493

Stability of discrete-time uncertain systems with a time-

varying state delay

K-F Chen and I-K Fong"

Department of Electrical Engineering, National Taiwan University, Taipei, Taiwan, Republic of China

The manuscript was received on 5 December 2007 and was accepted after revision for publication on 25 April 2008.

DOI: 10.1243/09596518JSCE534

Abstract: The stability analysis problem for unforced discrete-time systems with a time-
varying state delay is considered. Stability criteria for nominal and uncertain system models are
derived such that the upper and lower bounds on the delay time can be determined to ensure
asymptotic stability. There is no need to assume that the system is stable when the delay
vanishes. Adopting the linear matrix inequality approach enables the computations to be
implemented conveniently. Compared with existing results in the literature, the proposed

method is less conservative for many cases.
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1 INTRODUCTION

Time delay occurs in electrical, mechanical, eco-
nomic, and biological systems, and is a well-known
cause of instability and performance degradation. In
recent years, increasing attention has been paid to
the problems of stability analysis and controller
design for time delay systems. This is particularly
necessary in the field of chemical process control,
where time delay is almost inevitable, and control-
lers are sought to enhance system stability and
performance [1-4].

After controllers are designed for nominal systems,
one often has to check the robustness with respect to
all parameter uncertainties in the system model. If
the time delay is also uncertain, with its true value
being different from its nominal value, then the
system’s robust stability should be confirmed for a
range of time delay values [5]. The stability problem
has been investigated in the literature for systems
with an interval time delay [6, 7], and in certain cases
it has been found that some controllers can tolerate
less time delay variation than others [8, 9].

*Corresponding author: Department of Electrical Engineering,
National Taiwan University, 1 Roosevelt Road Sec. 4, Taipei
10617, Taiwan, Republic of China. email: ikfong@cc.ee.ntu.
edu.tw

Although there are already many stability analy-
sis methods proposed for time delay systems,
including delay-independent methods [10, 11]
and delay-dependent methods [12-23], most start
with the assumption that the system is stable when
the time delay is zero, and try to find out the full
extent of the tolerance to the time delay. The
assumption of stability with no time delay is even
adopted implicitly in some results that discuss the
stability with respect to intervals of time delay that
exclude zero [21-23]. Only a few studies have
assumed that the system to be analysed is known
to be stable for a non-zero time delay [5]. However,
as stated above, after a controller is designed to
stabilize a system, the closed-loop system is usually
known to be stable for the specific nominal time
delay. Furthermore, the controller may not be
robust enough to cover such a large time delay
range as to ensure that the closed-loop system is
stable when the time delay is shortened to zero.
Thus, assuming stability at a zero-valued time delay
may not be practical.

In this paper, the stability analysis problem for
uncertain and nominal unforced discrete-time
systems with a time-varying state delay is studied.
Stability conditions are derived based on a Lyapu-
nov function defined for an augmented system. It is
assumed that the system is asymptotically stable
with a specific time delay, and upper bounds on the
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allowable additional time delay are derived. The
stability criteria are formulated using the linear matrix
inequality (LMI) approach [24], which is convenient to
check. Numerical examples are provided to illustrate
the application of the developed results, and compar-
isons with results from existing methods are made to
show that the proposed method is not only less
conservative for the considered examples, but also
applicable to systems which are not stable when the
time delay is zero.

2 PROBLEM FORMULATION

Consider the following uncertain discrete-time delay
system

x(k+1)=(A+AA(k))x(k)+ (Aqg+AA4(k))x(k—h(k))

x(k)=¢(k), for —h, <k<0
(1)

where k is the discrete-time index, xe R" is the state
vector, A and A4 are real nxn parameter matrices,
and h(k) is a non-negative time delay depending on
k. It is assumed that

0<hi<h(k)<h; (2)

where h; and h, are positive integers, and the initial
conditions of the system are specified by the given
vector function ¢(-) in equation (1). The two real
nxn matrix functions AA(-) and AA4(-) represent
time-varying parameter uncertainties. It is further
assumed that the uncertainties are norm-bounded
and can be described as

AA(k)=DF(k)E,, AA4(k)=DF(k)Eq (3)

where D, E,, and E4 are real constant matrices with
appropriate dimensions and F(k) is an unknown
matrix satisfying

F'(k)F(k)<I (4)

When the uncertainties in the system matrices are
ignored, a nominal system of equation (1) is

x(k+1) = Ax(k) +Agx(k— h(k))
x(k)=¢(k), for —h,<k<O0
(5)

