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Abstract

The pi-sharing theory for continuous-time systems is discussed in this paper. An analytic approach is proposed for
computing pi-coefficienis of LTI systems. For the two scalar pi-coefficients, feasible regions are characterized graphically
on a plane, and for the other two matrix pi-coefficients, the corresponding values are obtained by solving a Riccati
equation. The results are applied in an example to determine the stability of a feedback system containing both linear and
nonlinear subsystems. © 1997 Elsevier Science B.V.
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1. Introduction

The stability analysis problem for systems with nonlinear components has attracted the attention of control
theorists and enginecrs for a long time. There are not only many different analysis methods, but also many
different definitions of stability of such systems. In [6,7], Lawrence and Johnson combine the state and input—
output stability measures to establish the so-called pi-sharing theory. Like other existing methods, this theory
cannot solve all problems, but it does provide an alternative approach. In pi-sharing theory, a set of pi-
coefficients {I', Q, p,r} is used to represent system energy exchange properties. Various stability definitions,
such as Lyapunov stability, passivity, and finite mean square gain (FMSG) stability can be described by these
coeflicients. Thus, the theory has the potential for solving a wider class of stability analysis problems. However,
because pi-coefficients for a system are not unique, it is not easy to decide all possible candidates directly
from the definition. Furthermore, an inappropriate choice may make the whole analysis too conservative, or
even useless.

Based on properties of composite pi-coefficients for feedback systems, Wu et al. [9] formulate the max-p
problem, in which one of the pi-coefficients, p, describing the output energy dissipation rate of a system,
is suggested to be maximized to obtain the largest FMSG stability range. With this formulation, a set of
pi-coefficients of second-order discrete-time systems are derived and applied to analyze the FMSG stability
of some adaptive systems [2]. Today, it can be recognized that the max-p problem is actually a linear matrix
inequality optimization problem [1], which is convex and can be numerically solved quite efficiently.
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In this paper, an analytic approach is presented for computing ranges of feasible pi-coefficients for a given
continuous-time system. The results can be conveniently represented on the »—p plane, where feasible regions
of » and p can be shown graphically, and I' and @ can be solved corresponding to every feasible pair of
r and p. With this approach, the pi-sharing theory can be applied more flexibly, and the associated stability
problem can be analyzed more completely. To illustrate this point, we consider the stability analysis problem
of a feedback system with linear subsystem in the feedforward path and a hysteresis relay in the feedback
path. It is shown that the pi-sharing theory can give a simple sufficient condition for the stability of this
system.

Below we introduce some notations to be used. A positive- (negative)-definite symmetric matrix .S is denoted
as 8> (<) 0. Similar notations are used for semi-definite matrices. Furthermore, S; >S5, means §; — 5, >0,

etc. For a vector v, || =+/vTv. For a real function of time f(-), {|f]lr = {fOT FA()de}2,

2. Pi-sharing theory

First, we establish some basic results regarding pi-sharing theory of single-input—single-output (SISO)
continuous-time systems in state-space form:

X(8)=A)x(t) + b()u(?),
y(1)= T (O)x(r) + d(t)u(?),

where x(1) € R", u(t) € R, y(t)€R, and A4, b, ¢,d are system matrices with appropriate dimensions. Following
[7], we say the system (1) is pi-sharing with respect to pi-coefficients {I'(¢), @(¢), p(¢),r(2)} if for all T =0,

(1)

T T
/ w()y(1)de = x"(TYL(T)x(T) — xT(0)T(0)x(0) + / £T(1)Q(t)x(1) dt
0 0
T T
+ / p(®)y*(t)dt + / r(H)u*(t)dt, (2)
0 0
where both I'(¢)>=0 and Q(¢z)>=0 for all £ €[0,T]. The physical meanings of pi-coefficients can be found in
[7]. For example, if p(¢)>0 or »(¢)>0, then the system “dissipates energy”, otherwise it “generates energy”

and tends to be destabilizing.
With (1) substituted in, (2) can be re-written as

T T
x"(TI(T)x(T) — x"(0)I(0)x(0) + /0 xN()O()x(¢)dt + /O p(t)y*(t)de

T T T
4 / (1) d — / u(t)y(t)dt = / [eT() uOIM@OET() u(n)]T dr <0,
0 0 0

where

3)

Mi(t)  my()
my(t) Myt |’

M(t)= [

Mi(1)= AT () + T () A@) + L(2) + Q1) + p(t)e(t)e" (1),
my(t) =T(1)b(t) — 3e(t) + p(1)d(t)e(t),

My(t)=—d(t) + r(t) + p(t)d*(¢).
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Fig. 1. A feedback system.

