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For instance, bacterial DNA, plasmid DNA from
within eukaryotic cells, and most viral DNA, all can
be isolated as a single intact chromosome, is of toroid
shape. DNA condensation in vitro has attracted
much attention in gene therapy.! Within living cells,
DNA is highly condensed in toroidal arrays as com-
pared with free DNA in solution, especially in sperm
cells and viruses where gene transcription is inac-
tive.”* Kong et al.> determined the structure of the
beta subunit in E. coli and found that it was also a
toroid which contained a hole big enough to encircle
double-stranded DNA. They proposed that the beta
subunit acts as a sliding clamp to hold the poly-
merase [II. The toroid shape appearing in organ-
isms, for example of a condensed DNA, is proposed
to be related to the electrostatic charge density and
water activity of the immediate microenvironment of
the double-helix in DNA helix." Anabaenopsis is
another example of toroidal biocolloids.

The boundary effect on electrophoresis has been
studied intensively in the literature. Various types
of geometry have been considered and analytical,®’
semi-analytical,® and numerical results reported.”"
Due to the difficulty involved in solving the govern-
ing equations, analytical results are available mainly
under drastic assumptions such as simple geometry,
low surface potential, and infinitely thin or infinitely
thick double layers. As pointed out by Ninham and
Palrsegian,16 these are idealized, extreme conditions,
and the actual situation is somewhere between the
two. They proposed using a charge-regulate model
where the surface of a particle carries ionizable
groups and the dissociation/association of them
yields fixed charge.  Several attempts have been
made to simulate the behavior of a system containing
charge-regulated entities. "> In this study, a toroid is
of  charge-regulated nature, which mimics
bio-colloids such as cells, microorganisms, and DNA,
and particles covered by a membrane layer, and the

disk may be charged, that is, the effect of EOF can be
significant. We focus on the classic electrophoresis
problem, that is, a particle is driven solely by an ap-
plied electric field. Other possible driving forces,
such as the concentration gradient near electrode sur-
face and related gradient of electric field strength
arising, for example, from surface reactions or depo-
sition of particles,”® are not within the scope of our
analysis.

LA

Let us consider the electrophoresis of a rigid,
nonconducting, toroid (doughnut-shaped) of inner
radius (b-a) and outer radius (b+a) normal to an infi-
nite, conducting disk illustrated in Figure 1. Let / be
the center-to-center distance between the toroid and
the disk. The cylindrical coordinates (7,6,z) with its
origin located at the center of the disk are adopted.
The space between the toroid and the disk is filled
with an incompressible Newtonian fluid of constant
physical properties containing electrolytes. A uni-

form electric field Ey of strength £ is applied in

z
4
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Figure 1. Systematic representation of the problem

the z-direction. Because of the axisymmetric nature
of the present problem only the (r,z) domain needs be
considered. We assume that the toroid moves in a
completely symmetric fashion without rotation. For

convenience, the electrical potential ¥ is parti-



tioned into the equilibrium potential %] arising
from the charge on the toroid and the disk surface,
and a perturbed potential % arising from E,. If
E, is weak and the surface potential is low, then it
can be shown that ¥] and ¥, satisfy

VY = Y, (2)
V¥, =0 3)

wherev? is the Laplace operator, 1 ' is the Debye
length, ¢ is the permittivity, e is the elementary
charge, nj is the bulk number concentration of jth
ionic species, k is the Boltzmann constant, and 1’
is the absolute temperature. We assume the follow-
ing boundary conditions:

n-V'i’lz—& and n-V¥, =0 onsurface (4)
&

l]/l =( w and ¥, =constant at z=0 %)
¥, =0 and V¥, =-Ee_as z—>0 (6)
n-V¥, =0 and n-V¥, =0

as ¥ —>0,z>0 @)

Here, o, is the surface charge density of a toroid,
¢, the surface potential of the disk, n the unit

normal vector directed into the liquid phase, and e,

the unit vector in the z-direction.

Suppose that the surface of a toroid contains
both acidic and basic functional groups, and the dis-
sociation of them can be expressed by
AHoA+H' (8)
QH -Q+H' )

Let K, and K, be the dissociation constants of these
reactions. We have
A7) [H"
kAL )
[AHI,

_[QL[H
[QH "],

where subscript S denotes surface property. If we
let N; and N’ be the total number of the acidic and
the basic functional groups per unit area, then

(1)

b

N~[Al+AH], (12)
N'=QH [+ Qs (13)
We assume

egp
kT

where C;)P is the bulk concentration of H'.

[H1=C,. exp(-—2) (14)

Combining eqns. 11, 13-14 yields
' C.?l* €Sy
Ny K, exp(— T ) (15)
21* eg, )
. kT
Therefore, the charge density of the associated basic

[QH™]; =

1+ exp(—

groups on toroid surface, O p,=e[QH ], is

0

L Co
eN, —2—exp(- cCr
- K, kT (16)
P.b 0
1+ S0 exp(— %57
X, p( kT)
If ¢, islow, this expression can be
 Co G
eNg 1 e’Ny =
Op,_ K, K kT (17)
= 0 0 Cr
1+ 1+
Kb b

It can be shown that the surface charge density of the

dissociated acidic functional groups, o, is >

C(J
2 H*
—eN S K, kT (18)
Opa = ' 0 P
1+ (1+—1?

