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Abstract 
A routing algorithm is basically required to be 

connected and deadlock-fee. We can restrict some 
directions that messages can turn in a network to avoid 
deadlock. A deadlock-pee adaptive routing with fewer 
turn restrictions is considered to possess a greater 
degree of adaptiveness. We present two basic strategies 
for designing feasible routings on networks which have 
bidirectional channels. Primer investigation of our 
strategies reveals their ability to obtain minimal turn 
restrictions on some typical multicomputer networks, like 
hypercube, mesh and torus. 

1: Introduction 

Multicomputers [l]  rely on an interconnection net- 
work between processors to support the message-passing 
mechanism. Store-and-forward switching is used in first 
generation multicomputers. In order to decrease the 
amount of time spent in transmitting data, wormhole 
switching [4,20] has been adopted in advanced multi- 
computer systems, e.g., Ametek 2010, Ncube-2, Intel 
Paragon, J-machine and iWARP [ 181. 

With wormhole switching, a message is serialized into 
flit (flow control digit). The header flit of a message con- 
tains all the information needed to decide the selection of 
next channel on the route. As the header flit advances, 
the subsequent flits follow it in a pipelined fashion. If the 
header flit encounters a channel already in use, it and its 
trailing flits are blocked until the channel is freed. 

A feasible routing algorithm is required to be 
connected and deadlock-free. A routing algorithm is 
connected if it produces at least one routing path for each 
pair of source and destination nodes. In wormhole rout- 
ing, deadlock happens when the header flit of a message 
is destined for a channel which is occupied by another 
message whose header flit in turn waits for a channel 
occupied by another message, and so on, and this forms a 
circular wait situation. 

Due to the pipelining transmission of wormhole 
switching, oblivious routing suffers serious communica- 
tion performance degradation under heavy or uneven 
traffic load [2,3,17,20]. There are usually many paths 
between two nodes in a multicomputer. Dynamically 
choosing a routing path to avoid channel contention may 
improve the communication latency significantly. Hence, 
prospective multicomputers are expected to incorporate 
adaptive routing protocol to diffuse local congestion as 
well as to provide fault resilience. 

Virtual channel is a technique to aid designing dead- 
lock-free wormhole routing algorithms [5,7,9,14,15]. 
However, virtual channel flow control [6] demands extra 
hardware cost and reduces switching speed. We may 
employ the turn restriction technique to avoid deadlock 
without using virtual channels [10,12]. In this technique, 
directions that messages can turn in the network are 
restricted so that catastrophic deadlock can not arise. 
Directions that are not restricted provide the zone of 
adaptiveness that can be flexibly used by the routings. 

Under wormhole switching, routing from channel c, 
to channel c, implies a channel dependency from c, to 
c, . Each cycle in the network indicates a potential chan- 
nel dependency loop which must be broken to avoid 
deadlock. Therefore, in each cycle, at least one turn 
restriction which is formed by a pair of adjacent channels 
must be restricted to guarantee the deadlock-free prop- 
erty. Clearly, the fewer restrictions are imposed, the more 
flexibility the messages can be routed with. A routing 
with minimal turn restrictions is most desirable. 

In [lo], Glass and Ni presented a turn model. Based 
on analyzing all the turns in a network and all the cycles 
that the turns can form, they identified some abstract cy- 
cles whose break is just adequate. They applied the turn 
model to n-dimensional mesh networks. All turns in a 
mesh structure are 90-degree or 180-degree. The abstract 
cycles are easy to identify and they found minimal turn 
restrictions to break all channel dependency cycles in 
such networks. For n-dimensional torus networks, the 
routings they derived impose sets of turn restrictions that 
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are not minimal because the 180degree turns are 
considered afterwards. The difficulty encountered by 
conducting turn model analysis to other networks lies at 
how to identify all possible abstract cycles and how to 
prohibit as few turns as possible. In [12], Li obtained a 
minimal set of turn restrictions on hypercube by a 
different reasoning process. 

In this paper, we propose a generic scheme to design 
connected and deadlock-free routings approaching mini- 
mal turn restrictions. Our method is applicable to general 
networks which have bidirectional channels. We present 
two basic strategies, Strategy P and Strategy S, to obtain 
a set of turn restrictions. Primer investigation reveals that 
the strategies have the ability to find routings with 
minimal turn restrictions on some typical multicomputer 
networks. 

