets since most receives could
be translated into local memory access. As a consequence,
under such a put/get model which is supported by some
existing message passing tools (e.g., Cray T3D and Meiko
CS-1), fan-in could usually be less a restriction than fan-out
in message passing. This is the very reason we consider this
model. Note that this consensus protocol problem is the
same as the gossiping problem addressed in [10] except that
a concurrent two-way transmission, such as a phone
conversation, is assumed for the latter. Also, we assume
that nodes in the system will not be faulty or maliciously
send wrong messages to others. Readers interested in issues
related to fault-tolerance and Byzantine agreement are
referred to [9], [11].

2.2 Decentralized Consensus Protocol
without an Initiator (1-port)

A decentralized consensus protocol without an initiator for
1-port communication G; was presented in [5]. Highlights
of G are given below and readers interested in more details
are referred to [5]. A balanced binary partitioning tree of a
positive number p is a binary partitioning tree constructed
by first labeling the root node with p, and then, for each
node with a label k> 2, generating the left and right
children of this node and labeling them with [£] and |,
respectively. Clearly, there are n + 1 levels in the balanced
binary partitioning tree of a number p where n = [log, p].
For convenience, the level of the root is called level 0. Using
the balanced binary partitioning tree, the nodes in the
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Fig. 3. lllustration for the partitioning tree and operations of algorithm G;.

system can be addressed as follows. For a system of p nodes,
obtain the balanced binary partitioning tree of p. Next, for
every internal node, code the link to its left child with a bit
“0” and that to its right child with a bit “1.” Then, determine
the address of each leaf node by the coded bits in the links
on the path from the root to that node, and append a bit “*”
to each leaf node in level n — 1. An example partitioning
tree for a system of six nodes is given in Fig. 3, where after
assigning the p nodes in the system with the addresses of
the p leaf nodes in the balanced binary partitioning tree in
Fig. 3a, algorithm G; performs the consensus protocol by
exchanging messages along each dimension one by one in
Fig. 3b. It can be verified that the protocol is completed in
three steps and the total number of messages sent is
6+6+4=16. From [5], we have the following two
propositions for G;.

Proposition 1. For a system of p nodes with one-port commu-
nication, algorithm G, completes a decentralized consensus
protocol in n steps by incurring Ngi(p) =np+p—2"
messages, where n = [log, p].

Proposition 2. In a system of p nodes with one-port commu-
nication, algorithm G requires the minimal number of steps,
[log, p|, to complete a decentralized consensus protocol.

2.3 Decentralized Consensus Protocol with an
Initiator (1-port)

By utilizing the concept of G, a decentralized consensus
protocol with an initiator for 1-port communication,
referred to as G5 in this paper, was proposed in [5]. G2
consists of three phases: 1) broadcasting phase, 2) shuffling
phase, and 3) confirming phase. Recall that in the case of
having an initiator, each node, except the initiator, will not
start sending any message until it receives a message from
some other node. The purpose of the broadcasting phase,
started by the initiator, is mainly to inform each node to
participate in the consensus protocol by letting every node
receive some messages. As shown in [5], through sending
messages, the information will be cumulatively collected
during the broadcasting phase, and a minimal complete set is
formed in the end of this phase.
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Definition 1. A minimal complete set of nodes is the minimal
set of nodes that consists of all the information to reach a
consensus.

Definition 2. The minimal complete set formed in the end of the
broadcasting phase is termed the shuffling set.

The purpose of the shuffling phase is in fact to reach
consensus for the nodes in the shuffling set. The operations
in the shuffling phase are essentially the same as those in
G). After the consensus is reached by the nodes in the
shuffling set, the entire information is sent to all other nodes
in the system in the confirming phase. For an illustrative
purpose, the operations of the proposed protocol when the
number of processing nodes is 11 is given in Fig. 4, where
0*** is the set to execute the broadcasting and the
confirming phases, and the shuffling set associated is
{1,000, 1,001, 1,010} that reaches the consensus in two steps
according to G. Note that in Fig. 4 the number labeled in an
arrow is the step number of that message in the protocol. A
detailed description of G can be found in [5], where the
following proposition for the performance of G is given.

Proposition 3. For a system of p nodes with 1-port communica-
tion and n = [logy p], Go can reach the consensus with an
initiator in the minimal number of steps, i.e., 2n steps, while
incurring

Nea(p) =2" -1+ max{2"_2,p — 2”_1}
+ r[logy r] + 7 — 2Me: 7
messages, where r = p — 2"~ 1,

2.4 Decentralized Consensus Protocol without an
Initiator (k-port)

In [6], the results for G, based on the partitioning tree and
the generation of minimal complete sets, were extended to
the case of k-port communication, i.e., each node is capable
of sending k messages at a time. The extension to the k-port
communication, referred to as algorithm Gs in this paper,
can be depicted in light of the generalized n-dimensional c-ary
hypercube [2], where c is chosen to be k + 1. As shown in [6],
decentralized consensus protocols for 2-port communica-
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Fig. 4. The consensus protocol with an initiator when p = 11. (a) Broadcasing, 11 messages. (b) Shuffling, five messages. (c) Confirming, eight

messages.

tion can be developed from a ternary partitioning tree in
such a way that each internal node in level 7 of the tree is
taken as a minimal complete set generated after step i and
the minimal complete set associated with an internal node
is partitioned into those with its child nodes in one step.
Essentially, based on generation of minimal complete sets in
the corresponding partitioning tree, G is applicable to the
case of k-port communication. A procedure to build the
optimal partitioning tree and an example for p = 9 are given
in the Appendix A for interested readers. We then have the
following two propositions for G [6].
Proposition 4. In a system of p nodes with k-port communication,
the minimal number of steps required for all-to-all broadcasting
is [logy.1 p]-
Proposition 5. For a system of p nodes with k-port communica-

tion, the number of messages required by algorithm G for all-
to-all broadcasting in n = [log,, p| steps is,

NGS(p: k) =

where ny + ny = n = [logr+1p|, and d is the smallest positive
integer such that p < (d —1)"d™ and p > (d —1)""d»".