To find the delay-dependent stability criteria for
discrete-time delay systems such as (5), it is often
assumed that the system is asymptotically stable when

h(k) = 0. This is explicitly expressed in [25], and also in
[26] and [27] in order to discuss the continuous-time
case, but it is often not mentioned in other related
works, although the assumption is actually necessary
therein. Here for a broader investigation purpose, the
system (5) is assumed to be asymptotically stable when
h(k) = h;. In order to handle this kind of situation, an
augmented state vector

x(k)
x(k—1)
z(k)= : (6)
x(k—hy)
and its delayed term
x(k+hy—h(k))
x(k—1+4+hi—h(k))
z(k+h,—h(k))=
x(k—h(k))
are defined, and the augmented system

z(k+1)=Az(k) +Agz(k+hy —h(k)) (7)

is discussed, where

A0 --- 00 0 0 0 A4
I 0 --- 00 0 0 0 0
A=|0 I -~ 0 0 A;=(0 0 0 0
0 0 --- 1T O 00 --- 0 O

are matrices of compatible dimensions. The problem
here is to find h, to guarantee that equation (5)
remains asymptotically stable.

In the subsequent development, the following
lemma will play an important role, and is presented
here. Note in matrix inequalities, the notation “> (=)
0” means positive (semi-)definiteness, “<0” means
negative definiteness, and “A < B” means A— B < 0.

Lemma 1 [17]. Given a symmetric matrix M and
matrices H, E with appropriate dimensions, then

M+HFE+E'FTH' <0

for all F satisfying F'F < I, if and only if there exists
an ¢ > 0 such that

M+¢HH' +¢: 'ETE<0
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3 STABILITY ANALYSIS

In this section, the Lyapunov stability method will be
adopted to find an h, for a given h, to ensure the
stability of the augmented system (7), and thus the
stability of system (5). The main result is presented
below. For the sake of simplicity, * is used as an
ellipsis for the terms that are clear by the symmetry
in a block matrix, and a special font such as “R” is
used to represent matrix variables.

Theorem 1. The system (7) is asymptotically stable
for 0< hy <h(k) <h, if there exist matrices
P>0, QO>0,R>0,Y,and Z, all with the size
(h1+1)nx(h;+1)n, such that

¢11+AT|PA+T@+TATRA ¢12+ATPAd+rATRAd Y
* b2 +A§ PAq+ TAERAd iz
* * —1R

<0

(8)
where A=A—L t=h,—hy, ¢, = —P+Q+Y+Y,
$,=—Y+Z' and ¢p,,= —Q—7—-7"

Proof. By assumption, equations (5) and (7) are
asymptotically stable when h(k) = h, for all k, there-

fore only the case with h, > h; needs to be discussed.
Let y(k) = z(k+1) — z(k). Then

y(k)=(A—1)z(k) +Agz(k+hy —h(k)) (9)

and
k=1
z(k+h—hk)=z(k)— > Q) (10)
i=k-+hi —h(k)

Choose a Lyapunov function candidate as

V(k)=Vi(k)+ Va(k) + V3(k) + Va(k) (11)
where

k=1
Vi(k)=z"(k)Pz(k), Va(k)= 2" (i)Qz(i),
i=k-+h —h(k)

0 k—1

Z Z z'(m)Qz(m),

i=1+h —hym=k+i

-1 k-1
Vi)=Y~ > y'(mRy(m)

i=hy—hy m=k+i

V3(k)=

and P,Q,R are positive definite matrices to be
determined. Consider the Lyapunov difference

AVi(k) = Vi(k+1) — Vi(k) for i=1,2,3,4. Firstly,

AV, (k) =z"(k+1)Pz(k+1)—2" (k)Pz(k)
=z" (k) (ATPA—P)z(k)
+22" (k) (A"PAg) z(k+ hy — h(k))
+2"(k+hy —h(k)) (ASPAG)z(k+ By — h(k))

