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SUB-OPTIMAL FINITE DIMENSIONAL OBSERVER-BASED
BOUNDARY CONTROLLER DESIGN FOR DISTRIBUTED

PARAMETER SYSTEMS ON A PLANAR DOMAIN

Shin-Hao Lu and I-Kong Fong*

ABSTRACT

In this paper, a certain class of distributed parameter systems is considered. We
propose a three-step design method for finding finite dimensional observer-based
boundary feedback controllers. The first step is called the boundary-equation
normalization, which transforms the boundary and system equations into a normal
form. The second step is called the boundary input transformation, which integrates
the boundary input equation into the system equation, and forms a type of distributed
parameter system called the general boundary input system. The final step is to de-
sign the desired finite dimensional controller, based on the general boundary input
system model. The design procedure utilizes the finite dimensional linear quadratic
optimal control theory, so well-developed computation tools can be applied. Though
the acquired controllers are only sub-optimal for the distributed parameter systems,
an estimation of the performance degradation from that of the ideal case is derived for
comparison purpose.

Key Words: sub-optimal controller, distributed parameter systems, boundary control,

state observer.

I. INTRODUCTION

Compared with the bounded controller design
problem for distributed parameter systems, the bound-
ary controller design problem for distributed param-
eter systems is much more difficult to handle. In the
bounded control problem, there are many similarities
to the controller design problem for finite dimensional
systems. Besides the unbounded nature of boundary
controller design problems, the solution of boundary
controller design problems also depends on the shapes
of boundaries and the structure of control inputs.
Thus it will be easier if we can transfer the boundary
controller design problem into an equivalent bounded
controller design problem. For a certain class of dis-
tributed parameter systems with special boundary
conditions, this can be achieved (Lu and Fong, 2000;
2001; 2003). Such class of distributed parameter sys-
tems is said to be in a normal form.
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Given a distributed parameter system with con-
trol inputs on the boundary of its domain, first we
check whether distributed parameter system can be
transformed into a normal form, or whether bound-
ary-equation normalization can be accomplished. If
so, we show how the boundary inputs of the trans-
formed normal form can be integrated into the sys-
tem equation defined in certain interpolation space
as bounded control inputs. Systems in such a math-
ematical model are called the general boundary con-
trol systems (Hinata, 1999; Inaba and Hinata, 1993),
for which it is possible to design finite dimensional
observer-based controllers.

In the stabilization problem of distributed pa-
rameter systems with bounded control, a main differ-
ence from that of finite dimensional systems is that
we often need the controller to be finite dimensional.
This is for practical engineering considerations.
There are many methods for the stabilization of dis-
tributed parameter systems (Curtain, 1993). The
method we adopted here is the so-called exact state-
space design method, which has three major
approaches. The first one is by Schumacher (1983)
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and Curtain (1984), who show the existence of finite
dimensional controllers for a class of distributed pa-
rameter systems. Almost at the same time, another
work by Sakawa (1983; 1984) gives a design scheme
showing that under some conditions, a finite dimen-
sional stabilization controller can be derived. In these
two methods, Schumacher shows the existence of a
finite dimensional controller, but does not guarantee
the controller order to be small; while Sakawa proves
that under some conditions, a finite dimensional con-
troller of a pre-specified order may be obtained. The
third approach is given by Bernstein and Hyland
(1986), but the method needs to solve some opera-
tor-type Riccati equations, and has to face difficul-
ties in numerical computations.

In our observer-based boundary feedback con-
troller design, we use the work of Sakawa (1983) to
show that under certain mild conditions, it is possible
to design a finite dimensional stabilizing controller.
However, in this paper, an explicit design procedure
that gives finite dimensional sub-optimal controllers,
is presented. Compared with the infinite dimensional
linear quadratic optimal method that is needed to
solve operator-type Riccati equations, the method
proposed here only needs to solve finite dimensional
Riccati equations. Though the controller is only sub-
optimal for the overall system, we give a theorem that
estimates the performance degradation from the ideal
case with state feedback.

