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The governing equations are derived by using the finite element method. The 
assumptions used in the analysis are that air properties in the blade segments are 
uniform and the rotor is a rigid body. A computer code is generated for the personal 
computer to reduce the cost of design. The calculated results of the stress and the 
deflection of the blades are compared and show good agreement with those obtained by 
the available software ABAQUS. The distributions of the stress and the deflection of the 
radial blades for the roto-cooler air conditioning system are analyzed. The locations and 
the magnitudes of the maximum stresses and the maximum displacement of the blades 
are determined. The calculated factor of safety of the blades is 11. © 1997 Elsevier 
Science Ltd and IIR 
(Keywords: air conditioning; air compressor; expander; rotary compressor; design; mechanics; 
calculation) 

Analyse de contrainte et de d6viation dans les aubes 
radiales d'un syst6me de conditionnement d'air/t 

refroidisseur rotor 

On obtient les Oquations directrices en utilisant la m~thode des ~lOments finis. Dans 
l'analyse, on suppose que les propri~t~s de l'air dans les segments des palettes sont uniformes 
et que le rotor est rigide. On met au point un code informatique pour ordinateur PC, afin de 
rrduire le co~t de la conception. On compare les r~sultats calculus de contrainte et de 
d~viation des palettes, et on obtient une bonne correlation avec les rgsultats obtenus avec le 
logiciel ABAQUS. On analyse les distributions de contrainte et de d~viation des palettes 
radiales du systbme de conditionnement d'air h refroidisseur h rotor. On d~termine les 
localisations et les grandeurs des contraintes maximales et le d~placement maximal des 
palettes. Le facteur calcul6 de sgcurit~ des palettes est 11. © 1997 Elsevier Science Ltd and 
IIR 
(Mots clrs: conditionnernent d'air; compresseur d'air; drtendeur; compresseur rotatif; conception; 
m+canique; calculation) 

The performance of the roto-cooler air conditioning 
(RCAC) system with 10 blades as shown in Figure 1 
was studied by Edwards and McDonald I and Huang 2. 
It was assumed that the air in the blade segments of 
the compression side and expansion side was com- 
pressed and expanded polytropically, respectively. 
The unsteady air flow in the heat exchanger was 
analyzed by Huang 3 and Huang and Ho 4. However, 
the stress and the factor of  safety of the blades were 
not investigated. The length of the blade l is 0.0394 m, 
and the thickness Tv and the depth t of the radial 

blades are arbitrarily chosen to be 0.0046m and 
0.1524 m, respectively. The shape of the blade with a 
semi-circular tip is shown in Figure 2. 

The boundary conditions of all points around the 
blade are required to be input for each analysis. Just 
changing the location of the blade with other 
parameters unchanged needs one set of the boundary 
condition. If the angular increment of the blade 
location is n °, there are 360/n sets of boundary con- 
ditions required. Although the software ABAQUS 5 is 
available for the stress and the deflection analysis, it is 
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Nomenclature 
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Pr 

Area of  element (m 2) 
Relative tangential acceleration of 
blade to rotor (m s -2) 
Distance between nodes i and j (m) 
Distance between nodes p and k (m) 
Youn&'s modulus of elasticity 
( N m  - ' )  
Centrifugal force of the rotor per 
volume (N m -3) 
Inertia force due to AtV2 per volume 
( N m  -3) 
Body force of  element per volume 
( N m  -3) 

Coriolis force of the blade per 
volume ( N m  -3) 
Force at the inner contact point of  
rotor and blade (N) 
Compressive force on the blade tip 
(N) 
Force at the outer contact point of  
rotor and blade (hi) 
Stiffness matrix (N m -1) 
Local stiffness matrix (N m - l )  
Blade length (m) 
Shape function matrix 
Total number of elements 
Polytropical process exponential 
constant 
Atmospheric pressure (N m -2) 
Body force vector (N) 
Concentrated load (N) 
Inertia force vector (N) 
Force due to air pressure acting on 
blade leading side (N) 
Force due to air pressure acting on 
blade trailing side (N) 

& 
Psp 

0 
4 
T 
T~ 
t 
V 
X, Y 
x,y 

Surface force vector (N) 
Pressure due to spring force acting 
on blade bot tom ( N m  -z) 
Global displacement vector (m) 
Local displacement vector (m) 
Temperature (K) 
Blade thickness (m) 
Blade width (m) 
Blade segment volume (m 3) 
Global coordinates 
Local coordinates 

