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The traditional ball-type automatic balancer consisting of several
balls moving on a circular orbit is widely used in the optical disk
drive industry for vibration reduction. Under proper working con-
ditions, the balls can counterbalance the imbalance of a disk by
positioning to appropriate angles relative to the mass center of the
disk. This particular equilibrium position is referred to as the
perfect balancing position. The proper working conditions are
closely related to the stability of the perfect balancing position,
which, in turn, depends on the parameters of the system, such as
rotational speed, imbalance ratio, and damping ratios. To achieve
perfect balancing, the system parameters must lie in the stable
region of the perfect balancing position in the parameter space.
An automatic balancer with a wider stable region can tolerate a
larger amount of variations in the system parameters and hence is
more robust. In this study, we propose a modified ball-type bal-
ancer composed of several ball-rod-spring units. In each unit, the
ball can slide along the rod while the rod rotates freely about the
spindle. The ball’s displacement along the rod is restrained by a
radial spring. The additional degree of freedom in the radial di-
rection could broaden the stable region of the perfect balancing
position. To understand the fundamental properties of the modi-
fied balancer, we studied the dynamic characteristics of a modified
balancer with one ball-rod-spring unit. Specifically, we built a
theoretical model for an optical disk drive packed with the modi-
fied balancer, and investigated how equilibrium positions and the
associated stability are related to primary system parameters and
the effects of the stiffness of the radial spring on the stable region
of the perfect balancing position. Numerical results indicate that
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the ball-rod-spring balancer may possess a larger stable region of
the perfect balancing position compared to the traditional fixed-
orbit balancer. [DOI: 10.1115/1.2748462]

1 Introduction

Ball-type automatic balancers can effectively reduce the imbal-
ance vibrations of the optical disk drives and have been investi-
gated by many researchers [1-11]. The most popular ball-type
automatic balancer used in the optical disk drive industry is com-
posed of several balls moving along a fixed circular orbit. For the
convenience of discussion, this kind of balancer is referred to as
the fixed-orbit balancer. Under proper working conditions, the
balls will move to specific equilibrium positions where the imbal-
ance vibrations are totally suppressed. These equilibrium positions
are called the perfect balancing positions, and their stability char-
acteristics dictate the proper working conditions. The primary sys-
tem parameters that govern the stability of the perfect balancing
position are the ratio of the disk speed to the natural frequency of
the system, the ratio of the imbalance of the balancer to that of the
disk, and the respective damping of the suspension and the bal-
ancer [5-8,10,11]. The stability of the perfect balancing position
of the fixed-orbit balancer with one ball [4,8,11] and two balls
[5-7,10] have been examined extensively, and the corresponding
stable regions on the parameter plane were identified. In order to
suppress the imbalance vibrations, the system parameters under
working conditions must lie in the stable region of the perfect
balancing position. A large stable region indicates more tolerance
to the variations of the system parameters and, hence, a robust
performance. An interesting question arises if the stable region
can be broadened by relaxing the constraint that the balls can only
move along a fixed circular orbit. To answer this question, we
propose a modified balancer in which an extra degree of freedom
is introduced to the balls. The modified balancer is composed of
several ball-rod-spring units. Each unit consists of a ball sliding
along a rod that rotates about the spindle. The motion of the ball
along the rod is restrained by a linear spring. The results of pre-
liminary numerical analysis indicate that the ball-rod-spring bal-
ancer possesses lower critical speed compared to the fixed-orbit
balancer [12]. The aim of this paper is to systematically investi-
gate the dynamic characteristics of the ball-rod-spring balancer.

It is well known that at least two balls are required to automati-
cally counter-balance arbitrary amount of imbalance. For an auto-
matic balancer with two balls, the equilibrium positions of the
balls can be classified into three different types: (i) the two balls
stick together; (ii) the two balls stay respectively on the two ends
of a diameter; or (iii) the two balls separate at a specific angle. For
each type of equilibrium position, the two balls can be replaced by
a single ball of proper mass. In this case, the two-ball system is
equivalent to a one-ball system [4,8,11]. As a result, the amplitude
of vibration of the two-ball system can be determined from the
formula of the one-ball system by substituting a proper value for
the imbalance ratio. Moreover, it can be shown that the equilib-
rium position of a two-ball system is unstable if the corresponding
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Fig. 1 Schematic diagram of the balancer-rotor system and
rotating reference frame