In Section II, we formulate the systems to be
considered and introduce the boundary-equation nor-
malization process. In Section III, we describe the
boundary input transformation method. In Section
IV, some of the notations and the result of Sakawa
(1983), needed for the bounded controller design are
presented. In Section V, we propose the design pro-
cedure that will give a sub-optimal finite dimensional
controller, and analyze the performance of the
controller. In Section VI an example is prepared to
illustrate the design procedure, and the simulation re-
sults are shown. Finally in Section VII conclusions
are made.

II. PLANT FORMULATION AND
NORMALIZATION

Let R be the field of real numbers, R’ be the
vector space of {-tuple vectors with elements from
R, and I={1, 2, 3, 4}, N={0, 1, 2, 3, ---} be two index
sets. The vectors in R* are represented by x=
[x; x,]". Consider a domain 2cR? with the bound-
ary dQ= U I';, where

I'i={[x; x]"|0<x<ly, x,=0}

Io={[x; x]"%,=0, 0<xp<lp}

I3={[x; x)70<x;<l, xo=05}

I'={[x; x]"\xi=l, 0Sx20) ())

and positive /y, [;e R are given. For iel, denote the
outward unit normal vector on the boundary I'; of Q
by n;. In this paper, suppose the distributed param-
eter systems to be controlled are formulated as

0z
0z(t, x) _ [az ozq|an 0 [[ox
ot T tox; oxyn | 0 ap || 0z
0%y
b,glf _u,.(t),iel
) . (2)
fqmwma
Q
Y@ =

jg cp(X)z(t, x)dx

20, %) = z(x)

where z(t, -)e Z=L,(Q), the space of the Lebesgue
square integrable functions defined on £2, is the state
function of the time variable r€ [0, o) and spatial vari-
able x, a;1>0, a,»>0, and b0 for iel are real
constants, u;(-) for iel is the ith boundary control in-
put function of e [0, =) with the continuous second
derivative, y(-) is the output vector function with
c-)eZ for i=1, ..., p, and zo(-)€ Z is the initial condi-
tion of the system. Systems described by (2) are said
to be in the normal form. Though in this paper it is
assumed that the systems to be controlled are in the
normal form, many distributed parameter systems
may be converted into this form via linear or nonlin-
ear state transformations. A special class of such sys-
tems is described by the equation

0%
BZ(t,x)_[az az] dyy dpp||ox
ot ox; 0xy |y dy || 0Z
axz
3 3375 5 =ufp), iel
W 3)
f &,(0)2(t, x)dx
¥ =

| L) &, (B2 (1, x)dx

2(0, x) = Z,(0, x)
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defined on a domain £ with the boundary 0Q2=
Uie D ;, where I';e R? is a line segment in R?, and #;
is the outward unit normal vector on I, iel. If there
exist a constant nonsingular matrix Te R** and con-
stants 6, 0, R such that

. . . x 6 ~
(i) the affine transformation T| | +| ,'| maps £
PANIS
onto £, and
.. d, a a; 0 . . ...
i) T| S 2T = " with certain positive con-
dpy Ay 0 ay

stants aji, azy, then clearly such systems may be
converted into the normal form. The conversion
of a system description so that it fits the form for-
mulated in (2) is called boundary-equation
normalization.

To proceed, we need the following notations.
Let the inner product on Z be defined as <z,, z,>z=

Z4(x)zp(x)dx for all z,, z,€Z. The space of all

bounded linear operators from the space X to the space
Y is denoted by B(X, Y). For any operator A, D(A)
represents its domain, J(A) its range, and K(A) its
kernel. Finally, the norms of matrices and operators
are both symbolized by || - ||, and the context will de-
cide the nature of the norms.

The system described by (2) may be expressed
by a more compact state-space form

% = Az(0)
Hz() = u(f)
(@) = Cz(1) 4
z(0) =z,
where
2 2
Az= 9118 Za():zx) + azza Za(;;zx) (5)
(-]
ﬁ_ 2
H ? a 1 xy =1,
L= 0z (6)
’ a 2 Xy =1y
b1
x =0
uy(2)
u=(20 ™
uy(?)

(1600, 28, )),
Czt) = : )
(e, 2t 2))

Note that A:D(A)cZ—Z is an unbounded linear op-
erator densely defined on Z. We are interested in the
state-space model (4) because if it owns the three
properties listed in Definition 1 below, then it may
lead to another model which facilitates the task of
designing observer-based feedback controllers for the
system described by (2).

