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An analytical procedure is suggested for the resolution of the
linearized Poisson—Boltzmann equation governing the electrical
potential distribution of a charged surface in an electrolyte solution
under the Debye—Huckel condition. An Integral expression based
on the Green function of the linearized Poisson—Boltzmann equa-
tion is derived. The electrical potential distributions for the follow-
ing cases are solved to illustrate the present method: an arbitrary-
shaped thin surface, a porous (ion-penetrable) sphere bearing fixed
charges, a rigid, planar surface covered by a porous membrane
bearing fixed charges, and a rigid, nonuniformly charged planar
surface. © 1997 Academic Press
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1. INTRODUCTION

The electrical potential distribution for a charged surface
in a vacuum is governed by the Poisson equation. It can
be solved by considering an equivalent integral equation
containing the Green function of the Poisson equation and
the charge density of the surface (1). The integral equation
is based on the principle that the electrical potential of the
system under consideration isthe sum of the electrical poten-
tials contributed by each individual charges on the surface.
For a charged surface immersed in an electrolyte solution,
the electrolyte provides an additional charge source. In this
case, if the concentration of electrolyte follows the Boltz-
mann distribution, the electrical potential distribution of the
system under consideration is governed by the Poisson—
Boltzmann equation (PBE) (2). For an infinite planar sur-
face in a symmetric electrolyte solution, the solution to the
PBE can be derived analyticaly (2). Other than this case,
the PBE needs to be solved either numerically (3-5) or
approximately (6—9). The difficulty of solving the PBE
depends largely on the geometry of a charged surface, the

1 To whom correspondence should be addressed.
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associated boundary conditions, and the type of electrolyte.
In general, a nonlinear equation needs to be considered. If
a surface is not highly charged, or if its surface potential is
sufficiently low (the Debye—Huckel condition), the corre-
sponding PBE can be approximated by the Helmholtz equa-
tion, the solution of which may be expressed as a linear
combination of harmonic functions (10—13). The Debye—
Huckel condition is satisfactory for a surface potential on
the order of 25 mV. This may be violated for some of the
charged surfacesin practice. Nevertheless, it is often adopted
in the literature for a simpler treatment. Although reported
results are ample in the literature, most of them are based
on simple geometries such as planar (13), cylindrica (9),
spherical (10-11), and spheroidal surfaces (14—15), and
uniform surface conditions, for example, uniform surface
potential or uniform surface charge density. Since a charged
surface can take virtualy any shape, and various surface
conditions can be assumed in practice, a more general treat-
ment is highly desirable.

In the present study the solution procedure for the electri-
cal potential distribution around a charged surface in an
electrolyte solution under the Debye—Huckel condition is
discussed. The types of charged surfaces examined include:
an arbitrary-shaped thin rigid surface, a porous (ion-penetra-
ble) sphere bearing fixed charges, a planar surface covered
by a porous membrane bearing fixed charges, and a rigid,
nonuniformly charged planar surface. The mathematical
treatment is based on the Green function of the linearized
PBE. A similar approach was adopted by Halle (16) for the
case of two infinitely thin rodlike macroions.

2. THEORY

Consider first a unit positive fixed point charge located at
the dimensionless position X = [x3, X2, X3] in an electrolyte
solution. The dimensionless electrical potential distribution
induced by this charge, G, is described by the Helmholtz
equation

V2G(g, X) = G(e, X) — 6(¢ — %), [1]
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where V?Z is the Laplace operator based on the coordinates
€ = [, €, €3], and 6 the delta function. The dimensionless
variables are defined as

G = eb/ksT [1a]
X = kX,i=12 3 [1b]
K = (z EZZ |2C| ’O/ErﬁokBT)llz, [1C]

where e is the elementary charge, ® the electrical potential,
€ and ¢, respectively, the relative permittivity and the per-
mittivity of a vacuum, Z; the valence of ion species i, kg
the Boltzmann constant, T the absolute temperature, C, , the
bulk concentration of ion species i, « ~* the Debye length,
and %, i = 1, 2, 3, the position variables. The solution to
Eq. [1] is

e %) = exp(—r (e, X))