one-ball system is unstable. Therefore, the analysis of a one-ball
system not only greatly reduces the algebraic work but also pro-
vides valuable insight into the properties of the two-ball system.
To further understand the fundamental dynamic characteristics of
the modified balancer without heavy algebraic work involved, we
studied a modified balancer with one ball-rod-spring unit. This
paper describes the results of the study. It first shows the dynamic
model that we developed for an optical disk drive equipped with
the modified balancer. Then the nonlinear governing equations are
derived from the Lagrange’s equations with respect to a corotating
coordinate system. After that, the formulas of the equilibrium po-
sitions are presented and the stable region of each equilibrium
position in the parameter space is identified numerically. Finally,
the stable region of the perfect balancing position of the ball-rod-
spring balancer is compared to that of the traditional fixed-orbit
balancer.

2 Mathematical Model

Figure 1 shows the schematic of the ball-rod-spring balancer
and the reference frame. Each ball-rod-spring unit consists of a
ball sliding along a rod that rotates about the geometric center C
of the disk. The motion of the ball along the rod is restrained by a
radial spring with stiffness k;, and unstretched length a. The disk
with mass m, rotates with a constant angular velocity w. The mass
center G of the disk is located at a distance e from the geometric
center C. The suspension system is isotropic and can be charac-
terized by equivalent linear springs with stiffness k£ and viscous
dampers with damping constant c¢. When the disk is at rest, its
geometric center C coincides with the origin O and the suspension
springs are undeformed. The xy reference frame rotating with the
same angular velocity w as the disk is used to formulate the prob-
lem because the equations of motion expressed in this frame are
autonomous. When the disk is rotating, its geometric center C
undergoes a translational motion in the xy frame. The position of
C is indicated by the coordinates (£, ). The position of the ball is

given by the distance 5 from C and the angle [ relative to the
mass center G.

The equations of motion are derived from Lagrange’s equations
and can be expressed in dimensionless form as

X'+ w{[8 = 8B + Q) cos B-[8B"+ 28 (B + Q)]sin B}
,U«bQZ

+2sx" =20y + (1 - 0Hx—2sQy=0 (1)

V' + A8 = 8B + Q)%]sin B+[8B" + 28 (B + Q)]cos B}
+26y" +20x" + (1= QY)y +25Qx=0 (2)
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w8l (5" +20x" — Q%y)cos B— (x" —2Qy" — O3x)sin B+ 58"
+28' (B + W]+ 25,1,6°B' =0 3)
(2" =2Qy" — O2x)cos B+ (" +20x" — O2y)sin B— 8(B’
+ )2+ 8+ 25,0 + ppf(5—1) + 1,02 =0 4)

where ()" indicates differentiation with respect to 7=w,r and

kyd £ y 5
A= X 3, X=7, y=X, o=
kb—mba) A N A
i N oM 2
a=_, =T, C= Sw,, C;,=2mS,w,
N N b bSh
k kb my,
w, = _, w;, = _, =
n \/M b m, Mp M
my\ 0} w,
p=", Q= = (5)
mge w, w,

in which M is the total mass of the system. It is worth noting that
\ is the steady-state length of the radial spring k;, when the system
is perfectly balanced, # the ratio of the imbalance of the balancer
to that of the disk at steady state, () the ratio of the rotational
speed of the disk to the natural frequency of the system.

3 Equilibrium Position

The first step in analyzing a nonlinear system is to identify the
equilibrium positions. The equilibrium positions, denoted by X, ¥,

B, and, & can be deduced from Egs. (1)—(4) by suppressing the
time derivatives and solving the resulting algebraic equations,
(
~ ~ 02
(1-0%)% =205 — u, 602 cos B - K

=0

{ 2605+ (1 - 02§ - w,60% sin B=0 (©6)
1w, 00 (Tsin B—F cos B) =0
- w3 (% cos B+ sin B) + wy(F2— QD) (5-1)=0

To solve Egs. (6), we introduce the polar coordinates

F=Fcos 6, y=rsin [
and rewrite Egs. (6) as
(
2

~ ~ ~ ~ QO
(1 -Q*7Fcos 8- 2507 sin 6 — u, 50> cos B— al

=0

< 2607 cos 6+ (1 — Q)7 sin - w, 0% sin B=0 (7)
1,007 sin(B— 6) =0

- P«szFCOS(E— 5) + ,u,b(fz - Qz)(g— 1)=0

Equation (7.3) admits three solutions: 7=0, B=0, and B=6+.
Equilibrium positions associated with these three cases of solu-
tions and the conditions under which they exist are discussed
separately below.