III. BOUNDARY INPUT TRANSFORMATION

Definition 1: (Inaba and Hinata, 1993) Distributed
parameter systems described by the state-space model
(4) are called general boundary input systems if

(i)A:lﬁ ‘D(Z).m ) DAYCZ—Z generates an ana-
Iytic semi-group T(t) on Z.

(ii) There exist an w>@q, the growth constant of
T(t), and a G(w)e B(R*, Z) such that (wl-A)
G(w)=0 and HG(w)u=u for all u=[u, u, uj
M4]T€R4.

(iii) There exists a real number oc[0,1) such that
JG()]cD(wI-A4)7].

The following Theorem shows that under cer-
tain mild technical assumptions, (4) is indeed a gen-
eral boundary input system with (5)-(8).

Theorem 1: (Lu and Fong, 2001) For A and H from
(5) and (6), respectively, suppose A=A ‘ﬂ(ﬁ)mK(H) as
in Definition 1. Then the following are true.

(i) The operator A has real eigenvalues A, ,,,
(ny, ny)e NxXN, of finite magnitudes. Moreover,
the corresponding eigenvectors @, ,,, (n1, n2)
€ NXN, form a complete basis in Z.

(ii) Systems described by (4) are general boundary
input systems and there exist COnStants g¢ , , &z o»
830, 8n. 00 (N1, )€ N, such that G(w) can be ex-
pressed as

[G(w)u](x)

=L X, 800, 00,n N1 4L T 85, 06, 0Ce1)]ua)
+ ENgS, n, 90, m Uz O+ ENgﬁh 0, o(x)]ua(®) -

Proof: (i) With (5) and (6), it is easy to verify

that the operator A:AI has only a point

D(A) ~ K(H)
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spectrum. Suppose (A, ¢) is an eigenvalue and eigen-
vector pair in the point spectrum of A and satisfies
(A—AD¢=0. Then we have

02 0?
i) ?‘“1228 q2) Ap=0

99

sz
99
ax1
99
ax2 Xy =1y

_ 99
Bxl

=0
X, =0

=0 9)

x =1

=0

=0

x =0

for which the solutions are easily shown to be

@0, olx 1, x)=1

Bo.n,(51, 30) = 2008("2 ;) , 1, =0, mp2 1
2

B o051, ) = V208 x)) , 7y 2 1,y =0
1

i T
¢”1, nz(xla XZ) = ﬁCOS(ll—lxl)ﬁcos (EZZZ_XZ)

n 21, ny,21

(10)

Therefore for every (n, ny)e NXN, ¢, ,, is an eigen-
vector of A. It is straightforward to prove that the set
{®n,, n,l(n1, ny)e NXN} forms a complete basis in Z.

(ii) First of all, for every ze Z, the operator T(¢) de-
fined by

A

T()z = @ bun) € bun, (A1)

(nl,nz)eNxN<

is the analytic semigroup that A generates on Z.
Secondly, we want to find the appropriate @ and
G(w). For any w>a@y, the growth constant of T(z),
define the convenient symbol f,(x)=[G(@)u](x). Then
the equation AG(@)u=wG(w)u can be rewritten as
Af(x)=af,(x), which suggests we examine

Jx) = [G(@)u](x)

w ﬁx

=c,(t)eV 1 1 +cy(e VT
g _J e,
+cyne’ 27w e V2

for some ¢,(7), iel, independent of x. Substituting

the above expression into the other requirement that
G(w) must satisfy, i.e., HG(w)u=u, yields the condi-
tions for the functions c;(¢)’s:

1

——=u;(2)
/ @
O _|”V an

N ~Vazh||e®| | — L

N

an

(12)

2 P ‘*1—"‘2@)
eV;’I _;E“ !cl(t)}_ @

_ ap
1 -1 cy(t) ~1—u4(z‘)
N
SV oay
(13)

These two sets of linear equations in ¢;(¢)’s allow us
to express ¢;(f)’s in terms of u;(¢). For the sake of
notational brevity, we write

c (=0 (1) + 00y 414(E)
Co(B)= 0019 (1)+ 0nauta(t)
c3(t)=0t 111 (D)+0t33u5(1)
ca(B)=01u (1) +03us(t)

where o;’s are constants depending only on ayy, ax
and . Thus we have

[GW) = (e’ = +ape ¥ Yy

(4} w
an @ *
+ (0,e + oczze )uz(t)
o . o .
+ (age’ 7 g a43e a7 Yus(2)
w ()
a_[ X] — a—]; X
+ (ae + Oe Juy(2)