(d — 2)111;0 + (d — 1)[”2]3 +p— (d _ 1)’7L1d712],

11*2=22

3*2=6/\ /%{3:12/.<Q=12
OO0 OO0V ®®/@®

(@)

For example, consider the consensus protocol without an
initiator in a system of 11 nodes with 3-port communication.
Then, we have p = 11, k = 3 and ny + ny = n = 2, leading to
d=4, ni=2 and ny =0. We can obtain the optimal
partitioning tree in Fig. 5a. It follows from Proposition 5
that Ng3(11,3) = 52, agreeing with the scenario in Fig. 5.

2.5 Decentralized Consensus Protocol with an
Initiator (k-port)
A decentralized consensus protocol with an initiator for k-
port communication, referred to as G4, was presented in [6].
Algorithm G| is similar to G in that G4 also has an initiator
and the concept of three phases (i.e., the broadcasting phase,
the shuffling phase, and the confirming phase), however,
different from G in that 1) the shuffling and confirming
phases are overlapped in G4 and 2) the operations in the
shuffling phase of G, are based on those in G3, rather than G.
As explained in [6], to achieve the minimal number of
steps, it is not always necessary to use the maximal number
of communication ports allowed. In fact, for some cases by
not using the maximal number of communication ports, one
can reduce the number of messages while still achieving the
minimal number of steps. Let n = [log;; p|, and h be the
smallest number such that [log,,, p] = n. Clearly, & is the

@

step 1 (22 messages)

6 messages

a

12 messages 12 messages

N
step 2 (30 messages)

(b)

Fig. 5. The consensus protocol without an initiator for a 11 node system with 3-port communication. (a) Partitioning tree. (b) Consensus protocol in

two steps.
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Fig. 6. The consensus protocol with an initiator for 3-port communication when p = 50. (a) Broadcasting (Step 1 to Step 3). (b) Shuffling and

confirming (Step 4 to Step 6).

maximal number of ports needed to achieve the minimal
number of steps. Conceptually, the p nodes in the system
can be divided into two parts: 1) those forming the set for
the broadcasting phase (containing (h 4 1)""" nodes) and
2) those in the shuffling set (containing r=p — (h+1)"""
nodes). In essence, the broadcasting and the confirming
phases are completed by the nodes in those (i + 1)" 'nodes
whereas the shuffling phase is carried out by the nodes in
the shuffling set. The operations of G4 are outlined in the
Appendix B and more details of G4 can be found in [6].
From [6], we have the following proposition for the
performance of Gj.

Proposition 6. For a system of p nodes with k-port communica-
tion and n = [log,.,, p|, G4 can reach the consensus with an
initiator in the minimal number of steps, i.e., 2n steps, while
incurring

Naa(p, k) =2(h+1)""" +r—2
+max{(h+1)""" = (h+1)""2,r} + Ngs(r, h)

messages, where h is the smallest number such that
Mogy . 1p]l =n, r=p— (h+1)""" and Ngs(r,h) is deter-
mined by Proposition 5.

The consensus protocol with an initiator for 3-port
communication when p =50 is given in Fig. 6. We then
getn =3, h =3, and r = 34. The 3 steps of the broadcasting
phase are shown in Fig. 6a. In Step 3, those 12 nodes
receiving messages in Step 2 send messages to the shuffling
set of 34 nodes, which are then divided into 3 sets of nodes,
containing 11, 11 and 12 nodes, respectively, for the
execution of the shuffling phase. In Fig. 6b, double arrows
mean “group transmission” for clarity, and double circles
denote the execution of consensus protocols without an
initiator (based on G3). The execution of the consensus
protocol without an initiator for 11 nodes can be found in
Fig. 5. It can be verified that the total number of messages
incurred in Fig. 6 is 330, agreeing with Proposition 6.

3 MULTILAYERED DECENTRALIZED CONSENSUS
ProTOCOL

Note that though being able to perform the decentralized
consensus protocol, G4 in fact relies upon the execution of

G3 to handle its operations in the shuffling set. Since G5 was
originally designed for the protocol without an initiator,
employing the operations in G35 directly does not fully
exploit the intrinsic property of the protocol with an
initiator. Consequently, in light of the concept of multi-
layered execution, we shall develop an efficient decentra-
lized protocol with an initiator, i.e., algorithm ML, in this
section, and show that algorithm ML can significantly
outperform algorithm G4 by incurring a much smaller
number of messages.

3.1 Description of Multilayered Decentralized

Consensus Protocol

With its detailed operations presented later, the basic idea

of algorithm ML is as follows: Similar to algorithm G,

algorithm ML first has a broadcasting phase in which the

initiator starts the protocol and informs all nodes to
participate in the process. A shuffling set is formed in the
end of the broadcasting phase. Note that as defined in

Definition 2, the shuffling set is the minimal set that consists

of all the information to reach the consensus. A node that

has all the information is referred to as an expert. The very
difference between algorithm ML and algorithm G, lies in
their operations after the broadcasting phase. After the
broadcasting phase, algorithm ML forms as many experts
as needed from the shuffling set, and uses them to send the
complete information back to other nodes. To facilitate our
presentation of algorithm ML, we first introduce procedure

STA (standing for Some-To-All broadcasting) below, which

is essentially a procedure which algorithm ML will use to

complete the consensus protocol after the above mentioned
minimal complete set is formed in the end of the broad-
casting phase.

Procedure STA: A some-to-all broadcasting protocol

/*Sending theid’s of nodes in a set of snodes, denoted by S, to

all nodes of a system of p=(k+1)" nodes, where r =

ﬂogkﬂ SW */.

Stmt 1. Build a balanced tree of height r as described by G
(which is given in the Appendix A). From level 0 to level
r—1 of that tree, every node is an internal node of
degree k + 1.
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Fig. 7. An example of procedure STA when p =9, s=4 and k = 2.