(i) 7=0. In this case, the system is perfectly balanced and has
no residual vibration at steady state. Substituting 7=0 into Egs. (7)
yields

Msz
i

— w807 cos B=

,u,,EQ2 sin E =0 ®

m(f = Q) (E-1)=0

whence
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5= n=1 and B=m
The above results indicate that perfect balancing is possible only
if the balancer has the same imbalance as the disk and the ball is
located on the opposite side of the diameter passing through the
geometric center of the disk at steady state.
(ii) Bz 8. Substituting ,g’z 6 into Egs. (7.1) and (7.2) gives, after
some rearrangements,

~ 02 cos 0
—[(O02 - D)F + 502 = FE2 227
O’ sin 4
-2{Qr= B 227
By squaring and adding, we obtain the two possible solutions as
1 [
~ } =Rys(= 17 p = \Dyg) ©)
T2
where
Qzﬂvb(fz -0
Rys=—————— and Dys=p°+q¢°—7°¢* (10)
BT+ ) v

in which p and ¢ are functions of () as defined below
p=(F-0H(Q*-1)+Q%, and ¢=2sQ(fA-Q% (11)

The corresponding 6 and & are determined by

f=tan™! 2507 - (12)
(Q2=1) -7+ u, Q%6
~ Q%
o6=1 +]T()2 (13)

Note that 7 and & should be real and non-negative. Since 5>1 if
7=0, we only need to consider the conditions under which 7 is
non-negative. The results are summarized as follows:

7]cr2< 7/<1

7,=0 and &,;=0 if

0<np<mn, for 0<Q=<Q,
7, =0 if { = et !

14
0<np=<l1 for Q. <Q<f (14
F,=0 if 1<sp<mn, and 0<Q=<Q, (15)
where
p 2
Der = 1+<—> =1 (16)
q
2h 1 =N+ D)2 =401 = ) f?
0, _ \/f TR (AT,
2(1 = pp)

(iii) B= 6+ . Substitution of B= 6+ into Egs. (7.1) and (7.2)
gives, after some rearrangements,

Q0% cos 6
n

- [(Q2 - 17— ,U«bgﬂz] =

2= 1, Q% sin 6

Eliminating 6, we obtain the two possible solutions as

)|

o Rys(7+p £ \Dys) (18)
2
The corresponding 6 and & are determined by
- 260 -7
f=tan”! S — (19)
(Q>—1) 7= u, 026
< OF
o=1- ]TQZ (20)

Note that & may be negative even when 7 is positive. Therefore,
besides 7=0, we also need to derive the conditions for 5=0. The

conditions under which 7,;, 75,, and the associated &’s are non-
negative are summarized as follows:

for 0<Q=<Q,,

Der < W< N for Q<O <1 and Pyg=0 (21)
Ner2 = 77$ Terl for 1<Q <f
S P=< 7y for Q<O <1 and Pyg>0
and Ppyg=<0
NS (22)

1
7,=0 and 5,=0 if {1<7n<mn, for Q,<Q<I
1

= ”S Mer1

7y does not exist for 0<Q <,
in which
Pys=p(f* = Q)(Q* - 1) +4’ (23)
Q*u,
Ner2 = L (24)

(fz _ QZ)\(QZ _ 1)2 + 4§292

Figure 2 is a typical plot of the regions of existence of the equi-
librium positions on the 7—{) plane. The results indicate that at
most two equilibrium positions may exist at a fixed rotational
speed.
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4 Stability

The behavior of a nonlinear system depends on the stability of
the equilibrium positions. For an autonomous system, the stability
of an equilibrium position can be determined by the eigenvalues
of the associated linearized equations. To avoid the burden of
determining the eigenvalues accurately, the Routh-Hurwitz criteria
[13] are used to study the stability of each equilibrium position
with the variations of some important system parameters.

Figure 3 shows the stable regions of the equilibrium positions
on the {—() plane for >1. In the triangular shaded area, no
equilibrium positions exist. Although Fig. 2 indicates that, for a
given value in the range 7> 1, both 7}; and 7, exist if the rota-
tional speed is less than a critical value, only 7}, is stable. Simi-

Transactions of the ASME



f£=51,=01 ¢=01
5 : :

No Fixed
Point

Mo

B I

Fig. 2 Regions of existence of the equilibrium positions

larly, although 7,; and 7, both exist when the rotational speed is
above a critical value, only 7, is stable. In Fig. 3, the equilibrium
position 7} is stable between the vertical axis and the left bound-
ary of the shaded area. The dashed lines to the right of the shaded
area are the boundaries of the unstable region of 7, for different
values of ;. For a given value of }, 75, is unstable below the
associated dashed line. For example, at point A (2=1.25, {=0.1),
the equilibrium position 75, is unstable for {,=0.2, but stable for
{,=0.5.