Substituting eqns. 17 and 18 into eqn. 4 yields

nvvy/:_O-P,b+o-P,a
: &
0 0 0
eN, €y e’N, e eNy e e
S ek, S K, kT ‘ * K kT
== 0 P # 0 C° #
1+-—1 (1+—17)? 1+ (1+-—A7)?
b Kb a Ka
(19)
or
wvye o PAB BB s 4, ABZIPI*
a(l+ BB) a(l+ pB) 1+B (1+B)
(20)

where V' =aV , Vr=e¥, /kT ,

2 0 !
A=eNgalekT , B=C]. /K,, a=Ng/N;
and f=K,/K,. The scaled charge density on

. £
toroid surface, O, can be expressed as

. BAB BAB A AB

c,=0p,+t0,, = - Sp——————75¢
“ a(l+pB) a(+pB)’ 1+B (1+B)*
(21)
where
o,=ec,al ekl =e(o,, +0,,)alekT  and
$h=el, kT .

If welet 7, u, p,and U be respectively the

viscosity and the velocity of the fluid, the hydrody-
namic pressure, and the speed of the toroid in the
z-direction, then the governing equations and the
associated boundary conditions for the flow field can
be described by

Vou=0 22)
nVu—-Vp=pV¥ (23)
u="Ue,_ on toroid surface (24)



u=0 atz=0, z—>o,and r > ®© (25

In our case, only the z-components of the relevant
forces need be considered. These include the elec-
trostatic force and the hydrodynamic force. The
z-component of the former acting on a toroid can be
calculated by integrating the Maxwell stress tensor

6" =—¢EE —(1/2)eE’1 over the toroid surface S,
F, ={[(c" -n)-e,ds 26)
s

Here, E=-V¥ =n(0w/0n)+t(0y/0t) is the

total electric field, I and t are respectively the unit
tensor and the unit tangential vector on the toroid
surface, n and ¢ are, respectively, the magnitude of n
and t, and E’=E<E. For the present case, it can be
shown that eqn. 26 leads to*"?*

0¥, 0Y, oW, 0¥,
F, = 190 (@R, s @7)
; J;-[g[(ﬁn P R G 10

The z-component of the hydrodynamic force acting

on a toroid, F' p > can be evaluated by

O(u-t
Fy = [0 a5+ [[-pnds s
s on s
where #_ and 7, are the z-component of ¢ and that

of n, respectively. At steady state, the total force
acting on a toroid in the z-direction vanishes, that is,

F.+F,=0 (29)

For convenience, the problem under consideration is
decomposed into two sub-problems. In this case, it
experiences a hydrodynamic force F),, =-UD, D
(>0) being the drag per unit velocity. In the second

sub-problem, an external electric field is applied, but
a toroid is held fixed. In this case, it experiences an

electrostatic force F), and an electric body force
F,,. Both F, and F},, are functions of xa,
(b/a), (ha), A, B, a, and B; F,, (or D) is a
function of (b/a) and (h/a), but is independent of
ka . Since F,=F}, +F},,eqn. (29) gives
Fp+F,,
D

The electrophoretic mobility of a toroid is evaluated
based on the procedure adopted previously. %

(30)

T~ BEEHw
For a more concise presentation, the scaled elec-
trophoretic mobility @ =U /U, is used in subsequent

discussions, where U, = (kT /e)E, /1 is the elec-
trophoretic velocity of a particle with a constant surface
potential (k7T /e ) predicted by the Smoluchowski’s
theory when an electric field of strength E, is applied.

Also, we define F=F_ /F, FD*,2 =F,,/Fpy s

LIS

and D" = D/(FD,us 1Uy) » where FD,],]S =6mual, is

the conventional hydrodynamic force of an isolated
sphere moving in an incompressible Newtonian fluid at
steady state. Based on these scaled symbols, @ can
be expressed as

F* *

Lt (31)

D

Figure 2 shows the variations of the scaled electropho-
retic mobility @ and the scaled forces 7, and ngz

w =

as a function of xu at various (b/a)’s for the case when
A=1,B=1, a=4, [=4,and h/a=2.

-0.01

T
0.1 1 10
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Ka
Figure 2. Variation of scaled electrophoretic mobility w, (a), and Fg

an , (b), as a function o at various (b/a)’s .
d Fz*)z (b function of K i bla)y’

Under these conditions, the amount of negative
charge on the surface of a toroid is larger than that of
positive charge, and the direction of its movement is
opposite to that of the applied electric field.  Figure
3 shows the influence of parameter 4 (=e’Nya/ kT )

on the scaled electrophoretic mobility @ and the
scaled forces fy, and f5 . at various (b/a)’s for the

case when B=03, a =2, [ =0.5, ka =1, and
h/a=2.

Note that an initially neutral toroid becomes
charged as it approaches a charged disk, and an os-
motic pressure field is established. These affect ap-
preciably the behavior of the toroid. Figure 4 shows
the variations of the scaled electrophoretic mobility
@ and the scaled forces FE, and Fp, 8sa function

of ku at various (b/a) when A=1, B=1, «a =4, =4,



and h/a=2.
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Figure 3. Variation of scaled electrophoretic mobility w, (a), and
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Fg and Fg 2 (b) as a function of 4 at various (b/a)’s .
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Figure 7. Variation of scaled electrophoretic mobility w, (a), and
Fy and F[*) 2 (b), as a function of Kd at various (b/a)’s
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