(12)
Secondly
k
AV, (k)= 2" () Qz(i)
i=k+1+h —h(k+1)
k—1
- > Z(H)Qz()
i=k+hy—h(k)
=z'(k)Qz(k)
—2'(k+hy —h(k))Qz(k+hy — h(k))
k=1
+ Z 2" (i)Qz(i)
i=k+14+h —h(k+1)
k=1
— Z 2" (i)Qz(i)
i=k+1+4h;—h(k)
(13)
where
k=1 k-1
2" (i)Qz(i) < 2" (i)Qz(i)
i=k+14+h —h(k+1) i=k+14+hi—hy
k+hy —h(k) k=1
= > ZN(H)Qz()+ z2' (i) Qz(i)
i=k+1+h —h, i=k+1+h —h(k)
(14)
Hence
k-+hy —h(k)
A< Y ZN(D)Qz(i) +2" (k)Qz(k)
i=k+1+h —h;
—2"(k+hy —h(k))Qz(k+hy — h(k)) (15)
Thirdly
k
. > 2 (m)Qz(m)
AVg(k): m=k+1+i
=157 —hs k=l .
>, 2z (m)Qz(m)
m=k+i
k
=12' (k)Qz(k) — Z' () Qz(i)
i=k+1+h—h
(16)
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where
k
2" (i)Qz(i) =
i=k+1+hi—h,
kt+h—Mh k+hy —h(k)
> ZmHazi= > 2N()Qa()
i=k+14+h—hy i=k+14+h—hy
(17)
Thus
k+hy —h(k)
AV3(k) <tz (k)Qz (k) — Z 2" (i)Qz(i) (18)
i=k+ 14 —hy
Finally
k T
. kEl ¥ (m)Ry(m)
m=Kk+1+1
AVy(k)=
o i:;hz oor
- 2 y (mRy(m)
m=k+i
k—1
=ty (KRy(k)— > Yy ORy() (19)
i=k+h—h
where
k=1 k—1
oo YORy< D> yORyG)  (20)
i=k+hy—h(k) i=k+T1—hs

Thus, with the relation in equation (9)
AVy (k) <z" (k) (rAT[R{A>z(k)

1227 (k) (TAT[R{Ad)z(kJr hy — h(k))
+27(k+hy — h(k)) (-AIRAG ) z(k+ 7y — (k)

k-1

- >

i=k+h;—h(k)

y' ()Ry(i) (21)

From equations (12), (15), (18), and (21)

AV (k) =AVy (k) + AVa(k) + AV3 (k) + AV4 (k)

k—1

<dmQek)— >, YRV
i=k+h —h(k)
where &ET(k) = [z' (k) 2" (k+h;, — h(k))] and

—P+(1+1)Q+ATPA+7ATRA ATPAy+ATRA4

@= . AlPA,— Q- Al RA
d A RAq

Define ¢' (k) = [z" (k) 2" (k+h, — h(k)) y" ()] and

Xll XIZ Y
E=| * Xp Z|=0 (23)
* * R

where E is partitioned in accordance with ¢(k), and

T
<[Vl e
Xo2 VA YA
By equation (10)
k—1

§" (k)Zs(k) <2" (k) (X1 + Y +Y)z(k)
i=k+h —h(k)
+22" (k) (2X12 — Y +Z")z(k+ by — h(k))
+2" (k+hi —h(k)) (tXo2 —Z—Z")z(k+ hy — h(k))

k—1

>

i=k+hy —h(k)

Y (DHRy(i) (25)

From equations (22) and (25)

k—1

AV(k)<E'()Qek)— > Y(ORy()
i= k4T —h(k)
k-1 k-1
+ Y dwEk- D §"(kEg(k)
i= k4 —h(k) i= k4Tt —h(k)
=&" (k)@ (k) + 18" (k)XE(k)
k-1
- > §()Eg(k) (26)
i=k4 I —h(k)
where
-
¢, +ATPA+1Q+1ATRA  $;, +ATPA;+1ATRA
% d2 +AE|PAd + TAgRAd

Clearly in ® + X < 0 implies AV(k) < 0 for all non-zero
&(k), and thus the asymptotic stability of the augmen-
ted system (7) and (5) with a time-varying delay
0 < hy < h(k) < h,. Furthermore, by equation (24)
® +1X <0 is equivalent to equation (8), according to
the Schur complement. This completes the proof.

Remark 1. Note in the proof of Theorem 1, no
commonly used [20-22] inequalities, such as the
simple inequality —2a'b < a'W 'a+b"Wb for all
nx1 vectors a, b and nxn matrix W>0 and some
more complicated inequalities, are applied. This
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reduces potential conservatism of the derived stability
condition.