2: Preliminaries 
A multicomputer network can be denoted as a digraph 

G = (V, C) , where V is the set of nodes and C is the set 
of unidirectional channels. The unidirectional channel 
connecting node U to node v is denoted by < U, v > . Since 
we are considering networks that have bidirectional 
channels, it is required that < u,v >E C if and only if 
< v,u >E C. Also, we assume that there is no self-loop 
channel, i.e., < u,u >e C for all U E V .  

Define a turn to be an ordered triple [a, 6, c], where 
< a , b  >E C, < b , c > ~  C and a # c .  Actually, a turn 
represents a possible dependency in the channel utiliza- 
tion. A turn [a, 6, c] is counted as a turn restriction if 
messages are not allowed to travel from channel < a, b > 
to channel < b,c > in the routing. 

A distributed controlled adaptive routing algorithm 
consists of two parts: adaptive set function and output 
selection policy. The adaptive set function R : V x V x I 
+ zC, where I is a set of routing informations, deter- 
mines the set of channels adjacent to the current node 
that can be chosen to route the message towards the 
destination. The determined set of channels R(u,v,i) is 
called the adaptive set associated with the current node 
U, the destination node v and the routing information i 
the message retains. The output selection policy is a dis- 
cipline to select a free channel from the adaptive set to 
route the message. 

The routing information can be attached flexibly to 
produce various routing strategies. In the turn restriction 
technique, it is required to remember the channel which 
brings the message to the current node so as to determine 
the next legitimate channels without violating the turn 
restrictions. The adaptive set may not contain all possible 
channels implied by legal turns, this evidently sacrifices 
some degree of adaptiveness. 

The decomposition of adaptive routing into adaptive 
set function and output selection policy is critical. Differ- 
ent adaptive set functions indicate different degrees of 
adaptiveness of routing and they also decide whether the 
algorithm is deadlock-free or not. The output selection 
policy effects the communication performance under 
different traffic distributions. 

3: Lower bounds of turn restrictions 

From the view point of turn, a directed cycle com- 
posed of n processors has n turns. We say a set of 
directed cycles in a network is turn-disjoint if each pair 
of cycles in the set have no turn in common. Since im- 
posing at least one turn restriction on each directed cycle 
is obligatory, the cardinality of a turn-disjoint cycles set 
gives a lower bound of turn restrictions for a network. 
The larger size of turn-disjoint cycles set we have, the 
greater lower bound we obtain. Since the total number of 
turns in a network is fixed, shorter cycles are considered 
preferable at finding a larger size of turn-disjoint cycles 
set. 

In the popular n-dimensional hypercube Q,, there are 
totally n(n- 1)2" turns. We can find a set of n(n - 1) 2"-* 
turndisjoint cycles of length 4. To concretize, each two- 
dimensional plane in the hypercube contains two directed 
cycles of length 4 having opposite directions and there 
are (:)2"-2 two-dimensional planes in Q,. Although 
hypercube is a subclass of mesh and torus, we explicitly 
discuss it above to manifest its particular simple 
formulation. 

In a mesh h!tk,Xk2X. . .xkn,  where k, (2 2) is the size of 
the i-th dimension, we are able to find a set of 
2C[ (k l  - I X ~ ,  - I)I-J~,] turn-disjoint cycles of length 4. TO 

see this, each two-dimensional plane formed by the i-th 
and the j-th dimensions contains 2(k, - l)(k, - 1) turn- 
disjoint cycles of length 4 and there are n k ,  two- 

dimensional planes formed by the i-th and j-th 
dimensions. 

In a torus Tk,xk2x...xk,, where k, (2 3) is the size of the 

i-th dimension, we are able to find a set of 2(;)fik,+ 

2 2 n k ,  turn-disjoint cycles. Here, the first term 

2(;)@t is the number of turn-disjoint cycles of length 4 

and there are 2 n k ,  turn-disjoint cycles of length ki . 

I*I  81 

$:; 

,=1 

i=I J#l 

j+i  

4: Strategy based on partial-order form 
We draw the network in a partial-order form, called 

P-form such that (1) each channel in the network is 
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directed either upward or downward and (2) there is a 
unique node which can reach every other node in the 
network via an upward path. We call this unique node 
the root of the P-form. Appendix A gives a procedure 
DRAW-P-FORM to draw a network in a P-form. 
DRAW-P-FORM also outputs a level value l(u) for each 
node U in the network, which can be utilized in the 
routing, if necessary. 