Stmt 2. Perform the consensus protocol based on the
generation of minimal complete sets in the partitioning
tree in such a way that from level 0 to level r (which
corresponds to r steps), 1) each minimal complete set
contains at least one node in S and 2) only nodes in S will send
messages.

Fig. 7 is an example for a system of nine nodes where
s=4, k=2 and r = 2. It can be seen that procedure STA
incurs eight messages in the first step and eight messages in
the second step. In the first step, three minimal complete
sets are formed: one contains two nodes in S (i.e., nodes 00
and 01), and each of the other two sets contains only one
node in S (i.e, node 10 and node 20). Procedure STA
completes in the second step by forming nine minimal
complete sets (i.e., every node is a complete set).

Theorem 1. Suppose s is the number of nodes in a minimal
complete set in a system of k-port communication. Procedure
STA takes v = [logy,,, s| steps and r - s - k messages to reach
the consensus among p = (k+ 1)" nodes.

Proof. It can be verified that Statement 2 of procedure STA
is always feasible since s > (k + 1)"" and we can allocate
at least one node in S for each minimal complete set in
each step. The fact that procedure STA completes in r
steps follows. On the other hand, in each step, each of
these s nodes has to send a message to one node in each
of its k sibling minimal complete sets. Thus, there will be
at least s - k messages in each step, and the protocol will
incur at least r - s - k messages. In addition, note that in
these r steps, only nodes in S will send messages,
meaning that the number of messages in procedure STA
is at most r - s - k. This theorem follows: 0
With the introduction of procedure STA, algorithm ML

can be described below.

Algorithm ML: The multilayered decentralized consensus

protocol with an initiator for k-port communication. /* pis the

total number of nodes in the system and n = [log;,, p|.*/

Stmt 1. In the first n —1 execution steps, use k-port
communication to perform the broadcasting among
(k4 1)""" nodes.

Step1:8 messages

00e 10 I 20 I
Ole 11° 21 ©
02C 12¢ 229

Step2:8 messages

Smt 2. In the last step of the broadcasting phase, form a
shuffling set of s nodes. Thus, we have

n—1

s=p—(k+1)

Stmt 3. p= (k+1)" then
goto Statement 10
else

y=ming zeN

Z k(k+l)"7'72p,1§n} ,where N is the set of positive integers.
i1

y-1
7':min{zEN > k(k+1)"7"+m(k+1)"7”2pﬁm§k},
=1
Z=the shuffling set, and

i=1.
ifs=1 then let the set Z40f a single node be the shuffling set, and goto Stmt 9.
endif

Stmt 4. if (i = y) then goto Stmt 8 /* to determine the seed
experts in the last layer */.

Stmt 5. Arbitrarily select a subset of k nodes from Z, and
denote this subset as Z4. /* Z4 contains k seed experts
included in this run */

All nodes in Z, including Z,4, send their own id
information to each node in Z4, and nodes in Z4 also
send their information to nodes in Z — Z4.

Stmt 6. Each node in Z4 starts to send the information by a
simple broadcast protocol with k-port communication
subject to the condition that nodes outside set Z are to
receive the information first.

Stmt 7. 7 =7 — Z,.
t=1+1
goto Stmt 4.

Stmt 8. Arbitrarily select a subset of  nodes from Z, and
denote this subset as Z4. /* Z4 contains r seed experts
included in thelastrun of seed expert selection */ Allnodes
in Z, including Z 4, send their own information to Z 4.

Stmt 9. Each node in Z, starts to send the information by a
simple broadcast protocol with k-port communication
subject to the condition that nodes outside set Z are to
receive the information first end /* end of the protocol */
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Stmt 10. if (k= 1) then
Perform algorithm G; on the shuffling set in the next
n — 1 execution steps. In the last step, send information
from the shuffling set to the whole system.
else Perform procedure STA in the whole system, where
those s nodes with the information to broadcast form the
shuffling set.
endif
end /* end of the protocol */

For ease of description, we shall call those experts which
are formed by nodes in Z “seed experts” so as to distinguish
them from other experts. Note that these nodes could be
arbitrarily chosen in the design stage as long as each node in
the system knows the role of these nodes in advance. A non-
seed expert mainly becomes an expert by receiving a single
message of complete information from another expert.
Algorithm ML can form as many as k seed experts in the
first step after the broadcasting phase, and those seed experts
can only send information to as man ANy as k(k+1)""" — kother
nodes. If pis greater than k(k+1)", one needs to form more
seed experts in the subsequent steps Also, if algorithm ML
forms another k seed experts in the second step after the
broadcasting phase, then it can send information to as many
as k(k+1)"""+k(k + 1)""*=2k other nodes. This procedure
repeats until the remaining p is smaller than or equal to
k(k+1)"""4+k(k + 1)" 2 It can be seen that the instance for
one node to receive the largest number of messages in one
step occurs either in the last step of the broadcasting phase or
the first step when forming the seed experts. Hence, the
maximal number of messages one node will receive in one
step is bounded by

max{ ’V(k_‘_sl)”w , S},

where s =p— (k+1)""" and n = [log,, p|. It can also be
verified that k(y — 1) + 7 seed experts will be formed in the
entire protocol execution.

It is important to note that the parameter

y:min{x€N|Zk(kz+ )" >p,z<n}

=1

of algorithm ML corresponds to the number of message
steps required to generate seed experts (from Statement 4 to
Statement 8), and is in fact the layer number of the execution.
Also, the parameter r is the number of seed experts selected
in the last run of seed expert selection (Statement 8).
Example consensus protocols that exploit different layers of
execution are given in Section 3.2 for illustration. Also note
that each node, after becoming an expert, is expected to be
involved in sending messages to other nodes in the
subsequent steps. That is the reason why we require the
condition that “nodes outside set Z are to receive the information
first” in Statement 6 and Statement 9 of algorithm ML. The
following theorem states the correctness of algorithm ML.

Theorem 2. For a system of p nodes with k-port communication
and n = [log;, p|, algorithm ML is able to complete the
decentralized consensus protocol with an initiator in the
minimal number of message steps.