S 47r (€, X)

(2]

where r (e, X) is the distance between an arbitrary point €
and x. For adistribution of fixed charges p(<) in the electro-
lyte solution the electrical potential distribution, ¥, is gov-
erned by

VZU(e) = ¥(e) — p(9). [3]

Define
v(e) = fv G(F, X) p(X)dx, [4]

where the right-hand side of this expression denotes the
volume integral over V. Employing the Laplace operator on
Eq. [4] yields

VZu(e) = fv VZG(e, X)p(xX)dx
= fv [G(, X) — 6(F, X)] p(X)dx

= fv G(& x)p(x)dx — p()
= v(e) — p(?).

This implies that v satisfies Eq. [3]; i.e.,

[5]

T(e) = fv G(z, X) p(X)dX. [6]

The expression was derived previously for the case the func-
tion G on the right-hand side of Eqg. [1] vanishes (1).
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Consider next an infinitesimally thin charged surface im-
mersed in an electrolyte solution. If the surface is not highly
charged, the potential distribution satisfies

V2U(e) = ¥(e), € E, [7]
where E is the domain excluding the charged surface. By
referring to Fig. 1, the boundary condition associated with
Eqg. [7] is

ov

vl ov
on

8_rr = p(p)v pe Qv [8]

ph P
where (0W/0m), is the directional derivative of ¥ at point
P, o(p) the surface charge distribution at p, 2 the domain
of the charged surface, mm the unit outer normal, and p* and
p~ the points immediately above and below p, respectively.
Define the function u(e) as

u(e) = fQ G(g X)p(x)dQ2, xe€ Q, [9]

where the right-hand side of this expression denotes the
surface integral over the charged surface. It can be shown
that u(e) satisfies Eq. [7], and

ou| [ 9G(e, X) 1
3_I’T p+ B J:'Z an— ?:FP(X)dQ " 2 p(p) [10]
ou| [ 9G(e, X) _1
a_fT P - fﬂ on E:ﬁp(X)dQ 2 p(p) [1l]

These expressions imply that u satisfies Eq. [ 8], and, there-
fore, is the solution of Eq. [7]; i.e,

FIG. 1. A schematic representation of an arbitrary thin surface. misthe
unit outer normal, p the position of an arbitrary point on the surface, p*
and p~ the points immediately above and below p, respectively.
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r=+va’'-7’

FIG. 2. The coordinates used for a porous (ion-penetrable) sphere of
radius a. The center of the sphere is located at the origin O. € denotes an
arbitrary point, and L is the distance between € and O.

U(e) = fs G(g, X)p(X)ds.. [12]

Note that the function G defined above is the generalized
Green function of the Helmholtz equation, Eqg. [1] .

3. EXAMPLES

Several examples are discussed to illustrate the applicabil-
ity of the present method.

3.1. Porous (lon-Penetrable) Sphere Bearing Fixed
Charges

Let us consider a porous sphere bearing fixed charges
with radius a in an electrolyte solution. For illustration, we
assume that the fixed charge distribution, p(€), is

Lo, Vef+e§+e§sa
p(e) =

y y 5 . [13]
01 €1+t €5+ ez >a

For the coordinate system shown in Fig. 2, we have, on the
basis of Eq. [6],

1 J«a f‘/azzz 2r exp(— /r2 4 (Z— L)Z)
U =—
4r J_ado 0 Vr? + (z-L)?

= 2 (exp(—a) (@ + 1)) |3t

pordédrdz

+p—2°f exp(—|z—L|)dz

poexp(a—L)[a— 1+ exp(—2a)(a+ 1)]/2L,
ifL>a
po(a+ L)exp(L — a)[—1 + exp(—2L)]/2L + 1,
if L <a.
[14]
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The same result can be obtained by solving the Poisson—
Boltzmann equation for the present case

d*v

dp?