Lemma 1. Every connected network with bidirectional 
channels can be drawn in a P-form. 

Proof: In DRAW-P-FORM, a node is marked as visited 
and drawn at some level only when it has no channel 
connecting to any node in this level. Nodes of level i+l 
are drawn at one layer above nodes of level i .  Hence, all 
channels are directed either upward or downward. In 
addition, the node at level 0 is the unique node which can 
reach every other node in the network via an upward 
path. 0 

Note that P-form of a network may not be unique. Fig 
l(a) is a simple 6-node network, and Fig. I@) and Fig. 
l(c) are two possible P-forms for it. Each undirected edge 
in the figures represents a bidirectional channel. 

(a) A 6-node network 

(b) A P-fom a Hamiltonian path 
Fig. 1 An example to illustrate P-forms of a network 

The main idea of Strategy P is as follows. Once a 
network is drawn in a P-form, each channel is directed 
either upward or downward. To form a cycle in the 
network, it requires to make use of some upward 
channels and some downward channels. Obviously, if we 
restrict any turn formed by an upward channel and a 
downward channel (called UD-turn), all cycles are 
broken. This accommodates the deadlock-free property. 
Note that if [a, b, c] is a turn restriction then [c, 6, a] is 
also a turn restriction. 

Between any pair of nodes, there exists a routing path 
without UD-turns. For concreteness, assume U is the 
source node and v is the destination node of a message. If 
there is no upward path or downward path from U to v, 
the establishment of P-form guarantees the existence of a 
node w whose level value is less than those of U and v, 
and there is a downward path from U to w and an upward 
path from w to v. Hence, without using the UD-turns, the 
graph is still connected. 

Strategy P 
Step 1. Draw the network in a P-form. 
Step 2. Designate all UD-turns as turn restrictions. 
Step 3. Define an adaptive set function and an output 

selection policy. (The adaptive sets must be able 
to produce at least one routing path for each pair 
of nodes.) 

Theorem 2. Routings produced by Strategy P are con- 
nected and deadlock-firee. 

Strategy P with different P-forms may designate 
Merent number of turn restrictions. If the network is 
bipartite, the P-form built by procedure DRAW-P-FORM 
has a particularly simple explanation. It is the same as 
the breadth-first search spanning tree of the network with 
the root drawn at the bottom and all other channels in the 
network added onto the tree. The distance from the root 
to any node U is equal to I(@. We particularly call a P- 
form satisfying this condition a Pbf-form. In the PbfS- 
form, all channels fall between two adjacent levels. 

Networks a, M k , x ~ x . . . x k ~  and Tk,,.~,. . . . .~, where k,, k , ,  
, k, are even, are bipartite. By establishmg Pbfs-forms 

for these networks, it happens that the turn restrictions 
designated by Strategy P exactly reach the lower bounds 
assessed in the previous section. 

Theorem 3. Strategy P with Pbf-form designates mini- 
mal turn restrictions in Qn. 

Proof: Since Qn is a vertex symmetric network, we may 
choose node 0 as the root in the Pbfs-form. Now, a node 
with i 1's in its binary representation is drawn at the i-th 

level. There are (r) nodes in the i-th level. Each node in 

the i-th level has i downward channels to the (i-l)-th 
level and n-i upward channel to the (i+l)-th level. Each 

node U in the i-th level endows (i) UD-turns of the form 
[a, U, c]. Hence, the total number of UD-turns in the P,- 

form is 2[ ( : ) (4+(  :I)( ni1)+-.-+(4(3] =n(n-1)2"*. o 
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Theorem 4. Strategv P with Pbf,-form designates mini- 
maf turn restrictions in M k , x 4 x . . . x L ,  where k, 2 2 .  

Proof: The case n = 1 is trivial so we consider n 2 2 .  
Let r = (q,r2,---,r,,) be the root in the Pbf,-form. A node 
U = (U,, u2, .  . - ,U,,) has level value f (u)  = Ir, -U,/ +k2 - u,I + 
-. + b,, - U, I. We shall calculate the number of UD-turns 
for each node U. Since different two-dimensional planes 
in Mk,xkzx...xk, have no turns in common, we may calcu- 
late the number of UD-turns in each two-dimensional 
plane separately. Let SMkpxkq be a two-dimensional plane 
formed by the p-th and the g-th hmensions. Node U has 
at most 4 neighbors in s M k p x k q .  Assume &U) = i .  There 
are 3 cases to be discussed. 
Case 1. up = r, and U, = r,. 