Proof. First, consider the case that p=(k+1)". In the
broadcasting phase, algorithm ML forms a shuffling set

of s nodes. Because s = k(k + 1)"", the whole system can
achieve consensus by algorithm G; or procedure STA.

Next, we discuss the case thatp < (k+1)".

Ifp = (k+1)"" 4 1, then after the broadcasting phase
we have a simple broadcasting from the 1-node shufﬂmg
set. Now, consider the case that p > (k+1)""'+1. We
first show the existence of parameters y and r. Clearly,
the existence of

y—min{xEN

S k(1) = poa < n}

i=1

follows from its definition and the fact that

an k(k+1)""
=1

The fact that y is the minimal integer to satisfy

=(k+1)"-1>p.

y
k(k+1)""
=1
further leads to the existence of parameter r.

Second, we want to prove that in Statement 5 and
Statement 8, there are always a sufficient number of nodes
in Z to be selected. In other words, the size of the shuffling
set is greater than or equal to the number of seed experts,
ie,s>(y—1)k+r. When s =2 (ie, p=(k+1)" ' +1,
orp=(k+1)""+2),(y,r) = (1,2) for k # 1,and (y,7) =
(2,1)for k = 1, both leading to (y — 1)k + r = s. Clearly, as
sincreases, y and r grow much slower than s, meaning that
(y — 1)k + r is always smaller than or equal to s.

Finally, it can be seen that the inequality: p—
num_expert > s , where num_expert is the number of
experts after the 2n — 1 execution steps, ensures that nodes
in the shuffling set donot have to become non-seed experts
in the first 2n — 1 steps. That is, every seed expert needed
can be simply formed from the shuffling set in accordance
with a proper number of layer execution. To prove the
inequality, note that since all experts are formed by the
broadcasting of some seed experts and there are at most
k experts generated in each execution step after the
broadcasting phase. Thus, we have

n
num_expert < Z k(k+1)",
=2
leading to

n
p — num_expert > p — Z k(k+1)"" =
=2

—(k+1)"'+1>s

Consequently, the correctness of algorithm ML follows.O

Theorem 3. The number of the total messages required by

algorithm ML is:
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Shuffling set

Broadcast:11 messages

Shuffling set

Step 7: 3 messages

Shuffling set

Step 5: 4 messages
(layer one execution)

Shuffling set

Step 6: 3 messages
(layer two execution)

Shuffling set

Step 8: 6 messages

Fig. 8. An example of 2-layer execution of algorithm ML for a 12-node system with 1-port communication.

Ny (pk)=
p—1+nsk when p=(k+1)",
2p—3-+k(k+1)"? when p=(k+1)""'+1,
p— 1+max(s,k(/€+1)”"Z ) —s+((y—1)k+r)(s—1)
+p—3k(y—1) (ky—2k+2r)—r, otherwise,

where p, n, s, y, and r are as defined in algorithm ML.
Proof. If p = (k + 1)", algorithm ML takes p — 1 messages in
the broadcasting phase. If k # 1, algorithm ML incurs
n-k-s messages to perform procedure STA for the
whole system, otherwise, algorithm ML performs G, for
the shuffling set, and sends information to the other 2"~
nodes outside the shuffling set. Hence, the total number
of messages needed is p—1+ (n—1)s+ (k+1)"",
when k£ =1 and is p — 1 + nsk, when k # 1, both leading

to the first formula of Ny (p, k).

If p#(k+1)", algorithm ML takes p—1+
max(s, k(k +1)"%) — s messages to inform every node
to participate in the protocol and to form the shuffling
set. If s =1, after the broadcasting phase, it needs p — 1
messages sent from the shuffling set to others to
complete the protocol. If s# 1, the number of
messages required in Statement 5 of algorithm ML is

<yi(5 — i X k)k:) ,

=0
thatin Statement8is ((s — (y — 1)k)r) — r, and Statement 6
and Statement 9, as a whole, incur p—(y—1)k—r
messages. Hence, the total number of messages needed is

p—1+max(s, k(k+1)"?) —s+p—1,whens = 1,and is

y—2
p—1+4max(s,k(k+1)""%) — s+ (Z(s — QX k)k)

=0
+(s—(y—-Dk)r+p—k(y—1)—2r,

otherwise, leading to the last two formulas of Ny (p, k)
above. O

3.2 lllustrative Examples

Examples are given in this subsection to illustrate the
operations of algorithm ML. Explicitly, illustration for
multilayered execution is presented in Section 3.2.1 and
that for multiport communication is given in Section 3.2.2.

3.2.1 lllustration for Multilayered Execution

Consider a system of 12 nodes with 1-port communication
in Fig. 8. Since p = 12 and k = 1, we obtain n = [log, 12] = 4
and s=12—2%=4. From Step 1 to Step 4, the initiator
informs every node of the system to participate in the
protocol, and forms the shuffling set of s nodes. Because
p = 2% + 2%, we obtain the layer number

ZTQ'H >12,z < n} =2,

i=1

y—min{m eN

and r = min{z € N|8 + 4z > p,z < k} = 1. Hence, we have
y=2layersandalso (y—1)-k+r=(2—-1)-1+1=2seed
experts. As shown in Fig. 8, these two seed experts are
formed in two layers, i.e., one in Step 5 and the other in Step
6. As it can be seen from Step 5 of Fig. 7, in addition to the
messages that are needed to form the seed expert, the seed
expert also sends its own information to its neighbors in the
shuffling set. This is because of the fact that in Step 6, 7, and
8, that seed expert is dedicated to broadcasting its
information. Hence, in Step 6, algorithm ML forms another
seed expert, resulting in a 2-layer execution scenario in
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Shuffling set

Step 5: 6 messages
(layer one execution)

Shuffling set
Shuffling set

Step 8: 7 messages

Fig. 9. An example of 3-layer execution of algorithm ML for a 14-node system with 1-port communication.

Fig. 8. Because the corresponding protocol takes eight steps,
the seed expert formed in Step 5 can broadcast its
information to other sevem nodes in Step 6, 7, and 8, and
the one formed in Step 6 can broadcast its information to
other three nodes, thus completing the protocol.

