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Abstract

A generalized Stroh’s formalism for three-dimensional anisotropic elasticity is applied to study the elliptic crack
problem. The traction on the crack plane is expressed in a simple one-dimensional integral. The integrand contains
one of the Barnett—Lothe tensors which can be calculated directly from the elastic constants. It is shown that with
respect to a local coordinate system, the traction on the crack plane and relative crack face displacement in the
vicinity of the crack edge have the same form as their two-dimensional counterparts. A systematic method to derive
the stress intensity factors for polynomial loadings is discussed. Explicit results are given for constant, linear and
quadratic loadings. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The two-dimensional stress and displacement fields near the crack tip in a linear isotropic or
anisotropic elastic material are well developed (Irwin, 1957; Sih and Liebowitz, 1968; Wu, 1989). The
crack-tip stress field exhibits a square-root singularity with the amplitudes measured by the stress
intensity factors (SIF’s). The SIF’s are dependent on the applied loading, geometry and possibly the
elastic constants. In linear elastic fracture mechanics, the SIF’s play a crucial role as the parameters in
fracture criteria. The SIF’s for a variety of two-dimensional configurations have been obtained and
collected in handbooks.

Because of the mathematical complexity, three-dimensional crack analyses have been limited. The
basic shapes which have been amenable to analysis are the penny-shaped and elliptic cracks. The type of
loading which has received most attention is in the form of polynomials of coordinates of the crack
plane. This class of loading includes such cases as uniform loading (Green and Sneddon, 1950), bending
(Smith et al., 1967) and torsion (Sneddon and Lowengrub, 1969). It also serves as a useful
approximation for arbitrary loading.

Sneddon (1946) appears to be the first one to study the penny-shaped crack problem. Green and
Sneddon (1950) solved the problem where an elliptic crack is opened up by constant internal pressure.
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Kassir and Sih (1966) showed that with respect to a local coordinate system the stress and displacement
fields near the elliptic crack border are the same as the two-dimensional crack-tip fields. Results for
pressure in the form of polynomials up to the sixth degree were given by Kassir and Sih (1975). The
case when the elliptic crack is subjected to constant shear was analyzed by Kassir and Sih (1966). The
aforementioned works are for isotropic solids. Kassir and Sih (1968) obtained the solution for linearly
varying shear loading in a transversely isotropic solid. They also showed that although the angular
distribution of the near-border fields are highly distorted by the elastic constants, the square-root stress
singularity is the same as that associated with the isotropic case. Willis (1968) developed a method to
study the stress field around an elliptic crack in general anisotropic elastic media. In Willis’ method the
roots of a sextic equation must be solved to obtain the elastic field.

Kassir and Sih (1967) established a theorem which states that if the displacement discontinuity normal

to the elliptic crack plane is given by Q,(x?, x%)\/l —x?/a} — x}/a}, where Q,(x?, x7) is a polynomial
of degree n in the second power of the coordinates x; and x; of the crack plane, and «¢; and a3 are the
semi-axes of the ellipse, the normal stress acting on the crack surfaces is also a polynomial of degree n
in x7 and x3. Willis (1968) further found that the theorem remains true even when Q,(xi, x3) is a
polynomial of degree n in x; and x, and the displacement discontinuity is parallel to the crack plane.
Sekine and Mura (1979) modified Willis’ method and showed that if the displacement discontinuity is a
homogeneous polynomial of degree n, the resulting stresses on the crack surfaces are inhomogeneous of
degree n, whose terms are of the degree n, (n —2), m—4), ... .

In this paper a generalized Stroh’s formalism for three-dimensional anisotropic elasticity recently
developed in (Wu, 1998) is applied to study the elliptic crack problem. In the generalized Stroh’s
formalism the Radon transform (Deans, 1993) is first used to reduce a three-dimensional problem to a
two-dimensional problem. The two-dimensional problem is then treated by the original two-dimensional
Stroh’s formalism (Stroh, 1958) as a six-dimensional eigenvalue problem. The orthogonality and closure
relations of the eigenvectors greatly simplify the solution procedure and, in many cases including the
one under consideration, enable the solutions to be expressible in terms of three real matrices, called
Barnett—Lothe tensors (Ting, 1996) which can be calculated directly from the elastic constants (Barnett
and Lothe, 1973). Finally, the inverse Radon transform is performed by an integration on a unit circle.
An extension of Stroh’s formalism to three-dimensional deformations has also been discussed by Ting
(1996). In (Ting, 1996) the solutions are in terms of the three-dimensional or two-dimensional Fourier
transform and connection with the corresponding two-dimensional solutions is less apparent.

