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Abstract  

This project is to study some problems based on the classical discrete time surplus process, in which 
the premium received in each period is assumed to be a constant. We will apply the Buhlmann 
credibility theory to calculate the so called Buhlmann credibility premium as the renewal pure premium 
received in each period. With the dynamic premium scheme, we want to calculate the probability of ruin, 
the probability of ruin before and at time n, etc, by Monte-Carlo simulation. Then, we compare each of 
these quantities with corresponding one calculated based on constant premium acheme, interpret the 
difference, and investigate some problems like can the dynamic premium scheme significantly reduce 
the probability of ruin?

 

etc.     
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Consider the surplus process of the insurer at time n, n=0, 1,2, 

 
in the classical discrete time risk 

model,   

(1)                            ,nn ScnuU

                                   

where u = U0 is the initial surplus, c is the amount of premiums received each period and Sn is the sum 
of all the claims in the first n periods. We also assume that   

(2)                           ,21 nn WWWS

  

where Wi is the sum of the claims in period i and W1, W2, K Wn are independent, identically distributed 
random variable. Moreover, c= (1+ ) E[W], where W is a random variable distributed as the Wi and 

 

is 
the relative security loading. Let T=min{n:Un<0} denote the time of ruin (T=

 

if Un 0 for all n), and 
let (u)=Pr{T< Û}denote the probability of ruin in this context. Obviously, (u) is decrease in u.  

From equations (1) and (2), for n = 0, 1, 2, , we have the following recursive formula:  

(3)                            ,11 nnn WcUU  

with the initial value U0 = u. Note that the amount of premiums received each period is a constant c. If 
we let the amount of premiums received in period (n+1) be cn+1, then equation (3) becomes  

(4)                           ,111 nnnn WcUU n=0, 1, ...  

The determination of cn+1 is based on the Buhlmann ¦ s model of credi bilit y t heory. The i dea i s t hat t he
renewal premiums charged in casualty insurance are usually based on past experience. We want to know 
by Monte-Carlo simulation whether this dynamic premium scheme can significantly reduce the 
probability of ruin when compared with constant premium scheme.   

We want to estimate the expected value of the random variable Wn+1 for period n+1, given the 
realizations W1=w1, W2=w2, K Wn=wn, for the n prior periods. The expected value is denoted by 
E[Wn+1| W1=w1, W2=w2, K Wn=wn]. We make the following assumptions:  

I. For j=1, 2, K, n1, the distribution of each Wj depends on a parameter . 
II. Given , the random variables W1, W2, K Wn+1 are conditionally independent and identically 

distributed.  

Define ( ) = E[W,j | ] and ( ) = Var[W j | ]. Let  = E[ ( )] denote the overall hypothetical mean, a 
= Var[ ( )] denote the variance of the hypothetical means, and  = E[ ( )] denote the expected process 
variance. Then the overall hypothetical mean  = E[ ( )]= E[E[W,j | ]]=E[W j], the Buhlmann ¦ s
credibility factor is Z=n/(n+ h/ ), and the point estimator of the conditional expectation of ( ) is (see 
Klugman, Panjer and Willmot (1998)). 
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where 

n
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1

1
is the mean of the previous observations. That is, the point estimator of the 

conditional expectation of ( ) is a weighted average of the sample mean and the hypothetical mean.  

Also,                 
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Thus, cn+1== (1+ ) ],,,|[ 2111 nnxn wWwWwWWE .  

Now, if we assume the claim size is Exponentially distributed, and the number of claim in a period 
follows the Poisson distribution with parameter  (denoted by Poisson( )). We know that if X1, X2, K Xm, 

are identical and independent distribution with mean , then
m

i
iX

1

is a Gamma distribution with 

parameter m and  (denoted by Gamma(m, )). Therefore, we may assume that 

 

follows Poisson( ), and 
given Nthe random variables W1, W2, K Wn+1 are independent Gamma( N). Then ( ) = E[W,j | ]= , 
( ) = Var[W j | ]= 2,  = E[ ( )]= ,  = E[ ( )]= 2, and a = Var[ ( )]= 2. Therefore, Z=n/(n+1) 

and   

(6)          .
1

1
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Note that when n is large, n/(n+1) is close to one, and equation (6) is close to the sample mean W and 
is stable over time. Some casualty insurers only consider the most recent k years of claim experiences to 
renew the premium for the next coming year. In this case, we may apply the same approach of Klugman, 
Panjer and Willmot (1998) to obtain   

(7)          
1

1

1
],,|[ 1 m

W
m

m
wWwWWE mnnhhn

  

where m=min(n, k), h=max(n-k, 0)+1=n-m+1 and ;
1 n

hi
im W

m
W and  

cn+1== (1+ ) ],,|[ 1 nnhhn wWwWWE . Note that equations (6) and (7) are identical when n k.     