Fig. 9 is an example for a 3-layer execution of algorithm
ML. Since p=14 and k=1 in this case, we obtain
n = [log, 14] = 4, and s = 14 — 271 = 6. In the broadcasting
phase, algorithm ML incurs 13 messages. Also, we get

y= min{x ENIZL 2" > 14,2 < 4} =3,
r=min{z € N|12+ 2z > p} =1,

i.e., algorithm ML needs one seed expert in each step from
Step 5 to Step 7. In Step 5, algorithm ML incurs 5 = |Z| — 1
messages to form an expert node and one message to
maintain the completeness of set Z — Z4. In Step 6, algorithm
ML takes |Z| — 1 = 4 messages to form a new seed expert and
another message to keep the completeness of set Z — Z,4. In
Step 7, the formation of the last seed expert requires | Z| — 1 =
3 messages. Besides those three seed experts, every node in
the system involves one message to become an expert. As a
result, algorithm ML incurs a total number of 1346 + 5 +
3 + (14 — 3) = 38 messages for the 3-layer execution in Fig. 9.
An example for algorithm ML to incur 4-layer execution is
shown in Fig. 10 for illustrative purposes.

3.2.2 lllustration of Multiport Communication

To illustrate the operations of algorithm ML for multiport
communication, we consider the system of 12 nodes with 2-
port communication in Fig. 11. In this case, p =12, k=2,
n =3,y =1,r=2,and s = 3. Thus, the scenario in Fig. 11isa
1-layer execution of algorithm ML for 2-port communication.
In the broadcasting phase, algorithm ML incurs 14 messages

toinform every node to participate in the protocol and to form
the shuffling set. After the broadcasting phase, algorithm ML
sends back the information from each node of the shuffling set
to all the others. In Step 4, two seed experts are formed. In
Step 5 and Step 6, those two seed experts send their
information to other nodes by a broadcast protocol. In all,
algorithm ML incurs a total number of

12—1+max(3,6) -3+ ((1-1)x2+2) x (3-1)+
1
12-221-1)2-4+4)-2=28

messages to complete the protocol, agreeing with
Ny (12,2) = 28 as determined by Theorem 3.

Consider a 50-node system with 2-port communication in
Fig. 12. The system is the same as the one in Fig. 6. In this case,
n = 3 and s = 34. In the broadcasting phase (from Step 1 to
Step 3), algorithm ML takes 49 messages to notify every node
to participate in the protocol, while forming a shuffling set of
34nodes. Also, we obtain y = 2, and r = 1. In Step 4, we select
three nodes to be seed experts while incurring 31 x 3 + 3 x
2 = 99 messages. Those seed experts need to send their own
information to any other node in the shuffling set to ensure
the completeness in Z, which process involves three
messages. Thus, algorithm ML takes 102 messages in Step 4.
In Step 5, to make another seed expert from set Z, algorithm
ML incurs 30 messages. At the same time, the expert nodes
formed in the previous step send their information to other
nine nodes, while incurring nine messages. In Step 5,
algorithm ML thus incurs 39 messages. Finally, in Step 6,
we employ the 13 expert nodes formed earlier to send their
information to other 37 nodes. In this case, algorithm ML
incurs a total number of 227 messages to complete the
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Shuffling set

Shuffling set
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(layer 2 execution)

Step 7: 8 messages
(layer 3 execution)

779

Shuffling set

Step 5: 7 messages
(layer one execution)

Shuffling set
Shuffling set

Step 8:10 messages
(layer 4 execution)

Fig. 10. An example of 4-layer execution of algorithm ML for a 15-node system with 1-port communication.

protocol, agreeing with Theorem 3. It can be verified that
N¢a(50,2) = 330, which is significantly larger than the
message number required by algorithm ML (i.e.,
Ny (50,2) = 227), showing the advantage of algorithm ML.

4 PERFORMANCE ANALYSIS

In this section, some theoretical results of algorithm ML are
derived in Section 4.1. Performance of algorithm ML and

|

Shuffling set
Step4:4 messages

S
Shuffling set

Broadcast: 14 messages

/0

Shuffling set
Step 6:6 messages

Shuffling set
Step5:4 messages

Fig. 11. An example of 1-layer execution of algorithm ML for a 12-node

system with 2-port communication.

algorithm G, will be comparatively analyzed in Section 4.2. It
is shown that algorithm ML significantly outperforms
algorithm G, and the performance improvement achieved
by algorithm ML increases as the number of nodes increases.
Specifically, the ratio of Ny (p, k) to Nea(p, k) is proved to be
of complexity O(log™' p) which approaches zero as the
number of nodes p becomes large. Algorithm ML will

o o\\
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Broadcasting :49 messages
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)
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Set 6

Step 5 :39 messages Step 6 :37 messages

Fig. 12. An example of 2-layer execution of algorithm ML for a 50-node
system with 2-port communication.
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Fig. 13. Two plots for the analysis of algorithm ML with 6-port communication: (a) number of layers versus number of nodes. (b) Number of

messages versus number of nodes.

furthermore be proved to be asymptotically optimal in the
sense that the message number required by algorithm ML
and its corresponding theoretical minimum are asymptoti-
cally of the same complexity with respect to the number of
nodes in the system, indicating the very advantage of
utilizing the concept of multilayer for protocol execution.

4.1 Theoretical Insights into the Decentralized

Consensus Protocols
To provide more insights into algorithm ML, consider the
two plots in Fig. 13, where the relationship between the
number of layers y and the number of nodes p is shown in
Fig. 13a, and the number of messages that are needed in
algorithm ML for 6-port communication is shown in
Fig. 13b.