The matrix M(¢) is called the dissipativity matrix of the system (1), with which we can state the following
lemma for pi-coefficients in terms of its negative semi-definiteness:

Lemma 1 (Lawrence [6]). If for all t, M(¢)<0 for some I'(t)=0 and Q(¢) =0, then (1) is pi-sharing with
respect to {I'(t), Q(1), p(t),r(H)}.

Combining the input—output stability and the state-space stability, Lawrence and Johnson [7] propose the
so-called pi-stability for discrete-time systems. Here we can state its continuous-time version as follows:

Definition 1. The system (1) is said to be pi-stable, if there exist y1,72,73,74 € R such that

Iyllr <yilleeliz + v2|x0l;

and

sup |x(O)| <vsllullr + valx0), Yu(®)eR, xoeR", T=0.

0<t<T

Similar to the case of discrete-time systems, we can establish many facts about pi-coefficients and their
relationship to pi-stability. The results are summarized in the following lemmas, for which the proofs are
parallel to their discrete-time counterparts, and thus omitted.

Lemma 2 (Lawrence [6]). If there exist ro € R, po>0 and y>0 such that ¥(¢t)=ry, p(t)= po and I'(t) =yl
for all t, then the system (1) is pi-stable.

For the feedback system shown in Fig. 1, the composite pi-coefficients can be obtained from pi-coefficients
of the subsystems.

Lemma 3 (Lawrence [6]). Let subsystems S| and S, be pi-sharing with respect to {I1(¢), Q1(8), p1(¢), ()}
and {Ty(1), Qx(1), p2(t),72(2)}, respectively, and let S be the system resulting from the feedback connection
of Sy and Sy. If r1(t), ra(t), p1(t), and pi(t) are finite and inf,,o{ri(¢) + p2(¢)} >0, then S is pi-sharing
with respect to

r1(¢) pa(2) }

I 0
{r), Q1) p(1),r(1)} = { [ ) } ’ [ 0 ri(t) + pa(t)

0 0(t) 0 (1)

which are called the composite pi-coefficients for the feedback system S.

} > pi(t) + ra(2),

Thus, a sufficient condition to ensure that S is pi-stable can be stated:

Theorem 1 (Lawrence [6]). For the feedback system S shown in Fig. 1, suppose subsystems S, and S, are
pi-sharing with respect to {I(t), Q1(2), pi(2),r1()} and {Fy(t), Qa(t), pa(t),72(t)}, respectively. Then the
system S is pi-stable, provided the following conditions are satisfied:

(1) Iy1 >0 and 2 >0 such that I''(t)zy I and [(t) =y, 1 for all t 20,
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@ii) pi1(2), r1(2), pa(1), r2(t) are finite, and

inf{ri() + p2()} >0, inf{pi(t) +r2(1)}>0.

This result shows the characteristic of energy exchange between two subsystems: if one subsystem generates
energy (p; <0 or r; <0), but the other subsystem dissipates more energy (7, >0 or p; >0), then the whole
system can remain stable (dissipate energy). Thus, if the individual subsystem’s pi-coefficients can be derived,
then the stability analysis problem of composite feedback system can be handled with ease.

However, to derive a useful set of pi-coefficients is in general not so easy. In [6], Lawrence considers
the problem for discrete-time systems under quite restrictive conditions. Wu et al. [9] formulate the max-p
problem to look for pi-coefficients with certain optimality nature. Subsequently, it is shown [3] that to reach
the optimality conditions the resulting formulas for pi-coeflicients can be very complex, especially for high-
order systems. If analytic solutions are not needed, then efficient numerical methods exist for solving the
max-p problem, as it is a linear matrix inequality optimization problem [1].

3. Main results

In this paper, the primary goal is to find a more explicit way of handling general order LTI continuous-time
systems. The emphasis is on the characterization of ranges of usable pi-coefficients for a system, and not on
the derivation of a particular set of pi-coefficients. With the characterization, stability of feedback systems can
be analyzed more completely.