For each neighbor U' of node U, [(U') = i + 1. There is 
no UD-turn at U in s M k p x k , .  

There is one neighbor U' of node u with f(u') = i - I. 
The other neighbors, if any, have level value i + 1. 
There is no UD-turn at U in S?b!tkpxkq. 

There are two neighbors U' and U" of U with 
I (# ' )  = f(u") = i - 1. The other neighbors, if any, have 
level value i + 1. [U', U, U"] and [U", U, U'] are the only 
UD-turns at U in s?b!t+k,. 

The number of nodes of Case 3 in S?b!tk,.k, is (k, - 1) 

(k, - 1). From the above discussions, we know that there 
are 2(k, - l)(k, - 1) UD-turns in a two-dimensional plane 
formed by the p-th and q-th dimensions. Totally, there 

Case 2. up = r, and U, f r,, or up # r, and U, = r,. 

Case 3. U, # rp and U, f r,. 

are 2 z[(k, - 1Xkq- l ) n k i ]  UD-turns in Mk,xk,x . . .xk ,  ' 

P*9 i:g 

Theorem 5. When k , ,  k,, . . , k,, are even and k, 2 4 for 
1 2 i 2 n ,  Strategy P with Pbf,-form designates minimal 
turn restrictions in Tk,xt,x..,xkn, 

Proof: Since q,xk,x,..xkn is a vertex symmetric network, 
we may consider the root in the Pbf,-form to be node 0. 
The wraparound channels halve the diameter of the 
corresponding dimension. In the P,,-form, we have 
f ( u )  = I(u')+l if u = (ul,u2,~~~,u,,) and U' = (u;,U;;.-,u;) 
such that uJ = U; for all j f i , and U, = U; + 1 if 0 2 U; 
< ki and ui = U,! - 1 if f ki < U: 5 k , .  For convenience, 
we define X,(a) = a - 1 if a < k,; X,(a) = a + 1 mod ki 
otherwise. We shall consider two lunds of turns sepa- 
rately. A turn [a, 6 ,  c] is called an xx-turn if both 
< a,b > and < b,c > are channels of the same dimen- 
sion. A turn [a, b, c] is called an xy-turn if channels 

< a,b  > and <b,c> are of different dimensions. We now 
calculate the number of UD-turns at node U = (ul, 

Case 1. xx-turns. 
4,- -,%l). 

For a node u=(u,,.- . ,u, =:k,,...,u,,), [(ul,-.-,ui - 1 , a . a  

U, (Ui , .  . . , ui - 1,. . . , U,,)] are two UD-turns that are xx- 
turns. There are t n k j  i = I  p i  such nodes and all other 

nodes do not endow any UD-turn which is an xx-turn. 
Hence, there are zknk, UD-turns which are xx- 

,U,,), U, (u~; -* ,u ,  +I;.*,u,,)] and [ ( Z ~ ~ , ~ ~ ~ , U ~ + I ; . . , U , , ) ,  

I=I j s i  

turns. 

Consider xy-turns in a two-dimensional plane formed 
by the i-th and thej-th dimensions. If ui = 0 or U, = 0,  
node U dose not endow any UD-turn which is an xy- 
turn. Otherwise, there are 3 subcases to be discussed. 

2a. ui f 

Case 2. xy-turns. 

ki k .  and u, f +. 
Assume i < j .  We have the UD-turns [ (q,. -. , x i  (ui> 

, , U,, - ,U,,), U, (ui, . , ui ,  ,x,(u,); -. , U,) 1 and 1 

that are xy-turns. There are (ki - 2)(k, - 2 )  such 
nodes endowing 2 (ki  - 2)(k, - 2 )  UD-turns. 

( ~ 1  >*  * .,ui,* * *>x, (U,),. * U, (#I * (ui),. * *>U, 1 * * 1 

ki k .  
26. ui = and U, f 3. 