Recall that in algorithm ML, k(y — 1) + r is the number of
seed experts needed for protocol execution. However,
forming more experts will cause a gap in the number of
messages. Specifically, such gaps occur whenever we need
another seed expert in the protocol. Explicitly, as illustrated
in Fig. 13b, such gaps occur when

—1

«

p= k(k+1)"" +r(k+1)"",

Il
—

(3
where y <n, r <k, and (y,r) # (1,1). Note that each seed
expert formed at the z-th step after the broadcasting phase
can send the complete information to as many as
(k+ 1)"""—1 nodes. Thus, as shown in Fig. 13b, the segment
of the curve that begins near 50 nodes corresponds to the
case that the system needs two seed experts, and this
segment ends when p=2x (6+1)°"' =98 nodes. Simi-
larly, the next segment of the curve corresponds to the case
that three seed experts are needed, etc. It can be verified
that the first five segments of the curve in Fig. 13b
correspond to the case of 1-layer execution (i.e., with two
to six experts), the next six segments correspond to the case
of 2-layer execution (i.e., with seven to 12 experts), and the
following six segments correspond to the case of 3-layer
execution.

With the illustrative example in Fig. 13b, by omitting
their straightforward proofs, the following properties of
algorithm ML can be derived from Theorem 3.

Corollary 3.1. The systems in the same segment of the curve have
the same parameters y and r.

Corollary 3.2. The slope of each segment of the curve is
D ((y—Dk+r)+2, for s> k(k+1)""2 and 2)

(y—Dk+r)+1,

for s < k(k+1)""2. Also, the effect of the singular function
max occurs in the first segment of the curve. Thus, each
segment of the curve except the first one is a straight line with
a slope equal to ((y — 1)k +r) +2.

Corollary 3.3. A y-layer execution of the consensus protocol
involves k segments of the curves for y>1, and k—1
segments for y = 1. Every segment of y-layer execution covers
(k+1)""Y nodes.

Next, we derive some theoretical insights into the
decentralized consensus protocols studied. Define
M(s,p, k) as the minimal number of messages that are
needed for a subset of s nodes in a system of p nodes for
sending their id information in this s-node subset to all
other nodes with k -port communication in the minimal
number of steps. For example it is easy to verify that
M(2,4,1) = 4 as shown in the following figure.

We then have the following lemma for M (s, p, k).

Lemma 1.

p
M(s+1,p,k) > M(s,p, k) + | ———| — 1.

Proof. When sending information from s+ 1 nodes to
p nodes, each of the s+ 1 nodes needs to send
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v |,
(k+1)"!

messages in the first step so as to multiply its own id by

p
(k+1)"!

times. Otherwise, it can be shown that the id’s of those
nodes cannot be delivered to all nodes in the minimal
number of steps.

Since it sends information from only s nodes now,
there exists one node that does not need to send
information in the first step. From the definition of
M(s,p, k), we have

p
M(s+1,p,k) > M(s,p,k) + |———| —1
( p,k) (s,p, k) {(k+1)”‘1w

From Lemma 1, a lower bound of M(s,p, k) follows:

Lemma 2. M(s,p,k) > p— s+ (s — 1)[ﬁ}

Theorem 4. For a decentralized consensus protocol with an
initiator in a system of p nodes with k-port communication,
when s> k(k+1)""%, the minimal number of messages
required to complete the protocol in the minimal number of
steps, i.e., n steps, is M(s,p,k) +p — 1, where n = [logy,, p|
and s =p— (k+1)""",

Proof. When s> k(k+1)"?, we need at least p—1
messages in the broadcasting phase to notify every node
to participate in the protocol, and to form a shuffling set
of s nodes. With k-port communication, we can notify at
most (k4 1)""" nodes after step n — 1. That is, at least
s=p— (k+1)""" nodes are notified in the last step of
broadcasting phase. Since each node of the shuffling set
is notified in the last step of the broadcasting phase, it
cannot send its own id information to other nodes in the
broadcasting phase, meaning that it is necessary to send
back the information from the s nodes to all the p nodes.

Because M(s+ 1,p, k) > M(s,p, k), we know that the
smaller the shuffling set is, the smaller number of
messages we need in sending the information back. From
this phenomenon and the fact that p — 1 messages are
needed in the broadcasting phase, this theorem follows.O

4.2 Performance Comparison between Algorithm
ML and Prior Results

In this section, we shall prove that algorithm ML will
significantly outperform prior schemes for the case of
having an initiator, and the performance improvement
achieved by algorithm ML increases as the number of nodes
increases. Comparison results between algorithm ML and
Gy are given first and general performance comparison
between algorithm ML and G, is then conducted. As
mentioned before, the ratio of the average number of
messages incurred by algorithm ML to that by algorithm G4
is proved to be of complexity O(log ' p) which approaches
zero as the number of nodes p becomes large, and algorithm
ML is in fact asymptotically optimal in the sense that
Nuyi(p, k) and its corresponding theoretical minimum are

asymptotically of the same complexity with respect to the
number of nodes in the system.

The following theorem compares the performance of
algortihm ML and that of G..

Theorem 5. When p > 16, algorithm ML in general outperforms
algorithm Gy by incurring fewer messages for protocol
execution, i.e., Ny (p,1) < Naao(p), except the three cases
when p=2"-1, p=2"-2, and p=2"—-3, where
n = [logy p].

Proof. First, it can be shown that when p=2", or
p=2""141, Nyr(p,1) = Ng2(p). Also, the numbers of
messages in the broadcasting phase of the two algorithm
are the same. Note that the formula of the number of
messages in the shuffling phase and confirming phase of
algorithm G can be reduced to 7s + (p — 2"), and that of
algorithm ML can be reduced to

2
+y+2
ys—i—p—%,

where n,s, and y are as defined in algorithm ML, and

r = [log, s].
Consider the following two situations:

1. When p<2" ! 4+2"2 je y=2, the two for-
mulas for algorithm G> and algorithm ML
become rs+ (p—2") and 2s+p—4 , respec-
tively. It can be verified that when s =2, 3, or
4, the values of the two formulas are the same.
However, when s > 4, we have rs+ (p —2") >
25 +p —4, meaning that algorithm ML incurs
fewer messages than algorithm G,.

