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Abstract

We present a new method based on the wavel et
transform for the detection of structural damage. A
uniform string is used to represent the original system,
while a little amount of density variation distributed
over a smal range is superimposed to the uniform
string to simulated the damaged part. The vibration
signals of the damaged system are processed with a
discrete wavelet transform and the result is compared
with that of the original system. It is found that minor
localized faults can induce significant changes in the
wavelet coefficients of the vibration signals. Further-
more, the maximum difference between wavelet coef-
ficients of the damaged and the original systems occurs
at the location of the damaged part.
K eywords: wavelet, defect dection

1. Introduction

The real-time condition monitoring for structural
damage detection is an important research topic. This
subject has drawn the attention of many researchersin
the past [1-4]. Besides early abnormality detection, it
is also desirable to identify the damaged parts of the
mechanical structure from the monitored signal for
effective maintenance. Most of the methods currently
in use for this purpose are based on the processing of
structure vibration signals. In these methods, vibration
signals measured at convenient locations are processed
and compared with the output of the undamaged sys-
tem. The difference in the response is used for damage
detection and identification. Many different techniques
for processing vibration signals have been proposed [5,
6]. Among them, a commonly used method is modal
analysis[7, 8]. The main idea behind damage detection
schemes that use modal data is that a change in the
system due to damage will manifest itself as changes of
the natural frequencies and the associated mode shapes.
However, this method may exhibit low sensitivity to
faults in the early stage of development and/or poor
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diagnostic capability. For example, the change of the
fundamental frequency of a cracked shaft is merely 6%
of the original value while the length of the crack is
one half of the diameter of the shaft [4, 7, 8].

A defect in the early stage, e.g. a crack, is local-
ized in space and the induced vibration signals are not
stationary. This may be the main reason why the modal
data, which are global and stationary, are not sensitive
to the early localized damage. On the other hand, the
wavelet analysis, which possesses multi-resolution,
provides a promising method to solve this problem.
The wavelet transform is till evolving and has been
applied with some successes in different areas [9-16].

In this paper we present a method based on
wavelet transform to identify the existence and loca-
tion of structural damage. In order to concentrate on
the studying of the effectiveness of this method, a non-
uniform string is used to simulate the damaged system
while a uniform string represents the original undam-
aged system. We study several different kinds of de-
fects that are smulated by mass points attached to a
uniform string and added mass distributed over a small
portion of a uniform string. The system output is proc-
essed with wavelet transform and the result is com-
pared with that of the undamaged system for damage
detection.

2. Theoretical Background of Wavelet Transform
2.1 Continuous Wavelet Transform

The continuous wavelet transform (T f)(a,b)
of afunction £(f) isdefined by [17]

(TAX@D) =1y an)= LAY aplDet, (1)

1
Y ap() =—=Yy

El
where a,bl R, a! 0 and the asterisk indicates the
complex conjugate. The function y (¢) is termed the

mother wavelet and satisfies the admissibility condi-
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where y (w) indicatesthe Fourier transform of y ().
The elements of the wavelet basis, y ,,,, are generat-
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ed by dilating and trandating the mother wavelet y
as defined in equation (2), where aand b are called the
dilation parameter and the translation parameter, re-

spectively. The normalization factor |4’ Y2 has been
chosensothat [y, =y |-

2.2 Discrete Wavelet Transform

In order to calculate the WT numerically, dis-
crete methods are required. In this case the dilation
parameter a and the trandation parameter b both take
only discrete values. A commonly used discretization
method, the dyadic discretization, is given by:

a;=2"'a, bl =kah,ad

y k() =a"% (x- bl 1a)), (4)
where g, >0 and y isawavelet. A function
f1 L2(R) can be expressed as the superposition of

the wavelets y {(
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For clarity of discussion wavelets corresponding to the
same J are called the wavelets of the j level of resolu-
tion.
Inaclosed interval W° [x,x,], if wetake

a;=2"ay, bl =(x+x)/2+kah, ()
where a,=2""(x,- x)/k, L1 Z,thenthesetof

wavelets {y ,{()():j,kT Zp congtitutes aframe. Note

that for any j there are values of k such that the wave-
lets are centered outside of the domain W. For clarity
of discussion, all wavelets whose centers are located
within the domain will be called internal wavelets; all
other wavelets will be called external wavelets. Since
all wavelets are either with compact support or decays
fast enough away from its center, there are always a
finite number of external wavelets whose influence
inside of the domain must be accounted. Thus at any
level jthereis asubset of integers
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such that for k1 ZJ, the wavelet y / affects signifi-

cantly the interior of the domain W. In equation (7),
N, and N, are the numbers of external wavelets on

each side of the domain. It can be shown that there
exist &, L, N, and N, suchthat afunction w(x)
defined on W can be approximated as

J . .
U(0=4 &y (9. (8)
J=0kl Z,
wherethelevels j=0 and j= J correspond re-
spectively to the coarsest and the finest scales. The
largest scale present in the approximation is deter-
mined by L. The collocation method developed by

Vasilyev et al. [11] is adopted in this paper to find the
wavelet coefficients cf.