In the present study the elastic field for an elliptic crack is derived from that for a two-dimensional
slit crack. The traction on the crack plane is expressed in terms of a line integral involving the
displacement discontinuity and one of the Barnett—Lothe tensors. It is shown that with respect to a local
coordinate system, the traction on the crack plane and relative crack face displacement in the vicinity of
the crack edge have the same form as their two-dimensional counterparts. A systematic method to
derive the SIF’s for arbitrary polynomial loadings is developed. Explicit results are obtained for
constant, linear and quadratic loadings.

2. Formulation

A formulation recently developed by Wu (1998) for three-dimensional anisotropic elasticity is
introduced in this section.
Let G be the two-dimensional Radon transform of u defined as (Deans, 1993)
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00

(¢, x2, @) = R(u(xy, x2, x3)) = J u(é) cos ¢ + & sin ¢, x5, — &) sin ¢ + &5 cos @) d&; (1)

—00

where &; and &3 are the coordinates with respect to the axes obtained by rotating the x;- and x;-axes
about the x,-axis by ¢, respectively (see Fig. 1). The transform may also be expressed as

8, X2, ) = ro JOO W1, X2, X3)0(E —n-x) dx; ds @

—00 J —00

where § is the Dirac delta function and n=(cos ¢, 0, —sin ¢ )T is the unit vector along the &-axis. The
general solution for @i can be expressed as

i = 2 Re[A())f(2)] (3)

where Re denotes ‘the real part of’. In Eq. (3), A=(a;, a,, a3), f:(fl(zl), fz(zz), f3(zz))T, Zy= X1t poxo.
Here p, and a,, o=1, 2, 3, are the eigenvalues and the corresponding eigenvectors, respectively,
determined by

[Q($) + (R($) + R($))p + T(p)p’la =0 “4)
The matrices Q(¢ ), R(¢) and T(¢) are given by

Q=07Q*Q, R=QR*Q, T=0'TQ ®)
where
Oi(9) = Cli () Ry(@) = Ciipa(@),  T3(d) = Ciya() (©)
and
cos¢p 0 —sin¢
QUp)=10 1 0
sin¢p 0 cos¢

Here Cjy, is the elastic constant with respect to the coordinate system (&, x5, £3). The matrix Q(¢)

/
/
/
N
\ 4
=

Fig. 1. The rotated coordinates (£, &;) in Radon transform.
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represents a rotation by ¢ about the x;-axis. Substitution of Eq. (5) into (4) yields

[Q*(¢) + (R*(¢) + R*(¢))p + T*(p)p*la* = 0 (7
where
a’(¢) = Qpla(e) (®)

Eq. (7) shows that p(¢) and a*(¢) are Stroh’s eigenvalue and eigenvector, respectively, for two-
dimensional deformations in the (&, x,)-plane (Stroh, 1958). The eigenvalue p, is complex if the strain
energy is positive definite. Since the eigenvalue p in Eq. (7) appear as three complex conjugate pairs, we
can let Im[p,] > 0, =1, 2, 3, where Im denotes ‘the imaginary part of’. From Eq. (8) the matrix A can
be expressed as

A(d) = Q1 (P)A*(¢) )

where A*=(aj, a3, a3).
Let t= (02, 029, 023)". The Radon transform of t, £, can be expressed as

t =2 Re[B(p)f ] (10)
where B is given by
B = RTA + TAP (11)

P=diag(p, p», p3) and prime denotes differentiation with respect to &;. With Egs. (5) and (8), Eq. (11)
can be expressed as

B(¢) = Q"(¢)B*(¢) (12)

where B*=R*TA* + T*A*P.
A matrix L* which will play an important role is given by (Stroh, 1958)

L*(¢) = —2iB*(¢)B*(¢))" (13)

where i = +/—1. The matrix L* is real, symmetric and positive definite. The matrix L* can also be
calculated directly from the elastic constants by the following integral (Barnett and Lothe, 1973)