To get the numerical results, we perform Monte-Carlo simulation for 1000 times with the assumptions 
=10, =10, k=3, 10 and =-0.05, 0, 0.1, 0.2 (see table 1 and figures 1-4). We also assume that the study 

period is 100, that is, if Un >0 for all n=1, 2, 100, then ruin does not occur for this simulation.   
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Table 1: ruin probabilities Z( u) f or b -0.05, 0, 0.1 and 0.2

   
=-0.05 

u 0 100 200 300 400 500 600 700 800 900 1000 
classical 99.3%

 
95.4%

 
90.2%

 
82.7%

 
71.7%

 
61.2%

 
50.7%

 
40.6%

 
31.8%

 
24.3%

 
16.9%

 
cred 100.0%

 
100.0%

 
95.5%

 
86.2%

 
74.4%

 
62.4%

 
52.1%

 
41.2%

 
28.7%

 
19.2%

 
10.8%

 
cred10 100.0%

 
100.0%

 
100.0%

 
99.8%

 
95.6%

 
79.7%

 
43.5%

 
12.9%

 
2.5%

 
0.1%

 
0.0%

 
cred3 100.0%

 
100.0%

 
100.0%

 
98.9%

 
91.5%

 
70.1%

 
36.9%

 
14.2%

 
2.6%

 
0.5%

 
0.2%

  

=0 
u 0 50 100 150 200 250 300 350 400 450 500 

classical 93.2%

 

85.7%

 

77.2%

 

69.5%

 

60.7%

 

52.7%

 

46.5%

 

39.9%

 

33.9%

 

29.1%

 

24.2%

 

cred 100.0%

 

99.7%

 

90.5%

 

76.7%

 

64.7%

 

54.0%

 

45.6%

 

38.8%

 

31.7%

 

24.9%

 

19.5%

 

cred10 100.0%

 

99.5%

 

93.0%

 

72.7%

 

50.4%

 

28.7%

 

11.9%

 

3.7%

 

1.0%

 

0.2%

 

0.0%

 

cred3 99.8%

 

95.3%

 

79.9%

 

54.3%

 

32.9%

 

15.6%

 

7.3%

 

1.7%

 

0.5%

 

0.2%

 

0.0%

  

=0.1 
u 0 20 40 60 80 100 120 140 160 180 200 

classical 70.8%

 

61.5%

 

50.6%

 

43.8%

 

36.2%

 

30.3%

 

25.3%

 

20.9%

 

17.0%

 

14.6%

 

11.9%

 

cred 93.4%

 

82.7%

 

64.2%

 

47.5%

 

34.6%

 

25.8%

 

19.2%

 

14.2%

 

11.1%

 

8.4%

 

6.1%

 

cred10 89.1%

 

75.1%

 

54.4%

 

38.4%

 

25.7%

 

17.1%

 

11.5%

 

6.3%

 

4.1%

 

2.1%

 

0.8%

 

cred3 79.5%

 

62.8%

 

42.5%

 

27.1%

 

14.7%

 

8.5%

 

5.4%

 

2.6%

 

2.0%

 

1.0%

 

0.4%

  

=0.2 
u 0 20 40 60 80 100 120 140 160 180 200 

classical 51.7%

 

39.1%

 

28.1%

 

20.5%

 

15.7%

 

11.2%

 

8.6%

 

5.8%

 

3.9%

 

2.8%

 

2.1%

 

cred 61.2%

 

42.4%

 

25.9%

 

15.6%

 

9.2%

 

5.6%

 

2.8%

 

1.3%

 

0.8%

 

0.4%

 

0.1%

 

cred10 58.7%

 

40.7%

 

24.4%

 

14.6%

 

8.6%

 

5.1%

 

2.5%

 

1.0%

 

0.7%

 

0.4%

 

0.1%

 

cred3 53.1%

 

35.4%

 

21.2%

 

12.2%

 

7.4%

 

4.4%

 

2.0%

 

0.8%

 

0.6%

 

0.2%

 

0.0%

   

From table 1 and figures 1-4, we observe the following:  

(1) the ruin probabilities based on credibility scheme with m=10 is larger than the one with m=3, 
that is cred10(u) 

 

cred3(u), except very few cases, in which cred10(u) is slightly smaller than 
cred3(u). 

(2) credibility scheme can NOT reduce ruin probability unless when u is large. That is, these exists a 
value u0 such that the ruin probability based on credibility scheme cred(u)< classical(u) for all 
u>u0 and cred(u)> classical(u) for all u<u0. This situation also applies to cred10(u) vs classical(u) 
and cred3(u) vs classical(u). 

(3) cred(u) 

 

cred10(u) 

 

cred3(u) for security loading 

 

0 and almost all of u. For <0, observation 
(2) applies, that is, these exists a value u0 such that cred(u)> cred10(u) (or cred(u)> cred3(u)) for 
all u>u0, and cred(u)< cred10(u) (or cred(u)< cred3(u)) for all u<u0.          
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Fig. 1: ruin probabilities Z( u)for =-0.05
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Fig. 2: ruin probabilities Z( u)for b 0
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Fig. 3: ruin probabilities Z( u)for b 0.1
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Fig. 4: ruin probabilities Z( u)for b 0.2
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I have finished the following tasks as expected:  

(a) apply Buhlmann credibility method to classical surplus process;   

(b) perform Monte-Carlo simulation based on both dynamic premium scheme and constant premium 
scheme to calculate the probability of ruin. We conclude that credibility scheme (a dynamic premium 
scheme) can NOT reduce the probability of ruin, which disagree with out intuition.  
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