Assume i < j . We have the UD-turns [(U,, . . e ,  U, k 1 
U,,. e - ,  U,), U, (uI, , ui ,  ,xi (U, ) , . .  - , U,> I and 

[ (U, ; . ' .Ui , .  . .,x,(u,),. . .,uJ, U, (UI,.. e, 4 *I,*. ',U,>" .>U,,>l 

that are xy-turns. There are k, - 2  such nodes 
endowing 4 (k, - 2) UD-turns. 

k, kJ 2c. U, = and U, = T .  
We have them-turns [ ( U , , ~ - . , U ,  k l , . . . , u J , - . . , u , , ) ,  

uJ f l , . . . , ~ , ) ,  U, ( u , , . . . , ~ ,  k l , ~ ~ - , u J , + - ~ , u , , ) ]  that 
are xy-turns. There is only one such node that 
endows 8 UD-turns. 

In summary, there are 2 (k,  - 2)(kJ - 2 )  + 4 (ki - 2) + 
4(kJ  - 2) + 8  = 2k, kJ UD-turns which are xy-turns in 
a two-dimensional plane formed by the i-th and thej- 
th dimensions. Hence, there are totally 

U, (U~,*.-,U,,.-*,U~ f I ;**,u,)]  and [(u,,...,~,,..., 

c ( 2 k j  k, n k , )  = 2 ( ; ) f i k ,  UD-turns which are xy- 
i=l 

$FJ 
if j 

turns. 
From the above discussions, we conclude that there are 

4;) fi , = I  k, + 2 F(n i= l  jcr k,)  turns in the Pbf,-form. o 
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Hamiltonian path of a network provides a special way 
to draw the network in a P-form 1131, for example, see 
Fig. l(c). In this P-form, each node has a unique level 
value in {OJ, a . .  , IVI - I}, and if u and v are two nodes 
such that f ( u )  = f (v)  + 1 then < u,v >E C .  We call a P- 
form satisfymg this condition a PHp-form. Using binary- 
reflected Gray code (BRGC) sequence in e,, [19] and 
some special sequence in Mk,xk,x...xk, as the Hamiltonian 
path in the PHp-form, the routings based on Strategy P 
have minimal turn restrictions. 

Let G(b) = g = g,-,g,+,-..g, be the BRGC encoding of 
the binary number b = b,,-lb,,-2.. . bo. The conversion bet- 
ween binary encoding and BRGC encoding is found to be 
G(b),, = g,, =!I,,-', G(b), = gi =b,+' @bi, 0 I i I n - 2; and 
G-'(g),=bi=g,l@g,,.. .@gi, OSiIn-1. Innetwork Q,, 
by using BRGC sequence as the Hamiltonian path in the 
PHp-form, the level l(u) of a node u=u~,u,,..-u, is /(U)= 
U"-' 2"'+(un-'~u"-,)2"-2+. *+(U"-'@ * .@u,)2'+(u,,@- e U o ) 2 O  
=G-'(u),-I 2"' +G-'(u),~ 2"' +***+G-'(u)l 2' + G - ' ( u ) , ~ ' .  

Theorem 6. With BRGC sequence as the Hamiltonian 
path in the PHp-form of Q,,, Strategy P designates mini- 
mal turn restrictions. 

Proof: We first prove that each undirected cycle of 
length 4 in Qn is of the form [a,b,c ,d]  with l (a)  < I @ )  < 
l(c) < f ( d ) .  Let u = u , , - , ~ , - ~ ~ ~ ~ u ~  and v = v , , ~ , v , ~ ~ - ~ ~ v ,  be 
two nodes in Q, with Hamming distance equal to 2. Let p 
and q be the two bit positions where u and v differ. 
Assume p > q . If l(u) < l (v)  , then G-'(u), = G-'(v), for 
p < i I n - 1, G-'(u), = 0, G-'(v), = 1, G-'(u), = G-'(v), 
for q < i < p and G-'(u), = G-'(v), . For convenience, we 
use U' to denote the neighbor of node a=(a,,,--.,a,, 
..., a,) across dimension i ,  i.e., a' = ( ~ ~ ~ ; - - , 7 i ; , . . - , a ~ ) .  
There are two cases to be discussed. 