2dv

k| /A '
odp p(p)

p=0. [15]

This problem was discussed by Ohshima (12), and he ar-
rived at

'\Iloa exp(—(L —a))/L, L=a

L
[f r’'posinh(r’ — L)dr’

0

+ sinh(L)f r’poexp(—r’)dr’}/L, L <a,
0

\

[16]

where r’ is a dummy variable and
Uy = exp(—a)/af r'p(r’)sinh(r’)dr’.
0

A similar problem was examined by Hsu et al. (17). Note
that the present approach is applicable to an arbitrary-shaped
porous object.

3.2. Planar Surface Covered by a Membrane Bearing
Fixed Charges

By referring to Fig. 3, we consider a planar rigid surface
covered by an ion-penetrable membrane bearing fixed
charges. Suppose that the dielectric constant of the rigid
solid phaseis small compared to that of the membrane phase.
Let the charge density of the rigid surface and the fixed
charge distribution in the membrane be ps(€) and pv(€),

/)
Rigid
Surface 7 Membrane
A=
N5
-
€

FIG. 3. A schematic representation of a rigid surface covered by an
ion-penetrable charged membrane. The rigid surface-membrane interfaceis
located at €3 = O.
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respectively. In this case, the electrical potential distribution
is governed by

VZU(e) = U(e) — pu(e), e >0 [17]
The associated boundary condition is
ov
Fe —ps(e), es=0. [18]
€3

The problem under consideration can be reformulated
through an image method (11-12). Let us consider the
problem

VIU(E) = WD) ~ p(d), >0  [19]
V2U(e) = U(d) — pl(d), <0  [20]
oW o ~ B
Dl e, T W@ @m0 (21

where p{(€) is the image charge distribution satisfying

pu(eL, €2, €3) = py(er, €2, —€3), €< 0. [22]

Equations [19] —[22] suggest that the electrical potentia
distribution is symmetric about e; = 0. Therefore,

ov|  __ov 23]
863 53:0+ 863 e3=0"
and
ov
= --ne. [24]
€3 (3:D+

This implies that the solution to the reformulated problem,
Egs. [19] —[24], in the region e; > O, is the same as that
of Egs. [17] and [18]. According to Egs. [6] and [12], the
former can be expressed as

U(e) = fi fi G (%, X)(2ps(X)) dx,dx,
+ fi fi fox G(2, %) p (%) dxad, 0,
[25]

+f f f G (7, X) pyv(X)dxzdx, dX,.
—w o JoT

The specia case in which py = py(e3) and ps = 0 was
analyzed by Ohshima (18). In this case, the first term on
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the right-hand side of Eq. [25] vanishes. A similar problem
was examined by Hsu et al. (19).

3.2.1. Nonuniformly charged planar surface. Let us
consider a planar surface with surface condition

ov
863

= —d(e, €). [26]

Applying Eq. [25] yields
Y(e) = Jm fw G(g X)(29(Xg, X)) dxdxz.  [27]

As an example, let us consider the case

0(€1, €2) = cos(e1)coS(€2) + 1, —0 < €1, €, < o0, [28]
Substituting Eq. [ 28] into Eq. [ 27] givesthe electrical poten-
tial distribution. In practice, the computational effort can be
reduced significantly if the infinite domain in Eq. [27] is
replaced by an adequately chosen finite domain S. Suppose
that g(e, €;) is bounded, i.e,

|g(€1! 62)| < Omax, —* < €1, €5 < ®© [29]
where gna IS a certain finite value. Then S can be chosen
as

S = {(es, 62)|\/(61 - Xl)2 + (e — X2)2 < Ruaxs

Rinax > IN(47Gmax/6)},  [30]
where ¢ is a prespecified degree of accuracy.

Figure 4 shows the spatia electrical potential distribution
calculated by Egs. [27] and [30] with § < 0.001, Qnax = 2,
and R, = 10.13. In adiscussion of the interaction between
two nonuniformly charged surfaces, Kuin (13) assumed a
periodic surface charge distribution. It is a special case of
Eq. [27].

3.2.2. Thin, planar-charged surface. Let us consider a
thin, planar charged surface on the ¢; — ¢, plane with surface
condition

e, [31]

= —d(e, €).