L*($) = L N (0. ¢) do (14)

i
where

Ns(0, ¢) = R*(6, $)(T*(6, $))"'R*(0, ) — Q*(0, ¢)

and

Q*(0, ¢) = Q*(¢) cos? 0 + (R*(¢) + R*T(¢h)) cos 0 sin 0 4 T*(¢) sin> 0
R*(0, ¢) = R*(¢) cos? 0 + (T*(¢p) — Q*(¢)) cos 0 sin & — R*T(¢p) sin? 0

T*(0, ¢) = T*(¢) cos? 0 — (R*(¢) + R*T()) cos 0 sin 0 + Q*(¢) sin” 0
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For transversely isotropic material with the x,-axis as the symmetry axis, L* is a diagonal matrix given
by

Ly 00
L'=[0 L 0 (15)
0 0 Ly

where L7, L% and L3; are (Dongye and Ting, 1989)

12
Ces(+/C11Cap — Cr2)

L, =K/C;1Cn+C

h=Wonc 12)<C22(2C66+\/C1]C22+Cl2)

s _ €2 o
Ly = C_HLII’ Ly = v CuCss

In particular for isotropic material

u

Ly, =15 = T—v

Ly =u (16)

where u is the shear modulus and v is the Poisson’s ratio. From (12), the matrix L defined as

L(¢) = —2iB($)B(¢)" (17)
is related to L* by
L(¢) = Q(¢) L*($)Q(p) (18)
The displacements and the stress vector are obtained by inverting the Radon transform. The result is
sgn(x 2n "
u(o = 0y, U AGR @ I d6 (19)
QY 0
sgn(xy) n NG
(00 = 52| [ B @1 06 0)

provided that fl; (&1 +pxo)— 0 as & — o0

3. Stresses on the plane of crack

Consider first the problem of a Somigliana’s dislocation with b(x;, 3)=u’ —u~ on the (x;, x3)-plane.
The corresponding two-dimensional problem in the Radon transform domain (&, x,, ¢) is that of a
Somigliana’s dislocation with B(éfl, ¢)=0"—i" on the &-axis, where b is the Radon transform of b.
The analytic functions f:; (z,) for the two-dimensional problem is given by (Stroh, 1958)

1 abi(s, B) is

CooS — Zy as

N 1
Ju(20) = 2_7_”.Bkacj 21)
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By the Plemelj formulae, ', the limiting value of frasx,—>0", s given by

(22)

oo _pr( LT 1 b 1 9bEL¢)
f B<2niJoos—§1 ds ds+2 9¢; )

where the principal value of the integral is taken. Substitution of Eq. (22) into Eq. (20) yields the
following real-form expression for t at x,=0

T 2h
L[

t(xy, x3) = — 5e2 do (23)
1

¢i=nx

47'[0

where L is given by Eq. (17). Note that Eq. (23) is also valid for isotropic material.
An elliptic crack can bg simulated by a Somigliana’s dislocation b over the region D: (x;/a;)* + (x3/as)’
< 1. The corresponding b in the Radon transform domain is given by

B ¢) = JDb5(51 — %1 cos ¢ + x3 sin ) dx, ds (24)

By introducing y, = (x/a;), y3=(x3/a3), Eq. (24) can be rewritten as (Deans, 1993)

b, ¢) = %B(m, v) (25)

where B(nl, ) is the Radon transform of b over the unit disk D”: y7+y3 < 1, i.e.

o) = | w301y = 1 cos -y s ) v (26)

In Eq. (26), n1=[£1/R(¢)] and

cos Y = al;&:ﬁ, sinyy = a}s(1;)¢’ R(¢) = \/alz cos? ¢ +aj sin? ¢ 27)
Eq. (27) can also be rewritten as
_azcosy . _apsiny _ . 2
cos ¢ NY) sin ¢ = NGp) NW) = \/a32 cos? Y +a? sin” (28)

The functions [3(;11, ) can be expressed as (Deans, 1993)

Bln. ¥ = &, WH( — i (29)
where H is the unit step function and g(1;, ¥ ) is a Radon transform which satisfies

80m, ) =8(—nm. ¥ +m (30)

g1, y)=0 (31
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1
|| ta0n. ) any = Puteos v sin ) ()

Here Py (cos s, sin i) is a polynomial of degree k in cos {y and sin .
Eq. (23) can be expressed in terms of y as

L[ 9~
(0139 = g | MO B0 9 s (3)

where n’=(cos ¥, —sin ¥)*, M) =(1/a))NW)L($})), y=(», v3)" and the following identity has
been used