2. When p>2"14+2"2% sgsay, p=2"—2z and
x < 22, the formula of algorithm G, becomes
n(2"~! — z) and that of algorithm ML becomes

2
+y+2
(y+2)@ " = o) +o - L=
a. When y+2<n , the number of messages
needed in algorithm G is larger than that in
algorithm ML since

(n=(y+2)2"" ~a) -~

2
2
+%>2"71—21‘>.

b. When y+2=mn, ie., 4 <x <8, because y =
n—22>3, we get

v Hy+2

2> 7

leading to

2
g LTI Tyt <0.
2
Thus, the number of messages in algorithm G5
is larger than or equal to that in algorithm ML.
c. When y+ 2 > n, the number of messages in
algorithm ML is larger than that in algorithm
G4 since
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2
, 2
(y+2—n)(2“—1_$)+x_%
—3)+4
n(n —3) + S

0.
2

> 271—1 _

Since the case (c) above is only valid for the three
cases when p=2"—1, p=2" -2, and p =2" — 3, this
theorem follows. ]
Similarly to the proof of Theorem 5, it can also be shown

that algorithm ML in general outperforms algorithm G4 by
incurring fewer messages in the protocol execution in the
case of k-port communication. For illustrative purposes, the
values of Ny(p,2) and Ngu(p,2) are shown in Fig. 14
where the number of nodes varies from 28 = (2 + 1)*+1 to
81=(2+1)"

Moreover, numbers of messages required by algorithm
ML and algorithm G, in various cases are given in Fig. 15
for interested readers. It can be seen from Fig. 15 that the
number of messages in algorithm ML is in general much
smaller than that required by algorithm G4. Instead of
detailing each individual case, we shall prove that the
performance improvement by algorithm ML increases as
the number of nodes increases. Specifically, the ratio of the
average number of messages incurred by algorithm ML to
that by algorithm G, approaches zero as the number of
nodes becomes large.

First, define the ration function R(n, K) as:

. (k+1)"
W) (k_gi" ™ NML(pa k)
p=
R(na k) = (+1)" s
W Z Ney (Pv k?)

p=(k+1)"""+1

where n = [log;,,p|. Clearly, the smaller the value of
R(n, k) is, the more improvement achieved by algorithm
ML over algorithm G4. We then have the following
important theorem which states that the improvement of
algorithm ML over algorithm G increases as the number of
nodes p increases.

Theorem 6. lim, ., R(n, k):a%n%, where a and b are

functions of k, n = [logy,, p| and p is the number of nodes
in the system. That is, the complexity of R(n, k) is O(log™* p).

Proof. First, in light of
Negs(p, k) = (d —2)nip + (d — 1)[nop +p — (d -

when p approaches infinity, n=n; +ny will also
approach infinity. Thus we have

),

<< (k+1)"'<pa(d—1)"xd? < (k+1)",

which implies that d=k+1, ny > n; and ny =n.
Otherwise, the inequality will not hold. Then, we have
Nes(p, k) ~ nkp.

Recall that

Nea(p k) = 2(h+1)"" + 5 — 24
max{(h+1)""" = (h+1)"% s} + Ngs(s, h),

where s is the size of the shuffling set. When # is enough
large, h is close to k. Also, since we shall consider the
average number of messages only, we can assume that s

2-Port Communication
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Fig. 14. The number of messages incurred by algorithm ML and
algorithm G4 for 2-port communication when the number of nodes
varies.

is large enough to be taken in the previous approxima-
tion of Ng3(p, k). Ngs(s, k) can thus be approximated as
rks, where r = [log,,;s|. Ngi(p,k) can in turn be

approximated as
2k +1)" s+ max{k(k +1)"2, s} + krs.
Next,
Nyr(p,k)=p—1+ max(s, k(k + 1)"’_2)

—s+((y—Dk+r)(s—1)+p
- %k:(y —1)(ky—2k+2r)—r

can also be approximated as

20k +1)" 45+ max{k:(k +1)"2, 9} + yks + 6s,
the term s corresponds to the average effect of the term

rs in the original expression. ¢ is thus a constant in the

range 1 < ¢ < k. From the definition of

xT
D kk+1)"" > px < n}

i=1

y:min{xe N

we can approximate y as

n—log((k+1)"—p+1)=n— log(k(k: +1)" s+ 1).

Based on the foregoing, we can derive the following
approximation for function R(n, k) :
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Fig. 15. Numbers of messages required by algorithm ML and algorithm G in various cases: (a) 1-port, (b) 2-port, (c) 5-port, and (d) 9-port.

lim R(n, k) ~
fl[ (k+1)" +max{k:(k+1)"‘
/i [ (k+1)""+ max{k(k:+ "2,

where t = k(k+1)""".

2,5} —&—s—l—kys—i—és]ds

5} + s+ krs}ds

We approximate the formula in the numerator first.

Using the integration equality

a
1
/ [zlog z)dz = Za2(210ga - 1),
0

we have

(k+1)"

> Nalp k)~

p=(k+1)"""+1

/lt D
z/lt[ (k+1)" +s]ds+/1k(k+1>nz [k(k+1)”_2}ds+

¢ t
/ [s]ds +/ [k x (logy, s)  s]ds
k(k+1)" 241 1

=a-t*logt+ Bt +e1(n, k),

s} + s+ krs} ds

where o and 3 are functions of k, and lim;_ 2 (2 k) — 0,

Similarly, using the integration equality

a—1
/ [(loga — log(a — x))z]dx =
0
1
1 (1 —4a+3d® + (2 — 4a)loga),
the formula in the denominator can be approximated as

below.

(k+1)"

Z Nyr(p, k)

p=(k+1)" 141

~ /t [2(k +1)" !+ max{k(k +1)"2, s} +s+ kys} ds
1t k(k+1)""?
- /1 [2(k F1) s} ds + /1 [k(k: + 1)”*2} ds+

t t
/ [s]ds+/ [k x (n —logg,,(t —s)) x s]ds
E(k+1)" 241 1

=2+ ea(n, k),

where ~ is a function of k, and lim,;_,, # =0.