3. Physical Model — Non-uniform String

In order to concentrate on the study of the effec-
tiveness of the proposed method, a relatively simple
model, a string with non-uniform density, is employed
here. A uniform string is used to represent the original
undamaged system, while a little amount of density
variation distributed over a small interval is superim-
posed to the uniform string to simulate the damaged
part. We apply the wavelet transform to analyze the
vibration signals of the string to find the relation be-
tween wavelet coefficients and the density change.

4. Results and Discussion

We first consider the case of a point mass m at-
tached to a uniform string with length L=2. We use the
point mass to represent a highly localized damaged
part of the original system. The point massislocated at
the center. The total mass of the uniform string is 2.
Fig. 1 shows the displacement of the string at time
t=02 of various values of munder the same initia
conditions: u(x,0) =sin(px/2) and &x,0) =0. As
can be seen from the figure, the deflection of the uni-
form string (m=0) a t=2 and that of the non-
uniform string of m=0.02 are amost identical. When
the added point mass is one percent of the mass of the
uniform string, it is difficult to identify the existence of
the point mass by merely monitoring the deflection. In
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Deflections at t=2 of a uniform string
with a central concentrated mass of vari-
ous magnitudes under the same initial con-
ditions.

order to demonstrate the effectiveness of the proposed
method, we further reduce the point mass to
m=0.005 (0.25% of the mass of the uniform string).
Then we use the method described in section 2 to de-
termine the wavelet coefficients of these two systems
at different levels of resolution. The well-known
“Mexican hat” wavelet function is employed as the
mother wavelet in this paper. The highest level of
resolution is J=5. Fig. 2 shows the results, where



solid and dashed lines indicate results of the uniform
(m=0) and non-uniform ( m= 0.005) strings, respec-
tively. Although the deflections of these two systems
are amost identical, their wavelet coefficients are
much different from each other. It can be observed that
the maximum difference occurs at the center of the
string, where the point mass is located. For the con-
venience of discussion, we denote the region where the
difference between the two sets of wavelet coefficients
is significant as the “deviation region”. As can be seen
from the figure, the “deviation region” at each level is
centered at the location of the point mass and its width
decreases as the level of resolution increases. There-
fore the “deviation region” is a good indication re-
garding the existence and location of the point mass.
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Fig. 2. Wavelet coefficients of a uniform string
(solid line) and a string with a central con-
centrated mass m= 0.005 (dashed line) at
levels /=2, 3, 4.
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Fig. 3. The fourth level wavelet coefficients of a
concentrated mass (top) and a distributed
mass (bottom).

Then we study the situation that the superim-
posed mass is distributed uniformly over afinite inter-
val. Two different cases of superimposed mass are
considered here: case 1 is a concentrated mass; in case
2 the superimposed mass is distributed uniformly over
/4 of the string length. The amount of the superim-
posed mass is the same, 0.01, in both cases. The
wavelet coefficients of the displacement of the non-
uniform string at ¢t = 0.2 are calculated and compared
with those of the uniform string, starting from rest with
the same initial shape. Fig. 3 shows the results at the
4™ level of resolution, where solid and dashed lines

indicate uniform and non-uniform strings, respectively.
The maximum difference between the wavelet coeffi-
cients of the uniform and the non-uniform strings of
case 1 ismuch larger than that of case 2. That isto say,
a concentrated mass can cause more significant
changes in wavelet coefficients than a distributed
mass.

Fig. 4 compares the 4" level wavelet coefficients
of the deflections of the uniform string and a string
with two concentrated masses, each of magnitude
0.005, located at 1/4 and 7/8 of the string length. It is
seen that there are two “deviation regions’. Further-
more, the maximum differences between the two sets
of wavelet coefficients in these two regions occur at
the locations of the concentrated masses.
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Fig. 4. Wavelet coefficients of a uniform string (solid
line) and a string with two concentrated masses
locatedat x=0.5 and x=1.75 (dashed line).

Mode shapes are often monitored for machine
diagnosis. It is obsvered that the first mode shape of
the uniform string and that with a point mass of
m= 0005 are almost the same. The 5" level wavelet
coefficients of the first mode shape are calculated and
the results are shown in Fig. 5. It is obvious that light
point mass added to the uniform string has significant
effects on the wavel et coefficients of the mode shapes.
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Fig. 5. Comparison of the 5" level wavelet coefficients

of the first mode of a uniform string (solid line)
and apoint mass m=0.005 added to the cen-
ter of auniform string (dashed line).

5. Summary

In this paper, we presented a method based on

wavelet transform for structural damage detection and

identification. A collocation wavel et transform method

was employed to analyze the vibration signals of the



system. We used a uniform string to represent the
original system, while some added mass distributed
over small intervals to represent initial localized dam-
aged parts. It is found that minor localized damage,
which generates vibration signals amost undistin-
guishable from those of the undamaged system, can
induce significant changes in the wavelet coefficients.
Furthermore the maximum difference between the
wavelet coefficients of the original and damaged sys-
tems occurs close to the location of the damaged part.
The precision in locating the damaged parts increases
with the level of resolution employed in wavelet trans-
form. This method provides structural engineers an
aternative and possibly a more reliable way to locate
damaged partsin structures.
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