NW)R(P) = a1a3

From Eq. (29),
a—zﬁ( V) = a—zé( Y) |HA —ni) +2 ié( W) )60y + 1) = o(n; — 1)) + &(
31112 U 3’712 P m on, B m m P (34)

YOy + 1) = 6'(n, — 1)
Let y; =y cos Yo, yo=—y sin Yo, y = /¥ + y3. The variable , can be replaced by
n =y cos(y — )
For y <1, |5, |< 1 and Eq. (34) becomes

a—2/?( W) = a_a( v |H( = nd)
31112 ’71’ - anlzgnls '/I]

and the stress vector inside the crack is given by

1 (" R
(00 = o | MOS80 00 o (39)

Eq. (35) is an integral equation of g(1;, Y ) for a given function of t.
To derive t for y > 1, it is more convenient to change the integration variable for ¥ to 5, for Eq. (33).
The result is

1 ¥ cos g 1 9 2,
€y, W) = —J L M2 pon. vy dan, (36)
4ras —y cos Y y2 — ,712 8’71

Substitution of Eq. (34) into Eq. (36) leads to

! 1 a2 . 1 1 q .
(. o) = J M) =g, ) dn + — ——=M¥_))—8n,,
dnaz ), y2—p? on; 4nas \/y2 —1 an,
(37)
1 1 M 0 .
v_y) iy =—1 _F@ \/)/277—1 (w‘)ng(”l’ W) ly,=1



4848 K. Wu | International Journal of Solids and Structures 37 (2000) 4841-4857

where
1 1
W_| =y +m—cos >’ Y =+ cos ;

and Eq. (31) has been used. As y — 1" the integral on the right side of Eq. (37) is non-singular and the
remaining two terms have square-root singularity. Thus, the asymptotic stress near the crack edge at

Y =1, is given by
1
2\/_na3 Ny —

where the identity M(y+7)=M(}) (Wu, 1998), and Eq. (30) have been effected. With respect to the
local coordinate system (, x», ) with origin at (a; cos ¥, 0, —a3 sin o) on the crack edge as shown in
Fig. 2, the stress intensity factor (SIF) is defined as

t(y, o) = M(Wo) g(’ﬁ: ¥o) =1 (38)

K) = [Ku, K1, K" = V21rQ(¢) lim ,_,ot(r, V) (39)

where ¢ is the angle between the normal at the point and the xj-axis and r is the normal distance from
the crack edge. It can be easily shown that ¢, is related to Yo in exactly the same way as ¢ is to
through Eq. (28) and that the normal distance r is given by

ayas

~ N(y)
where N(¢) is given in Eq. (28);. Substitution of Egs. (38) and (40) yields

K = =3, 2oL ($0)20) 5 -0 Vo) |y @)

where Eq. (18) has been used.
For transversely isotropic material, with Eq. (15), Eq. (35) can be decoupled into two independent sets
of equations as

(y="0 (40)

r

c n

&)
a3 ;
(a,cosy,—a;siny,) ¢

A »

\ . %
al
crack edge
v X

Fig. 2. The local coordinate system (n, ¢) with origin at (a; cos ¥y, —asz sin ) on the crack edge.
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Ve 2
(31,30 = g | M) 8l ) ooy @)
1
on(yy)y_ 1 [" 8_2 &i1(n, ¥)
(ozs(yh m)) " dnas Jo m(lﬁ)anf (&(’71’ 2] ) ‘mn/'y dy “3)
where
Ma() = ’;—?N(w)

m()) = arLyy (k' ? = p)cos®y + p —k'(1 — p) cos Y sin
T NW)\—k'(0 —p)cosysiny (k' %p—1)cos?y + 1

k'=(as/a;), and p is defined as

12
_ Ly [ CssCn2Cs + VCiiCo 4 Cia)
Ly, (C11Cn — CH)VCiiCa + C12)

The dimensionless parameter p reduced to 1—v for isotropic material. Similarly SIF of Eq. (41) can also
be decomposed into

KiW) = =3, 2 Ly 8l ) by @)

(KH(!/IO) > _ Ly <k/ cos g —sin i, ) (45)

Km(¥) 2 /rk'NQpg) \Psinyg  pk’cos i,
i §1(’71’ lﬁo))
on, <§3(’71, Vo) ‘ml (46)

Since from Eq. (42) L3,¢, does not depend on the material constants, Eq. (44) indicates that K is
independent of the elastic constants. Likewise Eqs. (43) and (46) show that Kj; and Kj;; depend on the
elastic constants only through the dimensionless parameter p. The conclusion has been noted in Kassir
and Sih (1975). However, their expression for p is incorrect.