With this explicit expression of [G(w)ul(x), we are
able to expand it with respect to the basis {¢, ,,}.
The result is written as

[G{@)u](x)

=L X, 800,90 n s+ X 87 o8, o0e1)]ier(0)

H Z, 83000 GO B o8, o0 Tta(®
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This is a full characterization of the operator G(®),
with which the boundedness property can be easily
derived. Finally, since R* is a finite dimensional space
and G(w)e B(R*Z), J(G(w)] is also finite dimensional,
which means that at least =0 is such that [G(w)]
cD[(wl-A)*]=Z. This completes the proof. |

After establishing that under the assumptions,
(4) with (5)-(8) is a general boundary input system,
we quote the following Theorem to obtain a model
with a more familiar appearance. The symbols in-
herit those defined before.

Theorem 2: (Hinata, 1999; Inaba and Hinata, 1993)
For a general boundary input system (4), if we de-
fine Zy=Z, Z,=D(A), the interpolation space Z =~

D[(wI-A)*], and operators A ;DA )=Z ,Z , \—Z .,
and B BR*, Z,_)), respectively, as

A z=[(0l-4)* """ A(0l-A)*'z (14)
B u=(0l-A ,)G(w)u (15)

then the system model (4) is equivalent to

% = A,2(f) + B u(?)
(@) = Cz(1) (16)
z2(0) =z,

Note that since C is a bounded linear operator de-
fined on Z, we can get the same output y(t) as CZ(t)
here.

The model (16) provides a description of the sys-
tems to be studied without explicit formulation of the
boundary conditions, and facilitates the development
of observer-based feedback controller design
methods. In fact, if we continue to utilize the analy-
sis results presented in Theorem 1, we even have se-
ries expansions of the operators A, and B,

Corollary 1: Let u, ,,=@—A4,, ,, then we have the fol-
lowing expansion

Z[x= {Z é/nl,nngnl,nz

T () ENXN

(U . Ln )P <o) (17)

(ny,ny) eNxXN

AaZ— Z /lnl‘nzgnl,n2¢nl,n2

T npn) ENXN
Vs 3 e eZa (18)

Bau =( E ,Uo,nzgtl),nz%, nz)ul(t)
ny,eN
+ (2, 082, 0P, 0)io(t)
nyeN
+ ( Z IUO, nzg(3), n2¢0,n2)u3(t)
ny,eN

+( 2 fhn, 087,00, 01(®) , Yue R (19)
n|e

To simplify the notation of B,u, we define l//jl
and &', iel, directly from Corollary 1 as

Bu= (n %N 'I’rllzfpo,nz)“l(’) + (nE'N ‘I’3n2¢0,n2)”3(t)

* (n 2EN vlﬁﬂ)ﬂlﬁ)uz(r) * (nEIN v/"1|¢n1,0)u4(t)
(20)
= D' (O+D U +D us(D+bug(t) (21

At the end of this Section it is mentioned that
due to part (i) of Theorem 1, the systems studied here
are called spectral systems (Curtain and Zwart, 1995)
when they are described by (16).

IV. OBSERVER-BASED
FINITE-DIMENSIONAL CONTROLLERS

In the distributed parameter systems described
by (16), note that B, and C are bounded operators.
By Eq. (18), it is not difficult to check that eigenval-
ues of A, are also 4, ,,, (n1, n,)e NxN, which are all
real and non-positive. Now re-label eigenvalues
An,, n, @s distinct 4; for i=1, 2, ... such that 4,<4; for j>
k, and let the eigenfunctions of A, corresponding to
the distinct eigenvalue A;, i=1, 2, ---, be denoted by
Tij» j=1, ---, m;. The set {7yli=1, 2, --- and j=1, -,
m;.} still forms a basis of Z,. For a pair of positive
integers [<n chosen in advance, define the projection

nom
PnZ = ,-;1 ng <Z, TU>ZTU
Qn=[_Pn

and the quantities zij=<z, T"j>z’ Zf(O=[z; - Zim,]>

ni=0z{(t) - zf (O], ni=[z{., () - zF (D], A=
diag(Ady, -+ Aidy), Ay=diag[ A1y, - A0y ), b=