To simplify the problem, we confine our attention to the time-invariant case. In addition to assuming that
(1) is time-invariant, we also assume that only time-invariant pi-coefficients are looked for. Moreover, it is
assumed that (1) is both controllable and observable. We start from Lemma 1, which requires that M <0.
Since M can be partitioned in the form of (3), if My=—d +r + pd*> <0 and M; — m2M4_1m2T<0, then
M <0 [5]. Expanding M| — myM; 'm] <0 with (3), we have

AT +TA+ Q+ pec” —[[b+ (pd — Lyel(=d +r + pd®)7'[B'T + (pd — 1)e"1<0. (4)

This is equivalent to

A"l +TA+TRI + 0<0, (%)
where

A=A~ (—d+r+ pd*) " (pd — })bc", (6)

R=—(—d+r+ pd®) 'bb", (7)

0=0Q+[p—(pd — 1Y (~d +r+ pd®) ec"
=Q+ (pr— (—d+r+ pd*) e (8)

The equality part of (5) is a Riccati equation
AT +TA+TRT + Q=0 9)
with Hamiltonian matrix

A R
A o
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Thus, the three lemmas below can be used to guarantee that the Riccati equation (9) has solutions and the
inequality (5) has positive-definite solutions.

Lemma 4 (Knobloch [4]). If R >0 and the pair (A, R) is controllable, then the following two properties are
equivalent:

(i) H has no eigenvalues on the imaginary axis.

(i1) The Riccati equation (9) has a unique symmetric solution I'", such that all eigenvalues of A+Rr-
are in the open lefi-half plane (OLHP).

Lemma 5 (Knobloch [4]). Suppose R>0 and Q >0. Moreover, suppose A has all eigenvalues in the OLHP,
then any symmetric solution I of the Riccati equation (9) is positive semi-definite. If, in addition, the pair
(Q,A) is observable, then T >0.

Lemma 6 (Knobloch [4]). Suppose R>0 and I'" is the solution of (9) making all eigenvalues of A+Rr~
belong to the OLHP. Let I be any matrix satisfying (5), then I'" <I.

Summarizing the above three lemmas, and assuming a positive semi-definite Q is chosen, we obtain a set
of sufficient conditions on p and r for the existence of I' >0 to constitute a set of pi-coefficients.

Theorem 2. The inequality (5) has all positive-definite solutions if
(i) R=0 and (>0,
(i1) A has all eigenvalues in OLHP,
(iii) H has no eigenvalues on the imaginary axis,
(iv) (A, R) is controllable and (Q, A) is observable.

Obviously, under the previous condition My = —d + r + pd? <0, we have R>0. If in addition pr — %SO
is required, then ¢/>0. These two inequalities on p and r, together with the assumption of controllability
and observability of {4,b,c}, imply condition (iv), as can be seen from the forms of A, R, and Q in (6),
(7), and (8), respectively.

Focusing on condition (ii), we see that A can be re-written as

A=A—(—d +r+ pd*) '(pd — }Ybe" = A — kbc". (11)

Thus, 4 can be viewed as the state matrix of a fictitious LTI system described by {4, 5,¢} and controlled by
a negative output feedback gain k. The range of £ within which the fictitious “closed-loop system” is stable
can be determined by the following lemma.

Lemma 7 (Vidyaszgar [8]). Let g(s)=c"(sI —A)~'b and h(s) = g(s)/[1+kg(s)]. Suppose i, is the number
of poles of g(s) with positive real part. Then h(s) is stable if and only if

1+ kg(jo) #0, Yo €RU{Ho0} and  lim [$(je) — ¢(—j)] = 2mp,

where ¢(jw) is the phase of g(jw).

Suppose from the Nyquist plot of g(jw), we can determine a range of k, k_ < k < k., within which A(s)
is stable. Since k= (—d +r+ pd®>)~!(pd — }) and —d +r + pd* <0, we conclude that A4 has all eigenvalues
in OLHP if

pd(k_d —1)>k_(d—r)—L and pd(kid —1) <ky(d—r)— 1. (12)
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Next, conditions of H having no eigenvalues on the imaginary axis are developed. The Hamiltonian matrix
H is defined in (10), and its characteristic polynomial is

sl — A —R

det(s — H)=det | * - ]
ol =) e[ 0 sI+AT

=det(sl — A)det[s] + AT + Q(sI — A)"'R]
=det(s] — A)det(sI + AT)det[I + (sI + A7) ' Q(sI — A)"'R]
=det(sl — A)det(sI + AT)Y(s).
For simplicity, we choose @ =0. Substituting A, R and Q into Y(s), we have
Y(s)=det{I — [sI + A" — (—d +r + pd®) " (pd — Hyeb"| ' [(pr — D)(—d +r + pd®) 'ec']
x[sl — A+ (—d +r+ pd*) (pd — LYbe"17 (—d +r + pd®)~'bb"}. (13)
By the matrix inversion lemma and properties of determinants, (13) can be re-written as