Remark 2. To determine the largest h, for the
stability of equation (5), a straightforward but slow
method is to check the feasibility of LMI (8) for
various integer values of ¢ one by one until the
largest © is found. Alternatively the feasibility of
equation (8) with 7 as a variable can be cast into a
generalized eigenvalue problem (GEVP)
Q+ATRA ATRA; Y ¥ o
* AgRAd 7 <},|:* 0] (27)

k * _R

where A =1/t is a real variable

— _(I)II_ATPA _¢12 _ATPAd

¥ o
* — 0z —A4PAq

and the following optimization problem can be
formed to search for the smallest 4

min /. subject to equation (27) (28)
4>0,P>0,0>0,R>0,Y,Z

However, to utilize existing software such as the LMI
Control Toolbox of Matlab [28], some adjustment is
needed to match the problem formulation therein.
Let T>0 be an additional symmetric matrix variable
of proper dimension, and change equation (27) to

Q+A"RA ATRA; Y T o
* AlRAy 7 <[* 0} (29)
* % _R

T</¥ (30)

Note that equation (29) and equation (30) together
are basically equivalent to equation (27), except now
with T>0 as an additional condition, but due to
R>0 and Q>0 in the left-hand side of equation (27),
the condition is not supposed to cause too much
conservativeness. Therefore, the following GEVP
optimization problem is adopted as a substitute for
equation (28)

min /A  subject to equations (29)
41>0,P>0,0>0,R>0,Y,Z,T>0

and (30) 31)

When the time-varying delay h(k) reduces to a
constant / satisfying 0 < h; < h < h,, Theorem 1 can

be specialized to the following corollary by modifying
the Lyapunov function V(k) with V3(k) dismissed and
Va(k) changed to Va(k)= 25"}, ), _p,, 2" (1)Qz(i). The
proof is a reduced version of that for Theorem 1.

Corollary 1. The system (5) with h(k) = h is asymp-
totically stable for 0 < hy < h < h,, if there exist

matrices P>0, @>0, R>0, Y, and Z, all with the
size (h;+1)nx (h; +1)n, such that

¢11+ATPA+‘CATRA (I)IZ +ATPAd+TATRAd ‘CY

* by +ALPAG +TAIRAy 17
* * —1R
<0 (32)

For the uncertain system (1) with a time-varying
delay satisfying equation (2), the augmented system

z(k+1)=Az(k) + Agz(k+h — h(k)) (33)

will be discussed, where

rA+AA(k) O 07 [A © 0 07
I 0 .- 00 I 0 ---00
A= 0 I |0 1 0 0
L0 (] I o] Lo o I 0]
D
0
+| O |F(k)[E, © 0 0]=A+DF(k)E,
L 0]
0 0 0 Ad+AAd(]€)_
(] (0} 0
Ay— 0 0 0
L0 o 0 |
0 0 0 Ag7l [D7
0 0 0
= 0 0| +|O0|FKk)0O ---0 Eq4]
L0 o o ol Lo
=A4+DF(k)E
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The problem is still to find how large h, can be for
equation (1) to remain asymptotically stable. By
adapting Theorem 1 to the system (33) and with the
help of Lemma 1, the following result holds.

Theorem 2. The system (1) with parametric un-
certainties (3) and (4) is asymptotically stable

for 0< h; < h(k) <h, if there exist matrices
P>0, QO>0,R>0,Y,and Z, all with the size
(h1+1)nx(h;+1)n, such that
[—P 0 0 PA PA4
* —17 R 0 RA RAd
* * —R 0 0
* * * ¢y +1Q+EE. ¢, +E]Eqg
* * * * 2>+ EjEq
* * * * %
| * % * * *

Proof. By the Schur complement, equation (8) is
equivalent to

[—P 0 0 PA PA; O ]
* IR0 RA RA; O
* % _
. R 0 0 0 -0
* * oo +tQ ¢y Y
* % * %k ¢22 TZ
L * % * % % —TR_
(35)

By replacmg Ain equatlon (35) with A=A+ DF(lc)E
and Ad with Ag = Ad+DF(k)Ed, a sufficient condition
for the stability of the augmented system (33) with
uncertainties is found to be

[PD
RD

T+ F(k)[o 0 0 E, E4 0]

S © © o o o ©

D'R 0 0 0 0]<0(36)

I
a3

(=]

Table 1 Interval time delay stability of equation (5)

By Theorem 1

By Corollary 1 of [20]
By Lemma 3 of [20]

By Lemma 2 of [20]