For the first case G-'(u), = G-'(v), = 1, we take w = up 
and w' = uq . Since G-'(u), = 0, G-'(w), = G-'(uP),= 1 and 
G-'(u),  = G-'(w) ,  for p < z  In-1, we have /(U) <I(w). 
Also, G-'(w), = G-'(uP), = 0 ,  G-'(v), = 1 and G-' (w) ,  = 

G-'(v) ,  for q < i In-1, we have l(w) < I(v) .  So, 
&U) < l (w)  < f ( v ) .  In addition, since G-'(w'), = G-'(uq) ,  

= 0 ,  G-l(u), = 1 and G-*(w')' = G-'(u), for q < i 2 n - 1, 
we have f (w')  < [(U). Therefore, l(w') < /(U) < l(w) < l ( v ) .  

For the second case G'(u),=G-'(v),=O, we take w=uq 

and w' = u p .  Since G-'(u), = 0, G-'(w),= G-'(uq),=l and 
G-'(u) ,  = G-'(w),  for q < i I n - 1, we have l (u)  < l ( w ) .  
Also, G-'(w),= G-'(U')~= 0 ,  G-'(v),= 1 and G-' (w),  = 

G-'(v), for p < i  < n - 1 ,  we have I(w) < I ( v ) .  So, 
/(U) < I(w) < f ( v ) .  In addition, since G-'(v) ,  = 0, 

G-'(W'),=G-'(U''),=I and G-'(v), = G-'(w!), for q<i In-1, 
we have f ( v )  < f(w'). Therefore, f ( u )  < l (w)  < I(v) < l(w') . 

The above discussion confirms that there is a UD-turn 
for each directed cycle of length 4. From Section 3, we 
know that there are totally n(n - 1) 2" turns and there are 
n(n-1)2"-' directed cycles of length 4 which are turn- 
disjoint. Hence, each tum in Q,, belongs to a unique 
directed cycle of length 4. So, there are n (n - 1) 2"-' UD- 
turns in the PH,,-form. 0 

Not coincidentally, most suggested multicomputer 
networks are Hamiltonian. Strategy P with a PHp-form 
has the advantage that the routing can be easily designed. 
Appendix C gives an adaptive routing algorithm based 
on Strategy P with PHp-form. A more detailed examina- 
tion of applying Strategy P with a PHp-form to hypercube 
network can be found in [ 131. There we proved that at 
least one of the shortest paths between any two nodes is 
contained in the set of routing paths provided by the rout- 
ing algorithm using BRGC sequence as the Hamiltonian 
path in the PHp-form. 

5: Strategy based on breadth-first search 
In the second strategy, Strategy S, we draw a network 

in an S-form as follows. (1) Construct a breadth-first 
search spanning tree of the network with the root drawn 
at the bottom. (2) Add all other links in the network onto 
the spanning tree. Clearly, once the root is fixed, the S- 
form of a network is unique. Appendix B gives the 
procedure to draw a network in an S-form. The root of an 
S-form serves the requisite to design a connected routing 

Some channels may lie horizontally between proces- 
sors in the same level of an S-form of a network. We call 
a turn that is formed by an upward channel and a hori- 
zontal channel a UH-tum, a turn that is formed by a 
horizontal channel and a downward channel an HD-turn, 
and a turn that is formed by two consecutive horizontal 
channels an HH-turn. In contrast to designating all UD- 
turns as turn restrictions to break all cycles in a P-form, 
we may designate all UD-turns, UH-turns and HH-turns 
as turn restrictions in the S-form. But, this evidently 
designates more HH-turns as turn restrictions than 
needed. We may focus on the connected components of 
the subgraph induced by the nodes along with all 
channels in the HH-turns and try to impose sufficient 
turn restrictions on them. 

algorithm too. 



Strategy S i-th and the j-th dimensional channels. If U, f 0 and 
Step 1. Draw the network in an S-form. 
Step 2. Designate the following turns as turn restrictions: 

(a) UD-turns. 
(b) UH-turns. 
(c)For each level, consider each connected compo- 

nent G' of the subgraph induced by nodes in the 
level. If IG'l > 1 ,  then apply Strategy P or Strategy 
S to obtain a set of turn restrictions on GI. 

Step 3. Define an adaptive set function and an output 
selection policy. (The adaptive sets must be able 
to produce at least one routing path for each pair 
of nodes.) 

U, f 0, we have to consider the parities of k, and k, . 
2a. Both k, and k, are of even parity. 