BT(sT + A7)
1 —(—d+r+ pd?)"Y(pd — Db (s + A7) lc

Y(s)=1—(pr— X(~d +r+ pd*)™? {

(sl — A)~'b
14+ (=d +r+ pd?)~pd — $)T(sl —A)'b |

Again let g(s)=c"(sI — A)~'b and k=(—d +r + pd*)~'(pd — 3), then we have

(—d +7+ pd*) + (pd — 3)(g(—s) + g(s)) + pg(—s)g(s)

Y(s)= (—d + 7+ pd))(1 + kg(—s))(1 + kg(s))

Thus det(jwl — H)= det(jol — A)det(joI + ATYY (jw).
Suppose A is guaranteed to have all eigenvalues in OLHP, so jw will not be an eigenvalue of A. Hence
jw is an eigenvalue of H if and only if

HI®:(~d+r+;u%+wpd—%xm—mn+90w»+¢moqwm0w>zo (14)
! (—d +r+ pd®)(1 + kg(—jw))(1 + kg(jo)) '

By conditions developed above, we know that the denominator of (14) is nonzero, so the condition of H
having eigenvalues on the imaginary axis is

(—d +r+ pd*)+ (pd — ;)g(—jo) + g(iw)) + pg(—jw)g(jw)=0 (15)
for some w € R. If notation G(s)=c"(sI — A)~'b +d is used, then (15) can be simplified to

_ Re[G(j)] —
=T I6Gwr (16)

Therefore, if H is not to have eigenvalue on the imaginary axis, then (16) should not be satisfied, which
means that on the r—p plane, all lines corresponding to (16) for all w € R should be rejected. As it is difficult
to use the above formula directly, we develop the lemma below.
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Lemma 8. Let
_ g RElG(0)]

ks :iral)f|G(jw)|2, ks = sup |G(jw)[*.

If ky >0, then the lines of (16) are bounded below by the following three lines:

1
p:—k—4r+k2 Jfor r<0, a7
k
p:—é—r+k2 for 0 <r < ky, (18)
1 !,
p:—%—r—kff—] Jor r>k. (19)
3 ]

Proof. First we note that if k; >0, then all ;>0 for i=1,...,4. For r <0, comparing (16) with (17), we get

Re[G(jw)] - r 1 _ (Re[G(jw)] ,\ 11
GG~ (‘E”b)‘( GG "2) r<|G(jw)|2 k4>>°'

For 0 < r < ki, comparing (16) with (18), we get

Re[G(jw)] ~ r _ ( b, kz) _ (Re[G(jw)] B kz) r ( b kZ)

|G(jw)2 Tk |G(jw)2 ki \|G(jw)|?
Re[G(jw)] r (Re[G(jw)] _ (Re[G(j®)] o
2( |G<ch‘k2> ‘E( GGw)P ‘kz) ‘( GG kz) (1 kl)zo'

For r >k, comparing (16) with (19), we get

Re[G(jo) —r (1 k) _ (Re[G(w)] Kk (L_;>
G(j)P <k3r+k3> (lG(jw)P k3)+r ks |GGo)P

k ki 1 1 (1
><|G<jw>|2‘E>”(k3 |G(jw)|2>_(’ k‘)(k3 |G(jw>|2>>°' -

It is noted that for the cases in which k; < 0, similar approach can be used to derive formulas of lines
forming a boundary of a region not passed through by lines of (16). This region on the r—p plane, when
intersected with the regions described by —d + r + pd? <0, pr — ;1‘—<0, and (12) gives a feasible region of
the pi-coefficients » and p.