4. Relative crack face displacement

Without loss of generality, let the relative crack face displacement be expressed as

b(y1, 13) =1 —2Q(y1, »2)H(1 — ¥?) (47)

where Q(y1, y») is an arbitrary function of y; and y,. By Eq. (1), the Radon transform [3(111, Y) of b
defined by Eq. (26) can be expressed as
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o¢]

o )= | bl cos by sin =y sin 1 cos ) d 48)
where 77, and 53 are the coordinates with respect to the axes obtained by rotating the y;- and y;-axes
about the x,-axis by s, respectively. Substitution of Eq. (47) into Eq. (48) with a change of variable
3 =c/ leads to

1

801, v) =1 —ni J V1 =22Q(n, cos W + ¢/ siny, — 1y siny + cA cos ) dA (49)

-1

where ¢ = ,/1 — n{. Differentiation of Eq. (49) with respect to n; at ;=1 yields

a8y, .

g(g:]lp)‘ = —nQ(cos Yy, — sin ) (50)

1
=1

With respect to the local coordinate system (n, x,, ) shown in Fig. 2, the asymptotic expression for Eq.
(47) as the point is approached is

b*(cos Yy, — sin )

v =y

where b*( y1, 13) =Q(¢po)b( 31, y3). From Egs. (41) and (50), Eq. (51) can be expressed as

lim - 7€ ‘”O’ﬁ‘ nyo) _ 2\/3@*(%»11((%) (52

Eq. (52) is the same as the two-dimensional expression (Wu, 1989).

= v2Q(d)Q(cos Vg, — sin ;) (51)

lim y—1-

5. Polynomial loadings
Let Q(y, y2) in Eq. (47) be given by (Willis, 1968)

Q(y1. ¥2) = Re[(y1 +iv2)(y1 —iv2)"'q] (53)

where q is a constant vector of a complex number, n and / are positive integers. For each / < n, Eq. (53)
represents a homogeneous polynomial of degree n in y; and y,. Substitution of Eq. (53) into Eq. (49)
yields

801, ¥) = (1 = nP)Rele™ 20V h(ry,)q]
where

1
h(n,) = L V1 =22, + ich)(n, —ichy"™" dj. (54)

By using the binomial theorem and the integral formula

1
J V1=2%27=0, (jodd)
—1



K. Wu | International Journal of Solids and Structures 37 (2000) 4841-4857 4851

the function /(#;) can be shown to be an inhomogeneous polynomial in #;, consisting of terms of degree

n,n—2,n—4, ... . The corresponding stress vector t obtained by substituting Eq. (55) into Eq. (35) is
in the form of polynomials in y; an dy,, whose terms are of degree n, (n — 2), (n — 4), ... (Sekine and
Mura, 1979). Thus, for an arbitrary inhomogeneous polynomial of Q( yy, y») in y; and y, with terms of
degree n, n—2, n— , the corresponding &(171, ¥ ) in Eq. (49) can be expressed as
[n/2] [n/2]
B ) = (1= ndRe| 0D i) (55)

where [1/2] denotes the integer part of n/2, ¢\ 7, are real constant vectors and qflzsl), 2 1-n#0, are

complex constant vectors. The constant vectors qn Zm’ 2 [—n # 0 are not all independent. In fact from
Eq. (32), they are related by

1 n/2
J (1—;71)217" 2’”qf1"2%1[1)> dp, =0, (k=0,1,...,n=2[—1) (56)
for/=0,1, ..., [n/2] 1. For t in the form of an arbitrary homogeneous polynomial of degree n, the

constant Vectors qn” 22m) can be determined by Eqgs. (35) and (56).
In enforcing Eq. (35) the following matrices are crucial

1",
M) — EL@*!Z"WM(‘//) dy, k=0,1,2, ... (57)

These matrices are actually the coefficients in the Fourier series of M(y/), i.e.

o0
M() = MO Re|:Zei2k'/’M(2"):|

k=1
Once the constant vectors qg1_—22r’11) are determined, the stress intensity factor can be calculated by
N(‘;b ) [n/2] [n/2] ,
Ko) = |2 L ()0 o)Re D e a4 (58)
m=0

The procedure is illustrated by the following examples.