Greek letters 
/~ Displacement (#m) 
r Shear stress (MN m -2) 
~t Friction coefficient between stator 

and blade 
#o Friction coefficient between rotor 

slot and blade 
v Poisson's ratio 
c~ Stress (N m  -2) 
0 b Angular location of  blade center 

line (degree) 
0v Angle between F t and center line of 

the slot (degree) 

Coordinate transform matrix 

Subscripts 
x, y Direction 
1,2,3, Blade segment or node point 

Superscripts 
e For  element 
T Transpose of matrix 

used in the main frame computer. In addition, it is 
inconvenient to generate the boundary conditions as 
required. 

The purposes of this study are to calculate the 
distributions of the stresses and the deflections of the 
radial blade and to determine the maximum stresses, 
the maximum displacement and the factor of safety of 
the radial blades for the roto-cooler air conditioning 
system by generating a computer code which is used 
in the personal computer. This computer code can be 
specially used to generate automatically the elements 
and the required boundary conditions of the blades to 
reduce the cost of the design of the radial blades for 
the roto-cooler air conditioning system. 

Method of attack 

For counterclockwise rotation of the rotor, the air at 

essentially atmospheric pressure, Pa, and temperature, 
Ta, is drawn from the inlet duct into the blade 
segment Vi as shown in Figure 1. As the trailing blade 
arrives at the point A, the intake process is completed 
and the compression process begins. The air proper- 
ties inside the blade segment are assumed to be 
uniform and the air is compressed polytropicaUy with 
the polytropic exponent, nct, until the leading blade of 
the blade segment 112 arrives at the point B. The air 
properties can be obtained from 

p (V I~  "cl 
= 't,K) 

(vO""-I r~ T, V~ 
(1) 

where the subscripts 1 and 2 represent the properties 
in the blade segment VI qnd V2. 
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Figure 2 The shape of the blade 
Figure 2 Forme des palettes 

Most of the air is then pumped from the blade 
segment into the heat exchanger where the air is 
cooled down by rejecting heat out to the surrounding 
air. The unsteady air is assumed to be one-dimen- 
sional and flows through the heat exchanger with the 
circular cross-section. Similarly, the air is assumed to 
flow polytropically into the expansion blade segment 
from the outlet of the heat exchanger. The air is then 
pumped through the outlet duct into the space being 
cooled. 

When the rotor rotates, the blades slide inward 
along the slot of the rotor during the compression 
process and outward during the expansion process. 
The thickness of the blade is relatively small 
compared with the depth and the length of the 
blade. Therefore, two-dimensional plane strain ana- 
lysis is used in this study 6. The dimension of the grid 
along the depth of the blade is much larger than that 
along the thickness of the blade. 

The symbols using small letters and capital letters 
refer to the x-y  local coordinates and the X - Y  
global coordinates, respectively. The symbols with 
the superscript (e) represent the element matrix, 
while symbols without the superscript represent the 
assembled matrix. The finite element method with the 

triangular element is used in this study 71°. The nodal 
displacements of  the element are assumed to have a 
linear distribution. 

The local vector of the nodal displacement is the 
assembled displacement vectors of all nodes relative 
to the x-y  local coordinates. The nodal displacements 
of an element can be expressed by the shape function 
which is the function of the coordinates of nodes and 
the area. The local strain vector and local stress vector 
can also be expressed as the function of the local 
vector of the nodal displacement. 

Using the local displacement, local strain vector, 
local stress and strain relation of the element and 
transforming to the global coordinate, the potential 
energy of an element can be obtained. Applying the 
minimum potential energy theory yields 

(K)Q = (K (e)) 

Nt 

e=l 

=/~¢ +/3i + fib + fi s (2) 

where (K) is the global stiffness matrix and Nt is the 
total number of elements. The relationship between 
the global stiffness matrix and the local stiffness 
matrix is 

(K(e))  = (A(e)) T (k(e)) (~(e)) 

where 

Et 
''~k(e)] = 4A(1 + v)(l - 2v) 

(3) 