The discussion is the same as Cases 2a-2c in 
Theorem 5 .  There are 2 k, k, UD-turns in the two- 
dimensional plane. 

2b. Both k, and k, are of odd parity. 
k +1 k , f l  There are 3 cases. When U, f + and U, f __ 

node U endows two UD-turns. There are (k ,  - 3 )  
(k , -3 )  such nodes and they totally endow 
2(k,-3)(kJ-3) UD-turns. When U, =e and 

2 '  

k .rtl U, # +, node U endows one UH-turn and two UD- 
turns. There are 2(kJ-3) such nodes. When ui =k,+l 

Theorem 7. Routings produced by Strategy S are con- 
nected and deadlock-pee. 

Note that when the network is bipartite, the S-form is 
also a P,&-form. In Strategy P, a network may have a 
wide variety of P-forms with the same root. In contrast, 
there is a unique S-form for a network once the root is 
fixed. There may be different ways to designate turn 
restrictions in an S-form due to step 2(c) of Strategy S. 
Also note that, as opposed to Strategy P, when [a, 6 ,  c]  is 
a turn restriction, [c ,  b, a] may not be a turn restriction in 
Strategy S due to step 2(b). 

We have successfully applied Strategy S on ~ , x k 2 x . . . x k n  

to designate a set of minimal turn restrictions when ki's 
are not all even and ki23  for l l i l n .  We briefly sketch it 
as follows. TkxbX.,.+ is a vertex symmetric network, so 
we can let node 0 be the root in the S-form. We consider 
xx-turns and xy-turns, as defined in Theorem 5 ,  
separately. 
Case 1 .  xx-turns. 

If ki is even, following the same discussion in 
Theorem 5 ,  there are 2 n k ,  UD-turns formed by the i -  

k f l  and U, =L, node U endows two UD-turns and two 
UH-turns. There are 4 such nodes and there are 8 
HH-turns among them. In fact, we can designate two 
HH-turns as turn restrictions to break all cycles 
formed by the 8 HH-turns. In summary, we designate 

turn restrictions. 
2 (k, - 3)(k, - 3) +6(  k, - 3) + 6(k, - 3 )  + 4 x 4 + 2 = 2 k, k, 

2c. k, is of even parity and k, is of odd parity. 
k +1 There are 4 cases. When U, # and U, f + , node 

U endows two UD-turns. There are (k, - 2)(k, - 3 )  

such nodes. When U, f * and U, = k,fl, node U 
endows one UH-turn and two UD-turns. There are 
2(k, -2) such nodes. When U, = * and U, f 2, 
node U endows 4 UD-turns. There are k, - 3 such 

k k J f l  nodes. When U, = and U, = 2, node U endows 
4 UD-turns and 2 UH-turns. There are 2 such nodes. 
In summary, we designate 2 (k, - 2)(k, - 3 )  + 

k, f l  

/ * I  6(k, - 2) + 4(k j  - 3) + 2 x 6 =2k, k,turn restrictions. 
In conclusion, we designate 2 4  k, turn restrictions in a 

k+3 4+1 4-1 sions, which are irrelevant to the parities of k, and k,. 
Therefore, we totally designate c( 2 k, k, n k p )  = 2( 3 n k ,  

turn restrictions which are xy-turns. 

th dimensional channels. If k, is odd, [(U,,...,?, 
k -1 k+l 

" * , u n ) ,  ( u 1 ~ * " ~ ~ ~ " ' & ) ~  (u1,*",--;r,"*,un)1 and two-dimensional plane formed by i-th and j-th dimen- 

[ (U, , . . *~- , ***Pn) ,  (U1 3 . .  *>-,* * * , U n ) ,  ( ~ 1 7 . .  . T T , *  * * , u n )  1 
are two UH-turns. There are 2 n k, UH-turns formed 

by the i-th dimensional channels. Totally, there are 
/ t i  r*J g, ,=I 

2 f: n k ,  turns restrictions which are xx-turns. 
i=l ] + i  

Case 2. xy-turns. 6: Concluding remarks 
Consider xy-turns in a two-dimensional plane formed In this paper, we have presented two basic strategies 
by the i-th and the j-th dimensions. Let to designate a set of turn restrictions on a multicomputer 
U = (u , ,u2 , . . - ,un)  be a node in the two-dimensional network to design connected and deadlock-free adaptive 
plane. If U, = 0 or U, = 0, then node U dose not endow routing algorithms. The strategies possess the ability to 
either UD-turn or uH-turn or HH-turn by the designate minimal turn restrictions on some typical mul- 

ticomputer networks. 
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For n-dimensional cube-connected cycles network, the 
lower bound number of turn restrictions is found to be 
n.2"-' +2"'. We are able to establish a specific P-form 
and an S-form with some modification that produce 
minimal turn restrictions for n = 3 .  We have established 
modified S-forms with minimal turn restrictions for 
cube-connected cycles networks up to dimension 5 .  