5.1. Uniform loading
For uniform loading t=—t®, Eq. (55) with n = 0 yields
801, ¥) = (1= n)ay
From Eq. (35)
q —2u (M(O)) t©®

The SIF is obtained from Eq. (58) as



4852 K. Wu | International Journal of Solids and Structures 37 (2000) 4841-4857

a3N(lﬁ) * —
Ko =2 T]OL ($0)QAho)MP) ¢ (59)
For transversely isotropic material, with L* given by Eq. (15), M® is a diagonal matrix with elements

given by

2L%
MY = =K = ) oK) + ploo )
10 — 2L3J00(k)

22 -

M8 = 200 2 1)) + Tk

where k?>=1—k"* and expressions for Jog, Ioo and I in terms of the complete elliptic integrals are given
in the Appendix. The explicit expression for the SIF of Eq. (59) is

(0)
K =[O 2 (60)

as LY, az cos Yy o) @i sinyy ()
Kn(lﬁo) =2 /— n—= Z3 (61)
nar /NGo) \ - MY M)
as pLy [aisingg ) a3 co8 Yy ()
Km(o) =2 [ — 0o+ I3 (62)
N\ M T

Eq. (60) recovers the result derived in Green and Sneddon (1950) and Egs. (61) and (62) agree with the
result in Kassir and Sih (1975).

5.2. Linear loading

Let t=—Re[t¢], where t(V is a complex constant and ¢=(y;+iy3). In this case, n = 1 and Eq. (55)
becomes

811, ¥) = (1 —nd)n; Releq"]

From Eq. (35)
—Relt51 = 52 Rel ([ et a0 Jo! | ©3)

By replacing #; with
= 3eVe+e 9

Eq. (63) yields
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2y (1 0) (1) 4a3 1
MPq" + MOgD = Tt( ) (64)

The vector q{" can be solved from Eq. (64) and the corresponding SIF is given by Eq. (58) as

Ko = [ L (40 R ©3)

For transversely isotropic material the non-zero elements of M® are given by

2L , ,

M) = (K2 = p)Lao(k) = (k' > = 3p)D0(k) = plia]
2L%

M) = T“[Jzo(k) — Joa(K)]
2L , ,

M) = Ak *p — Dlio(K) — (k" *p = 3)Io(k) — Ioo]

ALY,
MY =MD = ,T“k (1 — p)In(k)

where the expressions for Iaﬁr and J,g in terms of the complete elliptic integrals are listed in the
Appendix. For tV=(0, t{", 0)T, Eq. (64) yields

T
q(l) _ T 0 Re[t(zl)] _iIm[t(zl)] 0
D3 7 k) Tk’

and Eq. (65) becomes

1 [nasNGpg) [ Re[t” Im[r}"
K = 3|20 ( T cos g+ e sin %) (66)

Eq. (66) is identical with the result derived in Kassir and Sih (1975). For tV'=(¢{", 0, 0)", where 7{" is
real, Eq. (64) yields

(1
(1 _ masl 1T
q" =80 c 0, —ik'D)
! 3L%

(1 = p)k' 2Ia(k) = Joa(k)

O U= P U0 = K2 () I k) — T Toa (R)

D— (1 — p)In(k)
(1 = p)(Joo(k) — k2J20(k)) 22 (k) — Jao(k)Jo2 (k)

and the corresponding SIF’s are
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70 A
Ku(yy) = %(C cos? Yy — D sin’ )
(1)
Ku(yy) = Vrpasty (C+ k' 2D) cos Y, sin i,

3Vk'NW)

The results are the same as those obtained in Kassir and Sih (1975).

5.3. Quadratic loading
Let
t = —tcC — Re[t))c?] (67)
where t§’ is real and t5* is complex. Setting n = 2 in Eq. (55) gives

1
g(]/]l’ lp) — (1 _ nl)Re[Zel(z 21)!// 2 2111q(22 52} (68)

mO

From Eq. (32) ¢ and ¢ are related by
P +5q =0 (69)

Substitution of Egs. (67) and (68) into Eq. (35) leads to

MO (g — gf) + ReM(qs” — q)] = 0 (70)
— 2
MO + M) = 22 (71)
—5 o 4a
2 ReM?@)] q(20) + M@ qu) +MO q(22) _ T3 t(22) (72)