Y32 0 --X32 - 

0 --X32 Y32 

--Y3| 0 x3~ 

0 x3I --Y31 

Y21 0 --X21 
0 -x21 Y21 

(l - v)Y32 -vx32 ( v -  l)Y31 vx31 (1 -- L0Y21 --adX21 

vy32 ( v -  1)x32 -vy3] (1 -v)x31 vy21 (v - 1)x21 
L~x32 L~Y32 !?~x3l ~Y32 L~x21 I l~LlvY21 d 

(4) 
and 

x i j = x i - x j }  j =  1,2,3 (5) i =  1,2,3; 
Yij Yi --  Y j  

As shown in Figure 3, A1, E2 and D are the three 
locations with the concentrated load fie. The contact 
point of the blade and the stator is at the point D. The 
spring force acting on the blade bottom is reduced to 
reduce the friction power loss. The semi-circular blade 
tip is simplified into a straight edge BIDB2 for 
generating the auto-mesh and reducing the computer 
time. The compressive force acting on the blade tip is 
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°vAF' 
v ~ \ B,.-C-J ~°L/ .x 

Figure 3 The concentrated loads acting on the blade 
Figure 3 Charges concentr~es agissant sur la palette 

Figure 4 The body force and the surface force acting on the 
blade 

Figure 4 Force d'inertie et forces agissant sur la surface de la 
palette 

fit, and the friction force at the blade tip is #tfft . The 
angle between fit and the center line of the slot is Ov. 
The normal force acting on the leading site at the 
bottom of the blade is ffd and the friction force is #sffa. 
The normal force acting on the trailing side of the 
blade at the front edge of the slot is flu, and the 
friction force is/~sffu. So the concentrated load fie) 
can be written as 

fi!e)= ~t(e) q_ #tfft(e) _}_ ff~e) q_ #sff(d e) _]_ if(e) + ]~sff(e) 
(6) 

Because the blade does not have an initial force, 
/~e) is equal to zero. So the body force per volume 
is 

ff~e) ff(c e) q_ ff A(;~2 ~--'n(e) = +F~2 (7) 

The Coriolis force Fc at a point in the blade due to the 
Coriolis acceleration is perpendicular to the slot as 

~t shown in Figure 4. The inertia force F~3/2 due to the 
relative tangential acceleration A~/2 of the blade to 

the rotor is parallel to the slot in the Y-direction. The 
direction of the centrifugal force ff~2 of the rotor is 
from the center of the rotor to the node. 

The force/~e) can be written as 

j~e)~ J IA(e)(N)Tff(be)(tdA) (8) 

The force acting on the DB1 and B1A 1 due to the air 
pressure as shown in Figure 3 is Pr. The force acting 
on the DB 2 and B2A: due to the air pressure is P1. The 
blade bottom E 1E 2 is subjected to the atmospheric air 
pressure Pa and the pressure due to the spring force 
acting on the blade bottom, Psp. The compressive 
force matrix acting on the surface DB1, B1A1, DB2, 
B2A 2 and E1E2, respectively, are 

ffl~)= J(N)TI Oprltdl (9) 

P~s2)= I(N)T[;Prltdl (10) 

if(e) I(N)T[ Op l tdl  ( l l )  s3 
- -  1 

,,2, 

J [Psp + Pa 

where dl in Equations (9)-(13) is the infinitesimal 
length along the surface line DBI, B1A1, DB2, B2A2, 
and ElE2. Therefore, 

N, 
p(e) e~s;)) (14) ~ e ) =  ~-'~ (ffl~) _f_ e~s2 ) -/-/~;) "4---s4 -t- 

e=l 

The thickness of the blades is relatively smaller than 
the radius and the size of the rotor. The stiffness of the 
blades is smaller than that of the rotor. It is assumed 
that the rotor around the slot is rigid and no clearance 
exists between the blade and the slot. Therefore, the 
displacements of),lE1 and ),2E2 in the X-direction are 
zero. It is also assumed that the contact point of the 
blade and the stator D is the reference point of the 
displacement in the Y-direction. Therefore, the 
displacement of the point D in the Y-direction is zero. 