From these two approximations, we obtain

¥ 1
alogt+8 an+b’

lim R(n,k) =

n——oo
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where a and b are functions of k and this theorem
follows. O

From Proposition 6 and Theorem 3, values of R(n, k), for
k=1,2,3, and 4, can be obtained and plotted in Fig. 16,
whoseresults agree with Theorem 6.1t can be seen from Fig. 16
that the performance improvement of algorithm ML over
algorithm Gy increases as the value of n = [log,,p]
increases.

To provide insights into the optimality of algorithm ML,
denote the minimal number of messages required by a
decentralized consensus protocol with an initiator for k-port
communication as Nop(p, k). Despite deriving the exact
formula of Nop(p, k) is still an open problem, the following
theorem states that with a given number of port k, Ny (p, k)
and Nop(p, k) are asymptotically of the same complexity
with respect to the number of nodes in the system p.

Theorem 7. With the ratio function

(k+1)"

e X, Nor:h)
* p=r
R (n7 k) = (k1) s
W Z Nur, (p, k)

p=(k+1)""" 41

we have 1 > lim R*(n,k) > ¢, where c is a function of k.

n—oo

Proof. From the definition of Npp(p,k), we have
1> lim R*(n,k). We next prove the inequality in the
righ?%i:nd side. Since we need at least p — 1 messages to
inform every node to participate in the protocol and to
form a shuffling set of at least p— (k+1)""" nodes,
where n = [log,,, p|. With the lower bound of M(s, p, k)
in Lemma 2, we get a lower bound of Nop(p, k) as

b
2p—1—s+(s—l){(k+l)nl—‘,

which is in turn reduced to 2p + s — 3 since hﬂ%} >2
Hence, we have,

(k+1)"
Z NOP(p7 k)
p=(k+1)" "'+

(k+1)"
> Nur(p, k)
p=(k+1)""+1

fl[ (k+1)"" 1+35]d
=% Yt + e9(n, k)

. nt* +e3(n, k)
= hm —_— Y =
=0yt + 5(n, k)

lim R*(n,k) =

n—oo

)

where t = k(k + 1)"71, 6, n, and c are functions of k, and

ea(n, k) ~ im es(n, k)

n—o0 t2

lim

n—oo

=0.
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Fig. 16. Plots of R(n, k), showing that the performance improvement of
algorithm ML over algorithm G, increases as the value of n = [log;,, p]
increases.

5 CONCLUSION

By exploiting the concept of multilayered execution, we
developed in this paper an efficient multilayered decen-
tralized consensus protocol, algorithm ML, for a distributed
system with an initiator. By adapting itself to the number of
nodes in the system, algorithm ML is shown to be able to
determine a proper layer for execution and reach the
consensus in the minimal numbers of message steps while
incurring a much smaller number of messages than
required by prior works, indicating the advantage of
utilizing the concept of multilayer for protocol execution.
Several illustrative examples were given and performance
analysis of the proposed algorithm was conducted to
provide many insights into the problem studied. It has
been shown that algorithm ML significantly outperforms
algorithm G, and the performance improvement achieved
by algorithm ML increases as the number of nodes
increases. Specifically, the ratio of Nypr(p,k) to that
Nca(p, k) was proved to approach zero as the number of
nodes becomes large. Moreover, algorithm ML was proved
to be asymptotically optimal in the sense that Ny (p, k) and
its corresponding theoretical minimum, i.e., Nop(p, k), are
asymptotically of the same complexity with respect to the
number of nodes in the system, showing the very important
advantage of algorithm ML.

APPENDIX A
ALGORITHM G

To determine the minimal number of messages required for
a decentralized consensus protocol in a system of p nodes
with k-port communication, the corresponding optimal
partitioning tree can be obtained as follows, where
ny +ne =n = [logry1p], and d is the smallest positive
integer such that p < (d —1)"d" and p > (d — 1) 'd™=".
Procedure to build the optimal partitioning tree:

Step 1. Build a tree from level 0 to level n; — 1 in such a way
that each node is an internal node and has a degree d — 1.
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Fig. 17. The partitioning tree and the operations of G3 when k=2 and p = 9.

Step 2. In the next ny — 1 levels (i.e., from level n; to level
n — 2), let each internal node have a degree d.

Step 3. In the last level of internal nodes (i.e., level n — 1), let
(d—1)"d™ — p internal nodes have degree d —1, and
p— (d—1)""'d™! internal nodes have degree d.

Step 4. In level n, attach leaf nodes to those internal nodes
in level n — 1, according to the degree of each internal
node in that level.

Step 5. Label each leaf node with one, and determine the
number labeled in each internal node in the tree bottom
up such that the number labeled in each node is the sum
of those labeled in its child nodes.

Based on the above scheme, algorithm G5 can be outlined

as follows. consensus protocol without an initiator for k-

port communication.

Algorithm G3: The consensus protocol withour an initiator

for k-port communication.

1. Build the optimal partitioning tree.
Perform the consensus protocol based on the
generation of minimal complete sets in the partition-
ing tree.
For example, for the case of 2-port communication in a
system of 9 nodes, we have the 3-ary partitioning tree and
the corresponding execution of G3 shown in Fig. 17.

APPENDIX B
ALGORITHM G4

Algorithm G,: The consensus protocol with an initiator for
k-port communication.

/* p is the total number of nodes, n = [log,.,; p], and & is the
smallest number such that [log,,; p] = n.

*/

1. From Step 1 to step n — 1, use h-port communication
to perform the broadcasting among those (h +1)"'
nodes in part (A).

2. In the last step of the broadcasting phase (i.e., step
n), form a shuffling set of r = p — (h 4 1)"~" nodes.

3. Instep n + 1, each node in the shuffling set does two
things: 1) sends one message to the initiator to start
the confirming phase and 2) starts the shuffling
phase within the r nodes in the shuffling set.

4. From step n+ 2 to step 2n, the initiator completes
the confirming phase in part A, and nodes in the
shuffling set, i.e.,, part B, complete the shuffling
phase based on Gj.
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