We do not dwell upon the details of determining the 
adaptive set function and output selection policy to 
complete the design of an adaptive routing algorithm. 
Network congestion information and length of routing 
paths are factors contributing to the communication per- 
f o m n c e  of a routing algorithm. If virtual-channel flow 
control [6] is supported in a network, Duato's theory [8,9] 
can be incorporated to make use of extra set of virtual 
channels. 
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Appendix A 
Procedure DRAW -P-FORM 
Input: a digraph G = (V,Q 
Output: a P-form of G and the associated level value /(U) 

Begin 
for all U E V 

Choose arbitrarily a node r as the root; I(r) t 0 ;  
Draw r at the bottom; 
Mark each node in G as unvisited; Mark Y as visited; 
i t 0; 
Repeat /* Level i+l is located one layer 

for each unvisited node v above level i */ 
if < U,V >E C, /(U) I i ,  U is visited and 

then begin 
(Vw,I(w)=i+l,<w,v>g C )  

Mark v as visited; I(v) t i + 1; 
Draw v at the (z + 1) -th level; 
Draw all directed edges < p , v > ~ C  and < v , p > ~ C ,  

end; 
i t i + l  

where < p, v >E C and l ( p )  I i 

End 
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Appendix B 
Procedure DRAW-S-FORM 
Input: a digraph G = (V,C) 
Output: an S-form of G and the associated level value /(U) for all u E V 
Begin 

Choose arbitrarily a node r as the root; I(r) t 0 ; Draw r at the bottom; 
Mark each node in G as unvisited; Mark r as visited; 
i t 0; 
Repeat 

I* Level i+l is located one layer above level i *I 

for each unvisited node v 
if < u,v >E E and /(U) = i 
then begin mark v as visited; I(v) t i + 1 ;  Draw v at the i+l-th level and 

draw undirected edges (p,v), where < p , v  >E C and I(p) I i + 1 end; 
i t i + l  

End 

Appendix C 
Algorithm HP-ROUTE 
I* Current node u receives a header flit (v ,  i), where v is destination and i is routing information *I 
I* The routing information is 1 if previous channel used is a downward channel *I 
I* The routing information is 2 if previous channel used is an upward channel *I 
I* If node u is the source node of the message, the header flit has (v ,  1) *I 
Begin 

I fu  = v then stop 
else begin 

I* The destination is reached *I 

I* i = 1 *I if I(u) > l ( v )  
then begin 

R ( u , v , l ) = { < u , p > ) < U , p > E  c, 4 4 > 4 p ) } ;  
Select a free channel < U, w > in R(u,v,l)  such that 

Send header flit (v, 1 )  along channel < U ,  w > 
[I(w) - I(v)l= MN{ (I@) - I(v)( I < U ,  p >E R(u,v,l) and < U, p > is free 1 ; 

end 
else if /(U) < I(v) and i = 1 then 

begin 
R(u,v,l)  = {< u , p  > I  < u , p  >E c, I(p) I I(v) }; 
Select a free channel < U, w > inR(u,v,l)  such that 

I(w) = u4x{ I(p)  I< u , p  >E R(u,v,l)  and < u , p  > is free}; 
if I(w) < /(U) then send header flit (v, 1 )  along channel < U ,  w > 

else send header flit (v, 2) along channel < U, w > 

I* &U) < I(v) and i = 2 *I 
end 

else begin 
R(u,v,2) = {< u , p  > I  < u , p  >E C,  /(U) < I(p) I I ( v ) } ;  
Select a free channel < U, w > inR(u,v,2) such that 

l (w)  = MAX{ l ( p )  I < u , p  >E R(u,v,2) and < u , p  > is free}; 
Send header flit (v ,  2)  along channel < U, w > 

end 
end 

End 
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