53:04r

Here, we assume that the dielectric constant of the solid
phase is small, and that the electrical potential distribution
inside is negligible. Employing Eq. [ 25] leads to

W(x) = fse(a %) (29(er, €))derder.  [32]
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FIG. 4. Simulated spatial electrical potential distribution for the case of a nonuniformly charged rigid planar surface. The rigid surface is represented

by e; = 0, and its surface potential is g(e;, €,) = cos(e;)cos(e;) + 1.

As an example, consider athin disk of radius R with surface
condition

f(R), R< R,
g(e1, €2) = { : [33]

0, R>R,

where R = Ve? + €3. The electrical potential distribution
fore; > 0is

wrox) == [TRiR) [

exp(—V(R — Rcos 8)2 + (Rsin 8)2 + x3)
V(R— Rcos )2 + (Rsin )2 + X3

dRdé.
[34]

In a study of the electrical interactions between two thin,
charged disks, Hsu and Tseng (20) derived the expression

I R
\II(R, X3) = J; Rf(R) fo ﬁ Jo()\R)Jo(KR)

X exp(—vV1 + N2%)dNdR. [35]

It can be shown that

fw \/%)\2 Jo(NR) Jo(AR) eXp(—V1 + N*Xa)dA

_ (7 exp(—V(R— Rcos#)? + (Rsin §)* + x3) "
o  2m{(R—Rcosf)?+ (Rsind)? + x2 ’

[36]

and Eq. [34] is equivaent to Eq. [35].
Figure 5 shows the electrical potential distribution for the
case

-1, R=09
f(R) = 2, 09<R=1 [37]
0, 1<R

This type of surface condition simulates that of a kaolin
particle in alow pH agueous solution (21). In this case the
basal plane of a particle is negatively charged and its edge
positively charged (22).

3.3. Thin, Arbitrary Surface

For illustration, let us consider the axis-symmetric, thin
charged surface formed by rotating the curve defined below
about the z axis:
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z

FIG. 5. Simulated electrical potentia distribution over an infinitesimally thin, charged disk for the case the surface condition is defined in Eq. [37].

e -

{r = f(t)

,O0=st=< [38]
z=g(t)
Suppose that f(t) = 0, f(0) = f(tnx) = O, and dg(t)/dt
=0, 0 <t < t,.». Under these conditions the surface defined
is a simple closed surface with surface charge density

ps(8) = ps(t). The potential distribution can be calculated
by Eqg. [12]. We have

w(r, 2) = f f exp(~R) 1)

x fF(OV(F ()2 + (g’ (1) (4rR)dodt, [39]

where R = ((r — f(t)cos(8))? + (f(t)sin(8))? + (z —
9(1))*)"
Figure 6 shows the surface defined by rotating the curve

,0=st=<5

{r = t(5 — t)(sin?(t) + 0.3)/(t + 3)
z=1t(t+ 1)/15

[40]

about the z axis (or ¢3 axis). The contours for the electrical

potential distribution on ther — z plane for the case ps = 1
areshownin Fig. 7. Since the electrical potential distribution
is axis-symmetric, only those on the haf r — z plane are
presented.

4. CONCLUSION

We show that the exact solution to the linearized Poisson—
Boltzmann equation governing the electrical potential distri-
bution of a charged surface in an electrolyte solution under
the Debye—Huckel condition can be expressed as

U= fv G(e, %) p(X)de, [41]

where G (%, X) isthe generalized Green function of the linear-
ized Poisson—Boltzmann equation. Equation [41] is valid
for the case the fixed charges are distributed in the liquid
phase; e.g., they are carried by an ion-penetrable membrane.
If the fixed charges are distributed over a rigid surface, an
image method can be applied which transforms the original
problem to a form that Eq. [41] is applicable. The distribu-
tion p(X) in both cases can be arbitrary. Most of the reported
resultsfor the linearized Poisson—Boltzmann equation in the
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FIG. 6. An arbitrary thin surface obtained by rotating the curve defined by Eq. [40] about the e; axis.
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FIG. 7. The contours of the electrical potential distribution on the r — z plane for the case of Fig. 6. The surface charge density is ps = 1. The

dashed line denotes the curve described by Eq. [40].
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literature can be recovered as special cases of the present
analysis.
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