The vectors q ) and q can be solved from Egs. (71) and (72). The vector q(z) is then determined by
Eq. (69) and q(o) by Eq. (70). The corresponding SIF is

K = [ 2 o + o + Eretera? | 73)

For transversely isotropic material subjected to quadratic normal pressure, Eqgs. (71) and (72) yield

(2)

Re[q(z)] _ @ my Re[[(22)] nmy tO
2 3 (my + my)my — 2m2
4a; Im[1}]
Imfgy] = =% —2—

3 my — my
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o _ 2a3 (my +mo)tg” — 2m; Re[r5”]

2 3 (my + my)mgy — 2m22
49 = 40 + ¥R,
0 2 57’7’10 2

where m; = MY, j =0, 2, 4 and my=2L3%(Jyo(k)—8J(k))/n. The corresponding K; is given by

cos?

2 3
Ki(Yy) = 5V ”k/N(Wo){ J—Ootﬁf) +[(Jo2 — 2J22)lf)2) +Jo2 Re[t(zz)]]T +[(J20 — 2J22)l§)2) —J

) (2)
Im[¢
Re[l(zz)]] sin” Vg + it ] sin i, cos
A I

where A= J>9Joo—JooJ22. The above expression agrees with that in Kassir and Sih (1975) except that the
first term is missing in their result.

6. Conclusions

The traction on the plane of a elliptic crack in a general anisotropic elastic solid is expressed in terms
of a simple one-dimensional integral of the Radon transform of the displacement discontinuity
convoluted by a matrix connected with the elastic constants. The integral equation is used to show that
with respect to a local coordinate system the traction on the crack plane and the relative crack face
displacement near the crack border are the same as those in the two-dimensional case. A general form
for the Radon transform of the displacement discontinuity which can be used to obtain the stress
intensity factors for arbitrary polynomial loadings is proposed. Explicit results for constant, linear and
quadratic loadings are derived.
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Appendix

In this Appendix several relevant results related to the elliptic integrals for transversely isotropic
material are given.
Define I,5(k) and J,z(k) as

T2 Gn fcos P 1 /2
Lg(k) = J S feos T dt, Jupk) = J sin* ¢ cos P 1v/1-k2 sin? ¢ dt
0 0

1 —k2sin? ¢

For o, f > —1, | k |< 1, the integrals can be expressed as (Gradshteyn and Ryzhik, 1980)
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1 (a+1 ﬁ+1> <a+l loa+p+2 2)
Iaﬂ(k)—2B< IR A G T

1 (foa+1 f+1 a+1 la+p+2
pr(k)ZEB( > ,ﬁz >F< 7 T é ;kz)

where ‘B’ is the beta function and F is the hypergeometric function. In particular for o= =0

11
loo(k) = K(k) = gF(E 5;1;/{2)

n (1 1
—E —ZFlZ. — =1 2
D) = B = TF(3, — 312)
where K(k) and E(k) are the complete elliptic integrals of the first and second kinds, respectively. If «
and f are even integers, [,5 and J,; are also expressible in terms of the complete elliptic integrals by
using the following formulas (Gradshteyn and Ryzhik, 1980):

F(a, b,C + l;w) = (1 _ n))L‘Jrlfufb

1
(c—a)c—b)

d X
—[(1 — w)**"“F(a, bic;w)]

dw
c l—a d a
Fla+ 1, bic+ L,w) = — (1 =w)y “—[( — w)'F(a, b;c;w)]
alc —b) dw
dK 1 E dE 1
— = —-K), —=—(E-K
dw 2w<1 —w )’ dw 2W( )

where w=k 2. Some values of Lp and J,z are listed below:
1
Io(k) = = [K(k) — E(k)]
1
loa(k) = Ioo(k) — Do(k) = 5 [E(k) — (1 =k K ()]

1

W[ka — DE(k) + (1 = k*)K(K)]

Jo(k) =
Joa(k) = Joo(k) — Ja(k) = %[(k2 + DE(k) — (1 — k*)K(k)]

(k) = 25 Ua(k) — Jok) = 55l(2 —~ K2)ER) — 21— K)K(b)]
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_ L 4 2 _ _ 4 2 _
Jao(k) = Tegl(8k* — 3k% — DE(k) — (4k* — 2% — DK (k)]
Tak) = Joah) = Jaok) = g5 [0K* = K2 DEG) = (kK — 32 + 2)K(K)
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