From Equation (1), (K(e)/, ffi, fib, ffs, ffc and all the 
boundary conditions, the global displacement vector 

can be determined. The local nodal displacement 
vector q~e/can be obtained from 

q-(e) = ()~(e))~(e) (15) 

Therefore, the local stress vector ~e) and the local 
strain vector ~.(e) can be obtained. Transferring to the 
global stresses, ~rxx, ayy and ~xr in the X - Y  global 
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coordinates can be determined from 

/zk - Zp'~ : / x j  - x A  2 

_ f x k  - x A / x j  - xA +2~xy i ~ - ~  . . . .  \ p k  .,]lk Dij ) 

_ /Y~-rp'~ b - Y ,  
" \  D p k  .} 

~ x ~  = Ox~ t D ~ k  ) t ~ )  

_I._(Xj-Xi~( Yk- Yp~] 
\ Dij . ) \  Dpk ,]d 

(16) 

where the nodes i, j and k are the three nodes of an 
element and the point p is the intersection point of the 
line l)" and the line pk  which is perpendicular to the line 
i j  1 1 "  

Results 

The data used in the analysis are the lengths of the 
stator major axis and the stator minor axis of 
0.1524 m and 0.1168 m, respectively, the clearance 
between the rotor and the stator of 
0.0000762 + 0.0000254m, the ambient air tempera- 
ture and pressure of 300.37K and 101.3Kpa, 
respectively, and the relative humidity of 25%. The 
materials of the stator, the rotor and blades are 
vespel. The properties of vespel are Young's modulus 
of 2.7579Gpa, Poisson's ratio of 0.41, the friction 
coefficient of 0.11, the ultimate tensile strength of 
65.5MPa and 37.9MPa at 296K and 533K, 
respectively 12. The ultimate compressive strength 
with a strain of 0.1 is 133.1MPa. The chosen 
polytropical process exponents for the compression 
side and the expansion side are 1.3 and 1.26, 
respectively, based on the experimental data. 

The division of the elements for the blades is very 
important to obtain an accurate result. The length of 
the blade is divided into 150 sections and the thickness 
of the blade is divided into eight sections for CPS4R 
and CPE4R used for the software ABAQUS. These 
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Figure 5 The maximum displacement in the X-direction 
versus the blade location 

Figure 5 D~placement maximal dans la direction X par 
rapport h la localisation de la palette 
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Figure 6 The maximum displacement in the Y-direction 
versus the blade location 
Figure 6 D~placement maximal dans la direction Y par 
rapport ~ la localisation de la palette 
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Figure 7 The compressive principal stress versus the blade 
location 

Figure 7 Contrainte principale de compression par rapport h 
la localisation de la palette 

Table 1 The total numbers of the elements and nodes 
Tableau 1 Nombres totaux des dldments et des noeuds 

ABAQUS 
Current 

Number triangle B21 C P E 3  CPS4R CPE4R 

Elements 2400 150 2400 1200 1200 
Nodes 1359 151 1359 1359 1359 

rectangles are divided into two similar triangles for 
CPE3 and the current model. The total numbers of 
the elements and the nodes used for the current model 
and for the software ABAQUS are shown in Table 1. 

The maximum displacements of the blade in the 
X-direction and the Y-direction shown in Figure 2 
versus the location of the blade are shown in Figures 5 
and 6. The compressive principal stress and the 
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Figure 8 The maximum shear stress versus the blade 
location 
Figure 8 Contrainte de d&hirernent maximale par rapport h 
la localisation de la palette 
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Figure 9 The displacement of the blade in the X-direction 
with 0b equal to 206 ° 

Figure 9 D@lacement de la palette dans la direction X avec 
Ob ~gal ?t 206 ° 
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Figure 10 The contour plot of the normal stress crxx with 0b 
equal to 206 ° 
Figure 10 Graphique de la contrainte normale crxx avec Ob 
dgal ?t 206 ° 
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maximum shear stress of the blade are shown in 
Figures 7 and 8, respectively, The displacement in the 
X-direction along the blade from the blade tip toward 
the rotor center for 0b equal to 206 ° is shown in Figure 

9. The contour plots of the stresses a x x ,  e r r  and a x r  
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Figure 11 The contour plot of the normal stress aYr with 0b 
equal to 206 ° 

Figure 11 Graphique de la contrainte norrnale are avec Ob 
~gal h 206 ° 
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Figure 12 The contour plot of the shear stress Crxr with 0 b 
equal to 206 ° 
Figure 12 Graphique de la contrainte de cisaillement crxr 
avec gb dgal ~ 206 ° 

of the blade are shown in Figures 10, 11, and 12, 

respectively. The vertical coordinate, Tv, is the blade 
thickness and the horizontal coordinate is the distance 
measured from the blade tip toward the rotor center. 