[<b1’ Tif>z

- Bl ), Bj=[B[,, (1) - B, ()], cf=(c\(x), 7;) ,

- (b%7;), 1, BI=[bY, - b7, 1, BI=[B] (1)
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L.l
Ci1 Ci

P
¢i ¢

Cy=[C, - €, Co=[Cy, | - C,], and 8,&=[(Q,c1, §),
<anp, §>Z]Tfor £ 0,(Z,). To meet the subsequent
need, it is further assumed that the pair (A, By) is
controllable and the pair (A;, C;) is observable, which
is equivalent to assuming that rank(B,)=m; and rank
(C,)=m;. With all these definitions and assumptions
we can construct a finite dimensional subsystem

7, =AM + Bu(?)
M2 =A,1, + Byu(?) (22)
y(t) = Clnl(t) + C2772(t) + SnQnZ(t)

of the system (16) (Sakawa, 1983). Based on this
subsystem it is possible to construct a finite-dimen-
sional observer

Vl :Alvl +Blu(t) +G1(y""G1V1 —C2V2)

23

and to consider an observer-based state feedback con-
troller

M=F1V1(I) (24)

where Fy and G are constant matrices of appropriate
dimensions, and need to be determined. The follow-
ing Theorem, which is a summary of the results in
(Sakawa, 1983), gives a set of conditions for design-
ing the observer-based controller (23) and (24) to sta-
bilize the system (16).

Theorem 3: (Sakawa, 1983) Consider the system (16)
controlled by the observer-based controller (23) and
(24). Define the matrix and the operator

A, = Al BlFl
H71G,Cc, A, -G,C,+BF,
and
0 0 0
B={0 0 G, (25)
0 9B F, 0

respectively. Suppose I, n, F1, and G| are chosen

such that ||e*||<Me” for all t with some M>1 and p
<0, and A, <0(A11)<p+M||B|l<A1.1<0, where o(-) de-
notes the largest real part of all eigenvalues of its
argument matrix, then the overall closed-loop sys-
tem is exponentially stable. Moreover, 4,1 becomes
more negative and ||B|| becomes smaller when n
increases.

V. SUB-OPTIMAL CONTROLLER DESIGN

In this Section, we give the following control-
ler design procedure to determine the two matrices
F| and G;. First, we find F;| based on linear qua-
dratic optimal control. For the finite dimensional
subsystem described by

M =A4An +Bu() (26)

consider the performance index

V2= | wRu+ nign 27)

It is well known (Anderson and Moore, 1990) that
given every pair of positive definite weighting ma-
trices @ and R, a stabilizing state feedback law u(z)
=Ff111(t) may be found for the subsystem (26) by
minimizing the performance index (27), where Fl*:
—~R'BTP and P satisfies the finite dimensional
Riccati equation

PA +ATP-PB,R'BIP+Q=0 (28)

Furthermore, the minimal value of the performance
index (27) corresponding to the control law u(#)=

Fymy(2) is
. j " nTQ + FTRF)n,at (29)
0

The matrix G, can also be determined with this ap-
proach by considering the pair {A7, —CIT}. To fit our
purpose, the weighting matrices should be selected
to produce F; and G, which satisfy the conditions of
Theorem 3. This is always possible, since the eigen-
values of A, are the union of those of A|+BF; and
A -G ,Cy, which may be adjusted by properly setting
the weighting matrices to get the appropriate o(4;),
p, and M. Besides, a larger integer n may be used
when necessary.

However, in this paper we are not only con-
cerned with the overall system stability, but also the
overall performance. Notice that the minimal value
(29) of the performance index corresponds to the state
feedback u(t):anl(t), but the actual control signal
here is the observer-based state feedback u(f)=
Ff v1(#), which is much easier to implement than
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u(r)=F; 1,(¢). Tt is interesting to estimate that with
the more practical control law, to what extent will
the performance index degrade. Thus consider the
same performance index

7= L n7(@ + F{'RF})n,dt (30)

where the state trajectory n;(-) corresponds to u(¢)
=Fik v1(¢) rather than u(t):Ffm(t). Below a Theorem
provides a bound on the difference between V" in (29)
and V in (30).