Figure 4 shows the stable regions on the {—{) plane for n=1.
The equilibrium position 7; is stable for Q<Q_(=1). For Q
>(),,1, the only possible stable equilibrium position is the perfect
balancing position, denoted by 7=0. The dashed lines are the
boundaries of the unstable regions of the perfect balancing posi-
tion for different values of ;. For a given value of ¢}, the perfect
balancing position is unstable in the area enclosed by the corre-
sponding dashed line and the horizontal axis.

The stability diagram for <1 is shown in Fig. 5. For <1, as
indicated by Fig. 2, two equilibrium positions, 7}, and 7,;, exist.
Among them, 7 is always unstable; the only possible stable equi-
librium position is 7. In Fig. 5, the dashed lines are the bound-
aries of the unstable regions of 77 for various values of ¢,. Inside
the area surrounded by the dashed line and the horizontal axis, 7|,
is unstable.
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Fig. 3 Stability diagram on the {-Q plane for »>1
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Fig. 4 Stability diagram on the {-Q plane for =1

Among all the equilibrium positions, the perfect balancing po-
sition is of the most practical interest. A balancer with a larger
stable region of the perfect balancing position can tolerate a larger
amount of variations in the system parameters. We thus proceed to
study the effects of the additional degree of freedom in the radial
direction on the stable region of the perfect balancing position.
For the ball-rod-spring balancer, since the distance between the
ball and the geometric center of the disk changes with the rota-
tional speed, 7=1 only at a particular value of (). In other words,
perfect balancing can only be achieved at a particular rotational
speed. Hence, we would like to study the stability of the perfect
balancing position at a fixed rotational speed. Figure 6 shows the
stable region of the perfect balancing position on the {- ¢, plane
for different values of f. The dashed lines are the boundaries of
the stable region for the specified values of f. The perfect balanc-
ing position is stable in the area above and to the right of the
dashed line. As can be seen from Fig. 6, the stable region of the
perfect balancing position increases as the value of f decreases.
Note that f is the ratio of the natural frequency of the ball-rod-
spring unit to that of the system. A large value of f, say f=100,
indicates a very stiff radial spring. In this case, the radial displace-
ment of the ball is negligible and the dashed line of f=100 ap-
proximates well to the boundary of the stable region of 7=0 of the
fixed-orbit balancer. Since the stable region of f=6 is relatively
larger than that of f=100, we can conclude that introducing the

=5 =08 pn,=01

0.15 T
G, =01 ~
0101 :,r'c;b =02
C.: Stable region | ; -
G) fe =05%
0.051 b
Unstable
region
0.00 : :
0.0 0.5 1.0 1.5

Q

Fig. 5 Stability diagram on the {-Q plane for 5<1
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Fig. 6 Stable region of the perfect balancing position on the
{p— ¢ plane at a constant rotational speed for different values of
f

radial degree of freedom may broaden the stable region of perfect
balancing position if the design parameters are properly chosen.

5 Conclusion

This paper proposed a modified ball-type balancer that consists
of several ball-rod-spring units rotating about the spindle freely. In
the modified balancer, the ball cannot only move circumferentially
around the spindle but also slide radially along the rod. The mo-
tion of the ball along the rod is restrained by a spring. The dy-
namic characteristics of the modified balancer with a single ball-
rod-spring unit were investigated in detail, and closed-form
formulas of the equilibrium positions were presented. The exis-
tence and stable regions of each equilibrium position in the pa-
rameter space were identified. It is found that there is, at most, one
stable equilibrium position at a given rotational speed. The effects
of the stiffness of the radial spring on the stable region of the
perfect balancing position were examined. Numerical results indi-

524 / Vol. 129, AUGUST 2007

cate that the modified balancer may possess larger stable region of
the perfect balancing position compared to the traditional fixed-
orbit balancer. Since it takes at least two balls to suppress rota-
tional vibrations due to arbitrary amount of imbalance, further
study of the dynamic characteristics of the modified balancer with
two ball-rod-spring units is required and is currently underway.
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