The maximum displacement of the blade tip in 
the X-direction, the normal stresses in the X- 
direction and the Y-direction and the shear stress at 
the intersection point of the blade and the front edge 
of the slot, the maximum compressive principal stress 
and the maximum shear stress for the compression, 
and the normal stress in the Y-direction, the principal 
stress and the maximum shear stress for the tension 
with 0b equal to 206 ° are shown in Table 2. The 
calculated results by using the software ABAQUS 
with four different element shapes B21, CPE3, CPS4R 
and CPE4R which are a one-dimensional linear 
element, a plane strain two-dimensional triangular 
element, a plain stress two-dimensional rectangular 
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Table 2 The result of the displacement and the shear stresses for 0b equal to 2060 

Tableau 2 ROsultat du d~placement et eontraintes de cisaillement pour 06 dgal it 206 ° 

Current 
triangle B21 CPE3 

ABAQUS 

CPS4R CPE4R 

Compression 

Tension 

6x(#m) 63 42 52 

(UN) --3.38 --1.78 ~xx 

crry ( -~)  -5.4 -5.4 -7.4 
U N  1.55 0.95 

~ N 

cuN  -6.3 -5.7 -7.4 °3 
- {MN'~ --3.1 --2.7 --3.6 ~-max ~ ]  

arv ( -~)  4.8 5.2 6.5 

(UN) 5.0 5.2 7.3 Crl 

(MN) 2.4 2.5 3.7 rmax 

52 

-3.40 

-5.5 

0.6 

-5.8 

-3.0 

42 

-3.40 

-5.5 

0.6 

-5.8 

-1.3 

5.2 

5.2 

1.0 

element and a plane strain two-dimensional rectan- 
gular element, respectively, are also presented for 
comparison. The element used in the computer code 
generated for this analysis is same as the CPE3 
element of the software ABAQUS 5. 

Discussion 

The maximum displacements of the radial blade in the 
Y-direction are negligible compared with those in 
the X-direction as shown in Figures 5 and 6. The 
maximum displacements of the blade in the X- and Y- 
directions, the maximum compressive principal stress 
and the maximum shear stress occur when the angular 
location of the blade, 0b, is equal to 206 ° as shown in 
Figures 5, 6, 7 and 8, respectively. The reason is that 
the difference in the air pressure acting on both sides 
of the blade has the largest value when the blade is at 
this location. 

The maximum displacement of the blade in the X- 
direction occurs at the blade tip. It is shown in Figure 
9 with 0 b equal to 206 °. The maximum normal stresses 
of the blade in the X-direction and the Y-direction 
with 0 b equal to 206 ° are located at 13.4 mm from the 
blade tip on both sides of the blade, which are the 
points of the blade at the front edge of the slot as 
shown in Figures 10 and 11, respectively. The 
maximum shear stress of the blade with 0b equal to 
206 ° occurs at the blade tip as shown in Figure 12. 
There are stress concentrations occurring at locations 
of 13.4mm from the blade tip on both sides of the 
blade and the blade tip with 0 b equal to 206 °. The high 
stresses occurring at these locations and at the blade 
tip are due to the stress concentration of contact. The 
stiffness matrix for the nodes of the elements with zero 
displacement is multiplied by 106 in the analysis 6. The 
calculated results are compared and show good 
agreement with the data obtained by using the 
software ABAQUS. The difference of the results 
mostly comes from the boundaries of the nodes with 
zero displacement. Since the rotor is assumed to be 

rigid and no clearance exists between the blade and 
the slot, the displacement of the blade at the blade 
tip and the maximum stresses should be larger than 
the calculated results. The blades are thin. It is 
assumed that the thermal stress due to the tempera- 
ture gradient within the blades is negligible compared 
with the stresses due to the contact forces. 

The air temperature is 384K when the angular 
location of the blade, 0b, is equal to 206 °. The 
maximum tensile strength of the blade is 55,3 MPa by 
interpolation of the available data u. The calculated 
factor of safety for the blade is about 11. Therefore, 
the thinner blade can be used without causing failure 
of the blade and degrading the performance of the 
system. 
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