Theorem 4: Consider the system (16) controlled by
the observer-based controller (23) and (24) with ini-
tial conditions v1(0)=0 and v,(0)=0. Suppose the con-
ditions in Theorem 3 are satisfied. Decompose the
matrix Q+FfTRFf as D™D, where D is a symmetric
matrix. Let F=A;+p

A,=l0 0 G, (31)
0 QB F, ©

M =M||'A\||, ko=IG11Il|C2lllIzoll, P0=P2||Zol|2[k0(ﬁ+_7
+P) (241 1=ko)=Apy M (M +1)], qo=2A;, 1M M
(M+7)(M +7)2p+7). Then we have |V'-V|

<Dl / 22 .
do

Proof: The states 71y, v{, and @,z of the overall closed-
loop system satisfy

(9
Lyio-mo
Q,2(t)
A +BF,  BF 0 m@®
= 0 A -G, € GS,||vi()-m®
0 0.B,F, AQ, || 2.0
0
+|G1Cre42[15(0) - v,(0)]
0
or more compactly
a(t)=(Ap+ ADa) + Y1) (32)

where

m
o=V —-1n

0.z

A, +BF/ 0 0

0 0 AQ,
~ 0
(1) = | G, Coe2[1,(0) - v,(0)]
0

Consider the approximate system
(1) = A a0 + W) (33)

and the space Z =R"“®R"®Q,Z, where @ =
!

A (7~ (2,977 and lo=2X m. For w=
o] o o]’
) ) 2 e
0@ st | @2 o +] @3]; - Also define D =diaglD

00leB(Z, Z). Thus we have

€7, define the norm on Z as || a)||7=

V2= J T oTOD D adi = f 1D aw |
0 0
=Lm | DAy @) |t (34
Observe that

\72=L°° | D oo | de 35)

is the performance index of the closed-loop system.
Introducing the norm for square integrable signals

defined on Z as || . ||L2(—Z—)={LN “ . ”%dt} 12 and taking
advantage of its associated inequality “] o) ||L2(7) -

| @, "LZ('Z)‘S“ Oy — 0y “Lz('z“)’ we get

_“ fa)”Lz(f)

v'-vl|IDal,

= {F | Do~ &) “Z?dt}l’z (36)
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Now, let To(#) and T'(¢) be the semigroups generated
by A, and A+ A, respectively. The solutions of
Eqgs. (32) and (33) can be represented, respectively,
as

axt) = Ty w(0) + L r Tyt — DY(n)dt

&) = T\(00) + [ 7.~ Diods

Then we have the inequality

l@-o0|. <|@-1)0], o]

B(Z)
+ fot ” (T, T))t— 1) "B(_Z_)
(37)

where B(Z)=B(Z , Z ). By the conditions of Theo-
rem 3 and the boundedness of ‘A4, ’ Ty “B(T)SMe’”

and” Ty - T HB(T)SMe”’(eM”E”?h1). Moreover,

since | e |<e* and v;(0)=0, v,(0)=0, we have

|50 | <] G, || ¢, ]

bounds into (37), we obtain the following inequality

Zg “ Substituting these upper

l@-o0],

— t —
< Mer (eIl g~ 1) 20| + f MepMIEll0-9_
0

|Gl €] ez Jde

Then by a lengthy but direct computation, we finally
have

f:!’(a}—@)

which gives

[v-v]<|p}/ B (39)

and finishes the proof. |

2 Po 3
< LY
—dt< 7 ( 8)

VI. AN EXAMPLE

Suppose ;=1 and l,=1, i.e., Q={[x; x,]"0<x;<1,
0=x,<1}. Consider the distributed parameter system
described by the following mathematical model

oo

%t %) _ 9° 2%
of o} 0x3

- Lm|, =

2(t, x) + =<=z(t, x)

2],y =)
(%), =0 (40)
-t m], =0

72(0,x)=2, Vxe Q
¥i) = f 0.1 sin(x; + x,)z(t, x)dx,dx,
Io)