4. An example

Consider the feedback system shown in Fig. 1, in which the forward path contains an LTI system S; with
transfer function:

B (s+2)s+6)
G =57 (s +3)(s + 4)

and the feedback path contains a relay S, which has a hysteresis characteristic shown in Fig. 2 and described by

+0.1, (20)

(21)

(o) b if 6 = a, or |6|<a and ¢ enters this region from o >a,
g)= . . .
—t if 6< —a, or |o|<a and ¢ enters this region from o< —a,
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Fig. 2. Relay characteristic. Fig. 3. Feasible region of S;.
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Fig. 4. Feasible region of S;. Fig. 5. Stability condition.

where { and o are the output and input of the relay, respectively. The objective is to determine the stability
condition for this feedback system.

Although in this case the feedback system is nonlinear, Theorem 1 is still applicable. The reason is that
pi-sharing theory is developed for nonlinear systems [7]. In fact, the form of (1) allows the consideration of
nonlinear system if we let A(¢), b(¢), ¢(¢),d(t) depend on x(¢) and u(¢) [7]. Also note that the nonlinearity
has no states x(¢), so its pi-coefficients degenerate to p and » only. Consequently if the LTI subsystem in the
forward path has a positive-definite I, then we only need to ensure that condition (ii) of Theorem 1 holds.

By using the results developed in the above section, a feasible region on the r—p plane can be constructed
for Sy after relevant constants k_, k, and ki,...,kq4, are determined: k. = — 1, ky = o0, k1 =0.1, k&, =0.9091,
k3 =0.0101 and k4 = 1.2099. A graphical representation of the feasible region is shown in Fig. 3. Corresponding
to each point in the region, a I' >0 exists for S;. As for the relay S,, the derivation of a feasible set of p
and r can be found in the Appendix, and the corresponding »—p diagram is shown in Fig. 4.

Thus, we know that the feedback system is pi-stable if p;+r; >0 and r;+ p2 >0. To check these conditions,
we can draw the feasible region of one subsystem and the mirror image of that of the other subsystem with
respect to the line p+r =0 on the same r—p plane as shown in Fig. 5. If these two regions have an overlap
area, then the conclusion is affirmative. Using this method, we can determine that for a < 0.1, the feedback
system is pi-stable, or the system has bounded outputs and bounded states for all bounded inputs.

5. Conclusions

In this paper we discuss the pi-sharing theory for continuous-time systems. For LTI state-space models
we develop an analytic approach for computing time-invariant pi-coefficients. The results are useful in the
determination of stability of feedback systems. In the example provided we show an application involving linear
and nonlinear systems simultaneously. It is believed that for certain more complicated nonlinear systems, such



S.-C. Hu, I-K. Fong!Systems & Control Letters 31 (1997) 139-147 147

as those from adaptive control systems, pi-coefficients can also be found. Hence, the stability of combination
of such systems with LTI systems can be studied. Currently, researches in this direction are underway.

Appendix

Consider a relay with the hysteresis characteristic described by (21). By the definition of pi-coefficients and
the fact that there are no states involved, the system constituted by this nonlinearity is pi-sharing with respect
to constant pi-coefficients { p,r} if

T T T
/ o(HY(t)dr = / pyA(t)de + / ra?(t)dt. (A1)
0 0 0
The above inequality holds if for all + we have
oY (1) — pp*(t) — ra®(¢) =0. (A2)
Consider the part with |¢|>a first. Since y? =5 and oy = b|o| now, (A.2) can be re-written as
bla| ~ pb* — r|o|* =0. (A3)

Obviously, if (A.3) is to hold for all |¢|>a, then it is impossible to let »>0. For r=0, (A.3) reduces to
|o| = pb, which holds for all |o|>a when p<a/b. For r<O0, if the quadratic function of |o| in (A.3) has
nonnegative value and derivative at |a| = a, then (A.3) is satisfied for all |6|>a. Thus for r <0

ab — a*r
b2
and r<b/2a are enough to guarantee (A.3) for all |o|>a. In summary, for |o|>a feasible pairs of {p,r}

must satisfy <0 and (A 4).

Next consider the part with |g| <a. Now we have /> =5% and oy > —ab. Hence a sufficient condition for
(A2)is

p< (A4)

—ab — pb* — ra* >0. (A.5)

Because the possibility of having r>0 has been ruled out in the previous case, we need to consider r <0
only. For (A.5) to hold under current constraints, clearly, we can only choose

a
< —-. A6
p 3 (A.6)

Combining these results, we know a feasible region of pi-coefficients on the r—p plane is described by (A.6)
and r<0.
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