0<hy <h(k) < hy
0< h(k) <10,5 < h(k) <11

7 < h(k) <12,9 < h(k) <13
0<h(k) <8,5<h(k) <11

8 < h(k) <12,10 < h(k) <13
0<h(k)<8
3 < h(k) <10,5< h(k) <

7< h(k) <12 ,9<h(k)<13

0 PD
0 RD
0 0
Y 0 | <0 (34)
Z 0
—R 0
* _ I ]

By Lemma 1, equation (36) is guaranteed for
equation (4) if there exists a scalar ¢> 0 such that

[PD
RD
eX+é 2 [D'P D'R 0 0 0 0]

0

L 0 ]

0

(]

0 _

+ i1 [0 0 0 E, Eg 0]<0 (37)

Eg

L 0

With ¢P, ¢Q, ¢R, &Y, and ¢Z replaced by P, Q, R, Y,
and Z, respectively, it is seen that equation (37) is
equivalent to equation (34) by the Schur complement.
This completes the proof.

Table 2 Interval time delay stability of equation (1)

0<h <hk)<h
0<h(k) <5,4<h(k) <6,
6 <h(k) <7
0<h(k) <43
5<h(k) <6
2 < h(k) <5,4<h(k) <6
3<h(k) <5 4<hk <6

By Theorem 2

By Theorem 1 of [20] < h(k) <5,

By Theorem 2 of [20]
By Theorem 3 of [20]
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4 NUMERICAL EXAMPLES

Example 1 [20]. Consider the uncertain discrete-
time system (1) with a time-varying delay (2) and

A=

1 0 05 0
Ea: > Ed:
01 0 05

Note that the nominal system (5) with the above A
and A4 is asymptotically stable when the time delay
is zero. For comparison purposes, several values of
h, are found which make all eigenvalues of
equation (7) with h(k)=h; be located inside the
unit circle of the complex plane. To each h; the
corresponding h, is determined to guarantee the
asymptotic stability of the above system. By utiliz-
ing the LMI Control Toolbox of Matlab [28] to
implement equation (31), several time delay inter-
vals for the case without parametric uncertainties
(F(k) =0) are computed and compared with those
from Lemma 2, Corollary 1, and Lemma 3 of [20].
The comparison is shown in Table 1, where it is
seen that less conservative results are obtained
here. Then by applying Theorem 2 to the case with
parametric uncertainties, several time delay inter-
vals are computed and compared with those from
Theorem 1, Theorem 2, and Theorem 3 of [20]. The
comparison is shown in Table 2, and less conser-
vative results are also obtained here. Finally,
consider the nominal system (5) with a constant
time delay h satisfying 0 < h; < h < h,. By setting
h; =0 and applying Corollary 1, a time delay range
0 < h < 16 for asymptotic stability is obtained.

Example 2 [21]. Consider the nominal discrete-
time system (5) with time-varying delay (2) and

06 0 01 0
A= ,Ag=
0.35 0.7 02 0.1

The system (5) with the above A and A4 is also
asymptotically stable when the time delay is zero.
For h; =2, equation (31) gives an upper bound
h, =15 on the time delay to ensure the system
stability, whereas Theorem 1 and Theorem 2 of [21]
give h, =10 and h, =13, respectively. Therefore,
Theorem 1 is less conservative for this example than
the existing method.

Example 3. Consider the nominal discrete-time
system (5) with time-varying delay (2) and

08 0 —0.1 0 01 0
b Ad= b D= bl
0 097 —-0.1 —-0.1 0 0.02

[0.8 —0.1] {0.3 0 }

A= ,Ag=

08 0.7 0.8 0.1

Note that the system (5) is unstable with the above A
and Ay when the time delay is zero. However, for
h; =5, equation (31) gives a time delay interval
5< h(k) <6, and for h;=6 another interval
6 < h(k) < 7 that guarantee the asymptotic stability.
Furthermore, for the system with a time-invariant
delay h satisfying 0 < h; < h < h, and various h;,
Corollary 1 generates the corresponding time delay
intervals 3 < h<4,4<h<6,5<h<8,6<h<]10,
and 8 < h < 11, which together imply the system is
asymptotically stable for 3 < h < 11.

<
<

5 CONCLUSIONS

Using the Lyapunov method and the LMI frame-
work, this paper has proposed stability criteria for
the asymptotic stability of uncertain and nominal
unforced discrete-time systems with a time-varying
state delay. Among other methods in the literature
assuming the stability of time delay systems for zero
delay, the basic assumption of this paper is the
system is asymptotically stable for a possibly non-
zero time delay. This makes the application more
flexible and in some cases produces less conserva-
tive results. The numerical examples provided
illustrate the application and efficacy of the devel-
oped results.
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