For this system, ¢, ., in Theorem 1 may be expressed

as

o, 0(x1, xp) =1

Po, n, (X1, Xp) =H2c08(ny7xy) , My 2 1

By, o(x1, Xp) =2cos(ny7x,) , ny 21

B, (K15 Xp) = V2 c08(n 7x; W2 cos(n,7x,)
nzl,n,21

(41)

Note that in the above expressions the amplitude of
®n, 0, 18 scaled for convenience, but it is easy to check
that Ay, 4, =An, n,0n n, Where A, , =—(n}+n3)7’. Also,
for this system wy=0. We choose w=1, and G is thus

[G(1)u](x)
X 2-x 1+x I-x

= (IIEN g(l), n2¢0, nz)ul(t) + (n ]ZEN g%l, O¢"l’ O)Mz(l)

where

1 n,=0

86,1, = . (42)

2

1 +n3z? np21
1 nl =O

gr 0= . : (43)
(=1)"w2
1 +nin? n 21

Now re-label eigenvalues 4, ,, as distinct A; for i=1,
2, ... such that A;<Jy for j>k. Here the first three dis-
tinct eigenvalues are 1;=0, A,=—7% and A;=—27°. The
eigenfunction corresponds to A; is 7;;=1, those to A,
are Tp;=v/2 cos(7mx,) and T»,=v2 cos(7x,), and the one
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T,

Fig. 2 Controlled state response at =0.3

to A3 is 73;=v2 cos(7mx,)¥2 cos(nx,), which imply
m=1, my=2, and ms=1. Our controller design starts
with the choice of =1, n=2,

A=[0], Bi=[1 1], C,=[0.7736] (44)
and
_|-= 0 _|lo -v2
Ay = 0 -a2|° B2~[«/7 0 ]
C,=[-0.145 —0.145] (45)

After some trials, the weighting matrices Q and R are
selected to be

Q=[12] and R = [0(-)1 N ] (46)

which gives

_[~7.746
F= [— 7746

(47)

The observer gain is similarly set to G;=20. Thus,

Fig. 4 Controlled state response at t=1.0

we have o(A;)=—15.472, ||e*"]|<5.3¢ '¥=Me”" and
||B||<0.567. At this point, we check the conditions
of Theorem 3 and get

—2m=A3<0(A 1) <p<p+M||B||<A=—7" (48)

Therefore, the observer-based controller

vi=[1 1Ju+20(y — 0.7736v,— [ - 0.145 —0.145]v,)

-7 0 _
_|=7.746
= [— 7.746]VI

(49)

makes the overall closed-loop system exponentially
stable. Furthermore, since || A,]|<15.49, by Theorem
4 we can get the bound |V'-V|<0.49 with V'=3.0984.
Fig. 1 to Fig. 4 show the simulation result of the con-
trolled state function z(z, x) at r=0.1, 0.3, 0.6, and
1.0, respectively. Clearly the closed-loop system is
exponentially stabilized by the boundary control.
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VII. CONCLUSIONS

A systematic method is proposed for finding a
sub-optimal boundary controller for a certain class
of distributed parameter systems on a planar domain.
The controller is finite dimensional and observer-
based, so it is easy to implement. An example with
simulation results is given. With the first part of the
proposed systematic method, it is believed that many
other finite dimensional control laws can also be
adapted for distributed parameter systems.
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NOMENCLATURE

B(X, Y) The space of all bounded linear operators
from the space X to the space ¥

DA) The domain of an operator A

I The identity matrix or identity operator

I The set of {1, 2, 3, 4}

JA) The range of an operator A

K(A) The kernel of an operator A

N The set of nonnegative integers

n; The outward unit normal vector on [}

R The set of real numbers

R’ The vector space of /-tuple vectors with el-

ements from R
() The analytic semigroup generated by the

operator A

u; The ith control input

V2 A performance index

x A vector in R? with the coordinate vector
[xy %207

Z Ly(€), the Lebesgue square integrable func-
tions defined on the domain Q

Z, The interpolation space D[(wl-A)%]

z(+, *) The state function of the system to be con-
trolied

0Q The boundary of the domain Q

I; The ith boundary line of the domain Q2

Q A planar domain on R?

wo The growth constant of T(-)

(-, ~>Z The inner product function defined on Z
Il Norms of matrices and operators
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